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§1. Introduction.

For a Banach space, the existence and uniqueness of its injective envelope
was proved by Cohen [5], and the present author [9] generalized this result
to the case of Banach modules over a unital Banach algebra. In this paper we
show a C*-algebraic version of these results, i.e. that any unital C*-algebra has
a unique injective envelope (Theorem 4, 1), where injectivity for C*-algebras is
understood as that considered by several authors, e.g. Hakeda and Tomiyama
[8], Tomiyama [16], Choi and Effros [4], Loebl [12], et al. We also give
two characterizations of injective C*-algebras, one of which (Proposition 4. 8)
is similar to that of injective Banach modules (cf. [9; Lemma 3 (iv)]) and
another (Proposition 4.11) is similar to that of von Neumann algebras whose
commutant has property P of Schwartz ([13]; cf. also Remark 4.13). In the
last section we give an example of an injective non W*., AW#*-factor of
type II.

We recall the above-mentioned result of Cohen [5]. He considered the
category whose objects are Banach spaces and whose morphisms are contractive
linear maps, and defined “injectivity’’ and an “injective envelope” of a Banach
space as follows: A Banach space Y is injective if any continuous linear map
of a linear subspace of a Banach space Z into Y extends to a continuous linear
map of the same norm on all of Z. An injective envelope of a Banach space
X is a pair (Y, £) of an injective Banach space Y and a linear isometry & of
X into Y such that Y itself is the only subspace of Y which is injective and
contains £(X) [or equivalently, the identity map idy on Y (dy(y)=y, y€Y)
is a unique contractive linear map of Y into itself which fixes each element of
£(X) (cf. Isbell [10])]. This pair (Y, ) is unique in the sense that if (Y73, &)
is another injective envelope of X, there exists a linear isometry ¢ of Y onto
Y, such that cox=x;,.

In contrast to the case of Banach spaces, we consider the category whose
objects are unital C*-algebras and whose morphisms are unit-preserving com-
pletely positive linear maps. Hereafter, unless otherwise specified, C*-algebras
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are unital, their C*-subalgebras have the same units as the C*-algebras con-
taining them, and maps between C*-algebras preserve units.

A C*-algebra B is said to be injective if given any self-adjoint linear sub-
space S, containing the unit, of a C*-algebra C, any completely positive linear
map of S into B extends to a completely positive linear map of C into B (cf.
Choi-Effros and Loebl [12]). Let a C*-algebra A be given. An extension
of A is a pair (B, k) of a C*-algebra B and a *-monomorphism x of A into B.
The extension (B, k) is called injective if B is injective, and it is called an
injective envelope of A if it is an injective extension of A such that the
identity map idz on B is a unique completely positive linear map of B into
itself which fixes each element of x£(A). A result of Arveson [1; Theorem
1.2. 3] says that the C*-algebra L(H) of all bounded linear operators on a
Hilbert space H is injective, hence that each C*-algebra, being represented
faithfully on some Hilbert space, has an injective extension. The main result
of this paper asserts that any C*-algebra has a unique injective envelope (see
D).

For commutative C*-algebras, their injective envelopes were studied by
Gonshor ([6], [7]). His injective envelopes for commutative C*-algebras
coincide with their injective envelopes as Banach spaces (in fact, those become
commutative AW#*-algebras which contain the original C*-algebras as C*-sub-
algebras) or those in the above sense.

The author would like to thank the referee for his valuable comments.

§ 2. Preliminaries.

This section is devoted to preparations for later use, most of which are
known (cf. [3], [4]), but some of which are stated in a (possibly superficially)
more general form (cf. Remark 2.5).

DEFINITION 2.1 (Choi-Effros [4] and Loebl [12]). A C*-algebra B is in-
jective if given any self-adjoint linear subspace S, containing the unit, of a
C*.algebra C, any completely positive linear map of S into B extends to a
completely positive linear map of C into B.

DEFINITION 2.2. An extension of a C*-algebra A is a pair (B, k) of a
C*-algebra B and a *-monomorphism & of A into B. The extension (B, k) is
injective if B is injective, and it is an injective envelope of A if it is an
injective extension such that the identity map idz on B is a unique completely
positive linear map of B into itself which fixes each element of x(A).

Let B be a C*-algebra and ¢ a unit-preserving contractive idempotent
linear map of B into itself satisfying the Schwarz inequality :

p()*p(x)Sp(x*x), x€B.
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As in the proof of [4; Theorem 3.1], we define a multiplication “o” in
Im p=¢(B) by
xoy=¢(xy), x,y<lme
and endow Im ¢ the involution and norm which are induced by' those of B.
THEOREM 2.3. In the above situation we have:

(i) Ime is a unital C*-algebra.
We denote this C*-algebra by C*(¢) and the canonical map of Im¢ onto
C*(p) by jo.

(ii) Let B,={x€B:o(x*x)=¢(p(x*) ¢ (x)), ¢(xx*)=¢(p(x)p(x*))} and
I,={xeB:px*x)=¢(xx*)=0}. Then B,=Ime+I,, B, is the largest C*-
subalgebra of B restricted to which the map

Jeop i B—>1Im¢ —> C*(¢)

becomes an onto *-homomorphism, and further Ker (j,o¢|B,)=I1,. Hence C*(¢)
is *-isomorphic to the quotient C*-algebra By/I,.

PrROOF. As in the proof of [4; Theorem 3.1], we have for x, y&lme
(xoy)y*=g(xy)*=¢(y*x*)=y*ox™,

[xoyl=lexnNI=lxylI=lx] I x],
and
IxlP=lx*xl =l (x* )|=lx*o x| =|x*x|=]x|?

since ¢ is positive, contractive and
*x=p(xX)*o(x)Sp(x*x)=x*ox

by the Schwarz inequality. Thus Im ¢ satisfies the axioms of C*-algebras
except for the associativity of the multiplication.

LEMMA 2.4. Let B be a C*-algebra and ¢ a wunit-preserving contractive
idempotent linear map of B into itself. Then

(*) ole(x)*o(x)=¢(x*x)  for all x in B
if and only if
(**) ol ())=p(e(x) y)=¢(xe(y))  for all x, y in B.

PrROOF OF LEMMA 2.4. Let f be a state on B. Then g=jfop is also a
state on B. Consider the cyclic representation {rz,, H;,} of B induced by g
and define a densely defined linear operator P, on H, by

Pyx,=¢(x),, x€B,
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where x, stands for the canonical image of x in H,; then P;=P,. Hence ¢
satisfies (*) if and only if

[Prxell?=f(p(p(x®)p(x)))=f(p(x*x))=|x.l

for all x in B and all state f on B if and only if P, can be extended to a
(self-adjoint) projection on H,, i.e.

(Pfyg’ Pf(X*)g):(yg» Pf(x*)g):(Pfyg» (x%)g),
Flplp(x)e(9)))=/(o(p(x) y))=F(p(x¢ (1))

for all state f on B if and only if ¢ satisfies (**). q.e.d.

The Schwarz inequality for ¢: @ (x)*@(x)=¢@(x*x) implies ¢(p(x)*¢(x))
=¢(x*x), hence ¢ satisfies (**) in Lemma 2.4, so that we have for x, y, z
in Im ¢,

xo(yoz)=¢(x0(y2))=¢(p(x) y2)=¢(xyz)
=@ (xyp(2))=¢(p(xy)2)=(x0y)oz.

(ii) First we show that Im¢+I, is a C*-subalgebra of B." The iterated
use of the equalities (**) in 4 shows

(1) if x, yel,, xyel,;
(2) if x€lme and yel,, xy, yxel,;

(3) if x,yelmep, xy—@xy)El,.

In fact (1) e((xy)y*xy)=lxlPe(3*3)=0, o(xy(xy)*)=|yl*¢(xx*)=0; hence
xy€l,.

(2) e((xyyxy)=lxl*e(y*)=0 and o (xy(xy))=p(p(x) yy* x*)=
e(xe(yy*x*)=p(xp(¥y* o (x*)))=¢(xp(p(yy*) x*))=0. Similarly for yx.
(3) o(xy—pxy))*(xy—p(xy)))
=p((xy)* xy)—((xy)* o (x))—p(p(xy)* xy) T e (xy)* 0 (xy))
=p((xy)*xy)—e((xy)*¢(xy)) and
e((xy)* x3)=0(p(¥*) x* x )= (y* o (x* xy))=0 (y* o (p(x*) x¥))
=p(y*e(x*o(x3)))=p(p(y*) x*(x3))=@(y* x* @ (x¥));
hence ¢ ((xy—¢(xy))*(xy—¢(xy)))=0.

Similarly
o((xy—p(xy))(xy—p(xy))*)=0.
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We have for x;€Im¢, y;€l, (i=1, 2),

(1T y) (X2t y2)=0 (X1 x)+ X1 Xa—@ (X1 x2) T X, Yot Y1 X2+ Y1 Y2
€lm p+1, by (1), (2), (3).

Further Im ¢+, is self-adjoint, closed since I,CKer¢ by the Schwarz in-
equality. Therefore Ime-+I, is a C*-subalgebra of B and I, is its closed
two-sided ideal by (1), (2).

Next we show that B,CIm¢+I,. In fact, we have for x in B,

o((x—p X)) (x—@(x)))=@(x* x)—@(x* ¢ (x))—@ (¢ (x*) x)+@ (e (x*) ¢ (x))
= (x* x)—@ (@ (x*) o (x))=0.
Similarly ¢ ((x—¢(x))(x—¢(x))*)=0; hence x—¢p(x)el,, x=@(x)+x—p(x)
€lm ¢p+1,.
Now, since the equalities defining the set B, are rewritten as

Jo0 (x* x)=(j 00 (x*) )o(j 00 (1))
and

T2 (xx*)=(j 00 (x))o(Jop (%)),
it is clear that;if C is a C*-subalgebra of B such that j,op|c is a *-homomor-
phism, then CC B,. On the other hand, j,0@|ime+1, i @ *-homomorphism
because, for x;€lm¢ and y;€/1, (i=1, 2),

0 (y1(x2+2))=0=0 (@ (y1) (x2F y2))
and so

Joo@ (21 31) (x2+2))
=700 (x1(x2F ¥2) )+ 700 (¥1(x2F 33))
=00 (0 (211 y1) (x2+ 33))
=00 (0 (x1Fy) @ (x2ty2))
=(Jgop(x1t+y1))0(jgop (x2F32)).
Thus Im ¢+1,C B, so Im p-+1,=B,,.
Finally Ker(j,op|s,)=I, is immediate from B,=Im ¢+1, and I, CKer ¢.
g.e.d.

REMARK 2.5. In the proof of [4; Theorem 3. 1], to conclude the equalities
of the form (**) in [Lemma 2 4, Choi and Effros used 2-positivity of ¢. On the
other hand, we used the Schwarz inequality for ¢, which is implied by
2-positivity of ¢ (Choi [3; Corollary 2.8]). But the author does not know
whether or not there is a unit-preserving contractive idempotent linear map on
a C*-algebra which satisfies the Schwarz inequality but is not 2-positive.
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Following Arveson [1; Definition 1.2.1], we say that a linear map ¢ of
a self-adjoint linear subspace S of a C*-algebra B into another C*-algebra C is
completely isometric if, for each positive integer n, the map

pRL:SRM, — CRM,

is isometric, where M, is the algebra of nXn matrices over C and 1 denotes
the identity map on M,. Obviously when ¢ is unit-preserving, ¢ is completely
isometric if and only if ¢ is isometric and both ¢ and ¢™':¢(S)— B are
completely positive.

LEMMA 2.6 (cf. the proof of [4; Theorem 3.1]). Let B, ¢, C*(¢) and j,
be as in Theorem 2.3. If B 1is injective and ¢ 1is completely positive, then
Jo t i C¥p)—ImeC B is completely isometric and C*(¢) is an injective C*-
algebra.

LEMMA 2.7 (cf. the proof of [4; Theorem 3.1]). A wunit-preserving com-
pletely isometric linear map of a C*-algebra onto another C*-algebra is a
*-1somorphism.

LeEMMA 2.8 (cf. Choi [3; Theorem 3.1]). Let ¢ be a unit-preserving com-
pletely positive linear map of a C*-algebra B into another C*-algebra C.
Then the set

D={x€B : p(x*1)=p(x*) @ (x), p(xx*)=@(x) @ (x*)}

1S the largest C*-subalgebra of B restricted to which ¢ becomes a *-homomor-
bhism, and moreover

p(axb)=¢p(a)p(x)p(b) for a,beD and xB.

§ 3. Minimal projections on injective C*-algebras.

Let B be a C*-algebra and A its C*-subalgebra.

DEFINITION 3.1. A linear map ¢ of B into itself is called a projection
(resp. A-projection) on B if it is unit-preserving, completely positive and idem-
potent (resp. and further ¢(a)=a for all a in A).

DEFINITION 3.2. In the family of all A-projections on B we define a partial
ordering < by the rule ¢ < ¢ if pod=¢op=¢. An A-projection on B which
is minimal under this partial ordering is called a minimal A-projection.

DEFINITION 3.3. A seminorm p on B is called an A-seminorm if

p(x)=lxl, plaxb)=lalp(0lbl

and
pla)=|al for a, b in A and x» in B.
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In the family of all A-seminorms on B we define a partial ordering < by the
rule p=q if p(x)=q(x) for all x in B.

Tomiyama’s projection of norm one from a C*-algebra B onto its C*-sub-
algebra A [14] is an A-projection on B since it is completely positive ([15],
[187). Although the image of a projection on a C*-algebra need not be a C*-
subalgebra, by [Theorem 2 3, it is made into a C*-algebra which is *-isomorphic
to a quotient C*-algebra of some C*-subalgebra.

It is an immediate consequence of Zorn’s lemma that there exists a minimal
A-seminorm on B.

THEOREM 3.4. Let B be an injective C*-algebra and A its C*-subalgebra.
Then there exists a minimal A-projection on B.

ProOF. Let p, be a minimal A-seminorm on B. Take a family {f;}ic; of
pure states on A such that the direct sum X%,{z,,, H;} of the cyclic
representations {zs,, H;} of A induced by f; is faithful. By the Hahn-Banach
theorem and the definition of A-seminorms, there exists a state extension g;
of each f; to B such that

lgi (D)= po(x) for all x in B.

Let {r, H}=X%{m,,;, H;;} be the direct sum of the cyclic representations
{mg,, Hy} of B induced by g; and let E be the projection of H onto Xf; Ag,.
Then E=r(A), and by the choice of the family {f.}:c;, the map

k:xn(A)E— A

given by k(x(a)E)=a, ac A, is a *-isomorphism and = (A) acts irreducibly on
each A, C H,, . Since x is completely positive and B is injective, there exists
a completely positive map & of Ex(B)E into B such that &|.coz=x.

B L4 = B
Er(B)E
A A
A
Z(A)E

Let ¢(x)=k(Ex(x)E) for x in B. Then ¢|,=id, and so ¢ is an A-moduie
homomorphism, i.e. p(axb)=ap(x)b, a,be A, x€B by [Lemma 2.8. We will
show that [lo(x)|=p,(x), x€B. To this end we need only show that
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|Ex(x) El=p.(x), x€B since [p(x)|S|Ex(x)E|. Take an ¢>0 and an x in B.
Then there exist families {a;}ics, {b:}ier (@i, b€ A) such that

[ Zies (ai)gi” =|Zier (bi)gi” =1

and
(7 () Zi(@0)esr S5 (0))e )| Z I En (x) E|| —e.

Since 7 (A) acts irreducibly on A,,, we may assume that

Iladell=la:l and [y, I=Nb,l @, jl).
We have then

(7 () 2@ gsr 2564,
=1 g (0¥ xa:) |= Sl gi (bF xa) [ S 9o (bF x )
=20 TulloF 1 sl =50 (1) Till @)yl 1B,
= 20 (0) (Sel(@) g IV (il b)) o ().

Hence [[Ex(x)E||=po(x) and so [o(x)|=pe(x).
The seminorms p,, p, on B defined by

pr(x)=le ()l
po(x)=lim sup|(p+g*+ - +¢")(x)/nl

are A-seminorms =p,, so that the minimality of p, implies that p,=p,=p,.
Thus we have for each x in B,

lo(x)—¢* (D= p1(x—@(x))=p2(x—¢ (1))
=1irgﬁ°soup[l(so (X)—e™* (x))/n||=0,

i.e. p=¢? so that ¢ is an A-projection on B.

To see the minimality of ¢ take an A-projection ¢ on B with ¢<<e.
Then, since [[@(x)=[¢(p(x))I=lp(x)|=po(x), the minimality of p, implies
that l¢(x)[|=[¢(x)|=p.(x), so that Ker ¢=p;'(0)=Ker ¢. On the other hand,
pop=¢) implies Im ¢y CIm . Hence we have Im¢=Im¢ and Ker ¢p=Ker ¢,
ie ¢g=o. g.e.d.

REMARK 3.5. The above argument to conclude that ¢=¢? is a modification
of the one by Kaufman [11; the proof of Theorem 1].

REMARK 3.6. It follows from the argument analogous to the one in the
proof of [Theorem 3 4 that if we denote by p, the seminorm on B defined by
po(x)=]p(x)|, then the map ¢—p, is a map of the set of all minimal
A-projections on B onto the set of all minimal A-seminorms on B, and that if
¢, ¢ are minimal A-projections on B, then
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pegop=0
and go¢ is a minimal A-projection on B such that

Im pogp=Im ¢ and Ker pogp=Ker ¢.

LEMMA 3.7. Let B be an injective C*-algebra, A its C*-subalgebra and ¢
a minimal A-projection on B. Then the identity map ides,y on the C*-algebra
C*(p) is a unique completely positive linear map of C*(¢) into itself whose
restriction to A coincides with id,.

PrOOF. Let ¢ : C*(p)— C*(p) be a completely positive linear map such
that ¢|,=id4. Since the seminorm p, is a minimal A-seminorm on B (Remark

3.6), the norm on C*(¢) is a unique A-seminorm on it, so that a reasoning
similar to that of the proof of shows that

1i1£1_ms°up11 (Pt - +pm () /nll=lx| for x in C*(p).
Hence we have for each x in C*(p)
!Ix—sb(X)H:liglaSUPI!(sbJr o +P") (x—¢ (x))/n]|=0,

i.e. ¢=iderypy. q.e.d.
LEMMA 3.8. Let A (resp. A)) be a C*-subalgebra of an injective C*-algebra

B (resp. By) and ¢ (resp. ¢,) a minimal A- (vesp. A,-) projection on B (resp. By).

Suppose that there exists a *-isomorphism « of A onto A,. Then a extends

A

uniquely to a *-isomorphism a of C*(p) onto C*(¢,).

PROOF. Since C*(¢p) [resp. C*(p,)] is injective (Lemma 2. @), there exists
a completely positive linear map a [resp. (@™')"] of C*(¢) into C*(¢p,) [resp.
C*(¢,) into C*(¢p)] extending «a (resp. a™?).

A

CHp) T————= C¥(¢»,)
(@)
A — 4,
a,"l

Then Lemma 3. 7 implies that (a ') oa=id¢, and ao(a ') =idg.,,, SO that
by 7 @ is a *-isomorphism of C*(p) onto C*(¢p;). The uniqueness of
a follows again from 7. g.e.d.
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§4. The main results.

With above preparations we can prove the following

THEOREM 4.1. Any C*-algebra A has an injective envelope (B, k), which 1s
unique in the sense that if another injective envelope (B,, k,) is given, there
exists a unique *-isomorphism ¢ of B onto B, such that cok=k;.

PROOF. As stated before, there exists an injective C*-algebra C containing
A as a C*subalgebra. Let ¢ be a minimal A-projection on C (Theorem 3.4).
Let B=C*(p) and let & be the canonical inclusion of A into B. Then, by
Lemmas 2.6 and B.7, (B, k) is an injective envelope of A. If (B,, ;) is another
injective envelope of A, then idp, is a unique &,(A)-projection on B,. Hence
implies the existence of a unique *-isomorphism ¢ of B onto B,
such that cox=k;. g.e.d.

The next corollaries are immediate consequences of [Theorem 4.1 and
Lemma 3.§:

COROLLARY 4.2. Let A be a C*-algebra and (B, k) its injective envelope.
Then, for each *-automorphism a of A, there exists a unique *-automorphism &
of B such that rkoa=aock. Hence the map a— & is a group-monomorphism of
Aut A (=the group of all *-automorphisms of A) into Aut B, whose image con-
sists of elements B such that B(k(A))=kr(A).

COROLLARY 4.3. With A, (B, k) as in Corollary 4.2, the relative commutant
e(A)Y N\ B of £(A) in B coincides with the center of B.

PROOF. Let u be a unitary element in £(A) N B. Then the map x — uxu*
defines a *-automorphism of B which fixes each element of x(A), so it is the
identity map on B. This shows that x(A)Y N B C the center of B, and the
converse inclusion is clear. g.e. d.

REMARK 4.4. By the construction it is obvious that a pair (B, k) is the
injective envelope of a C*-algebra A if and only if B is an injective C*-algebra
and £ is a *-monomorphism of A into B such that the norm on B is a unique
k(A)-seminorm on B (cf. the proofs of Theorems B.4 and 4. 7).

We will give a characterization of the injective envelope of a C*-algebra,
which is similar to that of the injective envelope of a Banach module (cf.[9]).

DEFINITION 4.5. An extension (B, ) of a C*-algebra A is essential if for
any completely positive linear map ¢ of B into a C*-algebra C, ¢ is completely
isometric whenever ¢ok is.

LEMMA 4.6. Let (C, 2) be an injective envelope of a C*-algebra A. Then

an extension (B, k) of A is essential if and only if there exists a *-monomorphism
p of B into C such that por=2.
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PrOOF. Necessity: Suppose that (B, k) is essential. Since C is injective,
we have a completely positive linear map g of B into C such that por=A.
Then, by hypothesis, g is completely isometric. We will show that g is a
*.monomorphism. Let (D, v) be the injective envelope of B. Since C and D
are injective and g is completely isometric, we have completely positive linear
maps £:D— C and (¢™)" : C— D such that goy=p and (u™)"| .z =vop

/ )
A o f

Hence (¢ )"oft: D — D and po(p™')" : C— C are completely positive linear maps
such that

(#”)AOMNB):M“B) and /:‘O(,U'I)Alz(mzidzu),
so that by the definition of the injective envelope,
(pH%op=idp and po(p™)"=idc.

Thus (g™)"=p"! and by £ is a *-isomorphism of D onto C, so
that pg=/oy is a *-monomorphism.

Sufficiency : Suppose that there exists a *-monomorphism g of B into C
such that goxr=A1 and let ¢ : B— E be a completely positive linear map of B
into a C*-algebra E such that ¢or is completely isometric. By replacing E by
an injective C*-algebra containing it as a C*-subalgebra, we may assume that
E itself is injective. Then an argument similar to above shows the existence
of a completely isometric linear map ¢ : C— E such that ¢ou=¢; hence ¢ is
completely isometric. g.e. d.

PROPOSITION 4.7. An extension (B, k) of a C*-algebra A is the injective
envelope of A if and only if it is both injective and essential.

ProOOF. Necessity follows immediately from

Sufficiency : Let (C, 2) be the injective envelope of A. Then
implies the existence of a *-monomorphism g of B into C such that por=A2.
Since B is injective, we have a completely positive linear map (#™!)" of C into
B such that (¢ ,m=p""
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1(B)
A
A el et C
\ (#..1)»*
B

Hence po(n™Y)" : C— C is a completely positive linear map such that go(g™) |2
=id;c4y, so that po(p')"=id, and consequently g is a *-isomorphism of B
onto C. q.e.d.

PROPOSITION 4.8. A C*-algebra B is injective if and only if it has no
proper essential extension [i.e. if (C, 2) is an essential extension of B, then A is
a *-isomorphism of B onto CJ.

ProOF. Necessity: Let (C, 1) be an essential extension of B. Since B
is injective, there exists a completely positive linear map (17" of C onto B
such that (™) | sy=2"% i.e. (A7) cA=idgz. By hypothesis (17!)" is completely
isometric, and (17%)"o(2c(171)"—id¢)=0. Hence Ao(1"!)"=id., so A is a *-isomor-
phism of B onto C.

Sufficiency : Let (C, 1) be an injective envelope of B. By [Proposition 4.7,
(C, 2) is an essential extension of B, so if B has no proper essential extension,
then 2 is a *-isomorphism of B onto C. Hence B is injective. q.e.d.

DEFINITION 4.9. A self-adjoint linear subspace S, containing the unit, of a
C*-algebra B is called a C*-subspace of B if there exist a C*-algebra A and a
completely isometric linear map ¢ of A into B with Im ¢=S.

We note that if there exists another completely isometric linear map ¢,
of a C*algebra A, into B with Im¢,=S, A and A, are *-isomorphic by
7.

PROPOSITION 4.10. Let B be an injective C*-algebra and S a closed self-
adjoint linear subspace, containing the unit, of B. Then S is a C*-subspace of
B if and only if there exists a projection ¢ on B such that ¢(S*)CSCIm ¢.

Proor. Sufficiency: By [Theorem 2.3 and Lemma 2.6, j,™*: C*(¢) —Im ¢
C B is a completely isometric linear map of the C*-algebra C*(p) onto Im ¢.
Noting the definition of the multiplication in C*(¢), we see that ¢(S>)CSC
Im ¢ if and only if j,(S) is a C*-subalgebra of C*(¢). Hence j,'[,,cs © Jo(S)

— SC B is a completely isometric linear map of the C*-algebra j;,(S) onto S,
so that S is a C*-subspace of B.

Necessity : Suppose that there exists a completely isometric linear map ¢
of a C*-algebra A onto S and let (C, 2) be the injective envelope of A. Since
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B is injective and (C, 1) is essential (Proposition 4.7), we have a completely
isometric linear map ¢ of C into B such that goil=¢. Then there exists a
projection ¢ on B such that Im p=Im §.

N
NG

Since j,o¢ is a *-isomorphism of C onto C*(p) (Lemma 2.7), j,(S)=(j0¢)c2(A)
is a C*-subalgebra of C*(¢), so that the condition in the statement of this
proposition is satisfied. g.e.d.

—C¥(¢)

We will give a necessary and sufficient condition that a C*-subalgebra of
an injective C*-algebra be injective: Let AC B be C*-algebras with B in-
jective. For each x in B, set

Ca(r)={yeB : la+Zt b yell=lla+Zhibi xcil
for all a, b;, ¢; in A, n=1, 2, ---}.

PROPOSITION 4.11. With notations as above A is injective if and only if
Ci(x)N\ A+#0 for all x in B.

ProOF. Take a minimal A-projection ¢ on B (Theorem 3.4). Then
obviously A is injective if and only if Im ¢p=A.

Necessity : If Im p=A4, then ¢ is a contractive A-module homomorphism
([Lemma 2. 8), so that p(x)=C,(x) N A for all x in B.

Sufficiency : Suppose that the above condition is satisfied, but A is not
injective. Then there exist an x,©Im¢\A and an a,&C,4(x,) "\ A. Let X be
the Banach A-bimodule generated by A and x,, i.e. X is the norm closure of
the subset

{a+2%1bixocit a, by, c;€ A, n=1,2, -}
of B. Define a seminorm p» on X by

p(a+zgflbixoci):Ha-*_z?:lbiaoci“-
Then
plaxb)=lallp(lbl  for a,b=sA and xeX,
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pla+XEibixec)=lla+2Lb.a -
Slle+Xtbixoc,s
=l (a+2% 1 bi xoco)ll
=po(a+27 b; xoC5)

(p, denotes the seminorm on B defined in Remark 3. 6)
for all a+32,b;x0¢:€X, a, b;, ¢;EA,
and
p(a)=lal for acA.

On the other hand,
p(_ao+xo)2”*ao“}’ao”:O<”"ao‘*‘xo‘]:pga(-ao"f‘xo)-

Since p, is a minimal A-seminorm (Remark 3.6), this inequality and the
following lemma would yield a contradiction :

LEMMA 4.12. There exists an A-seminorm p, on B such that

pllX:p and plép(p-

PrOOF OF LEMMA 4.12. Let U={xeX: p(x)=1}, V={yeB: p,(y)=1}
and W the convex hull of UUV in B. Then the Minkowski functional
P, of W

p()=inf{1>0: yeiW}, yeB

is the desired seminorm. In fact p,|x=p follows from VN XCU, and the
remainder of the proof is immediate. q. e.d.

REMARK 4.13. In the above proposition, let A be a von Neumann algebra
on a Hilbert space H and let B=L(H). Then Schwartz's property P [13] for
the commutant A’ of A implies the above condition for A, hence the existence
of a projection of norm one from B onto A (cf. [13; Lemma 5]).

Let A be a C*-algebra, B an injective C*-algebra containing A as a C*-
subalgebra, and (C, ) an injective envelope of A. We know that C can be
embedded in B as a C*-subspace of B, i.e. there exists a completely isometric
linear map ¢ of C into B such that ¢oil=id, (cf. Proposition 4.7). But the
author does not know whether or not C can be embedded in B as a C*-sub-
algebra of B, i.e. the above ¢ can be chosen as a *-monomorphism. (Added
March 1978: This is not the case for a general C*-algebra A.) A necessary
condition for this is stated as follows:

PROPOSITION 4.14. Let A, B and C be as above and let K be the set of all
completely isometric linear maps ¢ of C into B such that pod=id,. Then K is
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a convex subset of L(C, B), the Banach space of all continuous linear maps of
C into B, and if ¢,€K is a *-monomorphism, then ¢, is an extreme point of K.

PrOOF. Let o=pp,+(1—p)¢p,, where ¢;, ;€K and 0<p<1. Then ¢:C
— B is completely positive and ¢pod=id,, so by IProposition 4.7, ¢ is completely
isometric ; hence p€ K.

Suppose that ¢, K is a *-monomorphism and that ¢,=(0:+¢.)/2, @i, @s
€ K. Then the Schwarz inequality shows that for each x in C,

{5t ou( | 5o (et ea()) f =02 g ()

=y (x*x)= -%'(gol (x*x)+ . (x*x)) = %(901 (X)* 1 (X)F 9o (X)* @ (%)),

0= (1 (X)— 2 () V* (1 () — ¢ (x)) ;
hence
901(x):§02(x>:§90(x)’ D1=P2=o.
g.e.d.

PROPOSITION 4.15. Let A be a unital C*-algebra and (B, k) its injective
envelope. Then if A is simple, so is B too. Hence, in particular, B is an
AW*-factor.

PrRoor. Let I be a proper closed two-sided ideal of B. Since A is unital
and simple, A N\ I={0}. Hence the map nox : A— B — B/I, where = : B— B/I
is the quotient map, is a *-monomorphism, so that the seminorm x — ||z (x)|
on B defines a £(A)-seminorm. Thus Remark 4.4 implies that I=Ker 7=1{0},
hence that B is simple. An injective C*-algebra is monotone closed (Tomiyama
[16; Theorem 7.17); in particular, it is an AW*-algebra. Hence the simple
AW*-algebra B is an AW*-factor. ‘ g.e.d.

§5. An example.

We give an example of an injective non W*-, AW*-factor of type II.

ExaMPLE 5.1. Let A=L(H)/LC(H) be the Calkin algebra, where H is a
separable infinite dimensional Hilbert space, and let (B, x) be the injective
envelope of A. Then B is an injective non W*-, AW*-factor of type II.

PROOF. Since A is simple, [Proposition 4. 15 implies that B is a simple
AW#*-factor. Hence B must be of type I, (n<cc) or II, or T. The first
two cases are excluded since A is infinite dimensional and contains an infinite
projection; so B is of type Il. To see that B is non W*, we follow the
argument of Birrell [2; Example (¢)]: If B were W*, since it is simple, it
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must be a countably decomposable W*-factor of type II. But there exists an
uncountable orthogonal family of non-zero projections in A, hence in B, a
contradiction. q.e. d.

REMARK 5.2. Professor Sakai kindly pointed out to the author that a
result of Voiculescu can be applied to show that the Calkin algebra A is not
AW*, hence that the injective envelope B of A, being AW?*, contains x(A)
properly : In fact, let C be the C*-subalgebra of A=L(H)/LC(H) generated
by S+LC(H), where S is the simple unilateral shift on H. Then Voiculescu
[17; Corollary 1. 9] implies that C, being separable, is equal to its bicommutant.
Hence if A were AW?*, then C also would be so. But this is absurd since
C=(C(T), the C(*-algebra of continuous functions on the 1 dimensional
torus 7.
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