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§1. Introduction and statement of results.

In the paper we shall perform surgery on a compact locally flat m-sub-
manifold in a compact 1-connected (m-+2)-manifold so that a new submanifold
is relatively highly connected to the ambient manifold. The technique may
be regarded as a generalization of that originated by M. Kervaire (5],
Chapter III) and J. Levine for studying higher dimensional knot cobordism
in codimension two, and used by M. Kato for embedding spheres in codi-
mension two.

We shall work mainly in the PL category, although required results in
the differentiable category may be obtained via the smoothing theory, which
is now familiar, under appropriate modification, if meaningful. Thus all
manifolds considered will be PL, compact and oriented, and homeomorphisms
©of manifolds will be PL and orientation preserving.

Our purpose of the paper is to classify certain locally flat closed m-
submanifolds, called m-knots, in a compact 1l-connected (+2)-manifold up to
<oncordance in terms of their homology classes.

Let W be a compact l-connected (m-2)-manifoid.

DEFINITION. By an m-knot in W we shall mean a locally flat closed m-
submanifold M of W satisfying one of the following conditions (1) and (2):

1) If m=2n+1, then 7 (W, M)=0 for k=n+1 and the inclusion map

induces an isomorphism

Hn—l—l(M) = Hn-t-l(W) .

(2) If m=2n, then =, (W, M)=0 for k<n+1.

By an almost m-knot in W we shall mean a closed m-submanifold M in
the interior of W which is locally flat except for at a point and satisfies (1)
or (2).

DEFINITION. A homology class g H,(W) is a Poincaré class, if the cap
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product with g gives rise to homomorphisms N p: H™ *(W)— H(W) satisfy-
ing one of the following conditions (1) and (2).
(1) If m=2n+1, then

Np: H*W)= Hp(W) and np: HYW(W) = H,(W).
(2) If m=2n, then
Np: H"W)y= H,(W) and Np: H* (W) —> Hys (W)

is surjective.

It is seen that by computation (Lemma 2.I) an m-knot in W represents:
a Poincaré class. We ask ourselves if the converse is true: namely, can one
represent a Poincaré class ¢ < H,(W) by an m-knot or an almost m-knot in
w?

THEOREM A (Existence theorem). Let W be a compact 1-connected (m+2)-
manifold.

(1) If m=2n+1, then any Poincaré class of H,(W) can be represented by

an m-knot in W, provided that n=1.

@) If m=2n=6, i.e.,, m =2, 4, then any Poincaré class of H,(W) can be

represented by an almost m-knot in W.

This is a generalization of M. Kato [4]. ‘

DEFINITION. Locally flat closed m-submanifolds M and L in W are locally
flat concordant, if there is a locally flat compact submanifold V in WxI
which is homeomorphic with MxI and 0V=Mx0\U(—L)x1l. We shall say
that M and L are locally flat concordant modulo a spherical m-knot, if there
is a locally flat (m—+2, m)-sphere pair (S™*?, %), called a spherical m-knot, such
that if one takes a relative connected sum of (W, M) and (S™*? %) along
unknotted (m--2, m)-ball pairs in the interiors of them, then the result M2
is locally flat concordant to L in W.

THEOREM B (Classification theorem). Let W be a compact l-connected
(m—+2)-manifold.

(1) If m=2n+1=5, then m-knots in W are locally flat concordant modulo

a spherical knot if and only if they represent the same homology class.

@) If m=2n=6, then m-knots in W are locally flat concordant if and

only if they represent the same homology class.

This is an extension of Kervaire [5].

Part of our arguments works equally well in the non-simply connected
case. Indeed, we perform surgery below the middle dimension without assum-
ing l-connectivity of manifolds involved.

Let W be a compact (m+2)-manifold which is an (oriented non-simply
connected) Poincaré complex of dimension m with fundamental class p= H,,(W),
(for non-simply connected Poincaré complex, see Wall [17]).
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DEFINITION. A closed m-submanifold M in W is a spine of (W, u), if M
represents ¢ and the inclusion map M — W is a simple homotopy equivalence.

In order to find a locally flat spine of (W, p), the obstruction to perform-
ing surgery in the middle dimension will be completely described by the
oriented Wall’s surgery obstruction, provided that m=2n-+1=5. Namely,
we have the following:

THEOREM C. Let W be a compact (m+2)-manifold which is an (oriented
non-simply connected) Poincaré complex of dimension m with fundamental class
pre H,(W). Suppose that m=2n+1=5. Then there is an obstruction §(W, )
in the oriented surgery obstruction group L, (m,W) such that O(W, p)=0 if and
only if (W, p) has a locally flat spine.

Here is a striking example, which implies that Theorem A does not hold
in case m—4,

EXAMPLE D. There is a compact 6-manifold N which is a regular neigh-
bourhood of a 1-connected Poincaré complex of dimension 4 in S° but it has
neither spine nor locally flat topological spine.

In the forthcoming paper, part II, we will develop an obstruction theory
to pursue a locally flat surgery in even dimensional case.

This will be done by defining an “Hermitian form” twisted by a generator
of =, (W—L). Cf. [21], [22].

At this point, the authors would like to express their thanks to Professors
William Browder and Dennis Sullivan for encouraging this work at the very
beginning.

Added in proof: In the proof of the statement in Example D that N has
no locally flat topological spine, we have used a result of Kirby which
asserts that any locally flat topological submanifold with codimension 2 has
a topological normal bundle. However, later, the authors were informed that
there are some gaps in the Kirby’s proof. Of course, the other statements
in Example D remain valid.

8§ 2. Poincaré classes.

In the section we shall study homological property of a submanifold
satisfying certain homological relative connectivity condition.

Let W be a compact (m+c)-manifold and M a closed m-submanifold of W
representing a homology class y & H,(W). Thus M is oriented by the funda-
mental class [M] so that ix[M]= g, where iyx: Hyx(M)— Hx(W) is a homomor-
phism induced by the inclusion map i: M—W.

DEFINITION. A submanifold M of W is a Poincaré submanifold if (1) ix:
H.M)= H, (W) for all k<n+1or (2) H(W, M)=0 for all £ <n+1, according
as m=2n+1 or m=2n.
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EXAMPLE. An m-knot in a l-connected (m-2)-manifold is a Poincaré
submanifold.

The cap product with ¢ gives rise to a homomorphism N g: H™ *(W)
— H (W) and we have a commutative diagram :

e -
Hm«k-l(M):__ H’m-k—1(W) Hm_k(M) (_1_‘__ Hm—k(W)
(2.0) U NIMY | g 0| AIMI | N

Tx Ix
oo —> Hypy(M) —> Hypy (W) —> Hpo (W, M) —> H (M) —> H (W) —> -+,

where N[M7] is the so-called Poincaré duality isomorphism.

DEFINITION. A homology class p e H,(W) is a Poincaré class, if

1) Np: H\W)= H,e (W) and N p: H* (W) = H, (W), or

@ Np:HW)=H,W) and Nnpg: HYW)— H,..,(W) is surjective, ac-

cording as m=2n-+1 or m=2n.

LEMMA 2.1. A Poincaré submanifold represents a Poincaré class.

PROOF. Let M be a Poincaré m-submanifold of W representing a homo-
logy class pu= H,(W). We observe the diagram (2.0). In case (1); m=2n-+1,
it follows immediately that i*: H*(W)= H*(M) for k<n and Nnp: HY(W)
= Hp. (W). In order to show that g is a Poincaré class, it suffices to see
that "p: H™ (W)= H,(W). From the condition that H,.,(M)= H,.,(W) we
have that by the universal coefficient theorem rank H*"(M)=rank H,.,(M)
=rank Hyy,(W)=rank H**'(W). On the other hand, we have a commutative
diagram:

-L'*
- «— H™ YW, M) «<— H""'I(M) - H"J"I(W) —
Al lr\EM] lm/x
00— H,M) = H,W) —0.

By the universal coefficient theorem, H™**(W, M) is torsion free, since
H,. (W, M)=0. Therefore, the cokernel of *: H™Y(W)— H""(M) must be
torsion free. Since we have seen that rank H"*(M) = rank H"* (W), it follows
that i* is surjective and hence bijective. This implies that N g is bijective,
completing the proof of the case (1).

In case (2); m =2n, the result follows immediately from the diagram (2.0)
together with the universal coefficient theorem, completing the proof.

By Ki(M) and K*(M) we shall denote the kernel of ix: H(M)— H (W)
and the cokernel of i*: H*(W)— H*(M), respectively. Observing the diagram
(2.0) and applying general non-sense arguments due to Browder [2], we may
deduce the following:

OBSERVATION 2.2. Let M be a closed m-submanifold of W representing a
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Poincaré class p of Hn(W). Suppose that H(W, M)=0 for all k=n, where
m=2n+1, or 2n.
(1) In case m=2n-+1, then
(i) there are direct sum decompositions

H (M) = K,(M)DHW),
H¥M) = K¥M)D H«(W) for k=mn, n+1,

(i) Ko (M) = Hp(W, M), KM)= H"'(W, M), and
Qi) s KA(M) 2= Knua(M).
(2) In case m=2n, then

(i) there are direct sum decompositions

H,(M) = K,(M)® H,(W), H"M)=K"M)DH W),

(i) K,(M)= H,.,(W, M) is torsion free, and
(1)) Np: KMM)= K,(M) so that the intersection pairing K,(M)Q K,(M)
— Z is non-singular.

Next we summarize homology property of an L-equivalence between
Poincaré submanifolds. For this, let us recall the notion of L-equivalence
defined by R. Thom [14].

DEFINITION. Two proper submanifolds M and L of W with oM =dl
(possibly =0) are L-equivalent relative to (W, oM), if there is a compact
proper submanifold V in W xI such that 0V=MXx0U(—L)xX1\UoMx]I.

Assuming that M and L are Poincaré submanifolds in W, we examine
the homology class v represented by an L-equivalence (V,0V) in (WXI,
WxoI). Since M and L represent homologous cycles in W, it follows from
Lemma 2.1 that they represent the same Poincaré class g H,(W).

Thus (V,0V) is oriented by the fundamental class [V ] so that ix[V]=v
and ov = pux0+(—p)x1, where ix: Hps(V,0V)— H,. (WXI, Wxdl) and a:
H, \(WxI, Wxol)— H,(WxdI) is the boundary homomorphism. Following
Wall [16], we observe a commutative diagram with exact sequences in the
TOWS :

v —> H™ KW X I) —> H™ (W xI) —> H™ ¥ W x I, WX3I) —> -
L | |
i > H™HV) —> H™FQV) —>  H™ Y (V,3V) > ...
) i | ALV i | V3 u | ALV3
e —> Hiy(V,0V) —> H V) - H, (V) — > e
i | i« | i

o s Hod (W I, W) —H (W x3l)—>  H (W xI) —_—
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where [0V ]=[M]+(—[L]). Note that the top and bottom sequences are
connected by Ny and N (0v) preserving the commutativity and are reduced
to splitting short exact sequences:

Hm—k(W)

%«»* N«»*

0 ——= H™ ¥(W x ) —= H™ *(W x0I)

Hm e+ (W I, WXo[)—=0

(%) Ny Moy Y’

0

0— H,..,(W < I, Wx0I)—— H(WXxoI) H,(WxI)

(% % 0

H, (W)

We shall employ the following notations for kernels and cokernels:
K.(V,dV)=kernel (H(V, V) — H(WxI, Wxal)),
K (V)=kernel (H(V) — H (W XI)),
K,(0V) =kernel (H,(0V) —> H (W xaI)),
K*(V,0V)=cokernel (H¥(Wx I, Wxdl) —> H*(V,0V)),
K*(V)=cokernel (H¥(W xI) —> H*(V)), and
K*(@V)=cokernel (H¥(W x0dl) —> H*@V)).

Then the following is deduced by general non-sense (Browder [2)).
OBSERVATION 2.3. Suppose that M and L are Poincaré m-submanifolds of

w.

(1) In case m+1=2(n+1), suppose that H(WxI, V)=0 for all k=n+1.
Then 0y is a Poincaré class of H,(W xdI) and hence all columns in the diagram
(%x) are isomorphisms for k=n, n+1 so that all columns in the diagram (x)
have splitting maps for k=mn, n+1 to give a commutative diagram:

0= K"(3V) —> K™V, V) —> K™Y(V) —> K™(3V)=0
if\@u znlm znlmv lﬂav
0=Kp@V) —> Kp(V) —> Knyo(V,3V) —> K,@GV) =0.

Thus Kuu,(V)Y= K™ V)T H""*(WXI, V) is torsion free and the intersection
pairing
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Kps(VIQKpsa(V) —> Z
1s non-singular.
(2) In case m+1=2n+1, suppose that H(WXI, VY=0 for k<n. Then
ov "is a Poincaré class and hence all columns in the diagram (xx) are isomor-

phisms for k=mn and epimorphisms for k=n+1 so that we have a commutative
diagram with splitting exact sequences in the rows:

0«— K™Y V,0V)<— H"V,0V) «— H"™ (W XI, Wxol)«— 0
| v i | AV |~
0— K,(V) — HJ(V) —> H,(WxI) —>0
and that K,(V)= H,.,(WXxI, V).
Thus K,(V) is a direct summand of H,(V) and, if one takes a double D(V)

of V in Wx8*=D(WxI), then the kernel of H,(D(V))— H, (W xS?") is exactly
a dirvect sum K, (V)P K, (V).

§3. Surgery below the middle dimension.

In the section we shall prove a number of lemmas on surgery below the
middle dimension of a locally flat submanifold of codimension ¢=2.

Let W be a compact {(m-+c¢)-manifold and L a locally flat compact m-
submanifold of W. We shall employ the following notations:

N denotes a normal block bundle of L in W,
E denotes the closure of the complement W—N of L in W, called the
exterior of N in W or an exterior of L in W,
N stands for the frontier of N in W so that NNE=%N. As usual,
oW and Int W denote the boundary of W and the interior W—oW
of W.

DEFINITION. A locally flat manifold pair (W, L) is exterior k-connected,
if 7,(E, N)=0 for 1=k, namely, (E, FN) is k-connected.

It is clear from the uniqueness of normal block bundles that the defini-
tion does not depend on the choice of (E, N). In codimension ¢=2 case, we
would like to find an exterior [m/2]-connected locally flat m-submanifold M
in W w.ich is locally flat L-equivalent to L relative to (@W, dL). For this
we shall perform surgery on L in W. First, let us recall the exchanging
handle process due to Browder (1], p. 338).

Putting m=p+q+1, let H=DP*'x D% be a handle of index p-41 con-
tained in ENInt W with HNOE=HN\oN=S?xD%¢ where D stands for
the k-fold cartesian product of D=[~—1,1] and S*¥=0D*". Then we have
new submanifolds NV=N\UH and E'=cl(E—H). We shall say that (E’, N')
is obtained from (E, N) by exchanging the handle H. We investigate the effect
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©of the exchanging handle process.

Putting K=gN\U DP*'x0, let U be a regular neighborhood of K in E.
"We may assume that U is a union of the handle H and a collar neighborhood
of FN—-S?XInt D?° in E—D?"*xInt D?°, We consider a homotopy group
7 (E; E—K,U) of a triad. (E; E—K, U) with an exact sequence:

=B E—K U)—nE—K U—-K)—nlE, U)—rm(E; E-K U)— -

‘Note that the homotopy group n.(E; E—K, U) may be defined for only k= 2.

However, we make use of the notation in case 2 =<1, whenever, provided it

vanishes, the exact sequence above still makes sense as an exact sequence

o©f pointed sets under a similar convention for the homotopy group of a pair.
By the general position we have that

n(E; E—K, U)=0 for k+(p+1)+1=m-+c; ie k=qg+c—1.
It follows from the exact sequence of the triad that
n(E—K U—K)==,(E, U) for k= g+c—2
and 7w (E—K,  U—K)—>m,.(E, U) is surjective. Since U is a regular
meighbourhood of K in E, we have that

r(E—K U—-K)=r,(E,6 N
and
7 (E, U)=n(E, K) for all &.

“Therefore, we may conclude the following:
LEMMA 3.1. We have isomorphisms

(B, FN) = (E, K) for all k=<q+c—2

and an epimorphism mwoy.(E', FN')—myp.(E, K)—0.
Next we transfer the exchanging handle process to a surgery on L in W.
We shall identify 2D*—Int D* with S*'x D so that (0D* =)S*¥*= S*¥1x1,
where 2D* stands for the k-fold cartesian product of [—2,2]. Thus we may
think of 2D* as to be obtained from D® and S* !X D by identifying S*™* with
Sk-1x1 via essentially the identity map. Suppose that we have an (m--c)-ball
2H=2D?"'x D% in Int W such that

EN2H=H= Dl x Dr+e
NN2H=clCH—H)=(S?xD)x D%,

OEN2H=0NN2H=(S?X0D)xX D7\ J(S?x D)x D¥"*xoD""*

and
LN2H=(S?X0)x D¥'x (01,

where 0°°! stands for the origin of D¢ '.
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Then the second D and the forth D! in (SPx D)X D%¥*'x D! are trans--
versal to L, and we have a handle H,=((S?x[0, 17)\U D) x D¥*x 0" of"
index p+1 attached transversally to L in W. We shall say that the handle-
H=DP?"x D%° can be extended normally to L to give rise to a normally
embedded handle H,.

We are ready to perform surgery on L in W via the normally embedded!
handle H, to kill an element of 7,.,(E, ¥N) represented by (D?*'x0, S?x0)..
We put NN=N\UH, E'=cl(E—H), as before, and

Ny =N —=2D?*' x(Int (1/3)D**yx D1,

Ex=cl(W—N,) =E \U2D?*'x(1/3)D¥**x D*™*
and
Ly =(L—(S?x0)x(1/2)D¥*x0°")\U({(S?Px[0, 1) DP*)x(1/2)S*x0°* ..
We shall say that L, is obtained from L by performing surgery om
(S?x0)x0 in W via the normally embedded handle H, of index p+1. It is.
not hard to see that L4 is locally flat. Since 2D?*'x (D% —Int (1/3)D**)x D~
collapses
(SPX[0, 17U DP)x(1/2)STx 0" 1\ U (S?x 0) X (D' —Int (1/2) D) x 0°?
U(SPxD)yxSix D,
it follows that Ny« is a regular neighborhood of a locally flat submanifold L.
in W so that N, admits a normal block bundle structure.
LEMMA 3.2. Suppose that c=2 and m=2p+2 so that p+1=g=qg+c—2.
Then we have isomorphisms n (E, FN) = (Ex, FNy) for k< p and a surjection
Tpsi(E, K) =7 pe (Ex, FNy), where K= FN\J DP*'x0 as in Lemma 3.1.

PROOF. Since (E’, N’) is obtained from (E, N) by exchanging the handle-
H of index p+1, we have that by Lemma 3.1

n(E', FN) =n,(E, K) for k=p+1=qg+c—2.
Since 7 (K, FN)=0 for < p, we have that
m(E, FN)=m(E, K) for k<p.
Hence we have that
Tpi(E, K)=mp(E, FN') and
T (E, FN)=m,(E', FN’) for k=<p.

(*)

On the other hand, (E’, N’) is obtained from (E4, Ni) by exchanging a handle-
(1/3)D**1x (2DP+ x D°-1) of index ¢-+1. Putting Ky = FN,\U (1/3)D?**x0, from
we have isomorphisms 7(E’, FN’) = (Ey, Kx) for £k < p+c—2, and
a surjection 7wy ((E', FN')—Tprc_1(Ex, K¥) —0. Since 7 (Ky, FNy)=0 for-
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(5D < D<) x (2D X D)

k=<gq, we have that m.(Ex, Ky) = (Esx, $Ni) for E=<gq. Since p+1=gq, we
have isomorphisms #.(E’, FN')=rm(Ex, FNx) for E=<p and a surjection
Tpsi(Ey FN') — pe(Ex, FNy)—0. This together with (*) completes the proof.

Let L, be obtained from L by performing surgery on S? in W via a
mormally embedded handle H,= D?*'x D%!, Then we have a locally flat L-
sequivalence V=L Xx[0, 1/2]\UH,x(1/2)\U Lxx[1/2,1] in WXI from L to Ly
relative to (W, dL). Hence if M is obtained from L by surgery on L in W
via a finite number of normally embedded handles, then M and L are locally
flat L-equivalent relative to (oW, oL).

Thirdly, we extend a handle H in Int W E to a normally embedded
‘handle. For this, following Thom [14], we take a Thom map T(L): W—>MSP7:c
50 that T(L)|L: L—>BSPA[':C is a classifying map of a normal block bundle N
of L in W.

We shall say that a Thom map T(L): (W, L)—(MSPL, BSPL,) is trivial
:at &, if

T(L)y: n(W, L) —> n,(MSPL,, BSPL,)

:is the zero map.

EXAMPLE. Since MSPL, and BSPL, are K(Z, 2) so that the inclusion map
,BSP’ZZ—>MSPALJ2 is a homotopy equivalence, it follows that any Thom map
T(L): (W, Ly—(MSPL,, BSPL,) is trivial at each £, called simply to be trivial.
‘On the other hand, if (W, L) is k-connected, then T (L) is obviously trivial at
each 1= %.
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LEMMA 3.3. Suppose that c¢=2, m=2p+1, and T(L) is trivial at p+1.
Then any handle H=DPP'X D¥° of index p+1 contained in ENnInt W with
0ENH=0NNH=S5”xD" can be extended normally to L.

PROOF. Let m: N— L be a projection map such that #|FN: FN— L is a.
spherical fiber space over L. Note that S?x D% °C Int FN. Since m=2p+1,
we may homotope 7|S?X0: SPX0— L to a locally flat embedding S?C L.
Then we will see that the restricted block bundle N|SP? is trivial. Since:
S?Pc L is homotopic to S?X0C FN bounded by D?"'x0 in W, S? is homo-
topic to zero in W, and hence there is a map «: (D?*!, S?)— (W, L) with
a|S? =id. However, T(L): (W, L)—»(MSﬁZc, BSﬁZc) is trivial at p-+1, which
implies that T(L)oa: (D", S*)—(MSPL., BSPL,) is homotopic to a map
8: D - BSPL, relative to a|S”. Since T(L)ca|S?=T(L)|S” classifies the
restricted bundle N|S? and is homotopic to zero in BSﬁLc with null-homotopy
B, it follows that N|S? is a trivial block bundle. Putting N|S?=(S?x D",
we may assume that 7|(S?xD° is the projection onto the first factor. By
the covering homotopy theorem, a homotopy from x|S?X0: S?X0—L to
SPc L is covered by a homotopy of the spherical fiber space and hence
S?x0C FN is homotopic to a cross-section of FN|[S?=(S?xS°?') over S?.
Since m+c—1=2p+2, homotopic embeddings in Int FN are ambient isotopic..
Hence, after changing the normal bundle structure, if necessary, we may
assume that S?X0 is just a cross-section of FN|S?=(S?xS°") over S?C L.
Let U be a normal block bundle of S? in L. Then (N|U)|S? is a Whitney
sum of N|S?=(S?x D% and U. On the other hand, S?X0 has a trivial normal
block bundle S?x D%+ jn W. Since SPX0C N and S?C L are homotopic
and hence ambient isotopic in W, they have isomorphic normal block bundles.
Therefore, a normal block bundle (N|U)|S? of S?” in W has to be trivial.
This implies that U is stably trivial and, therefore, U is itself trivial, since
the suspension map rrp_l(SI;Zq4.1)—»np_l(Sﬁq.,.H.l) is an isomorphism for each
P=q.

Let h: DPFix D1 - H (= DP*'x D?*°) be a homeomorphism defining the
handle H such that A(S?X D?7%) =SPx D%, We take a trivialization ¢: S?Xx
Dv*t 5 N|U so that

@|SPX DIt X D" X1 =h|S?x D¥+°
and
o(SPX D<) =U.

For this, first we take a trivialization
©o: SPXD* —> N|S?

of N|S? so that ¢,(S?Xx0°7'x1)=h(S?x0) (=S?x0). This is done by smooth-
ing the cross-section A(S?x0) as a vector field and then taking the orthogonal
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complement. Next, we extend this trivialization ¢, to a trivialization
0,2 SPX DX DS — (N|U)|S?

by taking a Whitney sum of ¢, and a trivialization of U so that ¢,(S?x D
x0)=U. Now we have a normal block bundle ¢,(S*'xD?*!'xD*'x1) of
h(S?x0) in N. From the uniqueness of normal block bundles we may
assume that ¢,(SPXD¥"'x D 'x1)=h(SPx D" keeping ¢, (S?*x0x1) fixed.
Thus we have a (¢+1)-frame

ng_l'hlprDq-HXO: prDfH-lXO__) prDq+1><Dc—1><1.

Since the suspension homomorphism ﬂp(SﬁqM)—’np(SﬁVLqJ,c) is surjective for
p =< q, we may further assume that

et oh(S?PX DX 0) =S?Xx DI x 0" x1.

Regarding S?x D' x D" *x1 as S?PX D?*' X D! we may extend ¢iloh|S?x DIt
XD' to a homeomorphism ¢: SPX DX D*—SPx D x D’ by setting, if
(x, ) € (SP X D¥**x DY) x D, then ¢(x, t) = (o h(x), ). A composition ¢=¢,0¢
is now the required trivialization of (N|U)|S?. Indeed, ¢(x, 1) = (A(x), 1) = h(x)
for x = SPX D% and

o(S?PX DT X 0) = (A(SPX DT x 07, 0) = o, (SPX DX 0)=U .

Therefore, a handle 2H=¢(S?X(D**'x D*")x D)\UH is the required handle
giving a normally embedded handle H, = ¢(S? X (D" x0°"1) X [0,1]) U DP*! x DI*?
% 0°-!, completing the proof.

We are ready to complete surgery below the middle dimension of a
locally flat submanifold in codimension ¢=2.

LEMMA 34. Let W be a compact (m+2)-manifold and L a locally flat
compact m-submanifold of W. Then L is L-equivalent to an exterior [m/2]-
connected locally flat compact m-submanifold M in W relative to (OW, oL).

Proor. Putting L,= L, we have that by the general position (W, L,) is
exterior 0-connected. Assuming inductively that we have already obtained
an exterior p-connected locally flat m-submanifold L, (0 =<p =<[m/2]—1) which
is L-equivalent to L relative to (0W, dL), we shall find L,,; by surgery on
L, in W so that (W, L,s,) is exterior (p-+1)-connected. Since (E,, FNp) is
p-connected, it follows that there are only a finite number of (p-+1)-cells of
E, relative to FN,. Since 2(p+1)+1=m-+2, by the general position, one can
represent them by locally flat mutually disjoint (p-+1)-balls DF*, i=1, ---, V,
contained in E,NInt W with D!*'NOE,=D!"N0N,=S? By thickening
them, we have handles H; = D?*'x D%** contained in E, N\ Int W with H; N\0E,
=H,ON,=S?x D% where p+g+1=m. Recall that T(L,): (W, Ly)—
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(MSPL,, BSPL,) is trivial’®. Therefore, since p+1=[m/2], by Lemma 3.3,
these handles can be extended normally to L, to give normally embedded
handles H,;, simultaneously. Let L., =(L,)x be a locally flat m-submanifold
obtained from L, by performing surgery on S?C L, in W via the handles
H,;,, Then by Lemma 3.2 we have that

nk(Ep-!-n ng-'-l) = 7z'h:(Epy ng) = O for k é P
and
Tpr1(Epy Kp) —> Tpaa(Epsy, FNpaiy) is surjective,

where K, = FN,\U (U DP). Since 7,(K,, FN,) =0 and 7,...(K,, FNp) — mwpsi(Ep,

FN,) is surjective, it follows from the homotopy exact sequence of a triple
(Ep; Kp, FN,) that mpe,(E,, Kp) =0 and hence 754,(Epry, FNypsy) =0. Therefore,
(W, L,.,) is exterior (p+1)-connected. As observed below the proof of
L,and L, are L-equivalent relative to (W, dL). This completes
the inductive step and the proof of

§4. Surgery in the middle dimension.

First of all, we study exterior connectivity of a pair (W, L).
LEMMA 4.1. Let P be a p-subpolyhedron of a compact (p-+c)-manifold W.
Let N be a derived neighborhood of P in W, and E=cl(W—N).
(1) If ¢=3, then (W, P)=0 for i<k if and only if =n,(E, FN)=0 for
1<k
(2) If c=2 and ny(E, FN)=0 for i<k, then (W, P)=0 for i<k and

Tra(E, FN) —> mpe (W, N) =m0 y(W, P)  is surjective.

PROOF. This is essentially proved by Hudson [3]. For completeness, we
shall give the proof. We observe the homotopy exact sequence of a triad
(W;W—P,N):

v —> T (W; W—P, N) —> g(W—P, N-P)
—> (W, N) —> (W ; W—P, N) —> -+,
Since N is a derived neighborhood of P in N, we have that

(W —P, N—P)=n,(E, FN)
and
7, (W, N) = =, (W, P) for all ¢.

Then by virtue of Hudson’s result ([3], Lemma 12.3) we have that
7,(W; W—P, N)=0 for i<k+c—1. This implies that if ¢=3, then

(1) At this step, we use the codimension condition ¢=2.
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2(E, SNy =z,W, P)=0 for i<k
and
TC,;(E, gN) Eﬂ'i(W, P) for 1—§k+c——2’

and if ¢=2, then n,(E, FN)=r,(W, P)=0 for 1<k and
TeailE, FN) —> 70 (W, P) is surjective.

Conversely, in case ¢ =3, suppose that
(W, P)=0 for i<k.

By the general position
a7 (W; W—P, N)=0 for at least 1= c—1.

This implies that =;(W, P)= =,(E, FN)=0 for :<1. Thus if £ <1, this com-
pletes the proof. If £=2, then the fact that =;(E, FN)=0 for i=<;j=k—1
implies that by Hudson =, (W ; W—P, N)=0 for 1=j+c—1. This together
with m;(W, P)=0 for i<k implies that =(E, FN)=0 for i=j+c—2 (>)).
Thus we have that by induction

ny(E, FN)=m,(W, P)=0 for i<k.

‘This completes the proof of Lemma 4.1

The technique of simply connected surgery in the middle dimension will
be divided into two cases; even and odd dimensional cases.

In the even dimensional case, it is done by the engulfing technique.

THEOREM 4.2 (The even dimensional case). Let W be a compact 1-connected
{m-+c)-manifold and L a locally flat m-submanifold of W. Suppose that

i) m=2n=6, c=2,

(i) Thom map T(L): (W, L)—(MSPL,, BSPL,) is trivial at n-+1,

(iii) (W, L) is exterior n-connected,

(iv) K,(L) is torsion free and a direct summand of H,(L), and

(v) the intersection pairing K,(L)YR K,(L)—Z is defined and non-singular.
Then one can find a proper m-submanifold M in W, which 1is locally flat except
for at one point of Int M, so that (W, M) is n-connected, K,(M)=0 and M
represents the homology class represented by L.

PrROOF. We would like to kill the torsion free group K,(L), which by n-
connectivity of (W, L) is the image of the map 7,.,(W, L)— H,,(W, L)—H,(L).
For this let &, .-+, &, be a basis of K,(L). Since L is l-connected, it follows

that by the PL embedding theory there is an embedding f: \7 S;"—Int L
=1
from a wedge (one point union) of n-spheres into Int L such that each f(S;")

represents &;. Putting K:f( \7 Si”>, let P be a regular neighborhood of K
i=1
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in Int L. Since the intersection pairing K,(L)QR K,(L)—Z is non-singular
hence the intersection matrix of &; is unimodular, and m—1=5, it follows
that 0P is an (in—1)-sphere. Notice that if we put M=(L—Int P)U(0*0P),
then M is the expected manifold. However, we have to take the cone 0*oP
in W. For this we make use of the engulfing method. Since P contracts into
a point in W and T(L): (W, L)——»(MS}’D\ZC, BSF’;ZC) is trivial at n-+1, the
restricted normal bundle N|P is trivial, say N|P=(PxD°. Let U be the

second derived star of the base point p of Kzf( \7 SJ‘) in Int P such that
i=1

P collapses K\J U ; written P>, K\JU. In case ¢=3, putting C=(px0°"!x1)
e (px S 1Y), we have that (Kx(0°"!, 1)) is C-inessential, since by
we have that m,..(E, FN)=x,..(W, L)Y=H,,. (W, L), which implies that
Kx(0°%, 1) is contractible in E. Then C is a 0-collapsible 1-core, since E is
1-connected. Therefore, by the codimension reason, one can find a polyhedron
J in E such that
(Kx0 L 1nc N\ C

and

JNOE=(Kx0 1)NoE=(Kx(0°% 1)).
We may take a regular neighborhood A of J in E so that 6ENA=FNNA
=(Px(eD, 1)), where ¢ is a small positive number. In case c¢=2, putting
C=(pxSY, we have that (Kx0x1) is C-inessential, since by [Lemma 4.1,
Tnii(E, FN)—> (W, L)y=H,.,(W, L) is surjective, which implies that
(Kx0x1) is contractible in E. Then C is a 1-collapsible 1-core. Because a
fiber C of a circle bundle N over L represents a generator of 7z, (FN)
=~ 7,(F), since from the exact sequence of fiber spaces we have that

(S —> 7 (FN) —> (L) =0.

It follows from the codimension reason of (KxX0x1) in 0F and E with respect
to C that by Zeeman ([20], Theorem 21) there is a subpolyhedron J in E such
that (Kx0x1)cJ\yCand JNIE=(KX0X1UC)NIE=Kx0x1\UC. We may
take a regular neighborhood A of J in E so that

OENA=NNA=(PxeDx1)UUxS").
Now for ¢ =2, putting B=(PxXD%\U A, we have that
BN\ (PXD)YU N (KX0 ' x1)WVUXD\JJ
=UxD*UJNUXD'VUC=UXDp.

This shows that B is an (m+-c)-ball with (P, dP)C (B, dB) so that dP is a
locally flat (m—1)-sphere in an (m-+c—1)-sphere dB. Let M=(L—P)J(0*adP)
be a manifold obtained from L by removing P and attaching a cone 0xdP
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from a point 0 in Int B. Since 0x0P kills &, ---, &, generating K,(L) which
is a direct summand of H,(L) and the modification has been done in the
(m—+2)-ball B, it follows that H,(W, M)=0 for k=<n and K,(M)=0. From
the construction, it is seen that M is locally flat except for the point 0=Int M’
and represents the homology class represented by L, completing the proof.

In the odd dimensional case, we may discuss the non-simply connected
case as well as the 1-connected case.

Let W Dbe a compact (m-+c)-manifold and L a compact exterior n-connected.
locally flat m-submanifold of W.

Suppose that m =2n+1=5 and Thom map T(L): (W, L) —»(MSF[/,C, BSﬁ,c)-
is trivial at n+1. By K,(L) we shall denote the kernel of H,(L)— H,(W).
In the 1-connected case any element of K,(L) is spherical. Let & be an ele-
ment of K,(L). By the general position, Lemmas 4.1 and 3.3, there is a.
normally embedded handle H,=(D""'XD"") in W with Hyn\ L =(S™x D™+
and (S"x0) represents £&. Let F: D"'xD""'— H, be a homeomorphism with.
F(S*"xX D" =H," L=(S"XD""). Then F|S"Xx D" gives a framing of (S X 0)-
in L. If H/=(D"*'xD"™") is a second normally embedded handle such that
(S™x0)" represents & and F’:D""'xXD""'—Hy is a homeomorphism with
F/(S*"X D™ ) =Hy N L=(S"XD"), then F|[(D™, S®)X0 and F’|(D"*, S™)x 0
are regularly homotopic in (W, L). By the stability of nn(Sﬁ,), we may
conclude that two framings F|S"X D™ and F/|S"X D" are regular homo-
topic modulo a homeomorphism A: S X D" — S X D*"! representing an ele-
ment of the kernel of the suspension homomorphism nn(SP’Zn.,.l)—enn(Sﬁ,M.c),

Therefore, & determines a unique regular homotopy class of a framing
F(&): S*xD""'— L modulo an action of the kernel of nn(Slfim.l)—»nn(Sﬁ,n.pc),,
which will be called an admissible framing. If one can attach to L handles.
of index n+1 via admissible framings to kill K,(L), abstractly, then we shall
call such abstract surgery to be admissible. On the other hand, Lemma 3.3.
guarantees us that abstract admissible surgery may be realized by surgery
on L in W. Therefore, we have reduced surgery on L in W to an abstract.
admissible surgery. Namely we have the following:

THEOREM 4.3. One can attach norvmally embedded handles of index n--1.
to L in W to kill K,(L) if and only if one can perform abstract admissible:
surgery on L to kill K,(L).

§5. Proof of Theorems and Examples.

By A4,(W) we shall denote a set of locally flat L-equivalence classes of
locally flat closed m-submanifolds of W. Since locally flat L-equivalent sub-
manifolds represent the same homology class, it follows that there is a well-
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defined map A,(W)— H,(W).

Our proof of Theorems will be based on the Thom’s L-equivalence classi-
fication of codimension two locally flat submanifolds in terms of homology
classes.

THOM’S THEOREM ([14], see also Williamson [19], Rourke and Sanderson
and Wall [15]). Let W be a compact (m+2)-manifold. Then the natural
map A,(W)—H, (W) is a bijection.

Here is an outline of the proof. If M is a locally flat closed m-submani-

_ fold representing p< H,(W), then we have a Thom map T(M): W/oW —

“"MSPL,. Since L-equivalent locally flat closed m-submanifolds give rise to
homotopic Thom maps, and by the f-regular approximation the converse is
also true, it follows that the Thom construction gives rise to a bijection

T: A (W) —> [W/dW, MSPL,].

‘On the other hand, we have that MSI?Z,2 = K(Z, 2) and hence [W/oW, MSﬁI:zj
may be identified with H*W, dW). (To be precise, we shall specify the
identification as follows: Let UEHZ(MSFI:Z;Z) be the universal Thom
class, g: W/aW —MSPL, a map. We define an element S({g}) = H¥W, 8W) by

S{g}h) =g*U).

1n this way we have a map S:[W/oW, MSFI:J—»Hz(W, oW). Clearly S is
an isomorphism.) Furthermore, by Poincaré-Lefschetz duality we have that
H¥W,oW)= H,(W) and the image of T(M) coincides with g. Thus we have
:a commutative diagram

T

A (W) H*(W, oW)
N S
H,(W).

‘Since T is a bijection, it follows that so is the natural map A4,(W)— H, (W),
completing the outline of the proof. Recall that a Thom map T(M): (W, M)
—»(MSﬁflz, BSf’iz) is trivial, since BSﬁZ:K(Z, 2) so that the inclusion map
BS}"Y,2—>MSP’Z2 is a homotopy equivalence.

PROOF OF THEOREM A. Let p< H,(W) be a Poincaré class of a compact
1-connected (m-2)-manifold W. By Thom’s theorem, we may represent g by
a locally flat closed m-submanifold L in W. Since T(L): (W, L)—»(MS}?E,Z,
BSIsf,z) is trivial for any locally flat closed m-submanifold L of W, it follows
from that (W, L) is exterior n-connected, where m=2n or 2n+1
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so that n=[m/2].

Since p is a Poincaré class and W is l-connected, L satisfies the conclu-
sions in Observation 2.2.

In the even dimensional case, since m =6, L satisfies the hypothesis im
Theorem 4.2 and the condition that K,(L) = H,..(W, L). Therefore, by Theo-
rem 4.2 we may kill K,(L)= H,.,(W, L) and we have an almost m-knot M in
W representing u. In the odd dimensional case, if m =5, by Novikov
or Browder [2], one can perform an abstract admissible surgery on L Killing
K.(L)y=H,.,(W, L). By this may be realized by surgery of L
in W. Thus we have a locally flat closed m-submanifold M in W representing
¢ such that H(W, M)=0 for i<n+1. From (i), (ii) and (iii) in Observation
2.2, we have that H**'(W, M)= K"(M) = K,.,(M)=0, since by the universal
coefficient theorem H™" (W, M)=0. This implies that H,.,(M) = H,.,(W) and
hence that M is an m-knot in W. If m =3, then since the compact 5-mani-
fold W is l-connected, and W admits a Poincaré class p e H(W), it follows
that Ngp: H (W)= H,(W)=0, and hence that W is 2-connected. It follows.
from Kato [4] that the class g < Hy(W) can be represented by a locally flat
3-sphere in W.

This completes the proof of Theorem A.

PROOF OF THEOREM B. Let W be a compact 1-connected (m-+2)-manifold,
and M, and M, m-knots representing the same homology class g. By Lemma
2.1 p is a Poincaré class. By Thom’s theorem, there is a locally flat L-
equivalence V in WxI from M, to M,. By Lemma 3.4, we may assume that
(WxI, V) is exterior (n-+1)-connected or exterior n-connected according as
m=2n+1 or m=2n. Thus the homology class v & H,.,(WxI, Wxadl) repre-
sented by (V,0V) satisfies the conclusions in Observation 2.3. In the case
of m=2n, by Browder [2], we may perform abstract admissible surgery on
V making the inclusion map V— W (n+41)-connected.

By this may be realized by surgery on V in WxI. Thus
we have a locally flat L-equivalence U in WXI from M, to M, such that
(WxI,U) is (n+1)-connected. We will see that (U; M,, M,) is h-cobordism.
For this, by virtue of the Poincaré-Lefschetz duality and the h-cobordism
theorem it suffices to show that H.(U, M,)=0 for £<n, since dim U=2n-+1
=m-+1>5. This follows immediately from the exact sequence:

- H (WX, U)—H, U, My) - H(WxI, My) > H(WxXI, U)— -

’

and the fact that H,m(WxI, U)=H,(WxI, My))=0 for k=<n. Therefore, we
have obtained a locally flat concordance U from M, to M,. In the case of
m=2n+1, by we may find an L-equivalence U in WxI from
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M, to M,, which is locally flat except for at one point p in Int U, and K,.,(U)
=0. Then it is not hard to see that (U ; M,, M,) is an h-cobordism and hence
is a concordance from M, to M, since m+1=7. If U is locally flat at p,
then M, and M, are locally flat concordant. Suppose that U is locally knotted
at p. Taking a suitable arc in U connecting p with a point ¢ of M, and
then taking a second derived star pair (A, B) of it in Int(Wx/, U), one can
get as (m+3, m+1)-ball pair (A, B) in Int(WxI, U) such that (A, B), say
(S™+2, ™), is a locally flat (m+2, m)-sphere pair; namely a spherical m-knot,
(A, ByN(W x 0, My x0)=9, and (A, BYN(W x 1, M, x 1) =(S™+2, S™ (W x]1,
M,;x1) is an unknotted (m-+2, m)-ball pair, say, (C, D). Therefore, if we put
(W', My =((W,, M, x1)\U(S™2, ¥™)—Int (C, D), then (W', M’)= (W, M, #(S™2,
2™. It is not difficult to construct a homeomorphism h: c(WxI—A)—
Wx1I such that

RIWXO0\L cl(Wx1—C)=1id,
AW =Wx1,
A(S™—IntC)=C.

Since cl(U—B) is homeomorphic with M,x I and locally flat in cl(W xI—A), it
follows that A(cl(U—B)) is a locally flat concordance from M,x1 to h(M,") in
WxI. This completes the proof.

In order to prove Theorem C we shall clarify relation between the ab-
stract surgery due to Novikov [11], Browder [2], Wall [17], and our
surgery in codimension two.

Let X be an oriented non-simply connected Poincaré complex of dimen-
sion m, and & a stable bundle over X. Here, and from now on, a bundle
means a block bundle.

By a pre-tangential map i: (L, ;) — (X, &) we shall mean a degree 1 map
i: L— X from a closed m-manifold L into a Poincaré complex X of dimension
m such that 1*6 =¢; where r, denotes the stable tangent bundle over L. A
second pre-tangential map j: (M, vy)— (X, &) is bordant to i, if there are a
cobordism (V; L, M) and a map #: V— X such that k*¢=r7,, k|L=1 and
k|M=j. According to Wall [18], there is an invariant 6() « L,.(7,X) of the
pre-tangential map ¢ under bordism such that i is bordant to a pre-tangential
map j: (M, t4) —(X, & with j: M— X a simple homotopy equivalence if and
only if 6()=0, provided m=5. Now let W be a compact (m-+2)-manifold
which is an (oriented non-simply connected) Poincaré complex of dimension
m with fundamental class g H,,(W). Let T: W/GW—»MSI?Z,2 (=K(Z, 2)) be
a map representing the Poincaré dual in H¥W, 6W) of p. Since BSFA’\I/,2 is a
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deformation retract of MSﬁz, the map 7 is homotopic into 13,5‘157,2 and
induces a 2-block bundle v =T*y over W, where » is the universal 2-block
bundle over Bsﬁz. We fix a pair (W, 7y —v) consisting of a Poincaré com-
plex W of dimension m and a stable bundle 74 —v. :

Let L be a locally flat closed m-submanifold of W representing ¢ with a
Thom map T(L): W/BW—>MSJS'2,2. Then a normal 2-block bundle v, of L in
W is classified by T(L)|L: L—BSPL,. Let i: L—W be the inclusion map.
Since 7 and T(L) are homotopic, it follows that i*v=1i*oT*p=1i*oT(L)*p
= (T(L)| LY*p=v;. Thus we have a pre-tangential map ¢: (L, z.) =W, T —1).

Let M be a second locally flat closed m-submanifold of W representing
¢ with a pre-tangential map j: (M, z,) — (W, tw—v). Then by Thom’s theorem
there is a locally flat L-equivalence V from L to M with a Thom map T(L):
(WxI/dWxI, V)—(MSPL, BSPL,. Let k: V—W be a composition of the
inclusion map V— WxI and the projection WXI—W onto the first factor.
Then (V; L, M) is a cobordism and 2: V—W is a map such that k*(zy—v)
=7y, K| L=1; L—>W and k|M=j: M—W. This implies that the bordism
class of 7 does not depend on the choice of locally flat closed m-submanifolds
representing x#. Thus we define an invariant (W, ) =0(@) in L,(x,W).

We have shown the following:

THEOREM 5.1. Let W be a compact (m-+2)-manifold which is an oriented
non-simply connected Poincaré complex of dimension m with fundamental class
pe Hy(W). Suppose that m=5. Then there is a well defined invariant (W, p)
of (W, p) in L,(m,W) such that for any locally flat closed m-submanifold L
representing p a pre-tangential map i: (L, c.)— (W, tw—v) with the inclusion
map i: L—W is bordant to a pre-tangential map f: (M, ty)— (W, ty—v) with
a simple homotopy equivalence if and only if

W, 1)=0.

In particular, if (W, p) has a locally flat spine, then (W, u)=0.

PROOF OF THEOREM C. Suppose that m=2n-+1=5. We have already
defined 6(W, p) and seen that if (W, p) has a locally flat spine, then (W, p)
=0. Suppose that (W, x)=0. By Lemma 3.3, we may take a locally flat
closed m-submanifold L of W representing g such that (W, L) is exterior
n-connected.

Since 8(W, p)=0, it follows that by Wall [18] one can attach to L handles
of index n+1 making a pre-tangential map i: (L, =) — (W, tw—v) bordant to
a pre-tangential map f: (M, t4) — (W, typ—v) with f: M— W a simple homo-
topy equivalence.

We have to see that Wall’s tangential surgery is equivalent to our admis-
sible abstract surgery defined in §4. For this, let F:(D™x D"+, S*x D™*)
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— (W, L) be an embedding representing a normally embedded handle of index
n+1 so that F|S®x D" : S*x D" — L is an admissible framing. Then this
handle gives rise to an L-equivalence from L and hence a bordism from
i: (L, ) — (W, typ—v). Thus F|S*XD"*':S*x D" — L gives rise to tangential
surgery. However, in tangential surgery the framing F|S"Xx D" is deter-
mined by the homotopy class of F|S"X0 modulo an action of the kernel of
nn(ﬁ,n,,.l)ﬂnn(ﬁf) as well as the admissible framing is. It follows that
F|S®x D™! induces admissible surgery if and only if it induces tangential
surgery. Hence admissible abstract surgery and tangential surgery are equi-
valent. Thus completes the proof of Theorem C.

PROOF OF EXxAMPLE D. It is known that there is a compact parallelizable
1-connected 4-manifold V in S°® with a collar neighborhood such that index
of V equals 8, V is a homotopy type of a wedge of 2-spheres and 0V is a
3-dimensional homology 3-sphere. For example, if we take a  Brieskorn
variety V(3, 5, 2) defined by a complex algebraic equation

Zi+ 20+ 2 =0,

then the intersection of V(3,5, 2) with a small 5-sphere S.° centered at the
origin with radius ¢ >0 is a homology 3-sphere, which bounds such a 4-mani-
fold in S, (see Milnor [9]). Let K=V\U0*0V be a closed 4-manifold
obtained from V by attaching a cone along the boundary dV. Since 0V is
a homology 3-sphere, it follows that K is a homology 4-manifold and hence
a Poincaré complex of dimension 4. Furthermore, K is clearly 1l-connected.
We will see that K is not of the homotopy type of a closed (PL) 4-manifold.
Suppose that K is homotopy equivalent to a closed PL 4-manifold L. Note that
since K— {0} is PL homeomorphic to a parallelizable manifold V—aV, the second
Stiefel-Whitney class w,(K) of K, which may be defined by the dual of Spivak
normal fiber space, vanishes. By Rohlin’s theorem, a closed almost paralleli-
zable (or w,=0) (PL) 4-manifold must have index divisible by 16. Since L
is homotopy equivalent to K and hence w,(L) =0, it follows that L has index
8. This contradiction proves that K is not of the homotopy type of a closed
PL 4-manifold. On the other hand, K can be embedded in S® Indeed, we
have seen that V is embedded in S°®. But we may take the cone cap 0%0V
from the center of a 6-ball D® bounding S°®. Hence K is embedded in D° and
hence S®. Let N be a regular neighborhood of K in S®. Then, since N is
of the homotopy type of K, N is a l-connected Poincaré complex of dimen-
sion 4. If N has a (PL) spine, then N and hence K has the homotopy type
of a closed 4-manifold. This contradicts the assertion above. If N has a
locally flat topological spine L, then by Kirby L has a normal 2-disk
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bundle in S° which is trivial. By the topological {-regular approximation of
a map with expected preimage of dimension 5 (Siebenmann [13]), one can
find a compact topological 5-manifold in S® bounded by L. This implies that
index of L equals 0. Since L is homotopy equivalent to K, index of L must
equal 8. This contradiction proves that N has no locally flat topological
spine, completing the proof.
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