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In this paper we intend to study the theorem of Hille-Yosida in case of
semi-groups of nonlinear contraction operators in Hilbert spaces. Our main
results are the following: a nonlinear dissipative operator A in a Hilbert space
H generates uniquely a nonlinear semi-group if (J—A)™! is defined on H
(Iheorem 4), and conversely, the infinitesimal generator A, of a nonlinear con-
traction semi-group in H has an (dissipative) extension A such that (J—A)™!
is defined on H and A generates the given nonlinear semi-groups (Theorem 5).
Our nonlinear dissipative operator A is in general multi-valued. Hence the
set {(x, —Ax)|x < D(A)} is monotone in the sense of Minty. Some part of our
results (e.g. Theorem 2) is obtained more easily from the theory of monotone
operators and of monotone sets by Minty [7]. But we shall make use of the
method of semi-groups.

In recent years there appeared many works on nonlinear evolution equa-
tions in Hilbert or Banach spaces, for instance see Browder [1], Kato [2],
Segal [9] and Sobolevskii [10]. But most of them are concerned with the

semilinear case: 7?7 u@®) = A@Qu(®)+f{¢, u), where A@) is a linear unbounded

operator, and f(t, -) is a nonlinear perturbation.

From the view points of pure theory and its application both, it should be
desirable to solve more general nonlinear evolution equations. The author’s
intension here is to treat the case of not necessarily semilinear (or such) evolu-
tion equations.

1 would express my hearty thanks to Professor Jorgens who suggested me
this problem, and also to Professor Tanabe who gave me kind advices.

1. Nonlinear semi-groups and infinitesimal generators.

Let H be a Hilbert space. A continuous one-parameter semi-group {T,|0
<! < oo} of nonlinear contraction operators on H is defined by the following
conditions :

1) For any fixed =0, 7, is a continuous (nonlinear) operator defined on
H into H.

2y For any fixed xe H, T\x is strongly continuous in {.
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3 T.s=T,T, for t,s=0, and T,=1 (I means the identity mapping).
4) | Tx—Tw| < lx—y| for every x, v H.

We call such a family {T,} simply nonlinear contraction cemigroup. The
strict infinitesimal generator A, of a nonlinear semigroup {7T,} is defined by
Ap=lim-T2=% ep,

hio
if the right side exists in H. (We use the notation “lim ” in the sense of norm
topology, unless otherwise stated.) By virtue of the contraction condition 4),
A, satisfies the following

5) Re (Ayx—A,v, x—y> =<0, for every x,ye D(A,),

where D(A,) means the definition domain of 4,. In fact, the inequality 5) fol-
lows from the following

Thx— Twy— 1
Re { S5 =170 5y D= Re (=T, =)= =1

1
= - 1=yl Tx—Tuyll— I x—yID = 0.

In general, a mapping A satisfying the condition 5) is called dissipative. For
a multi-valued mapping A (i.e. for an A which maps an element x e D(A) to
a subset Ax of H), we also say that A is dissipative, if the following condi-
tion is satisfied :

Red{x'—y’, x—y>=<0 for any x’' € Ax, y' € Ay.

For a linear semi-group {7}, it holds that A,7, D T;A,. But for a nonlinear
semi-group, it is not the case. So we cannot tell whether T,x € D(A,) for every
xe D(A,). Hence we shall introduce the notion of @-infinitesimal generator
Ap of a nonlinear semi-group {7,}. Let @={¢} be an ultra-filter of sets
¢ C (0, c0), which converges to 0. Then Ap is defined by

Agx= w-lim ﬁj;r_i, xe H,
heped
if the right side exists in H. (We use “ w-lim ” for the limit pertaining to the
weak topology.) Evidently the @-infinitesimal generator Ay is an extension of
the strict infinitesimal generator A,, and in case of a linear semi-group, we
have Ag= A,.

THEOREM 1. The domain D(Ag) of a @-infinitesimal generator Ap of a
nonlinear contraction semi-group {T,} does not depend on @. Moreover it holds
good that for xe D(Agp)

6) TxeD(Ap)  for all t=0,
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7 Tixe D(A))  for a.e. t=0, and Tyx= x—l—j'onTsxa’s .
0

Proor. First we shall prove that T,x is strongly absolutely continuous in
t for every fixed x € D(Ap), more precisely,

for any interval [#/, 1] [0, c0). We fix an arbitrary division t{=1,<t, < --
<ty=1". Let ¢ be an arbitrary positive constant. Since T,x is continuous in
¢, there exists a constant § >0 such that

8) sup (D Tupx— Tl |V =t <t < - <ty=1"} £ (¢"—1") lim "l’l-’—;t:i

[t—t;{<d implies |Tox—T, x| <e.
We pick up h,e ¢ = @ such that

Tox—x

0<h, <0, 7

< lim
0

Thox—x
| e

From the relation 0 < h, <9, it follows that |n;h,—t;] <6 for a suitable integer
n;. Then we have

&
}Z%l171jx“71j—1x”
k
—_<—.. ]2:1(” T!]'x—'Tnjhox ” +HTnjhox‘—Tnj—1hox “ + " Tnj..lhox— th—1x ”)

.
= 2k+ 3| Tojuod—Tnjerne |

= 2ek+ 2 | Tnhox_ T(n—l)hox “

vt
=t 17

<2kt 3 | Tur—x]

w—t -

ho +1J . Thx_x
2kt 3 ho(hén"r e H—H-:)
+e~>.

< 2ek+(t"—t'+0)( lim H Tix=x ’

Since ¢ and 0 can be chosen arbitrarily small, the inequality 8) is proved.
The independence of D(Ap) on @ follows from 8). In fact, by 8) xeD(Ap)

implies lim Th%i“< oo, and conversely, lim J"—’;Lj < oo implies the ex-
hli0 hRil0
istence of w-lim ~Ih—];li, since a bounded set in H is relatively compact in
o

the weak topeclogy. That is,
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D(A,,,):{x h—w

<

Tpnx—Tex l ,T_'»Z‘_Jf, n
h

Thus we obtain 6) also, since Tim
hi0 hlO

Now we can show the last assertion 7). By v1rtue of Lemma in the

Appendix, T,x has the strong derivative wddt—T,x for a.e.t. The definition of

A, implies g—tTtxz A,T;x. Thus we have

t d t
Tix—x= J‘n a5 Tixds = j'o A Texds .

COROLLARY. The closure of D(A,)=the closure of D(Agp).

Proor. For any x < D(Ap), there exists a sequence #; | 0 such than T, x
€ D(Ay). Since T, x—x, we have x & the closure of D(4,). Hence the closure
of D(Ap)C the closure of D(A,). The converse including relation is obvious.

Q.E.D.

We cannot tell whether the strict infinitesimal generator A, of every non-
linear contraction semi-group is densely defined in H or not. (It seems that
every strict infinitesimal generator is nontrivial, that is, its domain is not
empty.) Further for positive 2, (/—2A4p)~* is not necessarily defined on H (cf.
example 2 in §4). However we have the following

THEOREM 2. Let {T,} be a nonlinear contraction semi-group with a non-
trivial strict infinitesimal generator A,. Then A, has a dissipative (multi-valued)
extension A such that (I—A)™" is (one-valued,) continuous and defined on H.

PROOF. Let A,— 1% h—i for h>0. First we shall show that (I—A,)" is

continuous and defined on H. For x, y e H, we have seen already

Re (Apx— Ay, x—y> =0.

Thus A, is dissipative, which implies in general the continuity of (I—21A4,)™
for fixed 1>0. In fact, (/—21A,)! is a contraction, which we see as follows.
For x,ye R(I—2A4,)) (=the range of (I—14,)) we put x'={U—14,)"'x and
v ={U—2A,)"'y. Then we have

9N lx—ylP=x"— 24" =y + 24,y ||?
= 2=y [P+ 24nx' — 241y’ |*—22 Re (L Apx’ — Apy’, ' —3")
Z %"=y [P+ | AApx'— 245y |?,

which implies |(I—2A4,) x—{U—24) || < |x—y|.
Now let us prove that (/—A,)! is defined on H. Let x be an arbitrary
element of H. It holds that y=(I—A,)"'x for y = H if and only if y—A,y=x, or
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. _h 1 . o, h 1
equivalently, y= ”1'5Lh'*x+‘1171—71h3’° The mapping P:z—- iTh x+T_Fh—»Thz

satisfies |Pz—Pz/|| = _i__}lih, lz—=z’|, hence the equation y =Py has a solution.

We shall construct a dissipative operator A, an extension of A, such that
(I—A)" is defined on H. Letye D(A4,). Then x=y— lim A,y exists. We put
hi0

w=U—A)'x and x,=y—A,y. Then |[x—x;]|—0as 2|0. By 9) we have
lx—x4] Z |y—al, hence |y—ysll—0 as A | 0. That is to say,

10) lim (J—A,) x=y for ye D(Ay), x=y—A,y.
hio

By the assumption of nontriviality of D(A,) we can pick up an element

yo€ D(A4,) and put x,=y,—A,y,. For an arbitrary fixed element x<= H the
inequality

I(T—Ap) == AR x| | x— x|

implies the boundedness of {(/—A,)*x|0<h=<h,}. Let ®={¢p} be an ultra-
filter of sets ¢ C (0, c©) converging to 0. Then

y=w-lim (J—A,)"x

heped

exists, since a bounded set in H is relatively compact in the weak topology.
Now we define a (multi-valued) mapping A as follows:

Ay={y—x|xeH, y= w-;)im (I—A)x}.

Evidently (J—A)"'x= w-lim (I—A,)"*x, so (/—A)™! is defined on H. Moreover,
0

by 10) we see that Ax> A,x if x= D(4,). This means that A is an extension

of A, Lety, v eD(A) and xey—Ay, x’ €y —Ay’. We let y,={U—A,)'x and

v, =U—A;)x’. Then w-lim y, =y and W-(;im v, =2y'. Notice that y—x—(y'—=x")
0

may be an arbitrary element of Ay—Ay’. The dissipativity of A follows from
the following inequality :

Rey—x—(y'—x"), y—y" > =|ly—y'|*—Re {x—x’, y—3">
= liwm I!yh—yzllz—li;}l Re (x—x/, yn—y1>
= liwm Re {yp—x—(¥—%") In—Ir)

= li(Dm Re CARYa— AV Va—I1) = 0.

2. Weak solutions of abstract differential equations.

In this section we shall discuss a generalization of solutions of the Cauchy
problem in H
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d
i SFfhe Af®),  0=i=t,

JO)=x.

for a multi-valued mapping A: H—H. Let f(f) be absolutely continuous in
[0,#,]. If f(¢) is contained in D(A) for a.e. ¢ and satisfies 11), then f({) is
called a genuine solution of 11),

We denote by Cgx[0, ] the space of all H-valued strongly continuous func-
tions on the interval [0, ¢], and Ly[0,¢] the space of all H-valued strongly
summable functions on [0, t]. These spaces Cyx[0, t] and LL[0, {] are Banach

spaces with respect to the norm || f|l.= sup || /(s) || and the norm | f ]]lzfl” f()|lds
o=s=t 0
respectively. The scalar product of fe C4[0, t] and g Lg[0, t] is defined by

(f, = [ <(5), 8()>ds.

The mapping A is considered in itself as a (multi-valued) mapping from

Cy[0,1] to LL[0,t]:f—{ge L0, t1lg(s)e Af(s) for a.e. s}, which we denote
again by A.

Now we introduce the following (multi-valued) mapping
A:Cy[0, 13 f—{g e Ly[0, 1113, € D(A) C Cal, 1],
gn S5 Afn: limfn:fr O"Iim gn= g} )

where o =0(LY[0, ], Cx[0, t]) is the weak topology of Ly[0, ] with respect to

Cxl0,1]. The mapping A is called the associated extension of A.
DEFINITION. A function fe Cgx[0, t,] is called a weak solution of the equa-

tion 11), if there exists a sequence of absolutely continuous solutions {f,} of

12) _:iif.fn(t) = Zlfn(t) for a.e. t 0Zt <y,

such that f,—f in Cg[0, £,].

Notice that a genuine solution of 11) is necessarily a weak solution. The
associated extension A of A may be multi-valued, even if A is one-valued.
Nevertheless we have the following

THEOREM 3. Let A be a dissipative (multi-valued) mapping. Then weak
solutions of the Cauchy problem 11) are unique.

PROOF. Let f1, f2e D(A) and g'e AfY, g*e Af:. We shall show that

13) Re(g'—g? f1—f5. =0, 0214,

By the definition of A, there exist two sequences {f € D(A)}, {gP < AfP}),
j=1,2, such that limf?=f7 in the norm of Cg[0,t] and ¢-limg{ =g,

n—oo n—00
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where ¢ =a(L4[0, 1], Cxl0, 7). Notice that Re { g(s)—g®(s), SOE)—fD(s)H<0
for a.e. s. Hence we have Re (g®—g®, f®—f®) = lim Re (gL —g 2, fO—f@),

=limRe(gP—g®, fP—fP), <0, since the restrictions of f¥ to Cy[0,t] and

of g to LL[0,¢] are respectively in the norm and in ¢(L4[0, t], Cx[0, 1)
convergent to the restrictions of /¢ and g@.

Now let f! and f2 be two genuine solutions of 12) with Cauchy data f(0)
=x' and f2(0)=x2 Then we have by 13)

1 O=r* @11/ OO

=] ‘fzi's' [FEORIEOIRE

= ["2re L 9~ po), s s

_—:2Re<*gs—f’—— ;iisfz, fl_fz)téol

since ““éi‘s‘fl e Afy, é,i;fz e Af:. Thus we have

/1= = 1/ O-2O ), 0=t <8,

By the definition of weak solutions, the above inequality holds good for two
weak solutions f* and f% Hence the uniqueness of our Cauchy problem is
established.

3. Generation of nonlinear semi-groups.

We shall state our main theorem as follows.

THEOREM 4. Let A be adensely defined dissipative (multi-valued) operator
in H If (I—A)*! is defined on H, then A generates a nonlinear contraction
semi-group {T,}, that is, there exists a uniquely determined nonlinear contrac-
tion semi-group -{T,} such that for each x= H T,x is a weak solution of 11).

Proor. We divide the proof in several steps.

I. First we shall show that

D(U—2A)H=H, 0<1<l.

Notice that (J—A1A)™! is a contraction (see 9)) and hence (/—2A)™* is one-valued.

Let x be an arbitrary fixed element of H, and p be a number such that

é <p=1l. The equality y= (I—pA)x means y—pAy=x, or equivalently,

y:([—A)—l( Lx» 1;” y). The mapping P::::Z'_)(I—A)hl< L x_,,,l,;ﬂ, z)
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satisfies || P,z—P,z’ | §~—1;”~ lz—z’||. Hence the equation P,y=7y has a solu-

tion, since (/—A)™* and hence P, also, are defined on H. Repeating this process,
we see that (/J—p*A)~! is defined on H for k=1,2, ... For a number 2, 0< 2
=1, we may put A= * for a suitable g and k.

II. Let A, be a mapping: x—»%y—»y for xe D(A), ye Ax. Then A4, is

one-valued. In fact, let xijll y=x'— 711,3;/ for ye Ax, y e Ax’. Then x=
(1—%,4)_1(;;—7}1,3;) = (1_ ;'A)—l(x'*'};y’)zx’, since (1—711— A)—l is one-

valued. This implies y=13’. Notice that AnzA(I——%A)_I, if A is one-
valued.

We shall show that A, is dissipative and generates a nonlinear contraction
semi-group {T{} satisfying

14) I ATxl < | Anxll -
Let x, x’ be two arbitrary elements of H and let y:([——}l—A)_lx, y=
(1——;—A>_1x’. For suitable y, e Ay and y, & Ay’ we have x:y—%ﬂu and

X’=y—~,1;y2- Hence A,x=y,, A.x’=y, It holds that
4 N — ! 1 4 1 ’
Re (Apx—Apx!, x—x") = Re (3= = Y=Y+ ¥

4 1 7 4
=Re ¥~y y——y’)——ﬁ-— Ya=Y1 Ya—Ya>=0.

Thus A, is dissipative. Moreover in a similar way as in 9) we have
72> 7|2 1 o |l2
lx—x |2 = | y—=y" I*+— s | ya—Vall

1
= 7r “ Anx—’Anxl ”2 .

Therefore the dissipative operator A, satisfies two conditions: a) A, is con-
tinuous, and b) A, maps bounded sets into bounded sets. This implies that the
equation

d
*d't‘f )= A f(®)
f(0)=x, xeH,

has a unique solution (cf. Brodwer [1] or Kato [4]). Since A, is indepandent
of ¢, we can write f(t)=T{™x, and as is easily seen, {T{™} is a nonlinear con-
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traction semi-group. Notice that T{x is continuously differentiable in the
strong topology for any xe= H. Since T is a contraction mapping, we have
| Twx—x|| = || TWx—T™x|, which implies

. .1
I Aur] = lim (T x—0) | Z | im - (T x— T3

= [ A, Tx] .
III. We fix an arbitrary element x of D(A). We shall prove that T®x

is convergent uniformly in ¢ in every finite interval. Let y € Ax, x,= x——'}ry,

-1
n=1,2,-.-. We introduce a conventional notation A’: A’ (I——%A) ™ x,

denotes a suitable element of A(I—%A)_ngmxn, that is, A,T™x,. Strictly

speaking, A’ depends on s and n. But there are no confusion. We consider
A’ as a restriction of A, and so A’ is dissipative. Then we have

L d
1 Tt TOn [ = |t o= o | T a0 =T, s

= ZJ:Re < —gs Tg’"’xm——jsf T %y, Tgm)xm—T§">xn>ds
=2 O'Re (AT 50— AT x,, T 2, —T ™, Sds
=2 :Re <A/(1—_nl1 A) T, — A(I—% A) Ty,

(1= 2 A) " Twx,—(1-1 A) T, yds
+2f :Re C ApT = AT 1,

(1-(r-} A)_I)Tg”“xm—(l——(l——% A) Tx, Sds
=2f Re { AT, AT,

(1—(1~ p A) )T @5 (1-(1— L A) ) Tz, pds.

Recalling that ye Ax, x,=x— ——ln——y, we have by 14)

| AnT ™ x| = | Amxm =21,
I A, Tx, | £ f Anxy, =1y “ .
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It holds moreover that
(I-(1= LA YTz, = (I--2 a) (1= - A) Tz,
—(1——A) Tz,

1
== An T %,

1 - n. — l n
(I—-(I— nA) )]é’x,,-—— AT %y
From this it follows that

16) | (1= (1= A) ) Tetn|= 1 AT 0] S | Aniinl= s,

(I EES L

Hence the last term of 15) is evaluated as follows:

17) 2f ('Re < A, T™x, —AT®x,

(1-(1= - A )T (I-(I=-L ) Tz, s

=20 WD I+ I3 ds =4(0 + 5 ) Il

For any fixed ¢,>0 we have by 15) and 17)

sup | Tim™x—T™x|

0st=tg

= sup (| T x—=T X |+ T 20— T x|+ | T 20— TP x4

0st=ty

. _ 1 1N, ...
Slx—xnl +llx,—x|) +0§?£0x/“xm—xn“2+4(w+wﬁ) |yl
-0, as m, n—co.

Since H is complete, T{”x converges uniformly in ¢ in every finite interval.
IV. Since |T™x—T"x'|<|x—x'||, and since T{™x’ is convergent uni-
tormly in ¢ in every finite interval for any x/ in the dense set D(A), we con-
clude that T{x itself is convergent uniformly in ¢ in every finite interval for
any x€ H. Le T,x=1lim T{x. We shall show that {7,} is a nonlinear semi-

n=-»0

group satisfying 12). It is clear that {T,} satisfies the conditions 1)—4), since
each {T{} satisfies those. Hence it suffices to verify 12).
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Let xe D(A), and xn:x——ilq y for a fixed ye Ax. Then by 16) we have

=Y A Twx, — T
n

-1
uniformly in ¢ in every finite interval. Moreover, the set § A/([ --~1—A Ty,
y n

0=stst, n=1,2, } is bounded in H, so we can choose a subsequence

{A/ (I——Tll—A>_lT§"k)xnk} convergent in the topology o= a(Ly[0, t,], Cxl[0, t,)).
k

Thus we have
AT,x € ¢-lim A, TWwx,, .

On the other hand, A,T{x,= fj[T imx, converges to “;t'sz in the topology

of H-valued distrbutions, i.e., in the topology ¢, = o(Ly[0, t,], DxL0, t,]), where
Dyul0, t,]=the space of C~-functions with carrier in (0, {,). Since o, <o, we
have thus
%Ttx = al-}cig A, Tox, e AT.x.
Q.E.D.

The semi-group {T,} generated by A in the above theorem has a densely
defined strict infinitesimal generator A,. However we don’t know whether
A,C A. As a partial converse we have

THEOREM 5. Let {T;} be a nonlinear contraction semi-group with a densely
defined strict infinitesimal generator A,. Then A, has an extension A which
generates a nonlinear contraction semi-group. The semi-group generated by A
1S equal to {T,}.

Proor. By Theorem 2, A, has an extension A such that: a) A is dis-
sipative, and b) D({—A)"')=H. Then by Theorem 4, A generates a semi-
group {7,}. Thus we have only to show that T,=7, Let xe D(4,. Then
by Theorem 1, T,x is absolutely continuous and

vddt Tyx=A,T,x for a.e. t.
Hence T,x satisfies the equation
a ~
v Txxe ATyx.

Recalling that 7,x satisfies this equation also, we see that 7,x= T,x, since the
solutions are unique by Theorem 3. For an arbitrary element x of the dense
set D(A,) T.x is equal to T,x, so it holds good that

7N}x: T.x for all xe H,
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since 7, and T, are contractions.

4. Nonlinear semi-groups in R".

We shall explain our theory in the simplest case, in the n-dimensional real
space R*. The norm in R is defined by |(x)|=+2 .

THEOREM 6. For a nonlinear contraction semi-group {T,} in R™ we have
D(Ap)=R™

PrOOF. Assume that for some x,& R"

Iim || Apx,| = oo, A= "2
hio0

Ahkxo
I An %ol
ment Yo and [ A, x| —co. By a suitable transformation of coordinates, we

may put yeo=(1,0,--,0) and x,=(0, -.-,0). Let S= {xll]x+yoo|| é—é—} Re-

calling y,— ¥, we see that for a suitable £ >0 and &,

We pick up a sequence h; | 0 such that y, = converges to some ele-

lyel > 28, 1ye~del <k,  for >k,
and for any 2> 0,
18) x, z€ S, llz—2yll = 2l = x| —llzll > £2.

Let e=inf {{|T(—v.)& S}. It is easily seen that 0 <e<oo. On the other
hand, for suitable %, >k, we have

ey
[

Ay = hye, || Apg %oll > p

€ €
and [‘h:]>‘§h7°
We put zj4,="Ts 25 7=0,1, - and z,=—ye. Forj= ha -, we have z;€S.
Thus we have "
12 41— 20 Y5l = 12744 — Ty %ol = 25— %ol = 1241 -
Hence by 18)
Izl =Nz il > &4, 7=0,1, -,

e i1, j=0,1, - [71%]. For j=[

€
€ &1

which implies |z;| < —jkA,+1 <

we have |z;] < % Hence z; & S, which is a contradiction.

COROLLARY. The strict infinitesimal generator of a nonlinear contraction
semi-group in R™ is densely defined.

This does not hold in general for a nonlinear noncotraction semigroup, as
may be seen by the following

ExampPLE 1. Let f(t) be a continuous function not differentiable at every
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t=0, and f(1)=0 for t<0. We define a nonlinear {T,} in R? so that
T(x, )=+, y+f(x+D—f(0), (x,)eRr? t=0.

Then we have D(A,) = {(x, y)|x <0}. Thus (x, ¥v) € D(Ap) does not imply Ty(x, )
e D(Ap), that is, Theorem 1 also does not hold in this case.
EXAMPLE 2. Let

max (0, x—1) for x>0,
Tx=

x for x<0.

Then {T,} is a nonlinear contraction semi-group in R!. In this case the strict
infinitesimal generator A, is defined on R?, and hence A,= Ap. In fact we
have

—1 for x>0,
on:

0 for x<0.

The extension of A, in Theorem 2 is given by

—1 for x>0
Ax=17 [-1,0] for x=0
0 for x<0,

since we have

max (x—1, 0) for x=0
(I—A)x=lim (I—A,) x=
AL x for x <0
by the equality
h

Y=U—A)x for 0<x<1, h>0 and Y=gy X

Appendix

Since the following lemma is not found in elementary textbooks, we shall
prove it for the completeness of our work.
LEMMA. Let E be a reflexive Banach space. Then every E-valued strongly

absolutely continuous function f(t),0<t=<t, has the strong derivative —réil;f(t)
for a.e. t and is expressed as the indefinite integral of the derwative, i.e.,
t d
fOy = g5 Fs+1O).
Proor. The set {f()|t=[0,t,]} is compact in E, hence it is separable.
Therefore we may assume without loss of generality that E itself is separable.

The strong absolute continuity of f(¢) means that for any &> 0 there exists
some ¢ > such that
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S lsi—t1<8, s, [0, f]= B A)—/] <e.
Thus f(t) is of strongly bounded variation.
We put fh(t)=—}—;(f(t+h)—f(t)) for h#0, and F,()= Elﬁ—g I /@1, F(t)

=Tm | f,(#)|. Since f(t) is strongly continuous, so is f,(f). Hence F.(t) and
hto

F_(t) are measurable. We can show moreover that F.(#) and F_(¢) (=0) are
finite for a.e. t. In fact, suppose that 1= the measure of {¢|F.(t)=co} be >0.

Let E, = {tlsup {"—}L—( ft+h)— f(t)“ ‘ h= % 0<i<t+h< to} > 2 jar. f}. Then
each E, is a closed set and \UE, D {t|F.({)=}. Since {E,} is an increasing
sequence, there exists such an E, that m(En)>A'2%A. We define {t,} and {4} as
follows : ¢,=inf{¢|¢ & E,}, t,=inf{i & E,|¢ = t,+h,} and h, = sup{hm LSt h
—f)

l;%var.f}. Then we have evidently \JU[t,, t,-+h,] D E,. Hence

St h)—FE)| 2 -var. f Shiz-2-var. f m(E,)> var. /.

Thus we obtain a contradiction. In the same way we see that {t|F_(f) = oo}
is of measure zero. That is to say, there exists a null set N,C[0,?,] such
that {f,(¢)|h # 0} is bounded for any fixed t < [0, {,]—N,.

Since FE is separable by assumption, the dual space E’ has a countable
weakly densc subset {x,}. Each function g,(t)=<f(), x> is absolutely con-
tinuous, hence its derivative gj(¥) exists except at a point of a null set N,.
Recalling that for any fixed ¢t [0, t,]—N, {fx(®)|h+0} is bounded and hence
weakly relatively compact, we see that

)= w’zlignfh(t)

exists for any t e [0, t,]— @ N,, since {x,} is total. The weak derivative f/({)
k=0

is weakly measurable, hence strongly measurable by the separability of E.
Now we define

fo=2[(£) (D)) st

for k=t,, 2t,, -, 2"t,. Then j:(il frd)dt < var. f. Since f1(t) converges weakly

to f/(t) for t € [0, {,]—\U N,, we have |/ =lim | /2@ for t &[0, 1, ]—\I N,
Hence by Fatou’s lemma,

[ 1r@nar<tim § £l < var. .
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Thus f/(t) is strongly integrable. We put f(f)= f ‘ F/(s)ds-+£(0). Since {f®), x>

={f(t), x> for a.e. t for k=1,2, .-, we have f({)=s() for a.e. . By
Bochner’s theorem (see for instance [12, p. 1337) f(¢) is strongly differentiable

for a.e. t and the strong derivative % St is equal to f/(¢) for a.e. t.

[11]

[12]

Waseda University
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