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Introduction.

Let @* be a subfield of @, and suppose that we are given an open immer-
sion j*:Y*c, X* of smooth and geometrically irreducible algebraic curves over
Q*, where Y* (resp. X*) is affine (resp. proper) over @*. Let j:Y o X be the
base change of j* to @. Then for any abelian (or Z ,-) sheaf F on the étale
site of Y'*, we have three kinds of étale cohomology groups: H Y, F), H\Y, F)
=HYX, j,F) and HAXY, F):= H'(X, j«F)=Im (H{Y, F)-H Y, F)). Such co-
homology groups, being equipped with the action of the Galois group Ge«:=
Gal (Q/Q*), often come up as interesting objects when Y*, X* and F are suitably
chosen. For instance, they naturally appear in the study of the elliptic modular
forms, when Y* and X* are the canonical models of the modular curves (cf.
[D]).

The purpose of this paper is to study the cohomology groups of the same
type, not for a single pair Y*c, X*, but for a tower of algebraic curves. Namely,
let Y*C, X* be as above, and consider a tower {Y}}.cy of geometrically irre-
ducible algebraic curves over Q%*, all of which are étale coverings of Y*. In
the text, this tower will be subject to some simple “axioms”, which include
that all Y, 1= Y#®g:Q are Galois coverings of ¥, and that ® := lim,ey Gal(Y,/Y)
is an “almost pro-/ group” with a prime number /. (See §1 for details, where
two basic examples of such towers can be also found.) Let X* be the normali-
zation of X* in Y%, and put X, := X}i®e.@Q. The group & naturally acts on
the various cohomology groups H'Y,, Z,), HXY ,, Z,) and HiY ,, Z)=
HY(X,,Z,); and hence we may consider them as modules over the completed
group algebra A:=Z,[[G]], as well as Gg-modules. Now we would like to
put such cohomology groups together to get single cohomology theories corre-
sponding to “H, “H}” and “H}”, respectively attached to the given tower.

Natural candidates for such cohomology theories are simply the projective
limits lim,exH'(Y », Z)), lim,enHYY », Z;) and lim,exH'(X,, Z,) relative to the
trace mappings; and our aim is to study their structure. Let Z be the maxi-
mum connected pro-/ étale Galois covering of the scheme lim,cxY ., and let &
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be the Galois group of Z over Y. We can then consider Z as the pro-/ universal
covering of our tower. On the other hand, there is the canonical homomorphism :
F>®; and we hereafter consider 4 as an ¥-module through it. In §2, we make
succesive use of the Hochschild-Serre spectral sequence relative to Z and the
“Shapiro isomorphism” for each member of the tower, and give the following
isomorphism of (right) _4-modules:

ey imnexyH'Y 2, Z,) = H(, A).

Here in the right hand side, H' means the continuous cochain cohomology group;
and H ¥, A) is regarded as au _{-module via the obvious right _4-module struc-
ture of 4. In §3, we look at the Leray spectral sequences for Y, X, to des-
crible the A-submodule lim,eyH (X, Z;) of lim,exH'(Y », Z,) in terms of con-
tinuous cochain “parabolic” cohomology group, which is defined in a similar
manner as in the classical case:

) lim,enHY(Xn, Z)) = HXT, A).

In the text, we also describe the action of Gg« on HY(F, A) and HAT, A) so
that (1) and (2) are Gg«-equivariant.

On the other hand, the isomorphism (1), when combined with a result of
Ihara (4.1.4), which is based on his free differential calculus on the “free almost
pro-/ group” ¢, enables us to give the following finite presentation of
lim,enH'(Y , Z,) as an A-module (§4):

(3) 0 Jq qur I(,ir__nnENHl(Yny Zl) I 0

(r=rank &), explicitly in terms of the (topological) free generators of F via (1).
This then allows us to describe lim,enH'(X», Z))=HES, A)CHF, A) as an
A-module also.

The results above should be contrasted with Ihara’s theory of Galois repre-
sentations [IT], which we now briefly recall: Set T :=lim,exT:(Jac(X%¥)), and
consider it as an A-module in a natural manner. Then in [I1], when V*=
P}.—{0, 1, o}, Thara proved that there is an exact sequence:

0 z A% A

of _-modules, which can be explicitly written down using free differential
calculus on . Moreover, he defined certain anti 1-cocycles on Gg« with values
in A* by means of which he described the action of G« on Tc, 4% ([I1] §1
(C)). We note that, in an unpublished part of the first draft of [I1], lhara
has already shown how these results can be generalized to the case of general
base curves Y* rather than P§—{0, 1, o} ; and also discussed the related co-
homology groups. Anyway, one of his starting point of view was to interpret
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T as the abelianization of Gal(Z/lim,exY ,); and in this sense we may consider
his theory as the “one-dimensional /-adic homology theory” of the tower. Our
motivation for the present work has been to seek the corresponding Il-adic co-
homology theory. In this direction, when Y*=P}.— {0, 1, o}, we describe the
action of G+ On lim,eyH'(Y,, Z;) in terms of Thara’s anti 1-cocycles; and show
that the kernel of this Galois representation coincides with that of Ihara’s ¢.
These results owe to the above mentioned unpublished results of Ihara in an
essential way.

As for H!, we show that there is the following canonical isomorphism of
A-modules (§5):

(4) Lir_nnENHé(Yn; Zl) = H0m5,8(907 J[)

where 9, is certain “completed cuspidal divisor group of degree 0 over Z,” of
Z; and Hom, s means the group of continuous homomorphisms of F-modules.
We use (étale version of) Grothendieck’s G-sheaf theory to establish (4); and
also describe explicitly the canonical mapping : limyen Hi(Y o, Z1))—lim,en H'(Y », Z))
through (1) and (4). Such an interpretation of H; was motivated by the work
of Ash and Stevens on modular symbols; and it is the starting point of
our p-adic theory of modular symbols to be developed in a subsequent paper;
cf. below.

So far, we explained our results on cohomology groups for the “total tower”
{Y¥}ren for simplicity; But in the text, we also prove similar results for its
certain “subtower”. For example, in the case of the elliptic modular tower (§ 1),
the corresponding results can be formulated as follows: Fix an integer N=4
and a prime number /; and let & (resp. 1) be the closure of the usual congruence
subgroup I";(N) in SL.(Z,) (resp. the subgroup consisting of upper triangular
unipotent matrices in SL,(Z;)). Also let & be the completion of /',(N) with
respect to the pro-/ topology of I';,(N)NI'(). Denoting by Y,(N) and X,(N) the
usual modular curves over @ attached to I';(N), we then have the following
isomorphisms :

lim,en H' YV (NI")Re®Q, Z1) = H'G, Z,[[&/1]])
) lim,en H'(X:(NI )RR, Z:) = H}F, Z,[[G/U]])
lim,exy Hi(Y (NI")Qe®Q, Z:) = Hom, 5(D,, Z,[[G/1]]).
Here, Z,[[®/U]] is the maximum separated left _i-module quotient of 1=
Z,[[®]] on which U acts trivially from the right; and 9, is a certain comple-
tion of the “degree 0-part” of the free abelian group on the set of cusps for

I'\(N).
Now one of the interesting features of our cohomology theories with “generic”
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coefficients such as A or Z,[[&/0]] lies in that they have many “specializations”.
Namely, they “specialize” not only to the étale cohomology groups of Y, with
coefficients in the constant Z;-sheaf (via the natural projection), but also to
those with coefficients in certain twisted constant sheaves. In §6, we discuss
such “specialization mappings”, and give sufficient conditions for the finiteness
of their cokernels.

In the final §7, we study the groups (5) more closely. In this case, apply-
ing the method of §6, we can define the specialization mapping from
lim,e v H'(X((NI)®4qQ, Z,) to Deligne’s [-adic representation space attached to
cusp forms of weight 2 with respect to I';,(N(*) for each k=2 and n=0. In
§7, we firstly deduce from a result in §6, combined with a result of Shimura,
that the cokerrel of such a mapping is always finite. We then discuss Hecke
operators acting on the groups (5); and prove compatibility properties of Hecke
operators with respect to the specialization mappings. As an application, we
derive Deligne’s congruence relations on his /-adic representation spaces from
the classical Eichler-Shimura congruence relations. We note that this method
of reducing the problem of cusp forms of higher weights to those of weight 2
is originally due to Shimura (cf. also [01]), and later it was further
developed by Hida [H2].

Finally, we would like to mention further aspect of our cohomology theory :
As we noted above, the isomorphism (4) and the third one in (5) were suggested
by [AS2], in which Ash and Stevens developed the theory of higher weight
modular symbols. From this point of view, via the third isomorphism in (5),
an element of I'g_nnENHé(Yl(Nl”)QQQQ, Z)) can be interpreted as a modular sym-
bol with values in Z,[[@/U]], the group of Z,;-valued measures on ®&/U. In a
subsequent paper (in which we replace “/” by “p”), we will study the measures
obtained from such “p-adic modular symbols” in detail ; and relate the integrals
against them with the special values of L-functions of elliptic cusp forms. We
will in particular give a generalization of congruences of Ash and Stevens be-
tween the special values of L-functions attached to two cusp forms ([AS2]
Corollary 4.6) to certain p-adic families of ordinary cusp forms (in the sense of
Hida; cf. [H2]). This paper in part includes preliminaries for this application.

To conclude this introduction, I would like to express my sincere gratitude
to Professor Y. lhara, for kindly allowing me to include his unpublished results
in this paper; and also for introducing me to this subject. During the prepara-
tion of a part of this paper, I was partially supported by the Max-Planck-
Institut fiir Mathematik in Bonn; and I would like to thank the MPI both for
its financial support and its hospitality.
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Notation and conventions.

For a Galois extension L/K of fields, we denote by Gal(L/K) its Galois
group. We let Gal(L/K) act on L from the right; i.e. x7*=(x7?)* for all x&L
and ¢, r=Gal(L/K). For a field K, we denote by K its separable closure, and
write Gg for Gal(K/K).

When we are given a right action of a group G on a set S by s—s? (s&S,
o¢<=G), we sometimes convert this action into a left action by: s—o-s :=s"_1;
and vice versa.

If R is a ring and S is a set, the symbol R[S] stands for the free R-module
generated by the elements of S.

For a scheme X, we denote by X; the small étale site of X. If f:X-Y
is a morphism of schemes, and F is a sheaf (resp. an abelian sheaf) on Y,
we often write F (resp. H(X, F)) for f*F (resp. HYX, f*F)), when there is
no fear of confusion.

§1. Thara’s tower of algebraic curves.

1.1. The basic setting. First we fix our notation which will be used
throughout this paper, following Ihara [I1].

We fix a prime number [/ once and for all.

We fix an algebraic extension @* of @, and an algebraic function field of
one variable K* whose constant field is Q*. Let L* be an extension of K*
without constant field extension. Weset K:= K*.Q and L:= L*.Q. We also
assume that we are given a finite set of prime divisors C* of K*/Q*, and
denote by C={Q,, ---, Q;} the set of all prime divisors of K lying above those
of C*. The elements of C or C* (or their extensions) will be called “cusps”.

The “axioms” of our theory will be the following three conditions:

(A1) L/K is a Galois extension, and is unramified outside C.

(A2) L/K is an “almost pro-/ extension” in the sense that there is a finite
Galois subextension K’/K of L/K such that L/K’ is a pro-l extension.

(A3) If C+@, then the ramification index of each Q; (1</<s) in L/K is
infinite.

Let M be the maximum pro-/ Galois extension of L unramified outside the
prime divisors above C. Then the extensions L/K*, M/K* (and hence M/L*,
M/K, and M/L) are Galois extensions, while the extension L*/K* need not
be Galois. We set:
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N := Gal (M/L)
l ®:= Gal(L/K)

J = Gal(M/K)

(1.1.1)

~

& :=Gal(L/K*).
There is an obvious exact sequence

(1.1.2) 1 ¢} ] Gox 1,

where Gg«=Gal(Q/Q*). If we start from the situation L/K/K*, then to give
an L* is equivalent to give a splitting of the exact sequence [1.1.2). Identify-
ing G« with Gal(L/L*) via the obvious isomorphism, pEGe« then acts on &
from the left by the inner automorphism, which we denote by J,:

(1.1.3) Jo(g):=pgp.

By this action, & is a semidirect product of G¢« and @.

Fix a family {{.}.cy of open normal subgroups of &, with a directed set
N, satisfying: (i) 1.Si. if and only if n=m; (ii) {j.}.ex is a fundamental
neighbourhood system of 1@; and (iii) J,({»)=f, for all pG¢ and neN.
Since % and & are finitely generated topologically (cf. 3.1), we can in fact take
. to be characteristic subgroups of &.

DEFINITION (1.1.4). We denote by A=Z,[[B]] the completed group algebra
of & over Z,. Thus

A= l(ianEN,neN(Z/lmZ)[@n] = l.&nnENZl[@n] ’

where &,=@®/f,. A is a compact topological ring with respect to the projec-
tive limit topology. The action J, on & (0=Ggs) naturally extends to a Z-
algebra automorphism of A, which we denote by the same letter J,. We de-
note by I the augmentation ideal of _A.

For each n&N, put

(1.1.5) K,:=Ln, K¥:=K,NL*.

Then it is easy to see that K,=K¥*-Q. We shall use the following notation :
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X% (resp. X*):= (the complete nonsingular curve over Q%*

whose function field is K35 (resp. K*))
X0 = XiQeQ; X:= X*RQe:Q
(1.1.6) Y*i=X*-C*; Y:=X-C
Y* .= (the normalization of Y* in K¥)
Y, = YiQeR
Chni=X,—Y,.

Here, we identified C* (resp. C) with the set of corresponding closed points of
X* (resp. X).

1.2. Examples of Ihara’s tower. Here, we give two examples.

EXAMPLE (M): The maximum pro-/ tower of P§—{0, 1, oo} (cf. §1
(D)). Let us take Q*=@Q and K*=@Q(¢), the rational function field of one vari-
able over Q. Let C* be the set of prime divisors of K* corresponding to t=
0,1, and «; and L=M the maximum pro-/ extension of K=@Q(¢) unramified
outside C. Then there is so-called “Belyi’s model” L* of L over @, so that
the conditions (A1)-(A3) are satisfied. In this case, F=® is a free pro-/ group
of rank 2, and the action J, of Gq on & or 4 gives a very large Galois re-
presentation.

ExaMPLE (E): Elliptic modular tower. Let .L be the field of all auto-
morphic functions with respect to congruence subgroups of SL.,(Z) whose co-
efficients of the Fourier expansions (at the cusp 7o) all belong to @Q,.,, the
maximal abelian extension of Q. Then by Shimura’s theory (Shimura
6.5), there is a canonical surjective homomorphism
(1.2.1) . 11,GLJ(Z,) — Gal(L/Q())

whose kernel is {+1}, and such that

{ fro@ = fla(@) if aeSLy(Z)
t(x) = [det(x)™’, Q]  on Qu,,

where ; is the usual elliptic modular j-function, and [—, Q] is the Artin sym-
bol for Q.
In the following, we fix a positive integer N>4, and put
U:=T1I,:vGLxZ))
ab a by Tl =
1.2.3) xnp.N{[C d] e GL(Z,) [c d] - [o *] mod N- Mi(Z,)}

U.:= {x € U|the [-component of x is 1}.

(1.2.2)
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Let K* and L’ be the fixed fields of ¢(U) and t(U.), respectively. Then it
follows from Proposition 6.9 and above that K* consists of all
modular functions with respect to I'y(N)=UNSL,Z) whose coefficients of the
Fourier expansions are rational, and that the constant field of L’ is Q(u.),
where gl denotes the set of all [-powerth roots of unity. Now 7 obviously
induces an isomorphism :

(1.2.4) G*:= {[(‘f fi’

Il

[l ﬂ mod N- Mz<Zl)} ~ Gal(L'/K).

J<cran2 Y[

Identifying these two groups by 7, let L* be the subfield of L’ corresponding to

{[(1) S]e@*}, and put ®:= &*N\SL,Z,). Then we have an isomorphism :

(1.2.5) G = Gal(L'/K*(p,)) = Gal(L/K),

where, as before, we put L:= L*.Q and K:= K*.Q. Putting @*:= Q and
letting C be the set of all prime divisors of K*/Q corresponding to the cusps
in the usual sense, these data satisfy the conditions (A1)-(A3).

In this case, J, is of elementary nature; i.e.,

(1.2.6) Jp([f Z])Z[Xl((;))c XZ(p;—lb]

Z 3]6@, where ¥, denotes the /-cyclotomic character.
We shall return to this situation in §7.

for p=G4 and [

For other examples, see [I1].

§2. Ome dimensional cohomology groups attached to Thara’s tower.

In this section, we fix an Ihara’s tower (1.1) satisfying (Al1)-(A3).

2.1. Continuous cochain cohomology groups.

DEerFINITION (2.1.1). When < is a pro-/ abelian group, and ® acts on ¥
continuously and Z;-linearly from the left, we call % a pro-l &-module. Pro-/
&-modules and pro-/ &-modules are defined similarly.

Note that a prol-/ G-module can be considered as a left A=Z,[[&]]-module
in a natural manner; and similarly for pro-/ ®- or pro-/ ¥F-modules. Now a
pro-/ ®-module # can be considerd as a pro-/ ¥-module via the natural projec-
tion F—G, and we are interested in the continuous cochain cohomology groups
HY(%, M); so let us recall their definitions. First, for any pro-! §-module K,
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put
2.1.2) C{F, M) := {a:F — M|a is continuous},

where $¢ is the product of 7-copies of § (7=0; we put C*F, M)=H). The
differentiation operators d*: C¥(E, M)—C* ' (F, M) are defined by :

2.1.3) (d*a)(xy, o+ ) Xgar) = Xp-a@(Xgy =, Xy41)
+ 35 (=Walxy, -, %X, -, ) (=D alxy, -, x0).

We then put
ZHEF, M) :=Ker(d")

(2.1.4) Bi{(§, M) :=1Im(d*™")
HYE, M) = ZX(F, M)/B T, M).

(Here we understand that B(%, #)=1{0}.) The cohomology class of a = Z(F, M)
will be denoted by cl(a). Recall that if #=lim,c;; with pro-/ F-modules
and H;, then we have a canonical isomorphism :

(2.1.5) HY@, ) = lime  H'(F, M)

(Serre Proposition 7). Especially, since # is a pro-/ group and  is
topologically finitely generated (cf. 3.1), H®, <#) is naturally equipped with
the structure of a pro-/ abelian group.

Next assume that ¢ is a pro-/ G-module. In view of the semidirect prod-
uct expression : (~55=GQ*|><(8(1.1), this is equivalent to saying that ¥ is a pro-/
®&-module and moreover that either: i) Go« acts on M continuously from the
left, and p(a-m)=],(a)-p(m) for all p=Gg., a=® and meM; or ii) Ge« acts
on # continuously from the right, and (a-m)?=J,-1(a)-m? for all p, a and m
as above. In this case, using the terminology i) above, we can consider
H'(, M) as a right Ge«-module as follows: For p=Ge=Gal(L/L*), take g
Gal(M/L¥*) such that g|.,=p. For acZ'(F, M), we put

(2.1.6) af(x):=pt-al(pxp ).

Then we can let p act on H'(&, M) by cl(a)'—wl(a;); it is easy to see that this
is well-defined. It is also easy to see that this action of G¢« on HY(E, M) is
continuous.

Let 3C (resp. Cg) be the category of (discrete) abelian groups on which $
acts continuously from the left (resp. right). gC and Cg are canonically equi-
valent (cf. Notation and conventions). When we restrict our attention to finite
(pro-)! G-modules #, it is well-known that the groups H*({, M) (together with
natural connecting homomorphisms) are isomorphic to the derived functor co-
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homology groups of H(%, —) on gC. We shall always identify them. Also
when H is finite, H'({, ) may be considered as the set of isomorphism classes
of (right) “H-torsors (=principal homogeneous spaces under ) in the category
of continuous left F-sets (Serre I 5.2). From this point of view, an -
torsor P corresponds to cl(a)eHYE, H) via the formula:

2.1.7) op = p-a(ag) for a fixed p=P
(loc. cit.).
2.2. We give here a general remark which will be used repeatedly in the

sequel. Suppose that we are given the following diagram of abelian categories
and additive left exact functors between them :

.

f g

/

+r G

«—

~

’

1~
i

————>
—_—
F’

'

Assume that:

i) A, A, 8, and 8’ have enough injective objects;

ii) F (resp. F’) sends each injective object of A (resp. A’) to a G-(resp. G’-)
acyclic object;

iifi) f and g are exact;

iv) We are given morphisms of functors:

{e:goF~—>F'°f
e:G—>Gog.

Then, for each A=._l, we have two spectral sequences of composite functors
by i) and ii):

S,: E29= R?G(RIF(A)) = R?*YG - F)(A)
Sy: E3'¢= RPG'(RF'(f(A)) = RP*YG’'- F')(f(A)),

and moreover a morphism &: S,—S, of spectral sequences by iii) and iv), which
can be described as follows: First note that there are unique morphisms of
o-functors

& : g°RYF—> RIF'sf

which coincides with ¢ when ¢=0; and

§:: RPG —> R?G'~g
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which coincides with ¢ when p=0. Then the morphism of E,-terms of £ is
the composite of :

€2 3
RPG(RF(A)) —> R?G'(g-RF(A)) —> R?G'(RF'(f(A))) .

On the other hand, the morphism of abutments of & is the unique morphism
of o0-functors

R™G+F) —> RYG'-F')+ f

which coincides with the composite of GoF-> G’sgeF- G’«F’«f when n=0.
This fact must be well-known, and in fact can be proved directly, going
back to the constructions of S, and S, through Cartan-Eilenberg resolutions

(Grothendieck [Gr], [EGAIII]). The details are thus omitted.

2.3. Ktale cohomology groups. Let =lim,.;H; be a pro-/ G-module
with finite &-modules #,;. Then, for each /=1, there is a finite Galois sub-
extension K’/K of L/K such that the action of & on ; factors through
Gal(K’/K). Denote by W the normalization of Y in K’. Then taking the
quotient of the constant group scheme WX H; over W by the diagonal left
action of Gal(K’/K), we obtain a finite étale group scheme Fg, over Y :

2.3.1) Fa, = Gal(K'/K)\W X M, .

Up to canonical isomorphisms, Fg,’s are independent of the choice of K’, and
we may consider them as a projective system of twisted constant sheaves on
the étale site Y4, of Y.

DEFINITION (2.3.2). We write H*(Y, Fg4,) (n=0) for the étale cohomology
groups, and put
Hn(Y) Fﬂi) = l(ﬁ_niEIHn(Yy Fﬂt,) .

Note that, since H*(Y', F.4,)’s are finite, H"(Y, Fg) are pro-/ abelian groups.

If M=lim;c;M; above is a pro-/ @-module, then repeating the same argu-
ment as above replacing K by K*, we get a projective system of twisted con-
stant sheaves on Y /i whose base change to Y is {Fa,}:c;. In this case, Gg.
naturally acts on H*(Y, Fg,) and H "(Y, Fg) continuously from the right (i.e.
contravariantly).

PROPOSITION (2.3.3). For a pro-l ®-module H as above, H'F, M) and
HYY, F%) are canonically isomorphic. When M is a pro-l @-moa’ule, this iso-
morphism commutes with the right action of Ggx.

PrOOF. For a finite subextension K’/K of M/K, let Y. be the normali-
zation of Yin K’. If K{2Kj are such subextensions, then the natural morphism
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YK,I—>YK,2 is finite. Therefore the projective limit limg/,xY x-=: Z exists, when
K’ runs through all finite subextensions of M/K. Z is a pro-étale Galois covering
of Y, and hence we have the Hochschild-Serre spectral sequence:

E2e= H", HYZ, Fs,) = H™*(Y, Fa,)

for each iel (Artin [A] III 4.7, VIII Corollary 8.5). Since the base
change of Fg, to Z is isomorphic to the constant group scheme over Z corre-
sponding to “H;, we have HY(Z, Fg,)=M; as left F-modules, and H(Z, Fa,)
= {0}, because this group is isomorphic to the group of continuous homomorphisms
of 74¢'¢(Z) (the algebraic fundamental group of Z) to #;. Thus the edge homo-
morphism induces an isomorphism: H g, u;)=H'(Y, F4,) for each i€l. Tak-
ing projective limits, we obtain an isomorphism: H &, M)=H (Y, F4) of pro-
abelian groups.

To show that this is an isomorphism of Gg«-modules when K is a pro-/
®-module, we may assume that % is finite. Fix o=Gg. and choose a lifting
pGal(M/L*) as in 2.1. Thus g=id®Qp on K=K*QeQ. Denote by ¢ the
automorphism idxSpec(p) of ¥ =Y*R4«Q, and consider the diagram:

F
th'ah Cg\, \G
q*l Ig (Ab)
/’
Yzl,ab ~F_> CS G

where Y;;° is the category of abelian sheaves on Yy, Cy is the category of
continuous right §-modules as before, and (Ab) is the category of abelian groups,
respectively. Define the functors F, G and g as follows: F(A):= H(Z, A) for
AeY i G(M):= M%=(¥-invariant elements in M); and g(M):=(M as an
abelian group on which ¢= acts as gog™"), for M=Cy. If we define mor-

phisms of functors ¢: go FoF/eg* by g(H"(Z, A)=H%Z, A)— HYZ, ¢*A) (pull-
back of sections), and ¢:=1id: G—»G-g=G, then these data satisfy the assump-
tions in 2.2. Recall that the spectral sequence of Hochshild-Serre is that of the
composition of functors F and G above. We can therefore apply 2.2 to obtain,
for each A=Y ;;**, a morphism & of Hochschild-Serre spectral sequences for A
and ¢*A as described in loc. cit.. The morphism of E,-terms of &:

HP(F, H(Z, A)) — H"(&, HY(Z, ¢*4))
is easily seen to be induced from the change of groups: §«% which sends ¢

to gop~!, and the map: HYZ, A)Cf:'Hq(Z, g*A) compatible with it (cf. Serre
VII §5). On the other hand, the morphism of abutments of &: H"(Y, A)
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—H"(Y, g*A) is the canonical one. Our conclusion now follows immediately. m

2.4. One dimensional cohomology groups with “‘generic’’ coefficients.
Recall that A=Z,[[®]] is the completed group algebra of & over Z; (1.1.4).
This is in a natural manner a pro-/ -module. Moreover, letting p=Ge« act
on A by J, from the left, A becomes a pro-/ S-module (cf. 2.1). Our first main
result is the following:

THEOREM (2.4.1). H'(F, A) is canonically isomorphic to lim,exH'Y o, Z,) as
a right Gew-module, where the projective limit is taken relative to trace mappings
of étale cohomology groups ([SGA4] XVII 6.2.7, [M] V Lemma 1.12).

More generally, take and fix a closed subgroup I of & which is Ges-stable
(under the action J,). Put '

U, := (the image of Ul in &,= Gal(K,/K))

Kl,n = Kgn
K¥,.:=K, .,NK3%
(2.4.2) X ¥, := (the complete nonsingular model of K¥,/Q%)

Y¥,:= (the normalization of Y* in X¥,)
Xl,n = Xik, n®Q*Q
Yl,n = Ytn@q*a .

It is easy to see that K¥,-@=K, ,. Now the inclusion: Uc,® induces an in-
jective ring homomorphism: Z,[[W]]c,. Z,[[@]]. Denote by Iy the augmenta-
tion ideal of Z;[[U]]. Thus Iy is the closed Z;-submodule of Z;[[1]] generated
by u—1 (uell), and Aly (the closure of _AIy in 1) is the closed left ideal of
A generated by them. Therefore A/ AI; is the maximal separated left -
module quotient of 4 on which U acts trivially from the right; i.e.,

(2.4.3) ATy = limaenZ:[6,/1,] ,

where Z,[®,/1,] is the free Z;-module on ©,/U,. A/Al, is naturally equipped
with the structure of a pro-/ ®&-module in the same manner as 4. Note that
if 1 is generated by finitely many elements topologically, then _iI; itself is
closed. With these terminologies, we have the following:

THEOREM (2.4.4). H(§, A/Aly) is canonically isomorphic tolim,ey H'(Y 1, », Z;)
as a right Gos-module, where the projective limit is taken, as before, relative to
the trace mappings.

2.5. Proof of Theoreml (2.4.4). Put §7:=Gal(M/K, ). Then we have an
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obvious isomorphism: Z;[®,./U,1=Z,[F/&F] of left F-modules. Consider the
mappings:

R n
(2.5.1) H'E, Z,[8./0.] = H'(&1, Z:[6./1,]) =, H'®, Z0),

where the first arrow is the restriction mapping, and the second one is defined
as follows: Let &,=II.g;l1, be the disjoint decomposition, and write g; for
gll,. Then every acZ'(F1, Z,[6,/U,]) can be written as a=2;az;-5: with
mappings ag; from F7 to Z,. We then put e.(cl(a))=cl(a7). As is well-known,
Sn := ez°Res is an isomorphism. Indeed, if we replace Z, by Z/I*Z (k>0) in
the argument above, the composite of the mappings in is an isomorphism
(“Shapiro isomorphism”; cf. Serre [ 2.5). Thus our claim follows by
taking lim,.

Since L*/K¥, satisfies the conditions (A1)-(A3) in 1.1 with the obvious de-
finition of the set of “cusps”, we can consider the associated tower. Especially
we can let Gg« act on HY(®?, Z,) by [2.1.6). Then it is easy to see that the
mapping s, is compatible with the action of G¢«. Notice also that (2.3.3) applied
to this tower yields an isomorphism: H* (&%, Z,)=H'(Y ., Z;) of Gg-modules.

Now for n=m (n, meN), the corestriction mappings HG?:, Z/I1*Z)—
H\%T, Z/I*Z) (k>0) induce a mapping : H\(&?, Z,)—H'(FT, Z,) by taking lim,,
which we again call the corestriction mapping. Then it is also well-known
that the following diagram commutes (cf. loc. cit.):

Sn

HYE, Z,[6,/1,]) H\®t, Z)
(2.5.2) can. l l Cor
' HY G, Z,[Sn/U,]) H\@7T, Z))

Sm

where the left vertical arrow is induced from the canonical projection &,/1,—
®n/N,. We have therefore obtained an isomorphism of Gg«-modules :

(2.5.3) HY(E, A/ALy) = lim.xH' &}, Z),

the projective limit being taken relative to corestriction mappings above.
The proof of (2.4.4) is thus reduced to the commutativity of the following
diagram, which holds for any finite (pro-)/ &-module ¥ :

(2.3.3)

HY (&, M)
(2.5.4) Cor l
H(FT, <)

HYY 1,2, Fa)
ltrace
Hl(Yl,mr Fﬂ) .

(2.3.3)

In fact, let f:Y, ,—Y, » be the unique morphism corresponding to K, »C-K, ,,



Cohomology groups attached to towers 145

and consider the diagram:

o, ——F—-a c

1,m, &t I \GA

idl lg / (Ab)
Yirmle —_— Cavln G’

where the functors are defined by: F(A):=(H%Z, A) viewed as a right FI-
module); F'(A):=(H%Z, A) viewed as a right §*-module); g(M):= MRz
Z[F™]; GIM):= M®'; and G’(M’):= M’8T", respectively. Let ¢: goF—F’ be
defined by : H(Z, A)Qzc57,Z [FT]—H'(Z, A) which sends Z;m,Qa(m,cH(Z, A),
a; =FT) to 2ymqa;; and let e:=id: G—»G’-g=G. Applying 2.2 to this situa-
tion, we easily obtain the commutativity of [2.5.4), using the description of the
trace mapping given in loc. cit.. This completes the proof of (2.4.4).

REMARK (2.5.5). Fix an m&N. Then as remarked above, we can consider
the tower corresponding to L*/K¥,. If we set @ :=Gal(L/K, ») and A n:
=Z,[[G7]], we therefore obtain an isomorphism:

Hl(%;.ny Jl,m/Jql.mIll) = l(il'lnzmHl(Yl.n, Zl) »

by (2.4.4). Since the right hand side is identical with lim,exH'(Y, ., Z,), this
isomorphism, combined with (2.4.4), yields an isomorphism :

HY(E, A/Ay) = HYE®, Ay m/Ar nlu).

Let us make this explicit: Let 8=11%-,2:8™ be the disjoint decomposition with
go=1. Then we see that A=Z,[[8]]1=D%-,2:Z.[[GF]] with g, Z,[[G]]]=
A1 m. From this, we may consider A, n/A; »Ju as a direct summand of A/ATy
as a left ¥-module. The isomorphism above is then easily seen to be the
composite of :

_ Res S S
HYF, A/ Aly) —> H'@T, A/ ALn) —> H'@T, A w/As wlu),

where the second arrow corresponds to the projection A/ Aly—Ay n/ AL wly to
the direct factor.

2.6. Let the situation be as in 2.4, and fix a closed subgroup & of & which
normalizes 1. Then & naturally acts on A/ Al from the right as left _4-module
automorphisms; and hence we can consider HY{, A/Aly) as a right & or
Z,[[f]]-module.

On the other hand, K, , corresponds to the subgroup f,iI of &, which is
normalized by 8. Therefore & acts on K, , (resp. Y, , and X, ,) from the
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right (resp. left); and so, H'(Y, ,, Z,) and lim,exH'(Y 1,1, Z;) may be also con-
sidered as right 8- or Z,[[8&]]-modules.

PROPOSITION (2.6.1). The isomorphism in (2.4.4) is compatible with the right
K-module structure described above.

ProoF. Fix k<&, and choose 2= such that Z|,=k. Via the isomorphism
Snt HY(E, Z,[S, /M. DSHYGE?, Z,) (2.5.1), the action of 2 on HYE, Z,[6,/1,])
and the automorphism of H(%7, Z;) defined by: cl/(B)—ci(f’) with B'(x)=
BExk™) (B, B’€Z'(F?, Z))) commute. In fact, this follows easily from the
formula: a(fxE)=1—ExE-DaB)+Eka(x) for acZ*(F, Z,[6,/1,]). Let ¢ be the
automorphism of Y, , corresponding to .. Then, as in the proof of (2.4.4), we
get our conclusion by applying 2.2 to the following situation:

1,n, ét

\
- lg (Ab)
| P

Y~,ab —_——> C%,{‘

Yiulde ——>Can _ G

1,n,ét

where F(A):= H%Z, A); g(M):= (M on which ¢=%? acts as Egk™); G(M):=

MST; ¢: goFsFeg* is defined by g(HYZ, A)=H"Z, A) CiI:'H°(Z, g*A); and
g:=id: G->G-g=G. [ ]

§3. Parabolic cohomology groups.

Fix an Ihara’s tower (1.1) satisfying (Al)-(A3). We hereafter assume that
C+ @, until the end of §6.

3.1. Remarks on the group §. As before, we identify C={Q,, ---, Qs}
with a set of closed points of X: and also with a subset of X(@) or X(C).
Thus Y(C)=X(C)—C. Let g be the genus of X. Then

3.1.1) I':=zi*2(Y/(C)),

the topological fundamental group of Y (C) (with a fixed base point), has a well-
known structure: It is generated by 2g-+s elements {x,, -=-, Xz, Y1, ***, Yo,
2y, -+, Zs} with the fundamental relation

(3-1-2) [xl) yl:] I:xg: ygjzl"'zs:l-

Here, [x, y]J=xyx~'y~!, and z; corresponds to a certain closed path circulating
around Q; counterclockwise. Since we assumed that s>0, I" is a free group of
rank r:=2g+s—1. By our assumption (A3), r is strictly positive.
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By the well-known theory of Riemann surfaces, the universal covering
space U of Y(C) is isomorphic to either C or the complex upper half plane
H. @4=C if and only if g=0 and s=2; i.e., Y(C)=PY(C)— {two points}.
When U=H, we may consider I' as a Fuchsian group of the first kind
(& PSLy(R)). In this latter case, denoting by H* the union of H and the set
of cusps for I', X(C) is isomorphic to I'\H*, and the terminology “cusps” of
X in the sense of 1.1 coincides with the usual one.

Now the algebraic fundamental group z$'4(Y QgC)==$'¢(Y) (with a fixed
base point) is canonically isomorphic to the profinite completion of I'. If we
take K’ as in (A2), and if I'’ is the normal subgroup of I" corresponding to
K’'®gC, then % is isomorphic to the completion of I” with respect to the pro-/
topology of I'/:

(3.1.3) % = limyI/N,

where N runs through all normal subgroups of I' which are contained in I’
and such that |I'7: N| is a power of /. Thus % is a free almost pro-/ group
in the sense of [I1]. % is generated by x;, y; (1=/<g) and z; (1<7<s) topo-
logically, and we may consider z, a topological generator of the inertia group
of an extension of Q; to M.

3.2. Parabolic cohomology groups. Let the notation be as in 2.1. Follow-
ing Shimura 8.1, we make the following:

DEFINITION (3.2.1). For a pro-/ §-module ¥, using the notation (2.1.4),
we set:
CA®, M) = {asC(F, Mlaz)e(z;—)MH 1<)<s)}

Zp®, M) = Z'F, WNCHF, M)

B, )= d'(CHT, <)

HE®, M) := Z&, H)/B'(G, M)
B, M) = Z*T, M)/ BT, M).

LEMMA (3.2.2). (cf. [Sh1] (8.1.30)) For ac=Z'(F, M), a belongs to Z T, M)
if and only if a(x)e(x—1)M holds for any x EF which is contained in an inertia
group of some prime divisor of M.

Proor. The “if” part is obvious. Assume conversely that a=ZA(E, H).
The element x as above can be expressed as x=tz%t"' for some j (1<;<s),
A (the profinite completion of Z), and t=§. By our assumption, a(z;)=
(z;—1)m for some me M. When ¢ is an integer, we have a(x)=(x—1)({m—a(?))
e(x—1)HM ([Shl] loc. cit.). But by continuity, we obtain the same formula
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for arbitrary = n

COROLLARY (3.2.3). When M is a pro-l @S-module, HEE, M) is a Gee-stable
subgroup of HYF, H).

ProOF. This follows immediately from the definition of the action of Gg«
on HY(F, %) (2.1), and the lemma above. a

LEMMA (3.2.4). For a pro-l F-module M, we have the exact sequence:
f
0 —> HAD, M) —> H(F, M) —> Bj=1M/(z;—1) M

g
_—_)H[Z’(%; ﬂ)éHZ(g) m)'—)oi

where the wunlabelled arrows are the natural ones, and f(cl(a)):= (a(z;)
mod (z,—1)M)1sjss for acZ'(F, M). For m=(m;mod (z;—1)M);sjss EDi=1M/
(z;—1)H, there exists an a=C'(F, M) satisfying a(zj)=m; 1<7<s). g is then
defined by g(m)=cl(d'a).

ProoOF. Direct. ||

COROLLARY (3.2.5). For M=lim;c; M; with pro-l F-modules M and M;, we
have a canonical isomorphism :

H;’(%y ﬂ) = Li_l_’_niEIHll’(%) Lmz) .

ProoF. This follows from [2.1.5), (3.2.4) and the fact that lim is exact in
the category of compact abelian groups. [ |

In the first draft of [I1], Ihara proved the following:

LEMMA (3.2.6) (Ihara). For any pro-l F-module M, H*F, M) vanishes.
ProoF. As is well-known, to each element of Z%(%, ) corresponds an

extension: 1—>JM£>G1>%}—»1, where G is a profinite group, and both p» and ¢ are
continuous homomorphisms. Let %;, #; and Z; be any liftings of x,, y;, and z;
to G, respectively. Then, using the fact that § is a free almost pro-/ group
and that % is a pro-/ group, it is easy to see that the closed subgroup of G
generated by %;, ¥; and Z; is isomorphic to § via ¢, and hence the extension
above splits. [ ]

Next we want to relate parabolic cohomology groups, and the exact sequence
(3.2.4) with étale cohomology groups. Let j: Y X be the natural open immer-
sion. Since we assumed that C+@, i.e., that Y is an affine scheme, the étale
cohomology group HXY, F) vanishes for any abelian torsion sheaf F on Yy,
(TM] V Remark 2.4(a)). Leray spectral sequence for j then induces an exact



Cohomology groups attached to towers 149

sequence :
3.2.7) 0—> HYX, j«F) —> H' Y, F) —> H"X, R'j+F) —> H¥X, j+F) — 0.

PROPOSITION (3.2.8). Let M be a finite (pro-)l @-module. Then we have the
following commutative diagram :

0 HEE, M) H'(E, M) D=1 M/ (z;—1) M
l ) l )(2.3.3) l !
0 H\X, j«F ) H\Y, Fg) HX, R'j«F)

HEE, M) ——0

|

HX, jxFa) —0,

where the upper (resp. lower) horizontal exact sequence is that of (3.2.4) (cf.
(38.2.6)) (resp. (3.2.7)), and the unlabelled vertical isomorphisms will be described
in the course of the proof.

PROOF. Let @j be an extension of the prime divisor Q; of K to X, and I,
the inertia group of @,- for each j (1<j<s). I, is generated by an element %;
topologically. Taking 0 ; suitably, we may assume that Z;| y=z;. Then R'j,Fq
is a skyscraper sheaf supported at C (considered as a set of closed points of
X), and its stalk at Q, is isomorphic to H!(Spec(K1s), Fy), because the base
change by ; of the strict localization of X at @, is isomorphic to Spec (1?71)
(cf. [M] III Theorem 1.15). This cohomology group is canonically isomorphic
to the Galois cohomology group H'(I;, M), which is isomorphic to H/(%;—1).H
=M/(z;—1)H by the correspondence: cl(a)—a(Z;) mod (z;—1)H. Thus, if we
denote by I; the subgroup of % generated by z; topologically, the homomor-
phism I,—I; (§;—z;) induces an isomorphism: HY(I;, M)~H(I; <H).

Let Ty be the category of finite sets on which § acts continuously from
the right, endowed with natural Grothendieck topology ([A] I (0.6 bis)). Since
¥ can be naturally regarded as a quotient of =x%'3(Y), there is a morphism of
sites f:Y;—Tg by the theory of fundamental groups. The direct image func-
tor for the category of set-valued sheaves fy:Y;;—T% is given by fu(F)=
I’(Z, F), where we identified an object of T3 with a continuous right F-set (cf.
loc. cit.). Now recall that the Hochschild-Serre spectral sequence appearing in
the proof of (2.3.3) is nothing but the Leray spectral sequence for this morphism
of sites ([A] HI (4.7)).

On the other hand, it is well-known that H'Y, F) can be identified with
the set of isomorphism classes of F-torsors in Y7; for any abelian sheaf F on
Y (Giraud [Gi]). From this point of view, by [Gi] V 3.1 and the remark
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above, the inverse of the isomorphism: HY®, M)=H'(Y, Fg) (2.3.3) can be
interpreted as the correspondence: (isomorphism class of an Fg-torsor P)—
(isomorphism class of the H-torsor I'(Z, P) in T3) («cl(a), with a given by
xp=p* '=p-a(x) for a fixed pel(Z, P)). Now in view -of V 2.1 and
3.1, we have the commutative diagram:

PRes

~

H(F, H) B HY(I;, M) @3 H\(L;, )
2.3.3)71) T T )
HYY, Fg) HX, R'j+Fq) = Bs. H'(Spec (K 17), M),

edge

because both of the two mappings H'(Y, Fq)—®3-1H'(;, H) obtained by com-
position are induced from the correspondence: (an Fg-torsor P on Y)—
(I'(Spec (K), P) viewed as an H-torsor in T7 isiss. Our conclusion now follows
immediately. ]

REMARK (3.2.9). As is well-known, there is a canonical isomorphism:
HY(X, j«F) = Im(HY, F) — H'(Y, F)),

where H} denotes the cohomology group with compact support. In fact, this
follows from the long exact sequence of cohomology groups deduced from:

0 ]rF ]>|<F Z*Z*]*F—) 0 (exact) B

where 7: Cc. X is the natural closed immersion.

3.3. Parabolic cohomology groups with ‘‘generic’’ coefficients. Let the
notation be as in 2.4. If we denote by j, ,: Y. .S X, , the natural open immer-
sion, we have the mapping:

can.

(3-3-1) Hl(Xl,ny Zl) —_—> Hl(Yl.ny ];k, nZL) = Hl(Yl,n, Zl) .

Notice that this mapping is identical with the edge homomorphism: HY(X, ,, Z,)
=H'X1,n, J1,0xZ1)—H'Y 1 o, Z:) induced from the Leray spectral sequence for
J1.n (cf. the argument of [EGA III] Chapter 0 (12.1.7)). Especially the map-
ping above is injective. When 7 varies, these mappings are compatible with
trace mappings ([SGA4] XVII 6.2.3), and hence we obtain: '

(3°3'2) Lig_lnENHl(Xl,ny Zl) s Li.E_nnENHI(Yl,nr Zl),
where both projective limits are taken relative to trace mappings.
THEOREM (3.3.3). There is a unique isomorphism of G gs-modules:

B@, A/ ATy) =, limuenH (X, 0, Z))
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which makes the following diagram commutative:

0

M, A/ AT > H\G, A/Aly)

{ l l {(2.4.4)
O_”'——’L_ir_nneNHl(Xl,n: Zl) LimnENHl(Yl,n: Z[),

where the upper right horizontal arrow is the obvious inclusion.

PrROOF. Recall the “Shapiro isomorphism” s, : H'(&, Z,[S,/W,)~H'(%?, Z,)
=Hom.(?, Z;) (2.5.1), where the right hand side is the group of continuous
homomorphisms. ~We first claim that this induces an isomorphism:
HAE, Z,[6, /N, 1)sHEGL, Z)). In fact, it is trivial that HAE, Z,[6,/1,]) is
sent to HA(E?L, Z1) by si.

Conversely, suppose that cl(a) (as=Z¥(F, Z:[G,/U,])) is sent to HAF?, Z,)
by s.. Thus if &,=II.gN,=I1:g; is disjoint and if a=3,a;,-5; as in 2.5,
we have ai(x)=0 whenever x is contained in an inertia subgroup of {7
for some place of M. Since a(gxg)=ga(x)+(1—gxg"a(g) for any xc=,
we see that, if x is contained in an inertia subgroup of g~'¥%g, then we have:
a;(gxg“)=a}—:1(x)=0. Now suppose that x < is contained in an inertia sub-
group, and let d be the order of the image % of x in &,=%/F", where F*:=
Gal(M/K,). Then we clearly have x?cF"SN,e58 'Frg, and hence a(x%)=
(I4x+ - +x4"Da(x)=0.

Let &,=11:<{3>&:1, be the disjoint double coset decomposition. The num-
ber d, of distinct %*&,,=:x%,, for a fixed %, is a divisor of d. If an ele-
ment a=3, 2% a5z, x6, € 2:[8,/1,] (a7%5;€Z,), is annihilated by J¢ix?,
then it is easy to see that Xi%'a7%;=0 for any k. This implies that a=
EkaiBlaﬁ;‘,;(xi—l)-ék e(x—1)Z,[8,/1,], which proves our first claim.

On the other hand, in view of (3.2.8) and the remark after [3.3.1), we
know that there is a unique isomorphism : H}(§%, Z,)>~H'(X, », Z,) which makes
the following diagram commutative :

0 HEEFY, Z)) H'&Y, Zy)
) l l 2(2.3.3)
0 H' (X, ., Z)) H' Y . Z).

Summing up what we have said above and taking projective limits, we get our
conclusion. m '

Let Jac(X¥,) be the Jacobian variety of X¥, defined over @*. Then the
Kummer theory gives an isomorphism: H'(X, ,, Z;)=T (Jac(X¥.))(—1) of Gg«-
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modules, where, as usual, T; (resp. (—1)) means the /-adic Tate module (resp.
Tate twist). By [SGA4] XVII 6.3.18, we therefore obtain an isomorphism of
Gos-modules :

(3.3.4) liMmuenH (X1, 0, Z) = liMyenTi(Jac (XF))(—1),

where the projective limit in the right hand side is taken relative to the
Albanese mappings: Jac(X¥,)—Jac(X¥ ) for n=m.

3.4. Let the situation be as in 2.6. Especially & is a closed subgroup of &
which normalizes 1. Then it is clear that the right action of & on H¥§, A/ ALy
(resp. limuenH'(Y1n, Z1)) described there leaves HMF, A/Aly) (resp.
limpenH (X, n, £1)) stable. By (2.6.1), the isomorphism in (3.3.3) is an isomor-
phism of right 8 modules. On the other hand, the action of & on lim,exH'(X;, », Z;)
corresponds to the action via “Pic-functoriality” of & on lim,exT:(Jac (X5 ))(—1)
as follows: Namely, for each n<N, as explained in 2.6, =& induces an auto-
morphism of X, ,, and thus an automorphism of Jac(X¥,) Q@ viewed as the
Picard variety of X, .. If we define the action of 2 on T,(Jac(X¥,)(—1)=
T,(Jac X ¥ )N)QT (GR)®" by T,(the action above)®id for each neN,
lim,enT1(Jac (X ¥ 2))X—1) becomes a right &-module, and the isomorphism
is K-equivariant.

§4. Applications of Thara’s free differential calculus.

As in the previous section, we fix an Ihara’s tower (1.1), and assume that
C#@. Recall that §F is generated by 2g-+s elements x;, y; (1<i<g), and z;
(1<j<s) topologically, and that § is a free almost pro-/ group of rank r=
2g+s—1>0 @3.1). In this section, we often write {x;, ---, x,} for {x,, -+, x,,
Y1, 'y Vg, 21, ***» Zs-1}, Which is a set of topological generators of §. The
content of this section relies heavily on Ihara’s (both published and unpublished)

results (cf. [IL]).

4.1. Thara’s results and some consequences. First, we recall lhara’s free
differential calculus. Put 8=Z,[[¥]]. Then for each j (1<7<r), there is a
continuous Z;-linear mapping

0
“.1.1) 8_x—, ‘P — 3
so that every <38 can be expressed uniquely as: 0=s(0)+37.,00/0x;(x;—1),
where s: 3—Z, is the augmentation homomorphism ([IT] Theorem 2.1). The

mappings 0/0x; satisfy:
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12 e M T E
9
4.1.3) aéfcf)za—f;'s(ﬁ)“gf} (@, BEB).

THEOREM (4.1.4) (lhara). For a pro-l T-module M, the correspendence: a—
(a(x;))1s55+ Qives an isomorphism of Z,-modules

I: 72§, M) ==, H°".

This mapping then induces an isomorphism :

H'(S, M) =, Coker (1 —> 7)),
where i sends me M to (x;—1)M)1sj<r.

PROOF. [ is clearly injective and Z;-linear. For any given m=0m)isjs-
cM®", define a:F—M by a(x)=37.,(0x/0x;)m;. By [4.1.3), a belongs to
ZX%, M), and by [4.1.2), we have a(x;)=m; 1<j<r). This shows that I(a)
=m. The second assertion follows from the first one easily. n

Let #: $— 4 be the algebra homomorphism induced from the natural pro-
jection: ¥F—B.

COROLLARY (4.1.5). Assume that M is a pro-l &-module. For 0EGgs, let
0 <Gal(M/L*) be its lifting. Denote by M(p) the r Xr matrix whose (i, j)-entry
is n(0(px,p71)/0x;)A. Then the action of p on H'E, M) corresponds, via
(4.1.4), to the automorphism :
P_Tml
o~im,
of Coker(7), where we view an element of M®" as a column vector.

m,
[ : ]mod Im(i)"—’fp—l(M(ﬁ))[

M

} mod Im (z)

ProoF. Recall that we defined the action of p on H'(F, M) by clla)’=
cl(a®) with a;’(x):p“a(ﬁxﬁ‘l) (2.1.6). For each x; (1<i<r), in view of the
proof of (4.1.4), we have

i) = 0T ate)) = B (ACEEED) .

Now let us specialize to the case where H=A. As above, we define
1: A—>A%" by i(a)=((x;—1)a)sjs-. Then by (2.4.1) and (4.1.4) (cf. also (2.6.1)),
we have an isomorphism of right _I-modules:

4.1.6) lim,eyH'(Y 5, Z:) = Coker () .
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Notice here that 7 is injective. In fact, it is easy to see that a=Ker () implies
(g—1a=0 for all g=@. But by the condition (A3), each =(z;)—1le i (1<7<s)
is not a left (or right) zero-divisor by Lemma 3.1; and hence we must
have a=0. The isomorphism above therefore gives a free resolution of
lima,exH'(Y , Z)) of lengthl as a right A-module. Also, it is clear from (3.2.4),
(3.3.3) and (4.1.4) that we have an isomorphism of right _4-modules:

“4.1.7) lim,enH (X,, Z:) = Ker (Coker (7)) —> Pj-1A/(z,—DA),

where the right arrow corresponds, via (4.1.4), to the mapping f in (3.2.4).

4.2. The case where Y*=P§.—{0, 1, co}. In this case, we write x,=x,
x,=y and x,=z, respectively. For p=Gqy« and its lifting g=Gal(M/L*) as
before, it is known that:

pxpt =sx%!
(4.2.1) {
pypt =ty t,
for some s, t=%, with a=X(p~"), where X: GQ*QZ * is the cyclotomic character
([T1] Proposition 1.2; remember our convention on the composition law on Galois
groups, which is inverse to that in [T1]). We then recall Thara’s anti 1-cocycles

([T1] p. 433, p. 435):

ooy 1= (5= 2w —1)) = (1= L2y
“22) 0:(0) = n(s =) - s meene(%0)
auto)i= (120 ) +a-r,oma(X )

THEOREM (4.2.3) (Ihara). Let M be a pro-I &-module. Then the action of
0<=Gow on HY(F, M) corresponds, via (4.1.4), to the automorphism :

1 -\Qz 0 “'m,
lm ] mod Im (7) — []" (@=(0) ][p " ] mod Im (7)
my 0 J o1 @y (D17 m,

of Coker (. > ).

PROOF. By Lemma 3.2, we see from that :

s-(x“—l)/(k——1)+(1—ﬁxﬁ‘1)3s/3x (1—pxp~")as/oy ])

M(p) = ﬁ([
(1—pyp~hat/ox  t-(y*~=1)/(y—D)+A—pys~")ot/dy
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A simple calculation then shows that J o1 <M(ﬁ)_l:¢‘xép)¢ (zp)]) annihilates
Y

Coker(7); and hence the conclusion follows from (4.1.5). ]

Note especially that the action of p on lim,enH'(Y,, Z;)=Coker (A —i»Jl@Z)
is induced from the automorphism:

1 -1 x 0 -1 1
wze [a})__)[],, (¢:(0)) ][1 (a >]
a, 0 T, oNILT ,-i(ar)

of A%,

COROLLARY (4.2.5). For p&Ggx, p acts on limueyH'(Y 5, Z,) trivially if and
only if psKer(¢); i.e., ¢(p)=1.

PROOF. Assume that p acts on lim,enH'(Y,, Z,)=H'F, A) trivially. The
injection 7, : Ac, A®? (GH[S]) induces, via (4.1.4), an injective homomorphism

¢z AGHY®, A) by Lemma 3.1 or Proposition 1.4 of [T1]. The description of
the action of p above then implies that asz_l(gbz(p)a); i.e., ¢.(0)a=],(a)
for all a=A. Taking especially a=1=@®, we obtain: ¢.(p)=1; and hence also
a=],(a) for all a. From the relations ([I1] p. 435):

{ $2(p)(w(x)—1) = (J o(z(x))—1)(p)
Py(pXm(¥)—1) = (J o(m(3))—1)g(p),

we conclude that ¢(p)=1.
Conversely, suppose that ¢(p)=1. Then this implies that J,=id (cf. Ihara

[12] §3). Therefore we obtain ¢.(p)=1 from [4.2.6); and also ¢,(p)=1 for
the same reason. n

4.2.6)

In loc. cit., Ihara relates ¢ with a certain representation Gq«.—¥ (which
is called “¢” there), whose kernel coincides with Ker(¢)). Especially in the case
of Example (M) (1.2), we see from the corollary above that the kernels of the
two Galois representations: Go—Aut(lim,exyH'(Y,, Z;)) and GQ—+Out(7r€”°“(Pé
—1{0, 1, oo})) coincide.

Finally, let us describe HA(, A). For a=Z'({, A), a belongs to ZAH, A)
if and only if a(x)e(x—1A4, a(y)=(y—1)A4, and a(z)=(z—1)A4, by definition.
The last condition is equivalent to a(z~')e(z—1)A; and by the relation xyz=1,
this in turn is equivalent to xa(y)+a(x)=(z—1)A. Therefore I (4.1.4) induces
as isomorphism:

ZyG, A) =, {[dl}e(x——l)ﬂ@(y—l)ﬂ I al-}—xaze(z—l)ﬂ} .

a,
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It is then easy to see that ¢, above gives an isomorphism :
4.2.7) (x =1 AN(z—1)A =, HAE, A)

of right /-modules. The action of p&Ge« on HA(F, A) corresponds to (x —1)A
f\(z"l)JBaH]p_l(gbx(p)a) via this isomorphism.

4.3. We add here another application of (4.1.4). Let the notation be as in
3.1. For a I-module M, we denote by H(I", M) the usual group cohomology.
Replacing “continuous cochains” by the usual cochains, we can also define
HE, M) for i=1, 2 in the same manner as in (3.2.1), which are nothing but
the classical parabolic cohomology groups ([Shi] 8.1) when U=H.

PROPOSITION (4.3.1). Let M be a pro-l F-module. Then the homomorphism :
H'§, M) — H' ', H)

obtained by restricting (continuous) 1-cocycles on Fto I', is an isomorphism. Also,
this induces an isomorphism :

HEG, M) =, HXI", ).

PrOOF. The classical free differential calculus (Fox [F]) applied to I"
yields, exactly in the same manner as in the proof of (4.1.4), an isomorphism:

HYI", M)—Coker (M 4 M®") for any I'-module M. The first assertion fallows
from this and (4.1.4). The second assertion follows from the first one and the
fact that the exact sequence (3.2.4) also holds if one replaces & by I'. [ ]

§5. Cohomology groups with compact support.

5.1. Preliminaries on G-sheaves. In [Gr] Chapter V, Grothendieck de-
veloped a general cohomology theory of G-sheaves on topological spaces. As
he noticed later (SGA 5X1), a similar theory holds for étale cohomology groups.
In the following, we shall freely use this language for étale cohomology groups,
referring to for the corresponding statements in the classical case.

We first recall some definitions. Suppose that a group G acts on a scheme
T from the left. Then a (set-valued) sheaf F on T, is called a G-sheaf if we
are given an isomorphism ¢r(g): F~g*F for each g=G, and the diagram

® (gng)
F cl (gxgz)* F
G.1.D) or(gy)| L
g3F gigiF

g3o.(g1)
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commutes for each g, g.=G. If we denote by ¢r(g): F—g.F the morphism
corresponding to ¢r(g)~': g*F—F by adjunction, this is equivalent to the com-
mutativity of :
¢p(8182)
Fo— (g8« F

(5.1.2) ora)| L2

gixF g1x8ax k.
g15x¢9p(&2)
Call T3, ¢ the category of (set-valued) G-sheaves on T, with the obvious de-
finition of morphisms. The category 7T:;% of abelian G-sheaves on T can be
defined similarly. For F=T%, ¢ and any U—T étale, the composites of

POy —22 s ger(et) 22, Fig, and
(5.1.3) { ng(g)
FU) 222, 4 FU) = F(g*U)

coincide, where we denote by g*U the base change of U by g. Next assume
that T is an S-scheme, and let f: T—S be the structure morphism. Suppose
that G acts on T as S-automorphisms. Then, for any U—S étale, G acts on
f«FU)=F(f*U)=F(g*f*U) by [5.1.3). Let f¢F be the sheaf on S;; defined by

(5.1.4) FEFU):= fxFU)°®
for U—S étale. Thus on T:;;%, f¢F is defined as the kernel of
(6.1.5) nga(f*(ﬁz«*(g)"id) P fxF —> Tleecf+F.

Now let X’ be a complete variety defined over a separably closed field k.
We assume that a finite group G acts on X’ as k-automorphisms admissibly
from the left (in the sense of SGA 1 V 1.7). Let f:X'—»X:=G\X’ be the
quotient morphism. Also assume that we are given an open immersion j:Yc, X
defined over k. Then G actson Y’ :=Y X yX’ admissibly, and we may identify
Y with G\Y’. Call h the restriction of f to Y’, and ;' the open immersion:
Y'e,X:

!

J

Y’ '
(.1.6) hl fl
Y X.

J
Recall that the base change morphism induces a canonical isomorphism of func-
tors on Y%

©G.1.7) f*j = jir*
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([SGA4] XVII 5.1.2). On the other hand, there is a canonical isomorphism:
fsji=jhs on Y2 because f and h are proper ([SGA4] XVII 6.1). From this
and the description above, it is easy to see that j| naturally defines a

functor: Y& —X}§%, and that the isomorphism above gives rise to a canonical
isomorphism of functors:
(5.1.8) 851 = jihg
on Y/&. From the adjunction morphisms, we also have monomorphisms :
h*h§F— , F
(6.1.9) . .
[*feF < JiF

for each F€Y /&, which are isomorphisms when £ is étale (use Theorem
5.3.1, which holds without the assumption (D) there in our present case (cf.

[SGA4] VIII 5.5), to look at stalks).

For any abelian sheaf F on Y, we have the canonical homomorphism of
étale cohomology groups with compact support:

(5.1.10) HYY,F)— HYY', F),

which is by definition the composite of : Hi(Y, F)=H%X, FRYSHIX', f*,F)
(5.1.7

> . . .
~ HY{X', jih*F)=HY{Y’, F). G acts on H(Y’, F) in a natural manner, and
the image of is G-invariant. For FeY 4%, we can also define a homo-
morphism :

(6.1.11) HYY, h§F) — HYY’, F)

(G.1, (5.1.9)
as the composite of: HY, hSF) = HAY’, h*hF) < HXY’, F). G again
acts on HYY’, F) in a natural manner, and the image of is G-invariant.
It can be easily seen that the mapping coincides with the composite of :
(5.1. can. W1,
HYY, hgF)=H'(X, j,hSF) = H'(X, [LjiF) > HXX', f*f8,F) > H X', jiF)=
H(Y’, F).

PROPOSITION (5.1.12). The notation being as above, assume that h is étale.
Then for any FEY ;& satisfying HYY', F)={0}, the mapping (5.1.11) above
induces an isomorphism

HYY, h§F) =, HY(Y’, F)¢.
Proor. Denoting by H™(X’; G, —) the n-th right derived functor of
H'(X, f¢(—)=HX’, —)¢ on X;&", we have two spectral sequences :

E3t= HYX, RUfS(IF) = H™*(X"; G, jiF)
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Ept= H?G, H(X', jiF)) == H**(X"; G, jiF)

by Theorem 5.2.1. Under our assumption on h, we see by [Gr] Theorem
5.3.1 that the stalk of R1f$(j|F) at any geometric point of X vanishes for ¢>0; and
hence the first spectral sequence degenerates. We therefore obtain two isomor-
phisms: H'(X, f$/iF)~H\X'; G, jiF), and H(X’; G, jiF)~HY(X’, jiF)¢. Com-

posing them with the isomorphism: HI(Y, h&F) = HY(X, f&jiF), we obtain an
isomorphism: HXY, h§F)~HYY"’, F)%, which is easily seen to be induced from
the mapping [5.1.11), in view of the remark made before the proposition (cf.
the remark after (5.2.7) in [Gr]). m

5.2. The group of ‘“modular symbols”. Let us return to the situation of
§3. We fix a set {K,},ey' of finite Galois subextensions of M/K such that the
composite of all K, is M. We define the partial order in N’ by setting v=pu
if and only if K,2K,. We may (and do) assume that: i) N’ is a directed set
with respect to this partial order; and ii) Gal(M/K,) is a normal subgroup of
Gal(M/K¥*) for each veN’ (cf. 1.1). For veN’, we denote by X, (resp. Y,) the
normalization of X (resp. V) in K,, and set C,:= X,—Y,. As before, C, will
be often identified with a subset of X,(@). If y=p (g, vEN’), the morphism
X,—X, induces a mapping C,—C,; and hence a Z;-homomorphism Z;[C,]—
Z,[C,]. We denote by deg,: Z,[C,]—Z, the mapping which sends an element
of Z,[C,] to the sum of its coefficients, and by Z,[C,], :=Ker(deg,) the “degree
O-part” of Z,[C,]. It is obvious that deg,’s are compatible with Z,[C,]—
Z,[C,].

DEFINITION (5.2.1). The notation being as above, we set
9= limex Zi[C,]
deg:=lim,cy- deg,: 9 —> Z,
9, := Ker(deg) = lim,en' Z:[C,], .

By our assumption ii) above, Gal(M/K*) acts on C,(.X,) from the left,
and hence 9 and 9, are continuous left Gal (M/K*)-modules.

For a pro-/ @-module #, let Hom, (9D, -#) be the group of continuous
homomorphisms of F-modules. If H=lim;c;H; with pro-/ G-modules H# and
“M;, then it is clear that the natural mapping: Hom, 4(D,, H)—
lim;e;Hom, 3(9,, HM;) is an isomorphism. On the other hand, when # is a
pro-/ ®-module, we can consider Hom, 5(9D,, M) as a right Gg«-module as fol-
lows: For p=Ges, take its lifting g=Gal(M/L*). Then for f eHom, 5(D,, H),
we define

(5.2.2) fe(dy:= p7 f(p(d) - (d=9y).
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It is easy to see that this is well-defined.

Recall that § is a completion of [' (3.1). When the universal covering
space U of Y(C) is isomorphic to H, let C be the set of cusps of I" viewed as
a Fuchsian group of the first kind (loc. cit.), and denote by D := Z[(] the free
abelian group on €. When U=C, each C, consists of just two elements, and
hence so is C:=lim,ex'C,. We again put D:=Z[C]. In either case, we can
define the “degree 0-part” D, of D in an obvious way. The natural mappings:
C—C, induce injective homomorphisms D—9 and D,—9, whose image is dense.

PROPOSITION (5.2.3). For a pro-l G-module M, the natural mappings:
Hom, 3(9, M) — Homp(D, M), and

Home, 5(Do, M) —> Homp(D,, i)

are isomorphisms.

Proor. Take a set {c,, -+, ¢} of representatives of /'\C. We may assume
that z;=I" generates the stabilizer subgroup /7; of ¢; in I 1£7<s). Then D
is isomorphic to 3., Z[I'/I";] as a left [-module; and hence Homp (D, SH)=
@i_, M5, On the other hand, the inertia group I,(S®) of the image of ¢; in
lim,ex- C,=(“cuspidal” prime divisors of M) is topologically generated by z;.
Since lim,en C,=®5-,F/I;, we have an isomorphism 9=@i-,Z.[[F]/
Z,[[¥11(z;—1) of F-modules. This implies that Hom, (D, HM)=P;_, H 1=
@3-, M5 ; and hence the first mapping is an isomorphism.

Next, from the following obvious morphism of short exact sequences :

0 — D, — D >Z >0
! ! J
0 D, > 9 Z, >0,

we obtain a morphism of well-known exact sequences :

0 Hom, g(Z;, H) Hom, (D, )
(5.2.4) |2 |2
0 Homp(Z, M) Homp(D, H)
Hom,, 5(D,, M) Exte g(Z,, M) Ext; 5(9, M)

l i l

—— Homp(D,, ) — Extr(Z, M) —— Extpr(D, H),

where Ext. 5 (resp. Extr) means the group of isomorphism classes of extensions
in the category of profinite §¥-modules (i.e. profinite abelian groups with con-
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tinuous left $F-action) (resp. usual I"-modules); and the middle right (resp. right)
vertical arrow is induced from the correspondence: (an extension of i by Z,;
(resp. @) as profinite F-modules)—(its “pull-back” by Z—Z, (resp. D—9) viewed
as an extension of /’-modules).

Now for ac=ZY(F, M), let M, be SHXZ, as a topological group on which
x&F acts as: x-(m, a):=(xm+aa(x), a). Via the obvious injection MM,
and the surjection M, Z,, we can consider M, as an extension of ¥ by Z,
in the category of profinite §-modules. By a direct computation (as is perhaps
well-known), we easily see that this correspondence gives an isomorphism:
HYE, M)~Ext, o(Z;, M). In a similar fashion, we obtain an isomorphism:
HY (I, M)~Extr(Z, ). From this and (4.3.1), we see that the mapping:
Ext. §(Z,, M)—Extr(Z, M) is an isomorphism; and therefore it is enough to
show the injectivity of the right vertical arrow to complete the proof. For
this, first note that the natural inclusion: Z,c.Z;[[¥]] induces an injective
homomorphism of I;-modules: Z,o.Z,[[¥1]/Z,[[F]1]1(z;—1) for each j (1=7=5s).
Thus the correspondence: (an extension of # by Z,[[F11/Z.[[F]l(z;—1) as
profinite ¥-modules)—(its pull-back by the mapping above, viewed as an exten-
sion of profinite I;-modules) induces a homomorphism: Ext. 3(Z,[[F]1]/
Z,[[F11(z;—1), M)—Ext. 1 (Z:, M) for each j (1=/=5s), which is easily seen
to be injective. On the other hand, by the same reasoning as above, we have
an isomorphism: Ext. ;(Z;, SM)~H'(I;, M). Arguing in the same manner for
(discrete) I'-modules, we obtain the following commutative diagram:

Exte (D, M) —> Dj=iExte, 1 (Z1, M) ==, Bi-H'(I;, M)

| | | Res

Extr(D, M) — Bi=Extr(Z, H) = @i H' T, H)

with injective left horizontal arrows. Since H'(I;, ) and H'(I';, M) are iso-
morphic to H#/(z;—1)M by the correspondence: c/(a)—a(z;) mod (z;—1)M, the
mapping “Res” above is an isomorphism; and hence our conclusion follows. m

As the argument above shows, Hom. 3(9,, M) is finite whenever # is
finite. Thus for any pro-/ @-module #, Hom,. 3(9D,, H) is naturally equipped
with the structure of a pro-/ abelian group; and the action of Gg.« defined by

is continuous.

REMARK (5.2.5). The groups Homr(D,, ) (in the elliptic modular case (cf.
§7)) were first introduced by Ash and Stevens in their theory of higher
weight modular symbols. Our definition of the groups Hom, 3(9,, ) and the
(5.3.2) below were directly motivated by their work (cf. especially
[AS2] p. 862). Indeed, the above groups (again in the elliptic modular case)
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for “large” M will play a central role in the “p-adic analytic theory of modular
symbols” to be developed in a subsequent paper.

5.3. H: and ‘““modular symbols”. Let H=lim;c;M; be a pro-l G-module
with finite #;,. Then we defined in 2.3 a projective system {Fg,};c; of twisted
constant sheaves on Y. We put

(%.3.1) HYY, Fa):=lim;e, Hi(Y, Fa,).
If ¢ is a pro-/ @-module, Go+ acts on this group continuously from the right.

THEOREM (5.3.2). The notation being as above and as in 5.2, H(Y, Fg) is
canonically isomorphic to Hom. (Do, M) for any pro-l G-module M. When M
s a pro-l @-module, this isomorphism commutes with the action of Ggs.

ProOF. We may assume that ¥ is finite. In this case, there is a yeN’
such that # is a trivial Gal(M/K,)-module. For the moment, we fix such ay,
and put &,:=Gal(K,/K). For ¢<%, or ¥, we denote by [¢] the automorphism
of Y, or X, corresponding to ¢: K,=K,. Then there is an isomorphism of
group schemes ¢: FayXyY, XY, X MU=y, (the constant group scheme) over
Y,, and the following diagram commutes for all ¢<%, or $:

idx [o]

FaxyY, FaXyY,
(5.3.3) 02 l l 3
Y, X M Y, XM .

[6]Xe

In other words, if we define ¢(0): Y, XMU—[o]¥*¥ , XM=Y, XM by idXag,
{p(0)} s, gives an F,-sheaf structure on Jy,. If we denote by h,:Y,—Y the
natural morphism, it is easy to see that h?;(ﬂyy)gFﬂ.

Let 7,:Y,o X, (resp. i,: C,o.X,) be the natural open (resp. closed) immer-
sion. Then we have the exact sequence in X} ;°:

(56.3.4) 0 — juFa —> joxFou —> 15l joxF oy —> 0.

Notice that j,«Fgq is isomorphic to the constant sheaf on X, defined by ¥,
which we denote by My, and also that 7,4fj,4F4 is isomorphic to the direct
image by 7, of the constant sheaf defined by # on C,. We therefore have
isomorphisms :

(6.3.5) HYX,, jusFa) = M
(536) H0<Xy; Z,,*Z;k]y*an) = @Iecyﬂ .

If we let =% act on M (resp. Drec, M) by m—o~'m (resp. (mz)zec,—(M7)zec,
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with m,=¢ 'm,,) from the right, it is easily seen from [5.3.3) that [(5.3.5)
(resp. is ¥-equivariant. Thus from the long exact sequence of cohomo-
logy groups deduced from [5.3.4), we obtain the exact sequence of F-modules:

(©.3.7) 0 —> M —> Brec, M —> HUY,, Fa) —> H'(X,, juxFa),

where the second arrow is the diagonal injection. Now we have a canonical
isomorphism :

(5.3.8) Dzec, M =, Hom(Z,[C,], H)

by sending (m:)zec, to f defined by f(x)=m. (x&C,). If we define the right
action of § on Hom(Z,[C,], M) by f°(x):=¢ 'f(gx), this isomorphism is F-
equivariant. From the split exact sequence:

degy
0— Zl[Cv:IO_"Zl[Cu:[ > Z, 0,

we obtain an exact sequence:
0 —> Hom(Z,;, M) —> Hom(Z,[C.], ) —> Hom(Z,[C,],, M) —> 0.
Thus from [5.3.7) and [5.3.8), we obtain the exact sequence of right -modules :

(6.3.9) 0—>Hom(Z,[C.lo, M) = HUY s, Fa) = H'(Xs, JuoxFa) (2HN(X,, Hx,)),

where we let § act on Hom(Z,[C,],, ) by the same formula as above. When
M is a pro-/ &-module, by the same reasoning as above replacing §F by
Gal(M/K*), we see that (5.3.9) is Gal(M/K*)-equivariant.

Now fix a pg=N’ such that M is a trivial Gal(M/K,)-module. For any
y=p, we have a homomorphism: Hom(Z,[C,],, #)—Hom(Z,[C.],, <#) induced
from the obvious mapping: C,—C,, and it is easy to see that the following
diagram commutes :

0 —> Hom(Z,[C, o, M) —> H(Y p, Fou) —> H'(Xp, Mx,)
| l(5.1.10) ican.

A

0 —> Hom(Z,[C.]o, M) —> Hi(Y s, Fa) —> H'(X,, Mx,).

Since lim,.H'(X,, Mx,) is isomorphic to the H' of lim,.,X, with values in the
constant sheaf defined by # ([SGA4] VII 5.8), this group vanishes by the de-
finition of the field M (cf. the proof of (2.3.3)). Therefore we have, by taking

the inductive limit, an isomorphism of right §-modules:
limy=,Hom (Z,[C.J0, H) = lims.  H(Y,, Fa).

It is easy to see that the left hand side is isomorphic to the group of con-
tinuous homomorphisms Hom.(D,, #). Therefore taking {-invariants, we ob-
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tain the desired isomorphism:

Hom, 4(D,, M) = HIY, Fa)
by applying (5.1.12).
Finally, when % is a pro-/ ®-module, this isomorphism is compatible with
the action of Ggs, as is easily seen from the remark after (5.3.9). n

5.4. Let the notation be as in 5.3. For a pro-/ ®-module H=limc; M,
with finite <M, natural mappings: HYY, F4,)—H'(Y, F4,) induce
(5.4.1) HYY, Fo) — H'Y, Fa).
On the other hand, we define a homomorphism
(5.4.2) Hom, §(D,, M) —> H'(F, M)

as follows: Fix an element d<lim,ey-C,, and for f<Hom, §(9D,, ), put ala):
=f(od—d) (c=%F). It is then easy to see that a=Z¥(§, M), and that we can
define by the correspondence: f—-cl(a), which is independent of the
choice of d.

THEOREM (5.4.3). For each pro-l G-module M, the following diagram com-
mutes:

(5.3.2)
Hom,, (9, M) ———— HUY, Fx)
(5.4.2) l l (5.4.1)
H\E, M) ——— HYY, Fg).

PROOF. We may assume that % is finite. The mapping is, by def-

inition, given by: HXY, Fy) = H'(X, j,Fs) — HY, j*j,Fq) = H\Y, Fs). In
terms of torsors, it is therefore induced from the correspondence: (a 7, Fg-
torsor P on X)—(j*j Fq= Fg-torsor j*P on Y). Also, in view of the proof of
(3.2.8), the inverse of the isomorphism (2.3.3) may be interpreted as the corre-
spondence : (isomorphism class of an Fg-torsor P)—cl(a) with a=Z'(§, H) de-
fined by: gp=p""'=p-als) (¢<=F) for a fixed p=l'(Z, P).

Now suppose that we are given an element f<Hom, §(D,, H)=
lim,ey-Hom(Z,[C.],, M), and assume that it is represented by an element of
Homgz(Z:[C,]y, M), which we denote by the same letter /. We may assume
that M is a trivial Gal(M/K,)-module. Let P, (resp. P) be a j, Fq-torsor
(resp. jF.g-torsor) on X, (resp. X) corresponding to f via:

)
Homy(Z,[C.]o, M) H{Y ., Fa)® HY, Fa).

~
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Then, denoting by h,:Y,—Y and f,: X,—X the natural morphisms, f¥P is
isomorphic to P, as a juFa (=juhfFy=f}j Fa)-torsor, and by (5.1.12), P is
uniquely characterized by this property up to isomorphisms.

On the other hand, take f<Hom(Z,[C,], M) such that f|z,c,,,=f. Con-
sidering (F(x))sec, EPrec, M as a section of i,4i¥j,+Fq on X, by [5.3.6), we can
take P, to be its inverse image by .« Fa—7.45F/,«Fa, viewed as a j, Fq-torsor
via (cf. III 3.1, 3.5). Via the canonical isomorphism: j,sFx=Mx,,
we may consider P, as a subsheaf of “Hy,.

As before, we define ¢(0): My (=X, x M)—~[0]* My, =My, by ¢(0):=idX e
(6<%, and consider My, as an F,-sheaf on X, ; by means of this. Now it
is easy to see that the inverse image by ¢ (o) of [¢1*P,c[o]* My, =Mx, is the
subsheaf of Jy, corresponding to 7° exactly in the same manner as P, corre-
sponded to f. Denote this sheaf by P¢. For any x, yeC,, ffx—y)=f(x—y)
implies that 77(x)—f(x)=:m,eM=I"(X,, HMx,) is independent of x, and hence
we can define an isomorphism a(g): P,—P? of torsors by : (local section s)—s-+
{the pull-back of)m,. Denote by b(c¢): P.—[c]*P, the composite of a(¢) and
¢(a). Then it is easy to see that {b(0)},c5, defines an F,-sheaf structure on
P,, and that the action P, X, F4—P,is compatible with the $&,-sheaf structures.
Applying the functor f3, we get an f3j, Fa=j Fg-torsor f5P, on X. Since
X fﬁ;Pv) is isomorphic to P, as a j,.Fg-torsor, we may take P to be the torsor
above. For any o¢<%,, the right action of ¢ on I'(Y,, f¥*P)=I'(Y,, P,)=
r'y,, [e]*P)= is then given by I'(Y,, b(¢)™"). We therefore see that the
cohomology class cl(a)e H\(H, M) corresponding to P via the composite of (5.3.2),

and the inverse of (2.3.3) is given by:
a(a) = (am—m,-)—m = (am—(F" " (x)— F(x)))—m

for any fixed me M and x=C,. Fixing x&C, and putting m=f(x), we con-
clude that

a(e) = af(x)—af(o7'x) = af(x—07'x) = f(ox—X)
for all ¢=@. From this, our conclusion follows. [ |

COROLLARY (5.4.4). For any pro-l &-module M, the image of the mapping
(5.4.2) is presicely HF, M).

Proor. In view of (3.2.8) and (3.2.9), this follows immediately from the
theorem above. |

5.5. ‘“Modular symbols’’ with ‘‘generic’’ values. We now return to the

situation considered in (2.4.2), and propose to describe lim,eyHi(Y; », Z;) in
terms of “modular symbols”, where the projective limit is taken relative to the
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trace mappings.
THEOREM (5.5.1). There is an isomorphism:
Hom,, (Do, A/ATy) 22, limuenHYY 1 0, Z1)

of right Ges«-modules. Moreover this isomorphism makes the following diagram
commutative :

~

Hom,, 5(Do, A/ ATy) limuex HYY 1 o, Z1)
(5.4.2) i l can.
H'S, A/ATy) ——— liMueyH' (Y 1 0y Z1).

PROOF. In general, let < be a pro-l &-module, which is a free Z;-module
of finite rank. For »n, meN such that n>=m, we have an isomorphism:
H{Y  n, Fa)=HXY ,, F%)® by (5.1.12), where G=Gal(K,/K, ). ldentifying
these two groups, we first claim that the trace mapping: HIY ., Faq)—
HYY, n, Fa) is given by the mapping: x—2>,ecx¥, which we call £. In fact,
since the groups above are free Z;-modules of finite rank (cf. (5.3.2)), it is
enough to show this after tensoring @, over Z,. As a G-module, we have a
direct sum  decomposition: Hi(Y,, F4)Qz,Q = ADB, where A:=
(HXY », Fa)®2z,Q1)¢ and B is a direct sum of nontrivial irreducible G-modules.
Since the trace mapping is G-equivariant, it is identically zero on B; while ¢
is also zero on B. On the other hand, the composite of: HiY, n, Fu)=

HYY ,, Fa)® t—rjlf:Hé(Y'l,m, F4) is multiplication by |G| by XVII 6.2.3.
Therefore the trace mapping and ¢ agree also on A, which shows our claim.

From the remark above, it is easy to see that the trace mapping:
H{Y, n, Fa)»H{(Y 1 m, Fg) is given by: tzgew,g?xg'l. Thus we see that
the following diagram commutes :

(5.3.2)

Homc,g?(g)o, g%) Hé(yln, F_‘ﬂ)

(5.5.2) l l trace

Homc'%'in(go, ﬂ) Hé(YI,m; Fﬂi) »

if we define the left arrow by : fHEgeg*{n/g{Lfg-l.

Next recall that &/§1=@®,/U, canonically as left F-sets, and let &,=11,g. 1.
=]1.5: be the disjoint decomposition. In analogy with [2.5.1), we define the
mapping :

(5.5.3) Home, 5(9,, Z:[8,/1,]) —> Hom 5(Ds, Z1)
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by sending f=3,fz-2,, with continuous mappings fz; from 9, to Z,, to f.
Then a simple computation shows that this mapping is an isomorphism of G-
modules, and that the following diagram commutes :

~

Hom, 5(9,, Z:[G./1,]) Hom, 52(Dy, Z1)
(.5.4) l l
Home, 5(Do, Zi[Gn/Un]) ——

Hom, 55(Ds, Z1)

where the left (resp. right) arrow is induced from the natural projection:
Z,[8,/1,]-Z,[8,/U,] (resp. the previous one). Combining [(5.5.2) and [5.5.4),
and taking projective limits, we obtain our first assertion.

The second assertion follows from (5.4.3) and the commutativity of:

(5.5.3)
Hom,, 5(9,, Z:[8,/1,]) —— Hom. 51(D;, Z1)

(5.5.5) (5.4.2) l l (5.4.2)
HE, Z,08,/1,]) H' (@, Z),

which can be checked easily. ]

Suppose finally that we are in the situation of 2.6. Then the group & na-
turally acts on lim,eyHYY, ., Z,) from the right. On the other hand, the
obvious right action of & on /ATy induces the action of & on Hom,, 5(D,, A/ ATy).
We claim that the isomorphism (5.5.1) is &-equivariant. In fact, it is clear from
the proof of (5.3.2) that the isomorphism: Hom, §2(Do, Z)SHUY 1,0, Z)) is K-
equivariant if we let k=8 act on the right hand side by: f—f* with f*¥(x):=
f(Ex) for any E< such that £2|,=Fk. It is then easy to see that this action
corresponds, via (5.5.3), to the natural right action of %2 on Hom, (9, Z,[&,/1,]),
which shows the desired compatibility.

§6. Specialization mappings.

6.1. Let us keep the notation and assumptions of the previous sections.
Let “# be a pro-{ -module, and fix an element m,=.#. Since H is an A-
module in a natural manner, we obtain a morphism of pro-/ - (and hence §
pro-/ §-) modules :

6.1.1) A —— H (a—a-m,).

From this, we obtain
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Spmy: H'(@, A) —> H(F, M)
(6.1.2) Spp.my+ HEE, A) —> HEG, M)
Spe,my - Home §(Do, A) —> Hom, 5(Do, M) .

We call these mappings “specialization mappings”, and write them simply sp,
spp and sp., respectively, when there is no fear of confusion.

If a closed subgroup U of & stabilizes m,, then it is easy to see that sp,
spp, and sp. factor through H'(F, A/ATy), HMF, A/ATy) and Hom,, 5(D,, A/ A1),
respectively. The induced mappings will be also called “specialization mappings”.

Suppose next that M is a pro-/ @-module, and hence especially a Ggs-
module (cf. 2.1). If my=HM above is fixed under Gg«, then the mappings in
(6.1.2) commute with the action of Gg.«, as can be seen easily from the defini-
tions of the Galois action (2.1, 5.2).

PROPOSITION (6.1.3). Let M be a pro-l -module. If the cokernel of (6.1.1)
is finite (for example, if M is a free Z;-module of finite rank, MRz, Q: is an
irreducible G-module, and my,+0), then the cokernel of sp: H*(F, A)—H'(F, M)
is finite.

PRrROOF. Let X (resp. <M’) be the kernel (resp. the image) of A — ¥ (a—
a-m,). Then from the short exact sequences:

{ 0 X A M 0
0 M M 7 0  (T:=H/H),

we obtain, via the long exact sequences of cohomology groups, the following
diagram:

HY(E, A) HYE, ')

l

HX @, 1)

l

HX(, 7)

H*®, 50

in which the mapping H'(f, A)—H'(F, M) obtained by composition is sp. Now
H: %, X)=0 by (3.2.6), and H'(F, J1) is finite by our assumption, because § is
topologically finitely generated. Thus our conclusion follows. [ |

The proposition above especially means that the Galois representation on
HY(E, A=lim,enH' (Y 5, Z,) (2.4.1) essentially contains all information for those
on HE, MRz,Q:=HY, Fs)Qz,Q: (2.3.3), for pro-l G-modules # with m,=
9, satisfying the condition in (6.1.3) (see 7.2 for explicit examples). On the
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other hand, we remark that the conclusion of (6.1.3) does not hold unconditionally
for spp and sp.. For example, consider the case of Example (M) (1.2). In this
case, HA(®, A) vanishes: This follows from the isomorphism H A, A)=RN>(—1)
(combine (3.3.3), and Proposition 1.3) because =@ ; or also from
[4.2.7). Nevertheless, “its specializations” HA(@, Z,[6,1)=HY(X,, Z;) (cf. 3.3)
can have arbitrarily large rank. Also, since we have the commutative diagram:

(5.4.2)
Homc, %(@0) Jq) HIID(%) JI) —_— O

6.1.4) l She | v
Homa 3(@0, L%)

&, H)—0

with exact horizontal lines by (5.4.4), (6.1.3) cannot hold for sp. neither. (We
can actually prove that Hom, 35(9,, A)={0} in this case.)
The purpose of the rest of this section is to prove the following:

THEOREM (6.1.5). The notation and the assumptions being as in (6.1.3), we
put J:=Hom. (M, Q,/Z;) (the Pontrjagin dual of M). We consider M as a
discrete abelian group on which & (and hence §) acts continuously from the left
by: (g-f)im):= f(g™'m) for fEM, g=@ and meH. If HYS, H) is finite,
then the cokernels of spp: HEF, A)—>HE, M) and sp.:Hom (D, A)—
Hom, §(D,, M) are finite.

6.2. Proof of (6.1.5). Let the notation be as in (6.1.5). In view of [6.1.4),
it is enough to prove the assertion only for sp.. For this, first note that we
may replace M by Im(A—-H); and hence we may assume that A— % is sur-
jective. This indeed follows from a similar argument as in the proof of (6.1.3),
noting that Hom, (9D, M=HY, Fy) is finite whenever 71 is finite. Next, by
(5.2.3), we may identify sp. with

Homr(D,, A) —> Homp(D,, H)

induced from [6.1.1), and want to show that its cokernel is finite. Let X :=
Ker (A—H); i.e.,

6.2.1) 0 X A M —>0 (exact) .

Then by the definition of D, (5.2), we obtain a commutative diagram:
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Exti(Z, &) —> Exth(Z, A)

Extr(D, X) — Exti(D, A)

$Pe
Homp(D,, A) — Homp(D,, M) —> Ext(D,, X) —> Extp(D,, A)

ExtH(Z, X) — ExtH(Z, A),

where the third horizontal line and the two vertical lines are exact. Note here
that Ext}(Z, —)=HYI', —); and hence these groups vanish for =2, because
I' is a free group (cf. the proof of (3.2.6)). Also note that, since Homp(D, —)
=@.(—)7 (I';=<z,;>) as we saw in the course of the proof of (5.2.3), its right
derived functors Extf(D, —) are canonically isomorphic to Pi.,H*(I";, —), and

ExtH{Z, —)—ExtHD, —) may be identified with the direct sum of restrictions:
©Res

H{(I, —) —> @3-, H'(I'";, —). From this, and the exact sequence (3.2.4) with
% replaced by I, we are reduced to prove the finiteness of Ker (HZ(I', X)—
HI, A)).

LEMMA (6.2.2). Let I' be the augmentation ideal of Z[I']. For any I'-
module M, HEI, M) is canonically isomorphic to M/I' M.
Admitting this, the proof of (6.1.5) can be completed as follows: It now

remains to prove the finiteness of Ker(X/I'K— A/ A)=Ker(X/IK—A/IA),
where I is the augmentation ideal of A4 (1.1). From the Pontrjagin dual of

the exact sequence [6.2.1):
0 M A K 0 (exact),

we obtain a long exact sequence of cohomology groups:

A% > KO > HY(®, F) —>

of discrete abelian groups. Taking again the Pontrjagin dual of this exact
sequence, we obtain an exact seqgence:

vwe— AJIA <— K/IK «<— HN(SG, H)” <— ---.
Thus the finiteness of HY(®, ) implies the desired conclusion.

PROOF OF (6.2.2). We first assume that U=C; i.e. that [I" is generated
by two elements x and y with the fundamental relation xy=1. In this case,
HYI, M)=M/(x—1)M by the correspondence: cl(a)—a(x)mod(x—1)H. Not-
ing that a(y)=—x"'a(x) for any ac=Z'(I", M), HEI', H) is isomorphic to the
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cokernel of : M/(x —1)H—>M/(x —1)HDM/(y—1)HM which sends m mod (x —1).H
to (m, —x"'m)mod (x —1) HP(y—1)#. We obtain our conclusion immediately
from this.

In the other case, I’ may be considered as a Fuchsian group of the first
kind ; and hence our claim is a special case of Propositions 8.1 and 8.2.
(We can also give a direct proof along the same line as above, after a some-
what tedious computation). |

§7. Elliptic modular tower.

7.1. Summary of what we know. We now focus our attention to the case
of Example (E) (1.2). Thus we fix a positive integer N=4, and use the nota-
tion of loc. cit.. Let /¢ (¢=0) be the largest power of [ dividing N. As for
the index set “N” in 1.1, we take the set N of natural numbers, and for each

neN we put
S A R S

The curve X ¥ is then the canonical model of the modular curve I (N)NT((**¢)\H*
defined over @, for which the cusp 7o is Q-rational. In the following, we set

7.1.1) W= {[(1) ’{] & SL(Z)} .

This subgroup of & is Gg-stable (cf.[1.2.6)); and hence we are in the situation
of 2.4. The curve X¥, is the canonical model of I',(NI")\H* defined over Q
for which the cusp i is Q-rational. We henceforce write it X, (N/™), follow-
ing the usual terminology. We also write Y, (N/™) for Y§,, which is the open
subscheme of X,(N/*) corresponding to I',(NI™)\H.

Let A be, as before, the completed group algebra of & over Z;. Since the
group U above is topologically cyclic, Aly is a closed left ideal of 4. Thus
by (2.4.4), (3.3.3) and (5.5.1), we have the following isomorphisms of right Ge-
modules :

H\@, A/ Alv) = limenH'(Y (NIMQ4Q, Z1)
(7.1.2) (T, A/ Aly) = limen H (X (NIQeQ, Z1)
Hom, §(Do, A/ AL) = limaen HXY (NIMRoQ, Z)).
On the other hand, for each non-negative integer d, let S%Z;) (resp. S*(Q.))

be the set of column vectors of size d+1 with entries in Z; (resp. Q;). We
denote by



172 . M. OuTA

(7.1.3) Pa: GLy(Q)) —> GL(SYQ.)
the symmetric tensor representation of degree d, which is realized as in [Shl
8.2: Namely, writing [i]d for the element of S%(Q,) whose -th entry is

xe*1-tyi-l (x, yEQ,), p, is the unique representation satisfying:

7.14) eolls DT =leria)

for all x, y=@Q,. (Here we understand that [;]0:1, and that p, is the trivial

representation.) Of course p,; induces a representation of GL,(Z;) on S%Z)),
and hence we may consider S%(Z;) as a pro-/ @-module via p,. Moreover let-

ting p=Gq act on S%Z,;) by pd([(l) Xl(op)])’ then S%(Z;) becomes a pro-/ ®-
module by (cf. 2.1).

By our assumption that N>4, Y, (N) can be considered as the fine moduli
scheme classifying elliptic curves together with certain level structure over Q-
schemes. Let f: E—Y (IN) be the universal family of such an elliptic curve.
Then the twisted constant Z;-sheaf on Y (N); defined by SY(Z)) (cf. 2.3) is
isomorphic to R'f«(Z,). In fact, this can be proved by the same method as in
the proof of (3.3.3), looking at the corresponding representations of the
algebraic fundamental group of Y ,(N) at the generic point. Therefore by (2.3.3),
(3.2.8) and (3.2.9), we see that HA(F, SUZ))N(Rz,Q:) is isomorphic to the space
of l-adic representation of Ggo attached by Deligne (cf. [D]) to the space
Sar(lT(N)) of cusp forms of weight d+2 with respect to I'y(N).

7.2. Specialization mappings. The notation being as above, we fix a non-
negative integer d. We first note that S%(Z;)¢e is the free Z;-module generated

d
by mo:=[é] . Then the mapping [6.I1.1), which is induced from: @3{? 5]

HPd([? Z])mo:[ (cl }dESd(Zz), gives rise to “specialization mappings” (cf.
and the remark after it):

spr H'(F, A/ALy) — H'F, SY(Z)))
(7.2.1) spp: HYS, A/ ALy) —> HEE, S*(Z)

spe : Hom,, (Do, A/AIy) —> Hom,, 5(D,, SYZ))).

They all commute with the action of G4 (6.1). We already know that the
cokernel of sp is finite (6.1.3).
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THEOREM (7.2.2). The cokernels of spp and sp. above are finite.

PRrROOF. Recall that there is a non-degenerate bilinear form (,); on S%(Q.)
satisfying :
{ (m, m")qg = (—1)*(m’, m)q
(pa(xIm, pa(x)m")q = det (x)*(m, m")q

for all x&eGL(Q,), and m, m'=S%Q,;) ([Sh1] 8.2). Thus if we denote blf\:ﬂz
the dual Z,-lattice of S%(Z,) with respect to (,)s, the Pontrjagin dual S%(Z,)
of S%Z,) is isomorphic to HRQz,Q./Z, as a G-module. By (6.1.5), the proof is
therefore reduced to the following:

PROPOSITION (7.2.3) (Shimura; cf. [Sh2]). Let & be any open subgroup of
SLy,(Z)), and M a G-stable Z;-lattice in SUQ,). Then H'(S, HRz,Q:/Z)) is
finite.

ProoOF. Although one can give a completely elementary proof for this fact
(Ihara), we give here a short-cut proof. If d=0, the group H'(S, HQz,Q:/Z))
~Hom.(®, Q,/Z,) is finite; and hence we hereafter assume that d=1.

If  is an open normal subgroup of &, then there is the well-known exact
sequence :

Inf
0 — H'(8/9,(MNR2z,Q:/Z)°) —> H\(®, HR2,Q:/Z))

Res
— HY(D, HR2z,Q./Z)) .

Since (HRz,Q:/Z,)° is finite by the assumption above, it is enough to prove
our assertion when ® is a principal congruence subgroup of SL,(Z;). On the
other hand, it is easy to see that if our conclusion is true for one ¥, then it
also holds for all .

Let us now take an indefinite division quaternion algebra B over @ whose
discriminant is prime to /, and its maximal order 0. We fix an isomorphism:
BR¢Q:=My(Q,) which induces an isomorphism: 0&zZ,=MyZ;). For each d,
in §5, we have constructed a homomorphism

o: B —> GL.1:+1»,(Q)

of algebraic groups over @ with e=1 or 2 such that pg,: (B&QeQ:))*=GL,(Q))
—GL.a+1(Q:) is equivalent to p%°. Also there is a p(oN\B*)-stable Z-lattice X
in Q¢¢*V satisfying the condition (p3) of [0O1]. Let v: B—»Q be the reduced
norm, and put

I'ni={reolv(n=1, r—1€i™o}

for each m=0. We fix £#=0 and put I':=I",. Then for any n=0 and m=
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Max{k, n}, we may consider X/I"X as a ['/I',,-module by p. We claim that
there is a constant C>0 such that

|H\(I'/T, X/1"X)| < C

holds independently of m and n. Indeed, using the terminology of 3.3,
we have an isomorphism: HY [/, X/I"X)=HI''/I'}, X”/1"X”) by the
same reasoning as (3.3.8). But the inflation mapping:
H\I/ T}, X7/1"X")—HYI"’, X”/1*X") is injective, and the argument in
pp. 26-27 implies that the order of this latter group is bounded independently
of n. This proves our claim, and consequently we obtain the finiteness of
imm, o H /Ly X/1"X)=H UM L/ Ly XRQ2Q1/Z1).  Since lim,I'/I"y is iso-
morphic to the principal congruence subgroup of level [* of SL,(Z;) via 0&QzZ;
=~ M,Z,), our conclusion follows. [ ]

REMARK (7.2.4). We have thus shown that HA(, A/Aly)=lim,eyH'(X,(NI™)
®ae®, Z,) contains all information about Deligne’s [-adic representations attached
to S.(I"y(NI™) for all k=2 and n=0. In [Sh2], Shimura interpreted the Eichler-
Shimura cohomology groups in algebro-geometric terms to obtain /-adic repre-
sentations attached to more general automorphic forms of one variable (cf. also
[01]). One of his principle was that one can obtain information about auto-
morphic forms of higher weights from the knowledge of forms of weight 2 if
one grows the level. QOur theorem above and the results in 7.6 below may be
thus considered as a variation of his principle.

7.3. Hecke operators. In this subsection, we mainly review formal pro-
perties of Hecke operators acting on the spaces of automorphic forms and the
related cohomology groups (cf. Shimura [Sh1], [Sh2], Ash-Stevens [AS1], Hida
[H1], [01]). Fix NN and write I" for I';(N) for simplicity. Fix also a non-
negative integer d, and put 2 := d+2. To begin with, we recall the Eichler-
Shimura isomorphism. Let S%C)=C?%*' on which GL,(C) acts via the sym-
metric tensor representation of degree d (7.1.4). For f=S,(I"), define S%(C)-
valued 1-forms on H by:

=1 |'az
(7.3.1)

- - [zle _
ih=i@| 2| e,
where z is a variable on H, and the bar means the complex conjugation. Then

we have the Eichler-Shimura isomorphism of C-vector spaces:

(7.3.2) Sl7) B SxI") == HYI, SUC))
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which is obtained by sending (f, 3)S.(I")®S.(I") to the cohomology class
cl(u) of

@.33) ui={ " dN+i@)

for any fixed z,=H*. (Notice here that both sides of vanish when I'>
—1 and d is odd.) Let M,(I") be the space of modular forms of weight k
with respect to I'. It is also known that the isomorphism above extends to an
isomorphism :

(7.3.4) M, I & S (") =, H\I", SYC))
defined by the same formula as above for a fixed z,€H (cf. Hida §5).
Now put

(7.35)  4N) = 4:={ac Mi2)|det()>0, az[(l) :] mod N- My2)}

and denote by R(I', 4) the Hecke ring with respect to /" and 4 ([Sh1] 3.1).
This ring acts on S,(I"), S,(I"), and M,(I") in a well-known manner. Let ¢
denote the main involution of M,(Q). For any 4‘:={a‘|a=4}-module H, we
can define the action of the ring R(I", 4) on HY(I", M) and HA(I", M) by the
formula 8.3.2); i.e. R(I', )=T'al’=11,I"B: sends cl(u) to cl(v) (u, ve
ZN I, H) or ZrI", M) with

(7.3.6) u(r) = 2. Biu(r:)

if B.r=r:B; for some j and y7;€I". The isomorphisms and are
then isomorphisms of R(I”, 4)-modules (cf. Proposition 8.5). The action
above of A€R(I", 4) on S,(I"), Sy(I"), My(I"), H\I", M) and HA(I", H) will be
denoted by [A] indifferently. By definition, the Hecke operator T(r) (resp.
T(q, q)) is the operator [{a=d|det(a)=r}] (resp. [['(¢-0,)["]). Here, » is any
positive integer, ¢ is a positive integer prime to N, and ¢, is an element of

SLy(Z) satisfying ¢- oqz[(l) ;;] mod N-M(Z).

On the other hand, take an element ['al'=Il;a;l" (&l a*'I'=11,a%) of
R, 4). For feM,I), we set

(7.3.7) ([Fal 1)@ =2 det@ ez +d) (51 g
with a;l:[;’f ;’f]. (This is nothing but the operator [I'a*I']). Then it is

known that [I'al']* is adjoint to [["al"] with respect to the Petersson inner
product on S,(I") ([Sh1] (3.4.5)). For a 4-module #, we define the operator
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[Fal'1*=[11ia " 1* on HI, M) or H}I", i) by sending cl(u) to c¢l(v) with

(7.3.8) (1) = 2iau(ry)

if y'a;=a,;r7* for some j and y,=I'. Then and are again iso-
morphisms of R(I", 4)-modules with respect to the action [I'al"]* ([Sh2]). By
definition, T*(r):=[{a=d|det(a)=r}1* and T*(q, q):=[1"(g-a, )" ]* with the
same notation as above.

In the following, we assume that N>=4 for simplicity. To a [-module ¥,
we can associate a locally constant sheaf on I'\H whose étale space is I'\H
X M. We denote this sheaf by 4 in the following. When % is a 4‘-module,
we know how to define the action (again denoted by) [A] of AcR(I, 4) on
HY(\H, F &), H('\H, F ) and HAI'\H, F ) (:=Im(H{I'\H, ¥ &)—H"I['\H,
F 4)) so that the canonical isomorphisms: HYI'\H, )= H[', %) and H}
(’'\H, g 9)=HKI", M) are R(I", 4)-equivariant ((HI] § 3). Assume moreover that
S is a finite abelian group on which & acts continuously, and that the action
of & and that of 4 coincide on & "\4‘=1". Then we can define a twisted constant
sheaf on Y (N);; in a similar manner as above (cf. 2.3); and R([", 4) acts on the
one-dimensional étale cohomology groups of the same kind as above of ¥ ,(N)RQ
with values in that sheaf compatibly with the action above via the comparison
isomorphisms.

Suppose next that < is a 4-module, and fix ['al’eR([’, 4). Setting [*:=
I'Na~‘l'a, we define the operator [['al'1* on HI(I'\H, F %) as the composite
of :

can. trace
(7.3.9) H(\H, F 4) — HY(I'\H, F 5) —> H'* "\H, F 4) —> HY{'\H, F ).
Here, H} means either one of H', H} or H}; and the middle arrow is induced
from the following morphism of étale spaces:

T N\HX M o e \Hx
o
I'\H «<"\H.

a

This action of R([", 4) again corresponds to the action [I'al’]* above for the
respective group cohomologies H(I', ) for =@ (empty) or P. A similar
remark as in the last paragraph also applies for étale cohomology groups.

Let 4 be one of the rings Z/nZ (neN), Q, R or C; and let % be a
A[4]-module which is of finite type over A. We consider . :=Hom (K, A)
as a A[4‘]-module by: (a‘f)(x):=f(ax) for acd4. Then the natural pairing
MX H—A is [-equivariant, and hence it induces an isomorphism: &y =
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Hom (F %, 4) of sheaves on /'\H, where 4 is the constant sheaf defined by
A. The Poincaré duality theorem assures us that the cup product pairings:
HYI\H, Fa)XHY'\H, g%)—> H{['\H, A) = 4
(7.3.10) HYI'\H, Fa4)xH('\H, ¥%)— H{['\H, A) = 4
HYI'\H, F s)xHAI'\H, F3)—> HXI'\H, A) = A

are perfect. Denoting by {,)> any one of these pairings, we have:

(7.3.11) [AT*x, y> =<x, [Aly>

for all AeR([", 4) (cf. Proposition 3.3, Lemma 1.4.3). When A=
Z/nZ, and M is a finite continuous &-module, similar results hold for étale
cohomology groups.

Now let {H;};c; be a projective system of finite Z,[4]-modules as well as
pro-/ @G-modules; and put H:=lime;H,. Then HIY (N)ReQ, Fa)=
lim;e; HI(Y (N)®q®Q, Fs,) can be considered as an R(I", 4)-module via [ J*. On
the other hand, by (5.3.2) and (5.2.3), we have an isomorphism :

(7.3.12) HYY (N)Rqe®Q, Fs) = Homp(D,, H),
where D, is the free abelian group on PYQ), the set of cusps for I

PROPOSITION (7.3.13). For 'al’eR(I", 4), let I'al'=11;a;I" be the disjoint
decomposition. If we set

([Fal'1*f)(x):= ia:f(ai'x)  (xED,)

for feHomp(D,, M), this operator commutes with [Ial' 1% on HXY (N)YRQQ, Fa)
via (7.3.12).

PrROOF. We may assume that % is finite. Let H be the Borel-Serre comple-
tion of H, and j: Hc, H the natural immersion. We can consider the constant sheaf
My on H (resp. jiMy) as a I'-sheaf on H (resp. 17) in an obvious manner ; and
then by the same reason as in the étale case (cf. (5.1.12)), we have an iso-
morphism : Hi(I'\H, F 4)=H'(H, j Hx)". Since dH=H—H is the disjoint union
of R indexed by PYQ), arguing in the same manner as in the proof of (5.3.2),
we have an exact sequence:

0 —> HH, Sg) —> H@H, HMox) —> H'H, j Hy) —> 0
) 1 %
0— M —> Drertqy M —> Hom (D,, H) — 0.

Combining the right vertical isomorphism and the remark above, we have an
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isomorphism : Homp(D,, #)=HWI'\H, ¥ %), which is due to Ash and Stevens
[AS2]. It is easy to see that this corresponds to via the comparison
isomorphism. We are thus reduced to show that the operator [I'al’]* on
HYI'\H, g %) (7.3.9) commutes with the one stated in the proposition, via the

isomorphism above. For this, it is enough to show the commutativity of the
following diagram:

H(\H, & 3) —> H(I'*\H, F 5) —> Hi{I"*"\H, F 5) —> H{(I'\H, F )

X X X X

Hom (D, M) —> Hom.(D,, M) —> Hom-:(Dy, M) —> Homp(D,, M),
can. ) (1)
where the upper horizontal line is (7.3.9), and (¢) (resp. (:7)) above sends f&
Hom .(D,, M) (resp. Homj,-1(Dy, M) to f'&Hompa-1(D,, M) (resp.
Homp(D,, M)) defined by f'(x)=af(a>'x) (resp. f'(x)=2.7:f(7'x) if I'=
ILy.'«™"). This can be in fact proved directly applying 2.2; and the details
are omitted. ]

REMARK (7.3.14). In the argument above, if we instead assume that {<H;} e,
is a projective system of finite Z,[4‘]- and &-modules, we can define the operator
[lal’] on HY(Y ,(N)ReQ, F%) for ac4. By the same reasoning as above, if
we set

(FIl el I)(x) := Z:Bif(Bix)

for feHomp(D,, H) when I'al'=11,I"8;, then [7.3.12) is R(I", 4)-equivariant
with respect to the operators [['al’].

7.4. Hecke operators (continued). For a pro-/ &-module M, we write
HYY (N)Re®, Fa) for the image of HYY (N)ReQ, Fa)—H'(Y (N)ReQ, Fa)
in the following. Thus this group is canonically isomorphic to HA(F, H)
((3.2.8), (3.2.9)). Also, for notational convenience, we shall put T'(q, ¢)=T*(q, q)
=0 if ¢ is not prime to the level under consideration, in the following dis-
cussions.

" LEMMA (7.4.1). Assume that a pro-l &-module M is equipped with the struc-
ture of a Ad-module so that the action of ANG is the original one. Then for
integers n=m=1, the trace mappings:

HYY (NIMQeR, Fa) —> HIY (NI™QeQ, Fa)

commute with all T*(r) and T*(q, q), where H} means either one of H', Hp, or
H:. If [ divides N, then this also holds for m=0. When | does not divide N
and m=0, the mappings above still commute with T*(r) and T*(q, q) for r and q
prime to 1.



Cohomology groups attached to towers 179

PRrROOF. It is enough to prove our assertion for H' and H}. Also, we may
assume that # is finite; and hence that H is a Z/l*Z-module for some a=1.
Put H:= Homgaz( M, Z/1*°Z), and consider it as a 4‘-module as in 7.3. This
action of 4° coincides with the natural action of & on 4‘\®. Thus by Poin-
caré duality theorem, in view of (the remark after) [(7.3.11), our claim is equi-
valent to the assertion that the canoniacal mappings:

HYY (NI™R4e®Q, Fxi) —> H{Y (NIM)RQeQ, Fx)

commute with 7T(r) and T(g, ¢) for Hi=H" or Hi. But this is obvious from
and (7.3.14), because when we decompose the double cosets appearing in
the definitions of T'(») and T(gq, ¢) into a sum of left cosets, we can take the
same set of representatives for levels N/* and N/™; and also for N either when
[|N, or when r and ¢ are prime to / ([Sh1] 3.3). n

By this lemma, we can consider the operators lim,.,T*(r) and lim,.,7*(q, ¢)
acting on Lil_nngoHi(Yl(Nl")@)QQ, Z,), which will be denoted by T*(r) and T*(q, q),
respectively. Here we assume that » and ¢ are prime to /[ when N is not
divisible by /.

Next recall the isomorphisms [7.1.2), and that A/Aly=lim,eyZ:[8,/0,]=
lim,exZ,[I"\(N)/I'\(NI")]. When N is divisible by /, a simple calculation shows
that

Px(N)A1(Nln) - AI(N)
(7.4.2) {

I(NNDNI (NI ™ = TN

Let I'\(N)=11;a.l";(NI™) be the disjoint decomposition. Then, for d=4,(N) and
i, we have: da,=a,0’ with unique index ¢’ and &’€4,(Ni*) by [7.4.2). We
hereafter consider Z,[I"\(N)/I"\(NI*)] as a 4,(N)-module by letting 6 4,(N) act
on this group by: a.["(Ni*)—a,I',(NI*) with the notation as above. Thus the
groups Hi(I'«(N), Z,[I'\(N)/T'(NI" )= HiF, Z,[T'(N)/T'(NIMmD=HIY (N)QeQ,
Fzir,aviryeni™:) (F=@ or P) and HYY \(N)®RqQ, Fz,r cvyir,oimy)=Hom, g(Do,
Z,[T'\(N)/T(Nim])=Homp, xy(Do, Z:[I'y(N)/I'\(Ni™)]) become modules over the
Hecke ring R(I'y(N), 4,(N)). Since the natural mappings Z,[I"\(N)/["\(NI*)]—
Z,[["(N)/T'(NI™)] are homomorphisms of 4,(N)-modules for n=m=0, we can
take projective limits to define the operators T*(r) and T*(q, q) on H'(&, A/ Aly),
HES, A/ AIy) and Hom, (D,, A/ Aly) for all » and ¢. When N is not divisible
by [, replacing 4,(NI(™) by:

{acd,(NI*) | (det(a), 1) =1}

for all >0 in the argument above, we can define T*(r) and T*(q, ¢) as above
for » and ¢ prime to /, exactly in the same manner.
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LEMMA (7.4.3). The isomorphisms (7.1.2) commute with the operators T*(r)
and T*(q, q) defined above.

Proor. We give the proof under the assumption that N is divisible by [;
the other case can be treated similarly. It is enough to prove our assertion for
the first and the third isomorphisms in [7.1.2). For this, we claim that the
isomorphisms [2.5.1) and [5.5.3):

{ H'&, Z,LI'(N)/T'(NIM]) — H'@L, Z1)
Hom,, §(D,, Z,[["\(N)/I"\(NI")]) —> Hom,, 51(Ds, Z1)

commute with all T*(») and T*(gq, ¢). In fact, as is perhaps well-known, the
inverse of these isomorphisms are given by the composites of :

{ H'@, Z0) —> H@, ZLT(N)/ TANIY) —> H@, ZuLTW(N)/ THN)
7

Hom.. (s, Z1) —> Home, (s, ZuLTA(N)/T(NI)])
—> Homc,g(.@o, Zz []11(N)/F1(Nln)]) 3

where the first arrows are induced from the obvious injection: i: Z,C
Z,[T'(N)/T',(NI")] of Ft-modules; and the second arrows in the first (resp. the
second) sequence is the corestriction (resp. the left vertical arrow appearing
in [5.5.2)). Now since 7 above is a homomorphism of 4,(N/*)-modules, the two
mappings labelled 7, above commute with T*(») and T*(q, ¢) of level N{®. That
the second arrows commute with 7*(r) and T*(q, ¢) follows from (7.4.1), in
view of the commutativity of and [5.5.2). We obtain our assertion by
taking projective limits. [ ]

PROPOSITION (7.4.4). The notation and the conventions being as above, the
specialization mappings (7.2.1) commute with T*(r) and T*(q, q) for all d=0.

PrOOF. We again give the proof under the assumption that N is divisible
by [, for sp and sp.. We first note that SU(Z/I*"Z):= S4Z,)/I"SUZ)) is a
4,(N)-module by (the same formula as) p,; and that the mapping [6.1.1) (with

mo-——[(l)]d) is obtained by taking projective limit from:
Z,[I'\(N)/T'(NI*)] —> SYZ/I"Z)

which sends 7I"\(NI»)eI'y(N)/I'\(NI*) to pu(y)m, mod ("S%(Z,). But from the
definition of the action of 4,(N) on Z,[I'\(N)/I"\(NI*)], it is easy to see that
the mapping above is a homomorphism of 4,(/N)-modules; and hence our con-
clusion follows. [ |
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7.5. The action of the Iwasawa algebra. We keep the notation of pre-
vious subsections, and put

(75.1) g:= [ ao] c6}.

Since & normalizes W, we can consider HY§, A/ ALy, HAE, A/ AIy) and
Hom, 3(D,, A/ Aly) as & or Z,[[{&]]-modules (2.6, 3.4 and 5.5). We can identify

& with Z} (resp. 14+ NZ;) via the correspondence : [a ao_l]«»a when [} N (resp.

0
I|N); and hence consider the groups above as modules over the Iwasawa alge-

bra Z,[[Z]] (resp. Z,[[1+NZ]]).
PROPOSITION (7.5.2). Let g be a positive integer which is prime to | and

¢ 0 ]e.@ above coincides with

congruent to 1mod N. Then the action of [O !

T*(q, ).
PROOF. By our assumption, T%*(g, q):[rl(m[g 2]11(1\1)]*, and hence

q

T*(g, ¢) sends clweH'G, Z,[I(N)/T(Ni™D) to cz([o

2] : u) If I'(N)=

11;a."\(NI*), and ¢, is an element of SL,(Z) satisfying q-aqz[(l) ;] mod N{*-
My Z), we have:

o glor=t@a(alg o)

with a;e;'<l'(N) and oq[o 2

on H'\G, A/AI=lim,evH &, Z,[I'\(N)/T'(NI™)]) is induced from the action

2.6) of [g qo_l]e@. This proves our assertion for H(E, A/ Aly) and

HXE, A/ AIy). The assertion for Hom 5(D,, A/ Aly) is also clear from the
argument above. ]

£

]EAI(NZ"). This means that the operator T%*(q, q)

Since T*(g, ¢) is multiplication by ¢? on H'E, SYZ.)), HA, S*(Z,)) and
Hom,, (9., S*(Z,)) for g as in the proposition, we see from (7.4.4) that the
specialization mappings factor through the maximal quotient of the left

hand side of [7.Z.T) on which any [a

0 e
0 a_l]eﬁ acts as multiplication by a¢.

7.6. Congruence relations. Having checked various compatibilities for
Hecke operators in 7.3 and 7.4, it is now an easy matter to formulate the
Eichler-Shimura congruence relation on our parabolic cohomology groups:
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THEOREM (7.6.1). T he representation of Gq on HHE, A/ Alv) is unramified
outside NI. If we denote by F,=Ggq a Frobenius element at p for a prime p
not dividing NI, and also its image in Aut(H}GF, A/ Alv)), we have:

T*(p) = Fp'+pT*(p, p)-Fyp
in End (HEEE, A/ ALy)).

PROOF. Let J,(/Vi*) be the Jacobian variety of X,(N/*) defined over Q.
Then we know that HA(F, A/Aly)=lim,enT (J(NI™)(—1) as Go-modules [3.3.4).
It is therefore unramified outside NI/ by Igusa’s theorem.

1 0
. p]rluw )

in the sense of 7.2; i.e., & is the covariant action of the algebraic cor-
respondence of X,(NI[*) attached to the above double coset. Then via the iso-
morphism: HAG, Z,[I(N)/ T (NIMD=H (X (NIMR4eQ, Z1)=T (J.(NIM)—1), it
is easy to see that the operators T*(p) on the left two groups correspond with
T.&)®id on the right hand side. Therefore Shimura’s congruence relation
Theorem 7.9 reads as:

T*(p) = F'+pT*(p, p)- Fyp

in End (HAS, Z,[T«(N)/T'(NI™7)) for all n=0. Our assertion follows from this
by taking projective limit. |

Let & be the endomorphism of J,(N/*) corresponding to I’ 1(Nl")[

COROLLARY (7.6.2) (Deligne; cf. [D]). For any non-negative integer d, the
representation of Gq on HHEF, SHZ1)Qz,Q. is unramified outside Ni; and we

have :
T*(p) = Fp'+pT*p, p)- Fp

in End (HG, SUZ.)RQ2z,Q)) for all primes p not dividing NI.

PROOF. Since the cokernel of the specialization mapping spp: HA®, A/ Aly)
—HNE, SUZ))) is finite (7.2.2), and spp commutes with T*(p), T*(p, p) and the
action of Gg, the assertion follows from the theorem above immediately. m

REMARK (7.6.3). By the same method as [01], using the Poincaré duality
theorem for HMY (N)Re®, Fstz,))Qz,Q:, one can derive from (7.6.2) the
equality :

det(1—F3'X | HA(Y (N)RqQ, Fsicz,))Qz,Q1)
= det (L—=T*(P)X+pT*(p, P)X? | Sasall'«(N))),

for all primes p not dividing N/, which is due to Deligne.
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