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The purpose of the present note is to prove an asymptotic expansion
theorem for a certain kind of oscillatory integrals. Our theorem is a generali-
zation of Theorem 3. 2. 4 of Hormander [1] in the sense that we allow the
phase function to contain certain inhomogeneous terms. Our motivation which
leads us to considering such a kind of generalization lies in long-range scatter-
ing (cf. [3], [4]) as against H\"ormander’s purpose in [1] was to consider
Fourier integral operators. Using our main result, we can give a proof of
Theorem 3. 1 of [4] which played a crucial role in the proof of the complete-
ness of the modified wave operator for long-range scattering. We should note
that H\"ormander’s Theorem 3. 2. 4 also can be used to prove the completeness
when long-range potential $V$ satisfies $V(x)=O(|x|^{-1/2-\epsilon}),$ $\epsilon>0$, but for $V$ which
has longer range, we must use our generalized theorem proved in this paper.

The crucial tool we shall use is the method of stationary phase (see $e$ . $g$ .
Hormander [1] and [2]). Moreover, a method similar to H\"ormander’s proof
of Theorem 3. 2. 4 will be used to estimate the integral on the region bounded
away from the critical point of the phase function.

We shall first summarize our main result in \S 1 and then prove it in \S 2.

\S 1. Main result.

We shall consider the distribution $A_{\omega,\epsilon}$ defined by

(1. 1) $\langle A_{\omega\cdot\epsilon}, u\rangle$

$=\int_{R^{n}}\int_{R^{N}}e^{i(\varphi^{(\omega};x,\theta)-X(x,\theta))}a(x, \theta)u(x)\chi(\epsilon\theta)d\theta dx$ ,

$\epsilon\neq 0$, $u\in C_{0}^{\infty}(R^{n})$ ,

where $\omega$ is a parameter; functions $\varphi,$
$X,$ $a$ are $C^{\infty}$ ; and $\chi$ is a rapidly decreas-

ing function on $R^{N}$ with $\chi(0)=1$ . The precise conditions imposed on those
functions will be given below. Under those conditions, we shall prove the
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existence of the limit $A_{\omega,0}\equiv\lim_{e\rightarrow 0}A_{\omega}$ ., (which is called an ”oscillatory integral”

by H\"ormander [1]) and investigate the asymptotic behavior of

(1. 2) $\langle A_{\omega,\text{\’{e}}}, ue^{-it\psi(\omega;\cdot)-iY(t,\omega;\cdot)}\rangle$

when $ t\rightarrow\infty$ for an arbitrary $\epsilon\in R^{1}$ . For the case when $X$ and $Y$ are
identically zero, an asymptotic estimate of (1. 2) has been obtained by H\"orman-

der (cf. Theorem 3. 2. 4 of [1]).

We first state several conditions imposed on the functions $\varphi,$
$X,$ $a,$ $\psi,$ $Y$.

Those conditions will be assumed throughout the paper. Let $\Omega$ be a compact
set in $R^{m}(m\geqq 1)$ and let $\Gamma$ be an open conic set contained in $R^{n}\times(R^{N}-\{0\})$ ,
$n\geqq 0,$ $N\geqq 1$ , that is, assume that $(x, \theta)\in\Gamma,$ $t>0$ implies $(x, t\theta)\in\Gamma$ . The first
conditions are concerned with $\varphi$ and $\psi$ :

$(C\varphi)$ 1) There exists a bounded open neighborhood $\Omega^{\prime}$ of $\Omega$ in $R^{m}$ such
that $\varphi(\omega;x, \theta)$ is a real-valued $C^{\infty}$ function on $\Omega^{\prime}\times\Gamma$ .

$2)^{1)}$ For any $\omega\in\Omega^{\prime}$ , the function $\varphi(\omega;\cdot, \cdot)$ is positively homogeneous
of degree 1 with respect to $\theta$ and has no critical point in $\Gamma$ , in other words,

a) $\varphi(\omega;x, t\theta)=t\varphi(\omega;x, \theta)$ , $\forall t>0$ , $\forall(x, \theta)\in\Gamma$,

b) $(\partial_{x}\varphi(\omega;x, \theta),$ $\partial_{\theta}\varphi(\omega;X, \theta))\neq 0$ , $\forall(x, \theta)\in\Gamma^{2)}$ .
$(C\psi)$ 1) $\psi$ is a real-valued $C^{\infty}$ function on $\Omega‘\times R^{n}$ .

2) For any $\omega\in\Omega^{\prime}$ and $x\in suppu$ , $\partial_{x}\psi(\omega;x)\neq 0$ .

Let $\Pi_{x}$ and $\Pi_{\theta}$ be the projection mapping from $R^{n}\times R^{N}$ onto $R^{n}$ and $R^{N}$ ,
respectively, and let real numbers $\rho,$

$\delta,$ $h_{1},$ $h_{2},$
$\epsilon_{0}$ and $h^{\prime}$ be fixed as

(1. 3) $1>\rho>1/2>\delta>0$, $h_{1},$ $h_{2}\in R^{1}$ ,

$0\leqq\epsilon_{0}<\min(\rho-1/2,1-\rho)$ , $h^{\prime}\leqq 3\rho-2+\epsilon_{0}$ .

The next three conditions are concerned with the functions $X,$ $Y$, and $a$ :
$(CX)$ 1) $X$ is a real-valued $C^{\infty}$ function on $R^{n}\times R^{N}$ .

2) For any compact set $L$ of $\Pi_{x}(\Gamma)$ and any multi-indices $\alpha,$ $\beta$ ,
there exists a positive constant $C$ such that for any $(x, \theta)\in L\times\Pi_{\theta}(\Gamma)$

(1. 4) $\{|(\partial_{\theta}^{\sim}\partial_{x}^{\beta}X)(x,\theta)|\leqq C(1+|\theta|)^{h^{\prime}-\rho 1\alpha|+(1-\rho)|\beta|}|(\partial_{\theta}^{\sim}\partial_{x}^{\beta}X)(x,\theta)|\leqq C(1+|\theta|)^{1-|\alpha|-\delta}$

, when $|\alpha|+|\beta|\leqq 2$ ,

when $|\alpha|+|\beta|\geqq 3$ .

1) The $real\cdot valued$ $C^{\infty}$ function $\varphi$ satisfying this condition is called a phase
function by H\"ormander [1].

2) Here and hereafter, $\partial_{x}$ and $\partial_{\theta}$ denote $(\partial/\partial x_{1}, \cdots, \partial/\partial x_{n})$ and $(\partial/\partial\theta_{1}, \cdots, \partial/\partial\theta_{N})$ ,
respectively.
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$(CY)$ 1) $Y$ is a real-valued $C^{\infty}$ function on $(0, \infty)\times\Omega^{\prime}\times R^{n}$ .
2) For any compact set $L$ of $R^{n}$ and any multi-index $\alpha$ , there exists

a positive constant $C$ such that

(1. 5) $|(\partial_{x}^{\alpha}Y)(t, \omega;x)|\leqq C(1+t)^{1-\delta}$, $\forall x\in L$, $\forall\omega\in\Omega^{\prime}$ , $\forall t>0$ .
$(Ca)$ 1) $a$ is a $C^{\infty}$ function on $R^{n}\times R^{N}$ .

$2)^{3)}$ For any compact set $L$ of $R^{n}$ and any multi-indices $\alpha,$ $\beta$ , there
exists a positive constant $C$ such that for any $(x, \theta)\in L\times R^{N}$

$|(\partial_{\theta}^{a}\partial_{x}^{\beta}a)(x, \theta)|\leqq C(1+|\theta|)^{h_{1}-|\alpha|}$ , when $|\alpha|+|\beta|\leqq 1$ ,
(16) $\{|(\partial_{\theta}^{a}\partial_{x}^{\beta}a)(x, \theta)|\leqq C(1+|\theta|)^{h_{2}-\rho 1\alpha|+(1-\rho)|\beta|}$

, when $|\alpha|+|\beta|\geqq 2$ .

3) There exists a compact set $K$ of $\Gamma$ such that $a(x, \theta)=0$ for any
$(x, \theta)\in R^{n}\times R^{N}-\{(x, t\theta)|t\geqq 1, (x, \theta)\in K\}$ .

Before stating our main result, we prepare the following proposition.

PROPOSITION 1. 1. SuppOse that the functions $\varphi,$
$\psi$, $X$, and $Y$ satisfy

conditions $(C\varphi),$ $(C\psi),$ $(CX)$ , and $(CY)$ , respectively. SuppOse further that there
exists a compact set $W$ of $\Gamma$ satisfying the following two conditions:

1 For any $\omega\in\Omega^{\prime}$ there exists a unique point $(x_{\infty}(\omega), \theta\infty(\omega))\in W^{i^{4)}}$ such that

(1. 7) $\{\partial_{x}\varphi(\omega;x_{\infty}(\omega),\theta_{\infty}(\omega))=\partial_{x}\psi(\omega;\partial_{\theta}\varphi(\omega;x_{\infty}(\omega),\theta_{\infty}(\omega))=0,x_{\infty}(\omega))$

.

2 For any $\omega\in\Omega^{\prime}$ and any $(x, \theta)\in W$,

(1. 8) det $\left(\begin{array}{llllll}\partial_{\theta}\partial_{\theta}\varphi & & & \partial_{\theta}\partial_{x}\varphi & & \\\partial\partial_{\theta}\varphi & \partial & \partial & \varphi-\partial & \partial & \psi\end{array}\right)(\omega;x, \theta)\neq 0$ .

Then there exist a positive constant $T>1$ and a bounded open neighborhood $U$

of $\Omega$ with its closure contained in $\Omega^{\prime}$ such that the following three assertions
hold:

i) For any $t>T,$ $\omega\in U$, and $(x, \theta)\in W$, the real symmetric matrix

(1. 9) $J(t, \omega;X, \theta)\equiv(\partial_{\theta}\partial_{x}f\partial_{\theta}\partial_{\theta}f$ $\partial_{x}\partial_{x}f\partial_{x}\partial_{\theta}f)(t, \omega;x, \theta)$

is non-singular, where $f$ is defined by

3) The class of the functions satisfying the lower estimate of (1. 6) for all $\alpha$ and
8 coincides with $S_{\beta,1-\rho}^{h_{2}}(R^{n}\times R^{N})$ of H\"ormander (cf. Definition 1. 1. 1 of [1]).

4) $W^{i}$ denotes the interior of the set $W$.
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\langle 1. 10) $f(t, \omega;x, \theta)=\varphi(\omega;x, \theta)-\psi(\omega;x)-X(x, t\theta)/t-Y(t, \omega;x)/t$.
Moreover there exists a positive constant $C$ such that

\langle 1. 11) $|J(t, \omega;x, \theta)-\left(\begin{array}{llllll}\partial_{\theta}\partial_{\theta}\varphi & & & \partial_{x}\partial_{\theta}\varphi & & \\\partial_{\theta}\partial\varphi & \partial & \partial & \varphi-\partial & \partial & \psi\end{array}\right)(\omega;x, \theta)|<Ct^{-\delta}$

for any $t>T,$ $\omega\in U$, and $(x, \theta)\in W$.
ii) There exists a uniquely determined function $(x_{c}, \theta_{c})$ : $(T, \infty)\times U\rightarrow W$

such that:

a) for any $t>T$ and $\omega\in U$,

\langle 112) $\{\partial_{\theta}f(t,\omega;x_{c}(t,\omega),\theta_{c}(t,\omega))=0\partial_{x}f(X_{C}$

,

and

b) for any $\omega\in U$,

(1. 13) $\lim_{t\rightarrow\infty}(x_{c}(t, \omega),$
$\theta_{c}(t, \omega))=(x_{\infty}(\omega), \theta_{\infty}(\omega))$ .

iii) The function $(x_{c}, \theta_{c})$ defined in ii) satisfy the following three assertions:
a) $(x_{c}, \theta_{c})$ is a $C^{\infty}$ function on $(T, \infty)\times U$.
b) The convergence of (1. 13) is uniform in $\omega\in U$.
c) For any $t>T$ and $\omega\in U$, the matrix $J(t, \omega;x_{c}(t, \omega), \theta_{c}(t, \omega))$ is non-

singular.

The proof is similar to that of Proposition 2. 2 of [4] hence is omitted.
Now we can state our main result.

THEOREM 1. 2. Let $\nu$ and $k$ be integers such that $\nu\geqq 1,$ $k>((h_{1}\vee h_{2})+N)/\delta_{1}$ ,
where $h_{1}\vee h_{2}=\max(h_{1}, h_{2}),$ $\delta_{1}=\min(\rho-h^{\prime}, \delta)>0$ . Suppose that all assumptions of
Proposition1.1 and condition $(Ca)$ are satisfied. Then:

i) For any $t>0$ and $\omega\in\Omega$ the following limit exists:

\langle 1. 14) $\lim_{\epsilon\rightarrow 0}\langle A_{\omega}.,, ue^{-it\psi(\omega;\cdot)-iY(t,\omega_{i)}}\rangle$ .

This defines a distribution $A_{\omega,0}\in \mathcal{D}^{\prime}(R^{n})$ . Moreover, for any $T^{\prime}>0$ there exists
a positive constant $C=C_{T^{\prime}}$ such that

(1. 15) \langle A.., $\epsilon’ ue^{-it\psi(\omega;\cdot)-iY(t,\omega;\cdot)}\rangle$ $|\leqq C$

holds for any $\epsilon\in R^{1},$ $\omega\in\Omega$ and $0<t<T^{\prime}$ .
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ii) There exist positive constants $T>1$ and $C>0$ such that for any $t>T$,
$\epsilon\in R^{1}$ , and $\omega\in\Omega$ the following estimate holds:

(1. 16) $|.\langle A_{\omega}, ., ue^{-it\psi(\omega;\cdot)-iY(t,\omega;\cdot)}\rangle$

$-(2\pi)^{(N+n)/2}e^{\pi i\sigma/4}t^{(N-n)/2}e^{itf(t,\omega;x_{C}(t,\omega),\theta_{c}(t,\omega))}$

$\times|\det J|^{-1/2}\sum_{j=0}^{\nu- 1}$ (\langle J $D,$ $D\rangle^{j}u_{t.\omega}^{\epsilon}$) (0) $((2i)^{j}/j !)$ $t^{-j}|$

$\leqq C(2^{\nu}\nu 1)^{-1}(N+n)^{2}|J|^{\nu(N+n- 1)}$ ldet $J|^{-(\nu+1/2)}$

$\times t^{(N-n)/2+h_{1}\sqrt h_{2}+\epsilon 0+(N+n+1)(1-\rho+\epsilon 0)+(1- 2(\rho^{-\xi}0))\nu}$

$+Ct^{N+h_{1}\vee h_{2}-k\delta_{1}}$ .
Here $f$ is the function defined by (1. 10); $(x_{c}, \theta_{c})$ is the critical point of $f$ defined
in Proposition 1. 1; $ J=J(t, \omega;x_{c}(t, \omega), \theta_{c}(t, \omega));\sigma$ denotes the signature of the
real symmetric matrix $J;|J|=(\sum_{i.j=1}^{N+n}|J_{ij}|^{2})^{1/2}$ where $J_{ij}$ denotes the $(i, j)$ com-
ponent of $J;D=-i\partial_{y}$ ; $u_{t.\omega}^{\epsilon}$ is defined by (2. 16) of \S 2 below; and $C$ depends
only on $\nu,$

$k,$
$\varphi,$

$\psi,$ $X,$ $Y$, and a (see \S 2. 2, 2nd, 4th and 5th steps).

iii) In particular there exist positive constants $T>1$ and $C>0$ such that the
following two estimates hold for $t>T,$ $\epsilon\in R^{1}$ , and $\omega\in\Omega$ :

(1. 17) $|\langle A_{\omega.\epsilon\prime}ue^{-it\psi(\omega;\cdot)- iY(t,\omega;\cdot)}\rangle$

$-(2\pi)^{(N+n)/2}e^{\pi i\sigma/4}t^{(N-n)/2}e^{\ell tf(t,\omega;x_{c}(t,\omega),\theta_{c}(t,\omega))}$

$\times|\det J|^{-1/2}a(x_{c}(t, \omega),$ $t\theta_{c}(t, \omega))$

$\times\sum_{j=0}^{\nu- 1}(\langle J^{-1}D, D\rangle^{j}v_{t.\omega}^{\epsilon})(0)t^{-j}(2i)^{f}/jt|$

$\leqq C(t^{(N-n)/2+h_{1}\vee h_{2}+\epsilon 0+(N+n+1)(1-\rho+\epsilon_{0})+(1-2}\varphi-\epsilon_{0}))\nu$

$+t^{(N-n)/2- 1+\max(h_{1},h_{1}+h^{\prime}+2-3\rho,h_{2}+2-2\rho)}+t^{N+h_{1}h_{2}- k\delta_{1}})$ .
(1. 18) $|\langle A_{\omega,\epsilon}, ue^{-it\psi(\omega;\cdot)-iY(t,\omega;\cdot)}\rangle$

$-(2\pi)^{(N+n)/2}e^{\pi i\sigma/4}t^{(N- n)/2}e^{itf(t,\omega;x_{c}(t,\omega),\theta_{c}(t,\omega))}$

$\times|\det J|^{-1/2}a(x_{c}(t, \omega),$ $t\theta_{c}(l, \omega))u(x_{c}(t, \omega))$

$\times\chi(\epsilon t\theta_{c}(t, \omega))|$

$\leqq C(t)+(1-2$
$+t^{(N-n)/2- 1+\max(h_{1\prime}h_{1}+h^{\prime}+2- 3\rho,h_{2}+2-2\rho)}$

$+t^{N+h_{1}\vee h_{2}-k\delta_{1}}+t^{(N- n)/2+h_{1}h_{2}+\min(- 1/2,1-2\rho)})$ .
Here $f_{t.\omega}$ is defined by (2. 16) in \S 2 below.
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iv) When the function $a$ satisfies the lower estimate of (1. 6) for all $\alpha$ and
$\beta$ , that is, when $a\in S_{\rho^{2}1-\rho}^{h}(R^{n}\times R^{N})^{5)}$ , then $i$ ) $\sim iii$ ) above remain valid with $h_{1}\vee h_{2}$

and max $(h_{1}, h_{1}+h^{\prime}+2-3\rho, h_{2}+2-2\rho)$ in the powers replaced by $h_{2}$ and
$ h_{2}+2-2\rho$ , respectively.

\S 2. Proof of Theorem 1. 2.

2. 1. PROOF OF i). Since $\varphi(\omega;\cdot, \cdot)$ has no critical point in $\Gamma$ for any
$\omega\in\Omega^{\prime}$ , we can prove the existence of a first order differential operator

$ P=\sum$ a $j\partial/\partial\theta_{j}+\sum b_{j}\partial/\partial x_{j}+c$

satisfying ${}^{t}Pe^{i\varphi}=e^{i\varphi}$ in a way similar to Lemma 1. 2. 1 of H\"ormander [1].

Here ${}^{t}P$ is the adjoint of $P$, and $a_{j}(\omega;x, \theta),$ $b_{j}(\omega;X, \theta)$ , and $c(\omega;X, \theta)$ are
$C^{\infty}$ functions on $\Omega^{\prime}\times\Gamma$ satisfying the following estimate: For any compact set
$L$ of $\Pi_{x}(\Gamma)$ and any multi-indices $\alpha,$ $\beta$ , there exists a positive constant $C_{a,\beta}$

such that for any $x\in L,$ $\theta\in\Pi_{\theta}(\Gamma)$ and $\omega\in\Omega$ ,

(2. 1) $\left\{\begin{array}{l}|\partial_{\theta}^{\alpha}\partial_{x}^{\beta} a j(\omega;X, \theta)|\leqq C_{\alpha,\beta}(1+|\theta|)^{-|\alpha|},\\|\partial_{\theta}^{\alpha}\partial_{x}^{\beta}b_{j}(\omega;x, \theta)|\leqq C_{\alpha.\beta}(1+|\theta|)^{-1-|a|},\\|\partial_{\theta}^{\alpha}\partial_{x}^{\beta}c(\omega;x, \theta)|\leqq C_{\alpha,\beta}(1+|\theta|)^{-1-1a1}.\end{array}\right.$

Therefore by integration by parts, we get for any integer $k$

(2. 2) $\langle A_{\omega,\epsilon}, ue^{-it\psi- iY}\rangle$

$=\int_{R^{N}}\int_{R^{n}}e^{t\varphi}P^{k}[a(x, \theta)e^{-ig(t,v.x,\theta)}u(x)\chi(\epsilon\theta)]dxd\theta$,

where $g(t, \omega;x, \theta)=t\psi(\omega;x)+X(x, \theta)+Y(t, \omega;x)$ . On the other hand, if we
put $\tilde{a}_{t\omega}(x, \theta)=a(x, \theta)e^{-ig(t,\omega,x,\theta)}$ , then one can prove the following estimate
by direct computation: For any compact set $L$ of $\Pi_{x}(\Gamma)$ and any multi-indices
$\alpha,$

$\beta$ , there exists a positive constant $C_{\alpha,\beta}$ such that

(2. 3) $|\partial_{\theta}^{\alpha}\partial_{x}^{\beta}a_{t,\omega}(x, \theta)|\leqq C_{a.\beta}(1+|\theta|)^{h_{1}\vee\hslash_{2}-\delta_{1}I\alpha|+(1-\delta_{1})|\beta|}$

holds for any $x\in L,$ $\theta\in\Pi_{\theta}(\Gamma),$ $\omega\in\Omega$ and $0<t<T^{\prime}$ , where $h_{1}\vee h_{2}=\max(h_{1}, h_{2})$

and $\delta_{1}=\min(\rho-h^{\prime}, \delta)>0$ . From (2. 1) and (2. 3), we have for any $k$

(2. 4) $|P^{k}[d_{t,\omega}(x, \theta)u(x)\chi(\epsilon\theta)]|\leqq C_{k}(1+|\theta|)^{h_{1}h_{2}-k\delta_{1}}$

for some positive constant $C_{k}$ independent of $x\in L,$ $\theta\in\Pi_{\theta}(\Gamma),$ $0<t<T^{\prime}$ , and

5) cf. footnote 3).
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$\omega\in\Omega$ . Thus taking $k>(h_{1}\vee h_{2}+N)/\delta_{1}$ , we get from (2. 2) and (2. 4)

$|\langle A_{\omega.\epsilon}, ue^{-it\psi-iY}\rangle|\leqq C_{T^{\prime}}$

for some positive constant $C_{T^{\prime}}$ independent of $\epsilon\neq 0,$ $\omega\in\Omega$ , and $0<t<T^{\prime}$ . The
existence of the limit (1. 14) can also be proved by using (2. 4).

2. 2. PROOF OF ii). We divide the proof into 5 steps.

1st step: We shall divide the integral (1. 2) into the sum of two integrals,
that is, into the one near the critical point $(x_{c}, \theta_{c})$ of $f$ defined in Proposition
1. 1 and the one on the remainder region. For this purpose we first make a
change of variable $\theta\rightarrow t\theta(t>0)$ in (1. 2). Then we obtain

(2. 5) $\langle A_{\omega.\epsilon}, ue^{-it\psi- iY}\rangle=t^{N}\int_{R^{n}}\int_{R^{N}}e^{ttf(t,\omega.x,\theta)}a(x, t\theta)u(x)\chi(\epsilon t\theta)d\theta dx$ .

For $T_{1}>T$ and $\omega\in\Omega$ put

$A(\omega)=\{(x, \theta)|(x_{c}(t, \omega)+x, \theta_{c}(t, \omega)+\theta)\in\tilde{B}, \forall t>T_{1}\}$ ,

where $\tilde{B}(\subset W)$ is a bounded open neighborhood of $B\equiv(x_{\infty}, \theta_{\infty})(\Omega)^{6)}$ . Then
by iii), b) of Proposition 1. 1, $A(\omega)$ is a neighborhood of $(0,0)\in R^{n}\times R^{N}$ and
satisfies

$\inf_{\omega\in 9}$ dist $((0,0),$ $A(\omega)^{c})>0^{7)}$

if $T_{1}$ is sufficiently large. Thus there exists an open ball $\tilde{A}$ in $R^{n}XR^{N}$ with
center $(0,0)$ such that $\tilde{A}\subset A(\omega)$ for any $\omega\in\Omega$ . Now define

(2. 6) $f(x, \theta;\tau, \omega)=\left\{\begin{array}{l}f(\tau^{-1},\omega.x+x_{c}(\tau^{-1},\omega),\theta+\theta_{c}(\tau^{-1},\omega)), 0<\tau<T_{1}^{-1},\\\varphi(\omega.x+x_{\infty}(\omega),\theta+\theta_{\infty}(\omega))-\psi(\omega.x+x_{\infty}(\omega)), \tau=0.\end{array}\right.$

To this function we shall apply the following Morse lemma.

LEMMA 2. 1. Let $B$ be an open ball in $R^{k}(k\geqq 1)$ with center $0\in R^{k},$ $\Omega$ be
a compact space, and $J=[0, R](R>0)$ . Let $f(\cdot ; \tau, \omega)$ be a real-valued $C^{\infty}$

function on $B$ for an arbitrarily fixed $(\tau, \omega)\in J\times\Omega$ , and suppose that $f$ satisfies
the following conditions:

a) $\partial_{x}f(0;\tau, \omega)=0$, $\forall(\tau, \omega)\in J\times\Omega$ ;

b) The matrix $A(\tau, \omega)\equiv\partial_{x}\partial_{x}f(0;\tau, \omega)$ is non-singular for $\forall(\tau, \omega)\in J\times\Omega$ ;
and

6) $(x_{\infty}, \theta_{\infty})(\Omega)$ denotes the image of $\Omega$ by the mapping $(x_{\infty}, \theta_{\infty})$ . Notice that
$(x_{\infty}, \theta_{\infty})(\Omega)$ is compact because $\Omega$ is compact and the mapping $(x_{\infty}, \theta_{\infty})$ is continuous
by iii), b) of Proposition 1. 1.

7) dist $(A, B)$ denotes the distance between the sets $A$ and $B$ , and $A^{c}$ denotes the
complement of the set $A$ .
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c) $\partial_{x}\partial_{x}f(x;\tau, \omega)$ is continuous in $(x, \tau, \omega)\in B\times JXQ$ .
Supp0se furthermore that the following estimate holds for some convex sequence
$\{a(k)\}_{k=1}^{\infty}$ of real numbers satisfying $a(1)=a(2)=0$ : For any multi-index $\alpha$ ,
there exists a positive constant $C_{\alpha}$ such that

(2. 7) $|\partial_{x}^{\alpha}f(x;\tau, \omega)|\leqq C_{a}\tau^{-a(\mathfrak{l}\alpha 1)}$

holds for any $(x, \tau, \omega)\in B\times J^{i}\times\Omega$ .
Then we can find an open ball $B^{\prime}\subset B$ in $R^{k}$ with center $0$ such that for any

$(\tau, \omega)\in J\times\Omega$ there exist an oPen neighborhood $V_{\tau,\omega}$ of $0$ in $R^{k}$ and a $C^{\infty}$

diffeomorphism $\varphi_{\tau.\omega}$ : $V_{\tau.\omega}\rightarrow B^{\prime}$ satisfying the following properties:

i) $\forall(\tau, \omega)\in J\times\Omega$, $\varphi_{\tau,\omega}(0)=0$ ;

ii) $\forall(\tau, \omega)\in J\times\Omega$ , $\forall y\in V_{\tau.\omega}$ ,

(2. 8) $f(\varphi_{\tau.\omega}(y);\tau, \omega)=f(0;\tau, \omega)+\langle A(\tau, \omega)y, y\rangle/2$ ;

iii) $\forall(\tau, \omega)\in J\times\Omega$ ,

(2. 9) $\{sgn(\det\partial_{y}\varphi_{\tau.\omega}(y))=constant|\det\partial_{y}\varphi_{\tau.\omega}(0)|=1,\cdot$

for $y\in V_{\tau\omega}$ ,

iv) $\forall\alpha$ , $\exists C_{\alpha}>0$, $\forall(\tau, \omega)\in J^{i}\times\Omega$ , $\forall y\in V_{\tau,\omega}$ ,

$|\partial_{y}^{\alpha}\varphi_{\tau.\omega}(y)|\leqq C_{a}\tau^{-a(|a\{+2)}$ ,
(210)

$\{|\partial_{y}^{\alpha}\varphi_{-,\omega}\vee(0)|\leqq C_{a}\tau^{-a(|a|+1)}$

; and

v)

inf dist $(0, V_{\tau,\omega}^{c})>0$ ,
(211) $\{(\tau,\omega)\in J\times\Omega\sup$

diam $V_{\tau.\omega}<\infty^{8)}$ .
$(-,\omega)\in J\times\Omega$

The proof of this lemma is similar to that of Lemma A. 6 of H\"ormander

[2]. But our lemma is somewhat different from H\"ormander’s in the sense that
our estimate (2. 10) includes the one on a neighborhood of the origin, while
H\"ormander’s estimate (A. 10) is only concerned with the one restricted to
the origin. Consequently we must somewhat modify the proof of H\"ormander.

However the proof does not change essentially and is easily reconstructed from
that of Lemma A. 6 of [2] hence is omitted.

If we put $k=n+N,$ $B=\tilde{A},$ $\Omega=\Omega,$ $R=T_{1}^{-1},$ $f=;$, and $a(k)=\max(0, (1-\rho)k$

$+h^{\prime}-1)$ in this lemma, then all assumptions of the lemma are satisfied.
Thus the assertions $i$ ) $\sim v$) of the lemma hold with

8) diam $A$ denotes the diameter of the set $A$ .
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$A(\tau, \omega)=\left\{\begin{array}{ll}J(\tau^{-1}, \omega;x_{\iota}(\tau^{-1}, \omega), \theta_{c}(\tau^{-1}, \omega)) & for 0<\tau<T_{1}^{-1},\\(\omega; & (\omega), \theta_{\infty}(\omega)) for \tau=0.\end{array}\right.$

Let $r=diamB^{\prime}/4$ and choose $\tilde{\chi}\in C_{0}^{\infty}(R^{n}\times R^{N})$ so that supp $\tilde{\chi}\subset B^{\prime}$ and $\tilde{\chi}(x, \theta)=1$

for $|(x, \theta)|\leqq r$ . Now introducing the partition of unity $1=\tilde{\chi}+(1-\tilde{\chi})$ , we write
(2. 5) in the form

(2. 12) $\langle A_{\omega,\epsilon}, ue^{-it\psi- iY}\rangle=I_{1}(\epsilon, \omega;t)+I_{2}(\epsilon, \omega;t)$ ,

where

(2. 13) $I_{1}(\epsilon, \omega;t)$

$=t^{N}\int_{R^{n}}\int_{R^{N}}e^{itf(t.\omega_{i}x.\theta)}a(x, t\theta)u(x)\chi(\epsilon t\theta)$

$\times\tilde{\chi}$ ( $x-x_{c}$ ( $t$, to), $\theta-\theta_{c}(t,$ $\omega)$ ) $d\theta dx$ ,

(2. 14) $I_{2}(\epsilon, \omega;t)$

$=t^{N}\int_{R^{n}}\int_{R^{N}}e^{ttf(t.\omega;x.\theta)}a(x, t\theta)u(x)\chi(\epsilon t\theta)$

$\times(1-\tilde{\chi}(x-x_{\iota}(t, \omega),$ $\theta-\theta_{c}(t, \omega)))d\theta dx$ .

2nd step: We shall estimate $I_{1}(\epsilon, \omega;t)$ . Making a change of variable
$x\rightarrow x+x_{c}(t, \omega),$ $\theta\rightarrow\theta_{c}(t, \omega)$ in (2. 13), recalling the definition of $\tilde{f}$, and using
the result of Lemma 2. 1, we can rewrite $I_{1}$ as follows:

(2. 15) $I_{1}(\epsilon, \omega;t)$

$=t^{N}e^{itft,x_{C}(t,\omega),\theta_{C}(t,\omega))}(\omega_{i}\int_{R^{n+N}}e^{it<A(\iota- 1_{\omega)y,y>/2}}’ u_{t,\omega}^{\epsilon}(y)dy$ ,

where

(2. 16) $\left\{\begin{array}{l}u_{t.\omega}^{e}(y)=a(x+x_{c}(i,\omega),t(\theta+\theta_{c}(t,\omega)))|_{(x,\theta)=\varphi t^{-1},\omega^{(y)}}v_{t.\omega}^{\epsilon}(y),\\v_{\ell_{\prime}\omega}^{\epsilon}(y)=w_{t.\omega}^{\epsilon}(x+x_{c}(t,\omega),t(\theta+\theta_{c}(t,\omega)))|_{(x,\theta)=\varphi t^{-1},\omega^{(y)}}|det\partial_{y}\varphi_{t^{-1}\omega}(y)|,\\w_{l_{\prime}\omega}^{\text{\’{e}}}(x,\theta)=u(x)\chi(\epsilon\theta)\tilde{\chi}(x-x_{c}(t,\omega),\theta/t-\theta_{c}(t,\omega)).\end{array}\right.$

Therefore by Lemma A. 2 of H\"ormander [2], we obtain



136 H. KITADA

(2. 17) $|I_{1}(\epsilon, \omega;t)$

$-(2\pi)^{(N+n)/2}e^{\gamma\sigma i\sigma/4}t^{(N- n)/2}e^{itf(t.\omega_{i}x_{C}(t,\omega),\theta_{c}(t.\omega))}$

$\times|\det J|^{-1/2}$ $\sum_{=,J0}^{\nu-1}(\langle J^{-1}D, D\rangle^{j}u_{l.\omega}^{s})(0)((2i)^{j}/j !)$ $t^{-j}|$

$\leqq(2^{\nu}\nu 1)^{-1}(N+n)^{2}|J|^{\nu(N+n-1)}|\det J|^{-(\nu+1/2)}t^{(N-n)/2-\nu}$

$\times\sum_{|a1\leq 2\nu+N+n+1}\int_{R^{n+N}}|\partial_{y}^{\alpha}u_{t.\omega}^{e}(y)|dy$ ,

where $\sigma$ and $J$ are the same as in Theorem 1. 2. On the other hand, direct
computation gives for any $\alpha$

$|\partial_{y}^{a}u_{t.\omega}^{\epsilon}(y)|\leqq C_{\alpha}t^{\hslash_{1}\vee h_{2}+\epsilon_{0}+(1-\varphi-\epsilon 0))|\alpha|}$

for some constant $C_{\alpha}>0$ independent of $y\in R^{n+N}$ , $\epsilon\neq 0,$ $\omega\in\Omega$ , and $t>T_{1}$ ,
where we have used $h^{\prime}\leqq 3\rho-2+\epsilon_{0}^{9)}$ . Therefore the left-hand side of (2. 17) is
bounded by a constant times

(2. 18) $(2^{\nu}\nu 1)^{-1}(N+n)^{2}|J|^{\nu(N+n- 1)}|\det J|^{-(\nu+1/2)}$

$\times t^{(N-n)/2-\nu+h_{1}\vee h_{2}+\epsilon_{0}+(2\nu+N+n+1)(1-(\rho^{-\epsilon}0))}$ .
3rd step: We shall next consider $I_{2}$ . By (1. 13) and iii), b) of Proposition

1. 1 we can find a positive constant $T_{2}>T_{1}$ such that for any $t>T_{2}$ and $\omega\in\Omega$ ,

$|(x_{c}(t, \omega),$ $\theta_{c}(t, \omega))-(x_{\infty}(\omega), \theta_{\infty}(\omega))|<r/2$ .

Therefore if we put

$E_{t.\omega}=supp\{(1-\tilde{\chi}(x-x_{c}(t, \omega), \theta-\theta_{c}(t, \omega)))a(x, t\theta)u(x)\}$ ,

then we obtain

$|(x, \theta)-(x_{\infty}(\omega), \theta_{\infty}(\omega))|>rf2$

for any $\omega\in\Omega,$ $t>T_{2}$ and $(x, \theta)\in E_{t\omega}$ . Then in the same way as in the proof
of Theorem 3. 2. 4 of [1] (cf. page 152 of [1]), we can prove the existence of
a positive number $\kappa$ such that for any $t>T_{2},$ $\omega\in\Omega$ , and $(x, \theta)\in E_{t,\omega}$ either

$|\partial_{\theta}\varphi(\omega;x, \theta)|>\kappa$ or $|\partial_{x}\varphi(\omega;x, \theta)-\partial_{x}\psi(\omega;x)|\geqq\kappa(1+|\theta|)$

holds. Now we can choose $\hat{\chi}_{\omega}\in C^{\infty}(R^{n}\times R^{N})$ so that any derivative of $\hat{\chi}_{\omega}$ is
continuous in $\omega\in\Omega;\hat{\chi}_{\omega}$ does not depend on $\theta$ if $|\theta|>1$ ; and $\hat{\chi}_{\omega}(X, \theta)=1$ when

9) In all the other parts of this Paper, we only need assume $h^{\prime}\leqq 2\rho-1$ essentially.
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$|\partial_{\theta}\varphi(\omega;x, \theta)|<\kappa/2$ and $=0$ when $|\partial_{\theta}\varphi(\omega;x, \theta)|>\kappa$ . Using this $\hat{\chi}_{\omega}$ we divide
$I_{2}$ in the form

(2. 19) $I_{2}(\epsilon, \omega;t)=J_{1}(\epsilon, \omega;t)+J_{2}(\epsilon, \omega;t)$ ,

where
$J_{1}(\epsilon, \omega;t)$

$=t^{N}\int_{R^{n}}\int_{R^{N}}:)-\psi x))t\theta)e^{-iX(x.t\theta)-iY(t.\omega;x)}$

$\times u(x)(1-\tilde{\chi}(x-x_{c}, \theta-\theta_{c}))\hat{\chi}_{\omega}(x, \theta)\}\chi(\epsilon t\theta)d\theta dx$ ,

and

$J_{2}(\epsilon, \omega;t)$

$=t^{N}\int_{R^{n}}\int_{R^{N}}e^{it\varphi(\omega x.\theta)}:\{a(x, t\theta)e^{-iX(x.t\theta)}(1-\tilde{\chi}(x-x_{c}, \theta-\theta_{c}))$

$\times(1-\hat{\chi}_{\omega}(x, \theta))\}\chi(\epsilon t\theta)\epsilon^{-it\psi x)-iY(t.\omega x)}(\omega;;u(x)d\theta dx$ .

4th step: We shall first estimate $J_{1}$ . As in page 152 of [1], we put

$P=-\sum_{j=1}^{n}$ $a$ !

$(a_{0}=-\sum_{j=1}^{n}\partial a_{j}/\partial x_{j}a_{j}=-i\partial(\varphi-\psi)/\partial_{X_{j}}(\sum_{k=1}^{n}(\partial(\varphi-\psi)/\partial x_{k})^{2})^{-1}$

,

Then we have ${}^{t}Pe^{it(\varphi-\psi)}=te^{it(}\varphi-\psi$ ) and for any $\alpha$

(2. 20) $|\partial_{x}^{a}a_{j}(\omega;x, \theta)|\leqq C_{\alpha}(1+|\theta|)^{-1}$ , $j=0,1,$ $\cdots,$ $n$ ,

where $C_{a}>0$ is a constant independent of $\omega\in\Omega,$ $(x, \theta)\in E_{t.\omega}$ . Therefore by
integration by parts we obtain for any $k$

$J_{1}(\epsilon, \omega;t)$

$=t^{N}\int_{R^{n}}\int_{R^{N}}e^{it(\varphi(\omega;x.\theta)-\psi(\omega;x))}t^{-k}P^{k}\{a(x, t\theta)$

$Xe^{-iX(x.t\theta)-iY(t,\omega;x)}u(x)(1-\tilde{\chi}(x-x_{c}, \theta-\theta_{c}))\hat{\chi}_{\omega}(x, \theta)\}\chi(\epsilon t\theta)d\theta dx$ .
The integrand of this integral can be estimated by using (2. 20), $(Ca),$ $(CX)$ .
and $(CY)$ as follows.
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$|integrand|\leqq C_{k}t^{h_{1}\vee h_{2}-k\delta_{1}}(1+|\theta|)^{h_{1}\vee h_{2}-k\delta_{1}}$

for any $k$ where constant $C_{k}>0$ is independent of $\epsilon\neq 0,$ $t>T_{2},$ $\omega\in\Omega$ , and
$(x, \theta)\in E_{t.\omega}$ . Thus taking $k>(N+h_{1}\vee h_{2})/\delta_{1}$ , we get

(2. 21) $|J_{1}(\epsilon, \omega;t)|\leqq Ct^{N+h_{1}\vee h_{2}- k\delta_{1}}$ .

5th step: Finally we shall estimate $J_{2}$ . Putting

$ A(\epsilon, t, \omega;x)=\int_{R^{N}}e^{it\varphi(\omega;x.\theta)}b_{t,\omega}(x, \theta)\chi(\epsilon t\theta)d\theta$ ,
$\{b_{t\omega}(x, \theta)=a(x, t\theta)e^{-iX(x,t\theta)}(1-\tilde{\chi}(x-x_{c}, \theta-\theta_{c}))(1-\hat{\chi}_{\omega}(x, \theta))$

,

we can rewrite $J_{2}$ in the form

$J_{2}(\epsilon, \omega;t)=t^{N}\int_{R^{N}}A(\epsilon, t, \omega;x)u(x)e^{-it\psi(\omega,x)-iY(t,\omega.x\backslash }dx$ .

Define $P$ by

$P=\sum_{j=1}^{N}$ a $j\partial/\partial\theta_{J}+c$ ,

$\left\{\begin{array}{l}a j^{=i(1-\chi)\partial\varphi/\partial\theta_{J}(\sum_{j=1}^{N}(\partial\varphi/\partial\theta_{j})^{2})^{-1}}\approx\\ c=\chi+\sum_{j\approx 1}^{N}\partial a_{j}/\partial\theta_{j}\approx,\end{array}\right.$

where $\approx\chi\in C_{0}^{\infty}(R^{N})$ is taken as $\approx\chi(\theta)=1$ near $0$ . Then $P$ satisfies ${}^{t}Pe^{it\varphi}=te^{it_{\mathcal{P}}}$

hence we have for any $k$

(2. 22) $ A(\epsilon, t, \omega;x)=t^{-k}\int_{R^{N}}e^{\ell t\varphi}P^{k}\{b_{t,\omega}(x, \theta)\chi(\epsilon t\theta)\}d\theta$.

On the other hand, $a_{j}$ and $c$ satisfy the following estimate: For any $\alpha$ we
can find a constant $C_{\alpha}>0$ such that for any $t>T_{2},$ $\omega\in\Omega$ and $(x, \theta)\in E_{t.\omega}$ ,

$|\partial_{\theta}^{\alpha}a_{j}(\omega;x, \theta)|\leqq C_{a}(1+|\theta|)^{-|\alpha|}$ ,
(2. 23) $\{|\partial_{\theta^{x}}^{l}c(\omega;x, \theta)|\leqq C_{a}(1+|\theta|)^{-1-|\alpha|}$

.

Furthermore direct computation gives for any $\alpha$

(2. 24) $|\partial_{\theta}^{\alpha}b_{t,\omega}(x, \theta)|$

$\leqq cr^{h_{1}h_{2}+(1-\delta_{1})|\alpha|}(1+|\theta|)^{\hslash_{1}h_{2}-\delta_{1}1a1}$

$+C\sum_{d^{\prime}+\alpha^{\prime}=\alpha}t^{h_{1}\sqrt h_{b}+\langle 1-\delta_{1})I\alpha^{\prime}I}(1+|\theta|)^{\hslash_{1}\sqrt{}\hslash_{2}-\delta_{1}\mathfrak{l}\alpha^{\prime}\{}\Psi(\theta)$ ,
$|\alpha^{\prime}|\geqq 1$
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where $\Psi(\theta)=1$ when $|\theta|\leqq A$ and $=0$ when $|\theta|>A$ for some constant $A>0$, and
$C>0$ is a constant independent of $t>T_{2},$ $\omega\in\Omega,$ $(x, \theta)\in E_{t,\omega}$ . Therefore by
(2. 23) and (2. 24), the integrand of (2. 22) is bounded by a constant times

$t^{\hslash_{1}\hslash_{2}+k(1-\delta_{1)}}(1+|\theta|)^{h_{1}\vee h_{2}- k\delta_{1}}$ .

Thus taking $k>(h_{1}\vee h_{2}+N)/\delta_{1}$ , we get

(2. 25) $|J_{2}(\epsilon, \omega;t)|\leqq Ct^{N+h_{1}\vee h_{2}-k\delta_{1}}$ .

Therefore we have by (2. 19), (2. 21), and (2. 25)

$|I_{2}(\epsilon, \omega;t)|\leqq Ct^{N+h_{1}h_{2}-k\delta_{i}}$ ,

where $C>0$ is independent of $t>T_{2},$ $\epsilon\neq 0$ , and $\omega\in\Omega$ . Combining this with
(2. 18) proves ii) of Theorem 1. 2.

2. 3. PROOF OF iii). By virtue of ii), (1. 17) follows from the following
estimate: For any integer $j\geqq 1,$ $t>T,$ $\epsilon\in R^{1}$ , and $\omega\in\Omega$ ,

(2. 26) $|t^{-j}$ $\sum$ $[\partial\beta\{a(x+x_{c}, t(\theta+\theta_{c}))|_{(x.\theta)=\varphi_{t^{-1_{\omega^{(y)}}}}}.\}]_{y=0}(\partial_{y}^{\gamma}v_{t.\omega}^{\epsilon})(0)|$

$|\beta^{1+}|\beta|^{\gamma 1=2j}\geq 1$

$\leqq C_{j}t^{-1+\max(\hslash_{1},h_{1}+h^{\prime}+2- 3\rho\cdot h_{2}+2- 2\rho)}$ ,

where $C_{j}$ is a positive constant independent of $t,$ $\epsilon$ , and $\omega$ . But this can be
proved by direct calculation using the estimate (2. 10) of Lemma 2. 1 and the
assumption $(Ca)$ .

Thus to prove (1. 18) it now suffices to note the next estimate which can
also be proved by using (2. 10):

(2. 27) $|\sum_{j=1}^{\nu- 1}(\langle J^{-1}D, D\rangle^{j}v_{t,\omega}^{s})(0)t^{-j}(2i)^{j}/j$ I $|\leqq C_{v}t^{\min(-1/2,1- 2\rho)}$ , $v\geqq 2$ ,

where constant $C_{\nu}$ is independent of $t,$ $\epsilon$ , and $\omega$ .
2. 4. PROOF OF iv). We have only to check that all the estimates stated

in \S \S 2. 1\sim 2. 2 hold with $h_{1}\vee h_{2}$ replaced by $h_{2}$ , and that (2. 26) holds with the
right-hand side replaced by $C_{j}t^{\hslash_{2}+1-2\rho}$ . But this has been essentially done
already. This completes the proof of Theorem 1. 2.
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