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1. Introduction.

In this paper we shall study some class of hyperbolic differential operators
with variable multiple characteristics. Under a generalized condition of Lax
type, we shall establish the well posedness of the Cauchy problem for our
class of hyperbolic operators. Reducing a higher order single equation to a
first order system and showing an energy inequality, we prove the well posed-
ness for the considered operators.

E.E. Levi [9] first investigated the solvability of the Cauchy problem for
non-linear hyperbolic differential operators on R*® with constant multiple char-
acteristic roots, in which he imposed some conditions on the lower order terms.
This condition was called Levi condition by Mizohata-Ohya [1I]. For a dif-
ferential operator on K™ the relation between a well posedness and the Levi
condition was studied by many authors [1], [2], and [11]. In [2] Flaschka
and Strang found some necessary conditions for the well posedness of the
Cauchy problem for operators of constant multiple characteristics and Chazarain
proved that their conditions are equivalent to the Levi condition under
the hypothesis of the existence of an influence domain and that it is also a
sufficient condition for the well posedness of the Cauchy problem for hyper-
bolic differential operators with constant multiple characteristics.

Recently many authors studied hyperbolic differential operators with vari-
able multiple characteristics. Using cleverly nonnegative characteristic form,
Oleinik studied the well posedness of the Cauchy problem for second
order hyperbolic differential operators. In her paper she did not assume that
the characteristic roots are smooth. On the other hand in [7], [10], and
they assumed that the characteristic roots are smooth. Following the
idea by E.E. Levi and Mizohata-Ohya [11], they proved the well posedness
for hyperbolic differential operators whose characteristic roots have the multi-
plicities not greater than 3.
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In of this paper we shall prove an analogous result for a rather
general class of hyperbolic operators. Our conditions on the lower order terms
seem natural extension of the condition of Lax type (c.f. [16]).

If the Poisson bracket of two characteristic roots satisfies some condition,
then is valid for a more general class of hyperbolic operators. In
and they proved the well posedness of the Cauchy problem for some
class of hyperbolic operators. In of this paper we shall state their
results under a more delicate condition. For some special example of hyper-
bolic differential operators our condition is necessary and sufficient. Of course
is a generalized result of [Theorem 1, if the characteristic roots
satisfy some conditions with respect to the Poisson bracket. This fact is
verified in this paper.

In section 2 we shall state our assumptions and results precisely. In

section 3 we state the equivalent condition to our generalized condition of
Lax type. Using this equivalent condition, in section 4 we shall reduce our
operator to a first order system and show the existence of a symmetrizer
with a singularity at t=0. Showing energy inequalities for our operators, we
shall prove Theorems 1 and 2 in Sections 5 and 6, respectively.

In section 7 we shall state some necessary conditions of the well posedness
of the Cauchy problem. By the theorem of [6], for some special example of
hyperbolic differential operators of R? our generalized condition of Lax type
is necessary and sufficient condition of the well posedness of the Cauchy
problem in the sense of [6].

2. Statements of the results.

We shall consider the following differential operator;
(@.1) P(t, %, Dy D)= 33 ault, )DDY,

where (t, x)e2=[0, TIXR™ (0<T <), D,=—10/0t, D,,;=—10/0x,;, and D D7
=D{oDgt--- Din. We assume that ap, ..o, x)=1 and a,(t, x) belongs to B(2),
which consists of all functions whose arbitrary derivatives are bounded in £.
Let (z, §) be the covariable of (t, x). Then we define the following symbols;

pk(ty X, T, E): la%k aa(t: x)z.aosa” (k:O; Tty m) .

Throughout this paper except ! ({>0) all functions on 2X R**! or 2 X R™
are elements of B(2XS™) or B(L2XS*?) if (r, £)eS™ or £&S™ ! respectively.
Here S™ is the unit sphere of R***. For functions a(t, x, &) and b({¢, x, &), a=0
mod ¢~'b means that there exists a function c(¢, x, &) such that a=c(t"'b). All
pseudo-differential operators Q(¢, x, D,, D,) in this paper are differential opera-
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tors with respect to £. Therefore we say that Q(, x, D,, D;) is of order m,
if @ have the following form

Q, x, Do, Do)y= SN AL, x, Da)Dp~
j=0

where A; is of order j.

First we shall consider the differential operator [2.1) satisfying the follow-
ing three conditions;

(A.1) The principal symbol of P is denoted by

J=2s+1

Pult, 1,7, &)= 2 (c—2)mie—2pe) " IL (c—2,),

8
where the positive constant integers m; satisfy that m,= - =Zm,, N= > m;
Jj=1

and A, x, §) (j=1, ---, m—N+s) is real homogeneous of degree 1 with respect
to £ and belongs to ®(2xS*1) if =S4,
(A.2) For any couple (4, j)+#(k, s+k)(k=1, ---, s) we suppose the following ;

|(21'—11)(t: X, E)[ >5 (t) X, E)EQXS"_I >

where 0 is a positive constant.
For the lower order terms of P({, x, D;, D,) we assume the following;
(A.3) Forany k (k=1, ---, s) we assume P(t, x, D;, D,) has the following
form;

22) P, %, Dy D)= % QuiA)™Ut, x, Dy, D),

where A, is the pseudo-differential operator defined by the symbol z—2,(t, x, &)
and Q...¢, x, D,, D) ({=0, ---, m,) is a pseudo-differential operator of degree
m—m,. Furthermore the principal symbol g, (¢, x, 7, £) of Q. ; has the fol-
lowing property ;

(23) Qk.llr=lk~:—0 mod t_L(Zk—/z.Hk)'

In the following theorem we use the function space C=([0, T]; H.(R™).
A function u(?, x) belongs to C*([0, T]; H.(R™) if Dju(t) (j=0, 1, ---) exists in

H.(R™= sfjoHs(R") and is continuous in the topology of H.(R®) in [0, T],

where H(R") is the Sobolev space.

THEOREM 1. Let P(t, x, D,, D;) be a differential operator with the form
(21). If P satisfies the assumptions (A.l), (A.2) and (A.3), then the Cauchy
problem Pu=f in £, Diu,-o=g; (j=0, ---, m—1) is well posed in C*([0, T];
H.(R™), i.e., for any data f(t, x)=C>([0, T]; H (R™) and gix)eHR") (=0,
o, m—1) there exists a unique solution u(t, x)C=([0, T]; H(R™)).
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REMARK 1.1. In the assumption (A.3) we do not assume that (1,— A4 )"
1s smooth at ¢t=0. Of course if ¢4 11,-2,=0 mod (1;—2+2), then holds
clearly. Thus[Theorem 1 is a generalization of [17]. If 2,(t, x, ) =2A.::(¢, x, &),
then becomes to the following ;

mp+1
(24) P(t7 -x) Dt} Dx): ;0 Rk»l</1k)mk+l_l(t, X, Dt: Dx);

where R, .(t, x, D;, D,) is of order m—m,—1. This is the condition of Lax
type. When m,;=1(j=1, ---, s), our theorem coincides formally with those of
and [12].

In the assumptions (A.l) and (A.3) if the commutator [A,, 4,.,] satisfies
the condition below, then (A.2) is relaxed. Thus holds for a
more general class of hyperbolic operators.

Now we shall study the differential operator which satisfies the fol-
lowing assumptions;

(H.1) The principal symbol p,(t, x, &, 7) does not depend on x if |x| is
sufficiently large. pn(t, x, & 7) is factorized by

pm(t’ X, T, S):ﬁ<1_2](tr X, E)) »

where A, x, §) (j=1, ---, m) is infinitely differentiable, real and positively
homogeneous of degree 1.

(H.2) The maximal multiplicity of the characteristic roots {A;(t, x, &)} jep. . m
over £2xS"*! is equal to r. For any couple (i, 7) (7, j=1, ---, m) we assume

(25) ‘ {T_/zi, T_Zj}(t, X, 6)50 mod t'l(li—lj),

where {,} is the Poisson bracket.

(H.3) The operator P(t, x, D;, D,) takes the following form;

(2.6) P(t, X, Dt, Dx):Al o /-lm+ 2 tk_mrilmikAil e A
0sk<m

i
+P7n—’r<t) x; Dt7 Dx);

where {iy, ==+, 1,} is a subset of {1, ---, m}, 7;,..4,(t, x, D) is a pseudo-differen-
tial operator of order 0 and p, -, is of order m—r. For simplicity if {7, ---, 14}
=0, then we put =0 and 4, --- 4, =1.

REMARK 1.2. The differential operator satisfying the conditions (A.1), (A.2)
and (A.3) is written in the form [2.6). This is proved in There-
fore the following is a generalization of if At x, &
and 2,4, x, §) (=1, .-+, s) satisfies the condition [2.5).

Under the above three assumptions we get the following ;
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THEOREM 2. Let P(t, x, D, D,) be a differential operator of (2.1) and satisfy
the assumption (H.1), (H.2) and (H.3). Then the Cauchy problem Pu=f in 8,
Diuy—o=g; (j=0, -+, m—1) 1s well posed in C=([0, T]; H(R™)).

REMARK 1.3. We shall state a few remarks with respect to (H.1), (H.2)
and (H.3).

i) For simplicity we assume p,(, x, 7, §)=pa(, 7, §) when | x| is suffi-
ciently large. Taking care of coincidences of the characteristic roots 1; at
infinite points of x, we can relax this condition. In that case » in (H.3) may
be greater than the maximal multiplicity of the characteristic roots.

ii) In the condition [2.5] we do not assume ¢~'(1;—2,)€C(2X(R™0)). Thus
is a generalization of and [18]. If |4;,—4,;|>3d|&]| then
is clearly valid.

iii) In the summation terms of the right hand side of each term
may be singular at t=0, however we assume that the sum of each term has
a meaning at ¢{=0. In condition (H.3) we do not impose any condition in
pit, x, 7, 8) J=m—r).

The final part of this paper, when A;(¢, x, D;, D;) is a special differential
operator on RZ%, we show that (A.3) and (H.3) is necessary for the well posed-
ness using the Theorem 4.1 of [6]. Thus our condition is necessary and
sufficient for some special example of hyperbolic operators in RZ.

3. The equivalent conditions of (A.3).

In this section we shall state a few equivalence of (A.3).
Taking care of multiplicity of the roots 2, (=1, ---, s), we denote p,({, x, 7, &)
by
(t=Am-n+s) =+ (T—Asr)pne - @71,
Sy
where ¢, x, 7, §) =1, -+, p) is equal to Il (t—2,@, x, &) and msy 1= -
J=1
]
=ms, (v=1, ---, p). Remark that s;<s,< -+ <s,=s and m,= > n, and denote
v=1
¢ ;
N, by s,n,, where Z,lNy:N. We introduce a product pseudo-differential opera-
tor @,t, x, D,, Dy)=(As,--- 4,) (¢, x, Dy, D;). Then we denote 4,¢, x, D,, Dx)
of order j(;j=0, ---, m) by
do=1, di=A,, -, 4, -, Ay=@% - P71, ..
AN+k:As+k AsAN; Uy Am:Am—N+s As+1AN

where d,=14;-- 4,050, -+ @11 if j=N;+ -+ +N,_;+05,+0 0=<0=n,—1, 0=4
<s,—1). Moreover we define a pseudo-differential operator (d;/4,)t, x, D;, D),
Whel‘e ]:Nl—’l_ v +N,,_1+0'Sy+5>l:N1"|— A +Nyl—l+018yl +5,, by
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Clearly we see that (4;/4,)4,=4,.
First we shall state a few lemmas with respect to a commutator of
pseudo-differential operators.

LEmMA 3.1. Let A(, x, D,, D) and B(t, x, D,, D;) be pseudo-differential
operators of ovder 1 and b respectively. Then we have

A5 b Al@,‘f@:fl_l cee @;’;ﬁfl@:ﬁy"a"—l/lxv’ b Aal +1 -

3.1) AmBr=(AB)"+ 'S C,B7,
Jj=0

(32) =(AB)"+ 'S DAY,
Jj=0

where C{t, x, D, D;) and Dyt, x, D,, D;) are of order m+(b—1)(m—j) and
mb respectively.

PROOF. and the following are proved by the double induction
with respect to m at the same time.

(33) [A, (AB)="5 C;B,
(3.4) =5 p,4,
J=0 :

where 5,-(1‘, x, Dy, D;) and ﬁ,-(t, x, D;, D) are of order m+(b—1)(m—j)+1 and

mb respectively. and is also proved at the same time by the double
induction with respect to m.

The following two lemmas are obvious.
LEMMA 3.2. Let A(, x, D;, D) and B(t, x, D,, D) be a pseudo-differential
operators of order a and b respectively. Then we have

[4, B"]="S'C,B,
J=0

where Cit, x, D;, D;) is of order a-+(b—1)(m—j).

LemMA 3.3. Let A(t, x, D;, D,), Bjt, x, D;, D,)(j=1, -+, m)and C{, x, D,,
D,) be pseudo-differential operators of order 1, b; and c¢ respectively. Then we
have '

11 (B;AC)= 3 D,A7,
=1 i=o

where Dt, x, D,, D;) is of order (by+ -+ +bn)+mc.

Using these lemmas, we shall prove the following

PROPOSITION 34. Let P(t, x, D, D,) be a differential operator which satisfies
the conditions (A.1) and (A.2). Then the condition (A.3) is equivalent to the
following statement; we can write P by
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(3'5) P(t; X, Dt; Dx): ":2: Qi(t) X, Dt, D.r)Aa(i) >

where if i=n,+ - +n,.,+0 0=0=n,), then a(i)=N,+ --- +N,—s,0 and Q; (=0,
<+, m,) 1S a pseudo-differential operator of order My;=m—i—a(i) and is a dif-
ferential operator with respect to t. Moreover the principal symbol ¢;(t, x, t, &)
of Q; satisfies the following condition;

(3.6) Gie=2,=0 mod t"%(2,—2As+r), for 1=k=s,.

ProoF. First we shall show that (A.3) implies the condition and [(3.6).
From [2.2) and we shall show that

(37) P(t, %, Diy Da)= 3 R(Audym (A

+ 3 Sdyme,

l=my

where R,(, x, D,, D,) and S,(t, x, D,, D) is of order m—m,—m,+! and m—m,
respectively. Moreover the principal symbols r,(t, x, 7, §) and s;(t, x, 7, §) of
R, and S, respectively, have the property putting g, .=r, and k=1, 2

and q.,,=s; and k=1, respectively. Comparing the principal symbols of
as k=1 with as k=2, we have

(3.8 q1, (A)™, x, z, §)=q., o(Az)mZ(t; %7 8).
By (A.2), and we can write
(3.9 q1, o=ro(d)™2, qs, o=rod)™,

where (¢, x, 7, £) is positively homogeneous of degree m —m,—m, and satisfies
the condition putting g, ,=7, and k=1, 2. Let R, x, D,, D,) be a pseudo-
differential operator with the principal symbol 7, x, 7, §). By we see that

P=Ry A A (A" me 4 3§, (A)™,

where §,.,(¢, x, D,, D,) has the same properties as Q,; By and
we have

P:Ro(AzAl>m2(A1)m1_m2+ ?jl éz, L(Az)mz_L ’

where @z,l(t, x, D, D,) has the same properties as @, ;. Thus repeating the
same arguments for

P—R(A:A4)"(A)™ ™2, P—Ro(A, A)"(A)™M ™ 2—Ry(A A (A )™M ™2, -oe

we have Adding l_Ez Qs (A)™s to we have
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P= 3 Ty Ay A" Ay )™ ms( A,

+ 3 vy 3w,

l=mg

where T,(t, x, D;, D), V.(t, x, D,, D) and W,(¢t, x, D,, D,) are of order m —m,
my—my+2l, m—m,—m,+! and m—m, pespectively and have the property

putting k=1, 2, 3, k=1, 2 and k=1 respectively. Repeating the same
arguments, we have the desired properties and

Conversely if P satisfies the condition and then P has the
condition (A.3). This fact is easily derived from and 3.3. This
completes the proof of [Proposition 3.4

For any pseudo-differential operator Q(, x, D,, D,) of order m—=Fk, which
is a differential operator of f, we can express ¢ by

Q(t: X, Dt; Dx):n:;:Q](t: X, DZ)(Aj-!-lz/Ak):

where @Q; is of order m—k—j. Thus we have the following;
PROPOSITION 3.5. Let P be a differential operator satisfying the condition
(A1) and (A.2). Then the condition (A.3) is equivalent to the following;

my Mg
(3.10) P, x, Di, Dp)= 2 ZORi,j(ty %, Do)dacir+ss
i=0 j=

where R; ; is of order M;— j, whose principal symbols r; i, x, §) have the fol-
lowing property;

k-1 .
(3.11) %T’i,jAj"' AllrzlkEO mOd t_l(Zk—zsq.k).
Jj=

Here k<s, if i=n,+ -+ +ny,+0 (1=0=n,).
We can express (A.3) by the conditions with respect to p, when m =1, 2.
For simplicity we identify (¢, ) with (x,, &,) in the following Remark.
REMARK (see Proposition 4.1 in [17]). We have the following ;
i) When m,=1, the condition (A.3) is equivalent to the following;

pfn—x*l'(i/z)ro {As+ | k) ir=2,=0 mod 1Y Ar—As+r) »

where ps,_.(t, x, 7, &) is the subprincipal symbol of P and 7, x, 7, §)=pn/
(z—2)(T— 254 1)

ii) When m,=2, if the following three conditions hold, then (A.3) is
valid ;

pgn—l(ty X, zk(tr X E)) E):O)
aﬁfn—l/aflmxk—:— {Asir, A} e=2,=0 mod t7 (A= Ass 1) 5
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Pm-a— 0/ 2 33 P8

"J.:ZO ro({ AP, Ak}/lk,j—{/ls”,j, A} AP)/4
=0 mod ¢t %(A,—As+s),

where f§*(x, £)=((De)* D2f)(x, §) and 7o, x, 7, §)=pu/(t—2)(T—Asss)-

4. Reduction to a first order system and existence of the symmetrizer.

In this section using conditions [3.10) and [3.11), we show that P is reduced
to a first order system whose principal symbol has a symmetrizer with a
singularity at ¢=0. -

Throughout this section we denote a column vector U by the following
form;

U="u,, - » um—l):t(tUO: Uy tUml)-

Here if j=n,+ - +n,.1+0 (0=0<n,), then U;="ugp, -+, Usp+s-1), where
B(j)=N,+ -+ +N,.,+0os, and if j=m,, then we put U,,="uxy, -, Un-,) and
B(m)=N. Moreover for simplicity the number of components of U; is denoted
by 7;. Let V(t, x) be a vector function

(4~1) t(AOu; T Am—l’u):t(tVO, Tt tV’m.l)y

where u(t, x) is smooth function on £, and A(D,) be a pseudo-differential
operator defined by the symbol |£|. Then we define a 7;X7; matrix E,(D,)
(j=0, =, my)

A¢(D,)

A%7Y(D,)
E](Dz): ¢
415D,

where e;=m—m,—1+;—B() if j=n;+-+n,.;+0 0=0<n,) and e,,=m—N.
We define the column vector function U(t, x)

4.2) (EWVo), =+ UEmy V), X).

Then we have the following;
LEMMA 4.1. The equation Pu=f is reduced to a first order system

(4.3) LU, x)=(D,—A(t, x, DU, x)=Ft, x).
Here F=(0, --- 0, f) and A has the following form,
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(4.4 Alt, x, D, @ x, Dy)

mi-1

)=|
P
CO ' ¢ * le—lATIu

where Ajt, x, Dy) (j=0, -+, my) is a 7;X7; first order system, Bjt, x, D)
(j=0, -+, my—1)is a 1;X7-1 matrix of order 0 and C,¢, x, D;) (=0, -, m;—1)
is a (m-N)Xy; first order system. Moreover the principal symbol of Aj, C; is
the following;

A, x, 8) €]

4.5 o, x, &)= :
4o 9 5
st(t: X, E)

if j=nt e F e (0=0<n,),

Zs+1(t’ X, E) ]El

0
4.6) A, %, &)= ,

1§

0
2m—N+s(t; X, E)
and
0
(4’7) C(J)(t: X, E):
[ ffml'jsﬂlgl ttt —fml—j,svﬂlSl ]

where P, j.1(t, X, §)=Vm,-1.@, x, §/1E]) (=0, ---, s,—1).
PrROOF. Since e¢;—7;+1=e;.;, the order of B; is 0. Thus we prove pro-
perties with respect to Cyt, x, D;) and An (¢, x, D;). Other properties are

obvious. It is clear that if j+i=m,, then B(j)=a(i). Therefore by (3.10) we
have

4.8) Pu= le—j. #(t, x, Dz)Aﬂ(j)-l-ku .

We shall write j=n,+ - +n,.,-+0 0=o<n,), k=n,—0)s,+N,:;+ <+ + Ny o
+n,0'+0" (0=0’'<n,, 0=£0’'<s,) and j'=j+(n,—0a)+ --- +n,_1+ad’. Then B())
+k=p(j)+0’. Since dgp+ru is the (6’-1)-th component of U, (t, x),

R, -7, kAﬂ(j)+ku:Rm —j,kA_wj'—a’)u (D+E -
1 1

Weshall compute the order 7 of R, -;:A4"¢"%>. We have
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r=m—(m,—j)—alm,—j)—k—(m—m,—1+j—p(G")+o
=1+(j—i)=1,

where if j=j’,i.e., k=0, -+, s,—1, then r=1. Thus C,(t, x, D,) (=0, -+, m,—1)
has the desired property [4.7) Second we shall consider a case j=m, in
Since R, (¢, x, D,) is of order m—N—Fk, the order R, A" ™ ¥-%» js 0. It
implies that A, (¢ x, D,) is the desired property (45). This completes the
proof of [Lemma 4.1

We shall show the existence of a symmetrizer of A(f, x, D).

PROPOSITION 4.2. There exists a mXm matrix M, x, &) such that

i) M@, x, &) is denoted by TM'(t, x, &), where the components of M°(t, x, §)
are positively homogeneous functions of degree 0, det M°(t, x, £)=1 and

tmll()
. 0
T= .
O tlml—l
I,

where 1; is the 7;X7; identity matrix.
i) Let A%, x, &) be the principal symbol of A. Then we have the following;

4.9) M-TAM(, x, &)

1s a real diagonal matrix.

PROOF. Clearly eigen values of A%, x, ) =A%, x, &/|&|) are 1,4, x, &), -,
At x, &), Asit, x, ), -+, Am-n+s(t, x, ) with multiplicities m,, -+, m,, 1, -+, 1
respectively, where 1, x, &)=t x, £/1€]) (j=1, ---, m—N-+s). We shall
seek an eigen vector N=%(n,, -+, npn,)="("Ny, -+, *Nn ). The equation

(el m— A%, x, §N=0
is equivalent to the following;

(ly— AYN,=0, -, (el p,-1— A%, -)Np,-1=0,
mi-1 ., ~
— Z—"B CQN,-+(;;I,,,1——ABM)N,,L1:0,

where Alt, x, &)= AL, x, &/1€]) and CYt, x, &)=CYt, x, &/|&]).
We shall define
M(t; X, S)Z(No(ty X, E); Tty Nm-l(t’ X, E))’

where N7, x, §) is an eigen column vector of A;.(¢, x, &) if j=N,+ -« +N,,
+os,+0 (0=0<n,, 0=0<s,) and of Ay pi,(t, x, &) if j=N+k. Let j/=n,+ -
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+n,-y+0 if j=Ny+ -+ +N,.y+os,+6 and j'=m, if j=N. Then we seek

Nit, x, &) as the vector (N)(¢, x, §)=0 if [+j’, m,. First we consider the

case j=N,+ -+ +N,_;+os,+0d. For simplicity we drop the above index j.

The equation (4;,,/; —A;)N; =0 is equivalent to the following;

(4.10) (16+1_i1)nﬂ(]")“‘nﬂ(j')ﬂ:o,
(j5+1_zs,,—1)n/9(j')+s,-2_‘”‘9(j')+s,,—1:O,-
(2~6+1_Zs,,)nﬁ(j')+s,,—1zo-

By and —CN‘}N,».—I—(iaﬂlml—A?nl)le:O becomes to the following ;

(4.11) (ja+1—js+1)nzv“nzv+1:0,

(15+1_im—N+s~1)”m-2—7’lm—120 ’
sp-1 5 .
(4~12) kgoi;ml—j', knﬁ(j')+k+(25+1“2m-.v+s)nm—lzo .

From we have nggy4,=0 if £>¢ and can inducfively determine
Ngoer (B<0) as ngy+s=t™"7. Thus is denoted by

9 ~ ~ ~ ~
<4-13) (le—j'.o_*' I§1 77m1—j'. k(16+1_2k) (15+1”“21))n,8(j')

+(25+1—§m—N+s)nm—1
:Sj' nﬁ(j')+(26+1"jm—N+s)”m—1:O s

where first equality is a definition of S, (¢, x, §). By (A.2), and (4.13)
we can easily determine ny,, if #>0+1. When k=d+1, we see that

(Z5+1—zs+6+l>nN+5
:—Sj'nﬁ(j')(25+1_zs+6+2)—1 (25+1"—2m—N+s)—1 .

Since by S;nge;y=0 mod (A541—4545+1), the function ny.; is well defined.
Inductively by we can define ny,, if k<d+1.

Second we shall construct an eigen vector N'(¢, x, &) (j=N-+k) of Zeipsr
In this case we put N4=0 if [<m,. Thus we have n,%,=0 if :>k. Putting
nyx=1, we can determine inductively ny%; (G<k).

Therefore M(t, x, &) has the following form;

t™iMy
. 0

M, x, H= @ x, &)

0 M,
Do ot Dml—l M?n,
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where M} is a y;X7; triangular matrix whose determinant is 1 and D, is NX7;
matrix. This matrix has the desired properties i) and ii). This completes the
proof of Proposition 4.2,

Let M°(¢, x, D,) be a pseudo-differential operator defined by the symbol
M, x, £). Then there exists a pseudo-differential operator (M%)t x, D,)
such that

MM t, x, Dy)=(M°)"*M°(¢, x, D)=I, .

Put M-, x, D)=(M"*T-%t, x, D;). Then we have the following;
PROPOSITION 4.3. Let U(t, x)=M-t, x, D,)U and F(t, x)=M-'(t, x, D,)F.
Then the first order system LU=F becomes to

(4.14) L, X, D, D)O=(D,~(A+t'B)U=F.

Hevre A7(t, x, D) 1s of order 1 and (/Tl—ﬁ*)(t, x, D), where A* is the adjoint
of A and é(t, x, D;) are of order 0.

Proor. Let A%, x, D,) be a pseudo-differential operator defined by the
symbol A%, x, &) and put B({, x, D,)=(A—A, x, D;). Then

LO=(D,—M-(A°+BYM+M (D MNYT=F .

By the components of T 'A°T are smooth in £2X(R™\0) and T 'BT
4-T-YD,T) is denoted by ¢ *B’, where the symbol of B’ is smooth in 2 x(R™\0).
This completes the proof of [Proposition 4.3

5. Energy inequality and existence theorem.

In this section we derive the energy inequality for (4.3) from [Proposition|
4.3. Using the energy inequality for adjoint system of we obtain a
existence theorem of our considered operator. The operators with the analo-

gous property to are studied by many authors (see and .
For non-negative integer 2 and s€ R we use the following norm;

Nlu@lz. = ]Zk“a I DOl x5

where | -||s+¢-; is the usual norm of Hy,-(R"™. The following lemmas are

easy.
LEMMA 5.1. Let L(, x, D, D,)U=(D,—A(t, x, D.))U=F be a first order
system such that (A—A*) (¢, x, D;) is of order 0. Then we have

(6.1) | DTGk, )| =CATDO s, s+ MBI, 5)

where C does not depend on U and F.
LEMMA 5.2. Let @) be a real valued function of C¥0, T]. Then we have
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the following two statements.
i) If OQ) satisfies the conditions @)=0(C*") and

(5.2) 100 /0t))=Co @)+ Ct @) +CU (1),

where ¥ (t) is real, then we have
G.3) @(t)§C3SZT‘(C°“)?F(r)dT .
i) If @(t) satisfies the condition;

(6.4) —1(00 /o)) =C,D()+Cit @) +CH (1),

then we have
(5.5) t04@(t)§c7tc4¢(T)+CSSth'CfllIf(z')dz' .

Now we shall examine the energy inequality of L({, x, D,, D,) of

PROPOSITION 5.3. Let LU=F be a first order system of (4.14). If 0@
=0(t"1), where N, is sufficiently large, then for any non-negative integer k and
SER there exists a positive constant N, depending on k and s such that

(586) IOl =C eV F@Rde

PrROOF. Applying to L=D,—A({, x, D;) as U)=0() and F@)
=F@®)+11BUQ), by we have

5.7), BIO@13.)/0t

SCUTOB.+ 2 IO/ 4+ IO
Multiply (5.7); by t=2¢*-9 and add them from j=0 to j=k. Then we have
(5.8 10Dy, s/0))SCo@, () FCit Dy, (1)
+CotHIF@®) s

where d)k,s(t):lfzo) NO®3-r it~ >, Therefore by we have [5.6) if

2(N,—E)=C,+2. This completes the proof of [Proposition 5.3.

By this proposition we have the following

THEOREM 5.4. Let P(t, x, D,, D,) be our considered differential operator
satisfying conditions (A.l), (A.2) and (A.3). Then for the Cauchy problem
Pu=f, Diu=g; (j=0, -+, m—1) we have the following inequality; For any non-
negative integer k and s€R there exists N depending on k and s such that
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o m=—1
(5.9) N+ m-m -1, s =C( _20 lgill3+ e+ nm-;
j=

HIAOIE. xes | DY D, o)

Proor. Let U(t, x)=U(, x)— Izvj @) (DDLU, x)/j! and F(t, x)=LU(, x)
i=0
=F(t, x)— % L(GY(DIUX0, x))/7). Put 0@, x)=M"(t, x, D)0 and F@, x)=M-1
J=0
¢, x, D;)F. Then we have LU(t, x)=F({, x). Since F({, x)=0@"), by the
Taylor expansion we see that

t ~ t N
(5.10) [ aF @R e 1Dy Pt

if N is sufficiently large. Thus by and the definition of U(, x) and
F(t, x) we obtain

(.11) D@, S CUTO)Bras, 5vs+ S‘nlwmmz (7).

0
On the other hand we have

(5.12) llu@®lle, s =CullUDM b - mesmy41. 5
=Callu@®llle+my s -

Thus by [5.11) and [5.12Z)] we have the desired estimate This completes
the proof of

REMARK. Instead of if we assume that

qk,llz':RkEO mod Zk—ZHk,

then we have the following estimate (see [17]); For an integer k=0

@Ol +m-my-1. s =CC g:llgjlli’”m-j—l

IO, oo+ AN ),

where if k=0, then ||f(0)||}-.. s does not appear, i.e., || f(0)]l-., s=0.
To prove the existence of a solution for the Cauchy problem

L(t, x, D,, D)U, x)=F(, x), U@, x)=0
we shall consider the adjoint Cauchy problem
L*(t’ JC, Dt} D.Z)V(t; X):G(t, JC), V(Ty X)—_—O

The following lemma is derived from an integration by parts (see (33) in [13]).
LEMMA 5.5. Let N be a non-negative integer. Then we have
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T T
(5.13) [ v ar=c( ¥ upy vl

Since L*({, x, D,, D,) is noncharacteristic with respect to ¢, we have the fol-
lowing

LEMMA 5.6. Let V(t, x) be a solution of (L*V) (¢, x)=G(t, x) and N a non-
negative integer. Then we have

(5.14) DY VIR s=CUVOUE s+ HIGOIR+ w1 6) -

On the energy inequality for the Cauchy problem of L* with zero data we
have the following

PROPOSITION 5.7. Let V(t, x)eC=([0, T]; HJ(R™) with suppVC(—oo, T]
X R". Then there exists N>0 depending on s and k such that

T T
(5.15) | VIR o-xdt <C| LA VOB, oot

ProOOF. Since L is transformed into I by M(, x, D.), L* is transformed
into the operator [*, which has same properties as L, by (M*)~(¢, x, D).
Let V(, x)=M*@, x, D,)V and é(t, x)=M*L*V(t, x). Then we have L*V(t, x)
=G, x). Applying ii) of to the analogous inequality to whose
the left hand side is —1(0@,,:/0t)(f), we see that

PO =] eV -Gl de

Our desired estimate follows from and (5.16). This completes
the proof of [Proposition 5.7,

We put

VIR = IVt

Then the space completed by this norm is denoted by H, (£2). When 2=
R;.,, for any k, s€R this space is also defined in Definition 2.5.1 of [3]. By
(3.15) with £=0 we have
T
(F, nyi=| (|, Frdxat| =ciLevin., s,

where FeC~([0, T]; H.(R™), suppV C(—oco, TJXR™ and N depends on s.
Thus by Theorem 2.5.1 of there exists U{t, x)e H.y. -s+x(R;.1) such that
for all Vel~([0, T]; H.(R™) with suppV C(—co, T]XR"

(F, V)=, L*V).

The function U is therefore a distribution solution of LU=F. Since FeC*~
([0, T]; H.(R™), by Theorem 4.3.1 of we see that for any kR, UcH,, _,_;
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(R:.). Therefore by Green’s theorem we see that U(t, x) is a smooth solu-
tion of the Cauchy problem LU=F, U(0, x)=0. This completes the proof of
Theorem 1l

6. The proof of Theorem 2.

In this section using lemmas in Section 5 and a few propositions, we shall
prove the well posed of the Cauchy problem for the operators satisfying the
conditions (H.1), (H.2) and (H.3).

We shall start from the following

PROPOSITION 6.1. Let I={iy, .-+, 13} be a subset of J={1, ---, m}. We assume
that the maximal multiplicity of {At, x, &)} jers 1 7. Let A(t, x, Dy, D,) be a
pseudo-differential operator of order m—k—r, which is a differential operator
with respect to t. Then we have

m=-k-71

(6.1) A(t) X, Dt; Dl‘): E rjr"jLAJ'l o Ajl ’

where 7j..;(t, x, Dg) is of order 0 and {j,-- ji} CJ\I.

Proor. First we shall prove the lemma when A is a pseudo-differential
operator of x with a parameter ¢. By the partition of unity we may assume
that J\[=/J,\J ---\UJ, and A4,(t, x, E)# A, x, ) if i€/, j&]Jgand a# B (1=Za, B
<p). We denote the number of 2, x, &) belonging to j€/. by |/.| and
assume r,=|/,|= - =|/J.1. Let J'=Ji\J .- U]J, be a subset of J\I, where /g
is also a subset of J,. If |J/|=(m—k—r,)—1=|/\I|—]|/J:|—1, then there exists
a, B 1=a<B=p) such that a= B and J,\Je and Jz\/J; are not empty. Therefore
since |(4;,—2,)¢, x, §)| >d1&| if ie], and j=]z we have A=A,(A;—A;)+ A,
where A,(t, x, D,) (I=1, 2) is of order m—k—r,—1. Thus we have when
A=A, x, D).

We define p,(¢, x, ) (=1, ---, m—Fk) as the following; {#;} ;-1 ..n-» equal
to {4, x, &)} jers and if j=|J,|+ - +[Jas| +0 1=0=1/al) then p;€ {4} jes,
Denote a pseudo-differential operator defined by the symbol z—p,t, x, §) by
/T,-(t, x, D;, D;) Then we have

m=k-r

A(t; -x’ Dt} DE):A0+ E IAJ-/TI s /TJ)
Jj=1

where A, x, D;)(j=0, ---, m—k—r,) is of order m—k—r,—j. Since m—=k
—ri—j=m—k—j—max (| J.s1l, |J«|—0c), by the result of the first half we
obtain [6.I}. This completes the proof of Proposition 6.1l

By this lemma we get the following two corollaries.

COROLLARY 6.2. Let P(t, x, D;, D;) be a differential operator satisfying the
conditions (H.1), (H.2) and (H.3). Then we have
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P=A4,- A+ 0§k2<m t—(m—k)nlmik/lil Aik ,

where {i;, --+, 1,} is a subset of {1, -+, m} and 7;.4,(t, x, D) is of order 0.
Now we shall prove the statement mentioned in Remark 1.2.
COROLLARY 6.3. Let P(t, x, D, D;) be a differential operator which satisfies
the conditions (A.1), (A.2) and (A.3). Then we can write P by the form (2.6).
PrOOF. From (A.2) we can apply [Proposition 6.1 to A, x, §). We use
the notation in If i=n,+ -+ +n,.,+0 (6#0), by the proof of
6.1 it follows that

Q:t, x, D,, D)= 51‘: Q. IAil Ais,—1+Qi,o ’

where I=1{i,, ---, i5,-,} is a subset of {1, ---, s,}, Q; ;(¢, x, D;, D;) is of order
m—i—a(i)—s,+1 and Q, (¢, x, D;, D) is of order m —i—a(i)—1. Furthermore

by we have
tiQi(t; X, Dt; Dx): ; Qi,JAjl o Ajsy—'_Q;J,O »

Here J={ji, -+, j,,} is equal to {1, ---, s,} or {s+i,}\JI, where {i,}\JI={1, -,
s}, Qi s, x, D, D,) is of order m—i—a(i)—s, and Q¢ x, D, D,) is of
order m—i—a(i)—1. Thus by [Proposition 6.1] Q;4.; is denoted by the desired
form. When i=0, we have Q.d.y=4n+R,dy, where R, x, D;,, D,) is of
order m—N—1. Using [Proposition 6.1 again as A=R,, we have
About the permutation of A,, ---, 4, we have the following
LEMMA 64. Let {iy, =+, in} be a permutation of {1, ---, m}. Then we have

(6.2) Ay Ay =4y A+ 2 7™ 0y diy - Asy,

1 m 0<E<m

where 7;,.4,(t, x, D) is of order 0 and {i,, -+, 1,} is a subset of {1, --- m}.
PROOF. We may consider the case {i;, -, in}=1{1, -+, j—1, j+1, j, 7+2,
-+, m}. We have

/11 - Aj-lAj+1AjAj+2 Am
=Ay - A+, AL Ay, Aj:lAj+2 o A

By (H.2) we have [A;.,, A]=t"r(A;—A;:)+1t"'r,, where 71,(, x, D) (=1, 2)
is of order 0. Since [ A4, t™*r,]J=t"*"'r,, where 7,(t, x, D,) (I=3, 4) is of order
0, we have the desired This completes the proof of Lemma 6.4

Now we shall start from the proof of

THEOREM. 6.5. Let P(t, x, D,, D,) be a differential operator satisfying the
conditions (H.1), (H.2) and (H.3). Then for any s€R and a non-negative integer
k therve exists N such that
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m=1
(6.3) Nu@llism-r. s=C{ ZO gl eemen-;
j=

SO -, vsmt | 1D, o7},

where Pu=f, Diu,_o=g; (j=0, ---, m—1) and usC=([0, T]; H(R™)).
PROOF. Let I=(,, ---, 1;) be a subset of {1, ---, m} with the length |I|=I.

Then we put
(A, D)=t"P A, o Ayt x),

where if I=0, then we put |I|=0 and A,v=t"™v. If I'=(,, I), we see that

Ai(A)t, x)=—(m—Rk}t"(A)+t*(ALv).

By the same computation in the proof of Proposition 5.3, we obtain

(6.4); 100 ,/00))=C{@ ,()+tD,(1)+D . ()},

where @,(t)= i(IllAlv(t)H]zk-j,s/t““). Add (64); from |I]=0 to |I|=m—1L.
j=0

By and then we have
10D /at)() S C{D()+-tD@)+t~2* Y| Pu(D)IIZ. s},
where @(t)= mg}ﬂ_l @ ;). Therefore if v(t, x)=0@"*!), where N is sufficiently
large, by i) of and the Taylor expansion of Pu(t, x) we get
(6.5) Z M mbAy e Ayp@lR,

gCSZHlDN""(Pv)(f)HI%,sdT-

Since (14D, |H)™-m-bi2Dt (=0, ---, m—r) is of order m—r, we get by Proposi-

tion 6.1 and
(6.6) o @lliz+m-r. s§CS:|||D?"m(PU)(T)HI%. sdT.

Put u(t, x):u—%(it)f(D{u)(O, x)/j! in Then we get the desired
i=o

This completes the proof of Proposition 6.5.

Since P*(, x, D,, D,) satisfies the condition (H.1), (H.2) and (H.3) if
P(, x, D,, D,) has the same those, we have the following ;

PROPOSITION 6.6. Let P(t, x, D,, D,) be a differential operator satisfying
the conditions (H.1), (H.2) and (H.3) and P*(t, x, D,, D,) be the adjoint operator
of P. Then for k=zm—1 and s€R there exists N such that

T T
(67) [ 1O o-war=C{ PO vt
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where v(t, x)€C=([0, T]; HL{R™) with supp v C(—co, T]XR™
PROOF. We use the same notation as those in the proof of Proposition
6.5. By the same computation we have

—t(09 /ot)t)SC{O@)+t D)+ 12 | P*u(D)|7 s} -
Using ii) of instead of i), we see that
¥ I, 3§CS:|||P*U(T)H|%, sdt.

By and 5.6 as L*=P* when k=m—1 we have the desired
This completes the proof of [Proposition 6.6

By the same argument as that in Section 5 we can show the existence
of a smooth solution for the Cauchy problem Pu=f in £, Diu,-,=0 (=0, -,
m—1). This completes the proof of

7. Some necessary condition and examples.

In this section we call P({, x, D,, D,;) to be uniformly well posed if the
Cauchy problem Pu=f in £,, Diu,—y=g; (=0, -+, m—1), where 0=t,<T
and £2,,=[t,, T]X R", has the unique solution for every #,€[0, T) and a local
uniqueness property or P(t, x, D,, D,) satisfies the condition (E) of Definition
1 and the condition (Ur,) of Definition 2 in [6].

Necessary condition with respect to a multiplicity of 4, in is
the following

REMARK 7.1. Let P(, x, D, D,) satisfy the conditions (A.1) and (A.2).
Moreover if P is uniformly well posed, then there exist Q. ;{, x, D,, D)
of order m—m, such that

P(t, x, Dy, D)= 3 Qu (A"

Moreover if (¢, x, &) is an interior point of N,={{, x, §); Ax=A,:+s}, then
Gk 1:=2,—0, where ¢, , is the principal symbol of @, ;. Since the proofs of
the statement in [2] and Theorem 2.10 in are done microlocally, this
remark is clear when (¢, x, £) is an interior point of N, or belongs to the
complementary set of N,. Therefore by a limit process we obtain Remark 7.1.

Next we consider a differential operator on [0, T]x R:®. We assume that
the characteristic roots A,(t, x, &)=/, x)§(k=1, ---, m—N++s) and a difference

(fe—Tre)t, D)=HG(t, )" Ayt x).

Here A,#0, j>m, and G,(, x) is the inverse function of x=g,(¢ y) in a
neighbourhood of {=0, where g, is the solution of the characteristic equation
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0gr/ot=—f(t, g2), g:(0, y)=y. Then we have the following

ExampLE 7.2. Let P(, x, D,, D;) be a differential operator satisfying
(A.l), (A.2) and the above conditions. If P is uniformly well posed, then (A.3)
is valid.

PROOF. We consider the coordinate transform t=s, x=g,(s, ¥). Then by
Remark 7.1 we have

mk
P(S, Y, Ds; Dy): ;::ORk,l<S; Y, Ds’ Dy)Dgnk—L

where R,,; is of order m—m,, whose principal symbol is 7, (s, ¥, g, 7). The
condition (A.3) is equivalent to '

(71) 7’1;,(,(5, Yy, 0) ﬂ):Sj—lyan:l(‘% y)yjm_mk )

where By, (s, ¥) is some smooth function. The Theorem 4.1 of [6] implies
Now we shall examine the condition (H.3).
ExaMPLE 7.3. We shalil convsider the following;

P(t, x, Diy D)=(D,—t'x™D,)*(D,+1'x"D,)*
+P3(t,~ X, Dt: D.z');

where [>3 and Py, x, D;, D) is of order 3. Then by the same reason as
the proof of Remark 7.1 we have

P,=(aD,+bD, ) D,—t'x"D ) D;+t'x"D,)
+cDi+dD,Dy+eDi+fD,+gD.+h.

By Theorem 4.1 of we get that b=t"x™p/, d=t'"2x"d’, e=1>*"Vx?"¢’ and
g=t'"*x"g’. This is the condition (H.3).
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