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In [4], G. Takeuti conjectured that the cut-elimination theorem would hold
in his system GLC as well as in LK. Many attempts to prove it constructively
have not yet succeeded. On the other hand, W. Tait proved the cut-
elimination theorem for the second order predicate logic by a non-constructive
method. In this paper, we shall prove the cut-elimination theorem in simple
type-theory also by a non-constructive method. Our proof will be formalizable
in Zermelo’s set theory, which contains neither the axiom of replacement
nor the axiom of choice®. The author wishes to express his thanks to Pro-
fessor T. Nishimura, Mr. K. Namba and Mr. T. Uesu for their kind advice
and assistance.

§1. Complexes

The system of simple type-theory we shall use is Schiitte’s system in [27*.
We shall use the notations in [2].

Let V be a semi-valuation®. We shall define V-complexes of type t by
induction on types.

1.1. A V-complex of type 0 is a pair [e° 0], where ¢° is an expression of
type 0.

1.2. A V-complex of type 1 is a pair [A4, p], where A is a well-formed
formula and p is ¢ or f satisfying the following conditions.

1.2.1. If A is ¢ in the semi-valuation V, then p=¢.

122. If Ais fin V, then p=/.

1.3. Suppose that the V-complexes of type 7y, ---, z,-, and 7, are already
defined. Let €z, ---, €z, be the sets of all the V-complexes of type z,, -+, 7,

1) Cf. Appendix 2.

2) For the sake of brevity, constants (except function constants) are omitted,
since they can be identified with free variables.

3) Our proof remains valid, if the term “semi-valuation” is replaced by « partial
valuation” throughout this paper. But we use only the conditions 6.1.1.-6.1.7. in 2]
but do not use 6.2.1.-6.2.7. in [2]
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respectively. Then a V-complex of type z =(z,, ---, 7,) iS a pair [e, p], where
¢’ is an expression of type r and p is a subset of €z, X --- X €z, satisfying
the following conditions. For any V-complexes C,=/[ef1, p,], --+, C, =[ez?, p,]
of type t,, -+, 7, respectively,

1.31. if the wif (e, -, e,/ ¢e%) is t in V, then <{C,, ---,C,)> € p, and

1.3.2. if the wif (¢,"1, .-, ¢,"r € ¢e") is f in V, then <C,, ---, C,> & .

14. In a V-complex [¢*, p], ¢° is called the first part of this complex and
p is called the second part of it.

1.5. For any expression ¢° of type 7, there exists a p such that [, p] is
a V-complex of type z. For if ¢ =0, we may set p=0, if =1, we may take
t or f as p according as the wiff e! is ¢ in V or not, and if z=(zy, ---, 7,), W€
may set p={<C,", ---, C,’»)| the wif (¢,"1, ---, e,’r=e") is t in V, where ¢;"¢ is
the first part of C;"ii=1, ---, n)}.

§2. Correspondences

2.1. By a V-correspondence we mean a function which maps each free
variable a* to a V-complex of type z. In this and next paragraphs we simply
say “complex” or “correspondence” instead of “ V-complex” or * V-corre-
spondence ” respectively, since a semi-valuation V is fixed in these paragraphs.
Henceforth @, ¥, @/, ¥’ etc. denote correspondences. @,(a"), D,(a*) denote the
first or the second part of @(a") respectively.

221. If @@)=¥ () for all free variables b except a, we write @ ~¥.

2.2.2. Let a,", -+, a,’ be distinct free variables and C,™, ---, C,”» be com-
plexes of type 7y, ---, T, respectively.

T1... Tn
? o o)
denotes the correspondence ¥ defined by

w‘(airi) :Ciri ('L: 1, ceey, n)
ToH=00% O +a ™, -, a,™m).

2.3. We shall extend a correspondence @ to & which maps each expres-
sion ¢" to a complex of type <.

2.3.1. First we define the first part &,(e) of $(e). Let a,, -, a, be all the
free variables contained in an expression e=e(a,, -+, a,;) and let @,(a)=e¢,
@G=1, ---,n). Then we set

D) =ce(e;, -+, ).

2.3.2. Thus, &(e) will be defined when the second part &,(¢) is well-defined
so that @(e) =[d(e), B,(e)] is indeed a complex. The definition proceeds by
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the induction on the number of stages to construct e. Suppose that &,(d) and
therefore @(d) be well-defined for any expression d which was constructed in
an earlier stage than that of e. Then we define @,(¢) by cases and prove that
[D,(e), D,(e)] is a complex.

Case 1. e is a free variable a.

Then we set @,(e) = D,(a).

Case 2. e is of the form ¢(d,, ---, d,), where ¢ is a function constant.
We set @,(e)=0.

Case 3. e is of the form (d,, ---, d, = d).

_ o defy ¢, if <B(d)), -, Bd))y € D,(d),
(0 l f, otherwise.

Case 4. ¢ is of the form 7 A.

def

- t: if @2(14):.}(:
@2(9) =

f, otherwise.

Case 5. ¢ is of the form AV B.

def

N t, if @,(A)=t or P, (B)=t,
@2(9) -

f, otherwise.

Case 6. e is of the form JxA(x%).

Naad

def[ t if there exists a correspondence ¥
B,(e) = such that ¥~ @ and ¥,(A@@M)=t.

f, otherwise,

where a° is the first free variable of type r (in a fixed enumeration) which
does not occur in e,
Case 7. e is of the form Ax,"t .- x,"2A(x,71, -+, x,7%).

. def
b(0) = { (G, s Gy |Gt e 6, and

Crlo Gy
@( . ) (A(al"'l, Tt an"n)):t ’

a, 1. anfn 2
where a;" is the first free variable of type r; (in a fixed enumeration) which
does not occur in ¢ and differs from a,%, ---, a;_;"— (1=1, ---, n).

2.3.3. Next we prove that &(e) =[P ,(e), ,(e)] defined above is a complex.
Similarly to 2.3.2 the proof proceeds by the induction on the number of stages
to construct e.

Case 1. ¢ is a free variable a.
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by =[Dy(a), Px(a)]=[Dy(a), Do(a)]=0(a).

Hence &(e) is a complex.

Case 2. e is of the form ¢(7,, -, d ), where ¢« is a function constant.

It is clear that @(e) is a complex, since e is of type 0.

Case 3. ¢ is of the form (7,,--,d, =¢).

Let #(d)=C;=[d, p] G -1,- ,7) and &(d)=C—=[d’, p].

Then &,(e) is (d}, ---, e ).

Suppose that @,(e) is t in V. Since #(d)=[d’, p] is a complex by the
induction hypothesis,

<C1’ R Cn> ‘=P,

by 1.3.1. lLe.

<@(d1)’ ey, @(dn)> € @2((1)-

Hence by the definition, @,(¢)=¢t. Similarly if &,(¢) is f in V, then &,(e)=/.
So @(e) is a complex by 1.2.1 and 1.2.2.

Case 4. ¢ is of the form 7 A.

Let #,(A)=B. Then &,(¢)=7B.

Therefore if @,(¢) is ¢ in V, B'is fin V by 6.1.1 in [2] So &,(A)=f by
the induction hypothesis and 1.2.2, and hence &,(¢)=t by the definition.

Similarly if @,(e) is fin V, then @,(e)=f. Thus &(e) is a complex.

Case 5. ¢ is of the form A\/ B.

Similar to the case 4.

Case 6. e is of the form Ix"A(x", a,, -+, a,), Where a,, ---, a, are all the
free variables occurring in e.

Let @(a)=[d, p;] (=1, ---,n). Then &,(e) is Ax"A(s%, dy, ---, d,). Suppose
that @,(e) is t in V. Then by 6.1.5 in [2] there exists an expression d° such
that A(d%, d,, ---,d,) is t in V. By 1.5 there exists a p such that C"=[d", p]

.
is a complex. We set Uf:@(acr) where a® is the free variable mentioned in

2.3.2 case 6. Then by the induction hypothesis,
[wl(A(aT’ ST an))y ﬁ‘z(A(ar, TR an)):]

is a complex. But ¥,(A(d, a,, -, a,) is A", d,, -, d,). Since it is ¢ in V,
7,(Alg, ay, -+, ay)) =t. Therefore $,@xAG, ay, -+, a)=t by ¥~ ®. Next
suppose that @,(¢) is f in V. Let ¥ be an arbitrary correspondence such that
(Ifra\;(l) and let ¥'(a") =[d", p]. Since XA, dy, -+, d,) is fin V, A(d", d,, -+, dy)
is also f in V by 6.1.6 in [Z] But A(d%, d,, -, d,) is ¥ (A(@, ay, -, ay).
Therefore by the induction hypothesis ¥,(A(a", a,, ---, a,))=#. So there is no
¥ such that ¥~ @ and ¥y (A(d", ay, -+, a))=t. Hence O,Fx" AW, q;, -+, @)
=f. Thus &(e) is a complex by 1.2.1 and 1.2.2.
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Case 7. e is of the form Ax;"--- x,» A(x,"%, ---, x," by, =+, by), where
b,, ---, b, are all the free variables occurring in e. Let @(b)=[d; p;] G =1,
-, m) and let Ci=[¢;"%, q;] be an arbitrary complex of type z; (i=1, -+, n).
Then @,(e) is Ax,"* - x,72A(x,"Y, -, x,", dy, -+, d,y). Now suppose that the wif
(™1, -, Ctm € Ax,TY e 2,70 AR, <o, X, dy, e, dy)) iS¢ in V.o Then the wif
Ale,™y -+, ey, dy, -+, dy) is also ¢t in V by 617 in [2] Let ¢ i@¢=1, -, n)
be as in 2.3.2 case 7, and let

Clrl vee Cn"n
¥ = Q)(

1 ... n
al 1 an

Then ¥,(A(a,™, -+, a,™®, by, -+, by)) is A(c,™, -+, €™, dyy -+, dy).
So by the induction hypothesis,

ifz(A(alrl! Tt anrns bl’ R bm)): t.
Hence (C;*t, ---, C,"») & @,(¢) by definition. Next suppose that the wif
(cl'l'l’ e cnfn = lerl vee xnrn A(‘xlfl’ e, an", dv e, dm))

is fin V. Then A(c", -+, ¢, dy, -+, d,) is also fin V. So by the induction
hypothesis
ﬁz(A(alrll e, A bl! M) bm)):f

Hence (C,%, -+, C,"> & @,(e) by the definition. Accordingly [&,(e), ,(¢)] is a
complex by 1.3.1 and 1.3.2.

§3. Preliminary results

The following 3.1 (lemma) is easily seen by the induction on the number
of stages to construct e.

3.1. LEMMA. Let e(a;, ---,a,’™ be an expression which does not contain
free variables other than a,", ---, a,™, and let b,", ---, b, be distinct free vari-
ables. If @, U are correspondences such that ®(a;"")=¥ b ) (i=1, .-, n), then
Ble(a,™, -, a,™) = T(eb;™, -, by™).

3.2. COROLLARY. The value @(e) depends only on the values of @ for the
Sfree variables occurring in e; i.e. if (@)= (a) for every free variable a occur-
ring in e, then ®(e)= ¥ (e).

3.3. COROLLARY.

3.3.1.

t, if there exists a correspondence ¥
,Axr A(x?)) = such that ¥ ~® and ¥,(A@@)=t,

f, otherwise,

where at is an arbitrary free variable of type v which does not occur in JxtA(xv).
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3.3.2.
ECENLEIE ALY (E AN MO)

= {Cn, - e |ore e, and o(Cr TS A, o ar =1},

where a,™, -+, a,”™ are arbitrary distinct free variables which do not occur in
lerl T annA(XIT]! Tty xnrn)'

34. LEMMA. Let e(ay, ---, ay) be an expression®, let e(i=1, ---, m) be an
expression with the same type as a;, let @ be a correspondence and let

w‘ — @<@(61), ttt (p(em)> .
a,, ey Ay

Then ®(ele,, -, en) = T (e(ay, -+ , @)

Proor. It is clear that

@1(9(91» ey ) = ?Fx(e(ap e, ).
We prove
@'2(8(81, Tty em)): ﬁz(e(al, Tt am)) ’

by the induction on the number of stages to construct e(a,, -+, ay)-
Case 1 (i). e(a,, ---,a,) is a;.
Then e(ey, -, e,) is e;.
Hence @(e(ey, -, )= P(e)) =T (a,)= T (ela,, -+, a).
Case 1 (ii). ea,, -+, ay) is b (bxa,. -+, ap).
Then e(ey, ---, e,) is b.
Hence @(e(ey, -+, ¢,) =OB) =¥ ) =¥ (e(a,, -, a,)).
Case 2. e(ay, -+, a,) is of the form ¢(d,, ---, d;), where ¢ is a function
constant.
In this case, both e(a,, ---, a,,) and e(e,, ---, ¢,) are of type 0.
Hence @,(e(e,, -, ¢,) = ¥.(e(ay, -, a,)) =0.
Case 3. e(a,, ---, a,) is of the form

(dy(@y, 5 A, > dilay, -+, Q) € Ay, =+, dy)) -
Then e(ey, -+, e,,) is
ey, ) n), -y diley, -+, en) € d(ey, -+, €,) -
Suppose that @,(e(e,, -+, ¢,,)) =t. Then by the definition,
(Ddy(ey, -+, )y -+, Ddiley, -, ey € Bo(dley, -+ en)) .

But @(di(el» Tty em)): i‘(di(alt Tty am))’ (7': 1’ Tt k) and @Z(d(en Tty em))
=¥ (d(a,, -, a,)), by the induction hypothesis.

4) ¢ may contain free variables other than a,, :, a,,.
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Hence
<¢(d1(a1’ ] am))’ Tt ﬁ-(dk(a'v R am>)> = ?ﬁ'z(d(al: Tt am)) .

Accordingly ¥ ,(e(a,, -+, an)=t. Similarly if &,(e(e, -+, en))=/f then
q?z(e(al’ Tt am)):f

Thus @,(e(e,, -+, e,) = T, (eay, -+, ap).

Case 4, 5. ¢(a,, --+, a,) is of the form 7A or AV B.

The proposition is clear by the definition and the induction hypothesis.

Case 6. e(a,, -+, a,,) is of the form FxtA(xv, a,, -+, Gp).

Then e(ey, -+, e,) is IxrA(x7, e, -+, e,). Let ar be a free variable of type
7, which is different from a,, ---, a,, and contained neither in e(a,, -, a,) nor
in e, -+, e,. Now suppose that @,(e(e,, -+, e,) =1

Then there exists a correspondence @’ such that

O/~ @ and B/, (A@, ey, e) =1

Since ¢; does not contain ar, @'(e;) = P(e;) by 3.2.
@’(av)
Let ¥ be T(ar )
Then
Ur— @ (é(el): Tty @(em)! @/(ar)>
a,, ey Qo ar
@(8 \; tTty @(em)
— @/ 1/
<a1) ‘o am )
= @/(@/(81), BRRE) @/(em)) .
al’ LN an
So by the induction hypothesis
T (A(dS, ay, -, Q) =t.
Since ufwtw, T,Axc A(xr, ay, -+, a,)) =1%.
Conversely, if ¥,(e(a,, -+, a,)) =1, then
@2(3@1’ ey ep)=1.

Hence &,(ele,, -+, en) = ¥ (elay, -+, Q)
Case 7. e(a,, -+, a,) is of the form

ler" ot xnr"A<xlrl’ Tty xnrn’ ay, ==, am) .
Let b,°t, ---, b, be new variables which are different from each other and
from a,, ---, a, and contained neither in e(q,, -+, a@,) nor in ¢;i=1, ---, m).

Now suppose that <C,*, ---, Co ™ & Dyleley, -+, en)).

5) Cf. 33.1.
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, e Gy e (Cy1 e G
We set @ ——¢<blrl b"m) and qf’“qf(bl'l bn’n)'
Then

@’Z(A(bl"l’ e, bty 0y, ey ) = 1O
And &/(e))=B(e;) (i=1, ---, m), since e; does not contain by, -, b,.
Accordingly,
@(el)’ Tt @(em)

W’:@/( — )

B'ey), -+, B'(en)

=0

Hence by the induction hypothesis

).

al’ (XN am

?Zrlz(A(blr]y A bnrny al’ "ty am)>= t .
and hence

(C;™L, e, G € T, oe 2, 0 AT, ooy 2,77, gy o0y Q)
= wxz(e(alv Tty am)) .
Conversely if (C,1, -, C,"»> € T,(e(ay, -+, ay), then (C;°, «-,C,»)
€ @2(8(91, Tty em))'
Thus 52(0(21, Tty em)) = ifz(e(alx R am))'
The proof of 34 is now completed.
3.5. COROLLARY.
35.1. If @,(A(e))=t, then &,AxA(x)=t.
3.5.2. @2((21, e,y E AXy e XA, e, X)) = @2(14(81, Tty en))
PrROOF. Suppose that @,(A(e))=1.
Let & be Q)(@a(e)), where a is not contained in JxA(x). Then by the

lemma 34 ¥ (A(a))=t. Since ¥ ~®, $,(3xA(x))=t by the definition.
Next suppose that @,((ey, =+, €, € A%y - X A(Xy, -+, X)) =1. Let p be
@2(27‘1 o X ACxy o X))
C,

@(a

where a,, ---, a, are not contained in Ax, -+ x,A(%x;, -+, x,). Then (D(ey), -+, D(e,))
€ p. That is,

={<C1, e, G

T C,
) (Alay, -, an)):t} .
e a,,

1

d(ey, -, De,
@( (el) (e )) (A(al’ (XL an)),_—_-t .
ay, e, Ay 2

6) Cf. 332



Proof of cut-elimination theorem 407

Hence by the lemma 3.4, @,(A(e,, -, ,) =".

Similarly if @,((e,, -+, €, € A%y -+ X, A(xy, =+, X ))=F, then @,(Ae,, -, e,))=F.

3.6.1. Let F be a wff. Positive parts (p.p.’s) and negative parts (n.p.’s)
of F are called explicit parts (e.p.’s) of F.

36.2. Let F[A] be a wff with an e.p. A in just one indicated place.
Moreover let B be an e.p. of F. If A is a subexpression of B in F (i.e. all
the symbols in A are those of B), we say B includes A in F. If A, B have
no symbol in common in F, we say A, B are disjoint in F.

3.7. LEMMA. Let F be a wff. If ®,(F)=f, then ®,(A)=f for all p.p. A
of F and @,(A)=t for all n.p. A of F.

Proor. If A is F itself, the proposition is clear. If 7B is a p.p. of F
and @,(7B)=Ff, then B is a n.p. of F and &,(B)=¢. If 7B is a n.p. of F
and ¢,(7B)=t, then Bis a p.p. of F and &,(B)=f. If BvCis a p.p. of F
and @,(BV C)=/, then both B and C are p.p.s of F and @,(B)=8,(C)=/.
So by the definition of p.p.’s and n.p.’s, the proof is complete.

3.8. LEMMA. Let F[A] bea wff with an e.p. A in just one indicated place
and let $,(F[A])=t, Moreover suppose that for each e.p. B of F[ A] which is
disjoint with A, the following conditions are satisfied.

381. If Bis a p.p. of F[A], then @,(B)=f, and

382. if Bis a n.p. of F[A], then @,(B)=t.

Then for each e.p. C of F[A] which includes A, the following conditions
are satisfied.

383. If Cis a p.p. of F[A), then $,(C)=t, and

3.84. if Cis a n.p. of F[A], then &,C)=1 .

Proor. If C is F[A] itself, the proposition is clear. If 7C is a p.p. of
F[A] and &,(7C)=t and C includes A, then C is a n.p. and &,(C)=f If
7C is a n.p. of F[A] and &#,(7C)=f and C includes A, then C is a p.p. and
$,(C)=t. Next suppose that C\v D is a p.p. of F[A] and &,(CVv D)=t and
C includes A. Then C, D are p.p.s of F[A] and D is disjoint with A. Hence
by 38.1 &,(D)=f Therefore &,(C) must be t since §,(CVv D)=t. Similarly
if DvCis a p.p. of F[A] and #,(DVv C)=t and C includes A, then C is a
p.p. and &,(C)=t. It completes the proof of 3.8.

§4. Cut-elimination theorem

4.1. LEMMA. If F is derivable, then $,(F)=t for any V-correspondence
®. (V is an arbitrary semi-valuation.)

ProoF. We shall prove this proposition by the induction of the deriva-
bility order of F. (See 4.1 in [27]).

Case 1. F is an axiom, i.e. F is F[P,, P.], where P is a prime wif.
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Suppose that @,(F)=f. Then by the lemma 3.7, &,(P,)=f and &,(P.)=t.
This is a contradietion, since P, and P_ are the same wff. Hence @,(F[P,, P.])
=1.

Case 2. (Sl) F[A.], FLB.1—F[Av B.]. Suppose that @,(F[A.])=t,
&, (F[B.D=t and &,(F[Av B.])=f and we shall lead a contradiction. From
@, (F[LAV B.])=f we have @,(AV B)=t by the lemma 3.7. Hence @,(4)=t
or &,(B)="t.

Subcase (i). @,(A)=t.

Consider any e. p.C of F[ A_] which is disjoint with A. The Cin FLAVB_]
which is in the corresponding place is an e.p. of FLAVB.]. Hence &,C)=/f
or ¢t according as C is a p.p. or n.p. of FLAv B_] by the lemma 3.7. Accord-
ingly the conditions of the lemma 3.8 are fulfilled. Therefore @,(A)=f since
A is a n.p. of F{A_] and includes A. This contradicts the hypothesis.

Subcase (ii). @,(B)=*t.

Similar to the subcase (i).

Case 3. (82.) F[A(av).]—F[3x*A(x%)_], where ar does not occur in the
conclusion. Suppos> that @,(F[3x7A(x?).]))=f Then by the lemma 3.7
@,(3xrA(x7))=t. Hence there exists a V-correspondence ¥ such that ¥~ @

at

and ¥'(A(av))=1 (cf. 3.3.1). But by the induction hypothesis ¥, (F[ A(ar).]) =1
Morcover if C is an e.p. of F[ A(av).] which is disjoint with A(ar)_, then by
the assumption and the lemma 3.7, ¥,(C)= &,(C)=f or ¢ according as C is a
p.p. or n.p., for C does not contain ar and ¥ ~@. Therefore by the lemma

3.8, ¥(A(a?))=/. This is a contradiction. Accordingly @,(F[IxrA(x7).])=*t.

Case 4. (S3.) F[IxrA(x7),]V A(er)— F[3AxrA(x7),]. Suppose that
G (F[Axr A(x7), ]V A(e?)) =t and @, (F[Ix*A(x7),])=F Thei &,(A(er)) must be
t. Accordingly by 3.51 #,3x A(x?))=t. But &,(F[Ax*A(x7),])=f Therefore
@,(AxrA(x?))=f by the lemma 3.7. This is a contradiction. Hence @,(F[3x*
A(xm) D=1t

Case 5. ($4 a, b)) F[A(ey -+, ) 1= F[(ey, -+, ey & Ax; oo+ X, A(Xyy o+ 5 Xp))s -
Suppose that @,(F[A(e,, -+, e,). ) =% Then we have @,(F[(e,, -+, n € A%, ++ X
A(xy, -+, x,):]) by a similar argument as in Case 2, using 3.5.2, 3.7 and 3.8.

Case 6. (S5.) FvIx'7(x'v 7x)—F. Suppose that @,(F\vIx 7(xt\Vv 7x%)
=t. Clearly ¢,3x'7(x'v 7x))=f. Hence @,(F) must be t. This completes
the proof of 4.1.

4.2. THEOREM. If F is derivable, then it is strictly derivable.

Proor. If F is not strictly derivable, by 6.7 in [2] there exists a semi-
valuation V in which F is f. Let @ be a V-correspondence such that @(a) is
of the torm [a, p,] for each free variable a. Then for every expression e,

7) Such a correspondence exists by 1.5.
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@(e) is of the form [e¢, ¢.]. In particular, #(F) is of the form [F, gp]. Since
Fis fin V, g must be f. (c.f. 1.22) That is, @,(F)=f. Therefore F cannot
be derivable by the lemma 4.1. g.e.d.

Appendix 1.

Our method can be directly applied to GLC or other modified systems of
simple type theory.

Appendix 2.

Every expressions, types, semi-valuations, V-complexes, the set of all the
V-complexes of type 7, otc. are regarded as sets in Zermelo’s set theory Z by
a certain formalization, while a V-correspondence @ cannot be regarded as a
set in Z. But for a given expression e, the value @(¢) depends on only a finite
number of the values of @ by 3.2. So our proof goes also when definition of
V-correspondence is changed so that the domains of them are finite sets of
free variables. After this modification, a V-correspondence can be regarded
as a set in Z, and hence the formalization of our proof in Z can be easily
established. [ think that the fact is very important by the following reason.

We denote the axiom system of natural number theory with or without
the induction by I, or I', respectively. The proof of cut-elimination theorem
in GLC is not formalizable in the system I", in GLC. (It is known that this
system is weaker than [Z7]®). ;

In fact, it is that the following sequents are provable in GLC;

['a, - ConsLK(Fa)

I',—Consix(I",) ACE D Conscrc’,)
I —Consercy) D Consre(lo)” .

where Consix(l’,) etc. denote the arithmetical statement which asserts that
I', is consistent in LK etc. and CE denotes the statement which asserts the
cut-elimination theorem in GLC. Hence if
I',—CE
were provable in GLC, we would have
f’ a,—*COHSGLc(f a)

in GLC, which is impossible by Godel’s theorem. From this argument it seems

8) Cf. [7].
9) Cf. [4] 9.28.
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likely that the proof of cut-elimination theorem cannot be essentially reduced
to one which is based on a weaker standpoint (in particular, the finite stard-
point) than Z.

(1]
(2]
(3]

£4]
£5]

{6]
(7]
(8]
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