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Notes on Fourier Analysis (X).
On the summability of Fourier series.

Noboru MATSUYAMA.
( $Recei\backslash ed$ Dec. 10, 1947)

1. Let $\phi(x)$ be an L-integrable and periodic function with period $ 2\pi$.
For any $k\geqq 0$ and any $a\underline{\geq}0$ we define $\Psi_{k}(x)$ and $\Psi_{k}^{\alpha}(x)$ the formula:

$\Psi_{k}(x)=\frac{1}{\Gamma(k)}\int_{x}^{n}(\log\frac{u}{\chi})^{k}\overline{d}^{1}(t\ell)\frac{du}{u}$ ,

$\Psi_{0}(x)=d(x)$

and

$\Psi_{k}^{\alpha}(x)=\frac{1}{\Gamma(//.)}\int_{0}^{x}(’$ ,

$\Psi_{k}^{0}(x)=\Psi_{k}(x)$ .

If $\Psi_{k}^{a}(x)/x^{\alpha}(\log 1/x^{i})^{k}=o(1)$ as $x\sim 0$ , we say that $\phi(x)$ is $(a, k)- continu-$

ous at $x=0$ .
Let $\Sigma a_{n}$ be a given series and $A(u)\equiv\sum_{\nu<u}a_{\nu}$ be its partial sum. For

any $k\geqq 0$ we define Riesz’s sum $R_{k}(\ell u)$ of order $\chi$ by

$R_{k}(cu)=\sum_{n<\omega}.(\log\frac{\omega}{\prime l})^{k}a_{n}=\frac{1}{1^{\prime}(k)}\int_{1}^{\omega}(\log\frac{cu}{1u})^{k-1}\frac{A4(u)}{n}du$ ,

$R_{0}(\omega)=44(\omega)$

and for any $a\geqq 0$

$\prime R_{k}^{\alpha}(\omega)=\frac{1}{\Gamma(a)}\int_{0}^{v}(\omega-v)^{\alpha-1}R_{k}(v)dv$,

$R_{k}^{0}(\omega)=R_{k}(a’)$ .
If

$R_{k}^{\alpha}(\omega)/cu^{\alpha}(\log\omega)^{k}\rightarrow s$ as $\omega\rightarrow\infty,$ .

then we say that $\sum a_{n}$ be $(a, k)- summable$ . to the sum $s$ and denote it by

$\sum a_{n}=s(a., l)$ .

Let $\phi(x)$ be an even periodic function with period $ 2\pi$ , and its Fourier
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series be

$\phi\sim_{3^{1}}-.-a_{0}+\sum_{n=1}^{n}a_{n}\cos llX$ .

Let us $cons\dot{\not\in}der$ the $(a, \nearrow’)$ -summability of Fourier series of $\phi(t)$ at $\chi$.
For the sake of simplicity, we suppose that $x=0,$ $s=0$ and $\oint(0)=0$ . This
summability has been already treated by $Hardy^{I)}$ , Kawata-Wapg2) and
Bosanquet-Offord3) $1^{\dashv_{\lrcorner}^{\neg}}s\dot{p}$ecially $Bos*nquet$ and Offord proved the following
theorem:

If $|\phi(t)|=0(\log\frac{1}{t})$ $(C, 1)$

as $t\rightarrow 0$ , thcn a $\gamma pc_{\iota}ssar)^{\prime}$ and $snffci_{t’}nt$ condition tliat for any $\delta>-1\mathfrak{S}[\phi]$

is $($ \‘o, $1)- s\iota/mma^{/l}f$ is $t1\iota atf\nu’\prime somc,\beta;\phi(x)$ is $(\beta, 1)$ -continuous.
As an extension of this theorem, we prove the following
Theorem. If for $k\geqq 1$

$\Psi_{k-1}(t),$ $=0(\log\frac{1}{t})^{k}$ $(C, i)-$

as $t\rightarrow 0,$ $t^{;_{lp}}nt^{l}njT\ell CdSS\Omega^{\prime y}$ and $s\iota fficient$ c.ondition tlial $\mathfrak{S}[d].$ is $(\dot{a}, \prime t)$ -sum-
mable for any $\alpha>\cdot-1$ , is that for some $\beta,$ $\phi(x)$ is $(\beta, \gamma_{s}\vee)- co;ltinuo\iota ls$ .

2. Let $S_{n}^{\alpha}$ be the n-th Ces\‘a$ro$ sum of the $\backslash erie\sim s\cdot\sum$ $a_{n}$ of order //.

Concerning the relation $bet\tau veenS^{\alpha_{\dot{\nu}}}$ and $R_{k}(v)$ we $\grave{h}$ave
Lemma 1. For any $positi_{L^{)}}^{r}\ell int\ell grk$ and a sucli as $a-\nearrow d>-1$ ,

$S_{n}^{a}=A_{f}R_{k}^{a}(n)+A_{J^{ll}}R_{k}^{\alpha-1}(ll)+\cdots\ldots+A_{k}n^{k}R_{k}^{\alpha-k}(\prime l)$ ,

$\prime cn/lpreA_{i}$ ($i=0,1,$ $\ldots\ldots$ , le) depends onJy on $a$ and $\chi$ .
Proof. By the definition

$S_{n}^{\alpha}=\frac{1}{1^{1}(\alpha)}\int_{0}^{n}(n-v)^{\alpha-1}s(v)dv$

where $s(v)=\sum_{n<v}a_{n}$ . Consequently

$l^{7}(a)s_{n}^{\grave{\alpha}}=[R_{1}(v)v(7\iota-7/)^{\alpha-1}]_{0}^{n}-\int_{0}^{n_{R_{1}()\frac{d}{d_{l}^{\prime}\prime}\{v(n-\prime}}7^{\prime}’)^{\alpha\sim 1}\}dv$

$=-\alpha\int_{0}^{n}R_{1}(v)(n-v)^{\alpha-l}dv+(\alpha-1)n\int_{0}^{n}R_{1}(v)(n-v)^{\alpha-2}dv$

$=-al^{1}(\alpha)R^{\alpha_{1}}(n)+(a-1)I’(a\neg 1)nR^{a-1}J(n)$ ,
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Dividing by $l^{7}(a)$ , we get

$S^{\alpha_{\iota}}=-aR_{1}^{\alpha}(\prime\prime)+\prime lR_{1}^{\alpha-1}(’\iota)$ .
Repeating this process We get

$S_{n}^{\alpha}=A_{0}R_{k}^{\alpha}(’)+A_{1}nR_{k}^{\alpha\rightarrow}(n)+\cdots\cdots+A_{k-1}n^{k-1}R_{\dot{k}}^{\alpha-k}$
“ $(n)$

$+A_{k}^{J_{\gamma l}}t_{0}^{n_{R_{k}(v)}}(n-v)^{\alpha-k-\iota}dv$ ,

where the last term $is$ equal to

$\frac{A_{k^{\prime}}}{\alpha-k}\prime l^{k}\frac{d}{dn}\int_{0}^{n}R_{k}(v)(\prime\prime-.v)^{\alpha-k}dv$

$=\frac{A_{l}^{\prime}}{\alpha-k}\Gamma^{\prime}(a-l^{J}+1)_{Zl^{k}}\frac{\prime_{\nu}^{J_{\sim}}}{du}R_{k}^{\alpha-k+1}(\prime l)=A_{g^{\prime}l^{k}}R_{k}^{\alpha-k}(\prime\prime)$ .

Consequently, for $//.-l>-1$ ,

$S^{a_{\iota}}=A_{0}R_{k}^{\alpha}(;J)+A_{1}/R_{k}^{\alpha-1}(n)+\ldots\ldots+A_{k^{\prime}}\iota^{k}R_{A}^{\alpha.-i}(n)$ .
Thus the lemma is proved.

As the immediate corollary of Lemma 1 we get
Lemma 2. For any positive integcr $k$ $anda>-1,$ $\sum a,$ $=0(//, l)$ imp $i\ell’ s$ .

$\Sigma a_{n}=o(\log r;)^{k}(a+k, 0)$ .
On the other hand the following theorent \\’is known:
Theorein $(Kawata- Wang^{2)})$ . For any $a,$ $\beta>0,$ $\Sigma a_{l}=0(\alpha, \beta)$ implics

$\sum a_{\iota}=0(0, a+\beta)$ .
3. For any $k\geqq 1$ the k-th Riesz sum $R_{k}(u)$ of Fourier s\’eries $\mathfrak{S}[\phi]$

is represented by

$R_{k}(\phi, \omega)=R_{k}(cu)=\frac{2}{\pi}\int_{0}^{\pi}\Psi_{A}(t)\sin_{t}cut_{d_{\vee}^{l}+o(\log_{Cu})^{k}}$ .

That is

$R_{k}(u)=\frac{2}{\pi}\int_{0}^{\pi}\frac{\sin(u+\frac{1}{2})t}{2\sin t/2}\Psi_{k}(t)dt+a(\log\omega)^{k}+o(I)$

.
$=S_{\omega}(\Psi_{k})+o(\log d)^{k}$ .

In partieular,

$ R_{I}(\Psi_{k}, \omega)\overline{-\tau}S_{\omega}((\Psi_{k})_{t})+o(\log\omega)=S_{\omega}(\Psi_{k\dashv 1})+o(\log u)\leftrightarrow$ ,
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(1) $R_{1}(\Psi_{k}, \iota’))=R_{k^{}+1}^{\dot{}}(\mathcal{O}, Cl))+o(1,og\omega)^{L+1}$ .

As the consequence of Lemnta 1 and (1) we have

$S_{\omega}^{\alpha}(\Psi_{L-1})=A_{0}R_{1}^{\alpha}(\Psi_{L-1}, \omega)+Al\omega R_{1}^{\alpha\perp l}(\Psi_{k-1}, \omega)$

$=A_{0}\{R_{k}^{a}(\phi, \omega)+o(\omega^{\alpha}\log^{k}u)\}+A_{1}\omega\{R_{k}^{\alpha-1}(\phi, \omega)$

. $+o$ ( $\omega^{\alpha-1}\log^{k}$ to)}
$=A_{0}R_{k}^{\alpha}(\phi, u)+A_{1}uR_{k}^{\alpha-1}(d, \omega)+o(w^{\alpha}\log^{k}cu)$ .

Thus we get $l$

$J$

$S_{m}^{\alpha}(\Psi_{k-I})=A_{0}R_{k}^{\alpha}(\phi, \omega)+A_{1}cuR_{k}^{\alpha-1}(\phi, n)+o(u^{\alpha}\log^{k_{p}}u)$ ,

provided that $\alpha>0$ and $k\geqq 1$ .
Lemma 3. If $\alpha>0$ and $\chi,$

$\geqq 1$ , ihen $t\gamma_{l\mathcal{E}}$ necessary and suffici $nt$ condi-
tion tlial $\mathfrak{S}[d]$ is $(\alpha-1, X^{J})$ -summal le, is $t/lat$

1. $S_{\omega}^{\alpha}(\Psi_{k-l})=o$ ( $\omega^{a}$ ( $iog$ co) $k$).
$2^{o}$ . $ T/l_{\backslash }e\prime^{2}\ell$ exists $\beta$ sucli $t/lat,$ $\mathfrak{S}[\phi]$ is $(\beta, l^{J})-\sim ftlmma[jJc$ .
Proof. Necessity is trivial. If $\beta>a$ , then from (2)

$\frac{S_{\omega}^{}(\Psi_{k-t})}{\omega^{\prime,s}(\log cu)^{A}}.=A_{0_{(}^{\frac{R’}{\omega^{r\backslash }}\frac{(\phi,c\prime/)}{10_{i\supset}^{\sigma}\omega)^{k}}+A_{1}\frac{R_{\dot{k}}^{*1}(\phi,\omega)}{c\iota!^{\}t-1}(1og\prime)^{k}}+o(\omega^{\alpha-P})}}^{k}’$
.

and Lemma 1 $\mathfrak{S}[\phi]$ i\S $(\beta-1, l^{\prime})$ -summable. If $1_{l}=[\beta-a]+1$ , we have easily
$(\beta l_{t})$ -summability of $\mathfrak{S}[\phi]$ and then $(a, l^{J})$ -summability of $\mathfrak{S}[\phi]$ . On

the other hand if $\beta\leqq a$ , then the lemma is evident.
Lemma4. For $anJ^{1}a>0^{l}$

$\Psi_{L-1}^{\alpha+1}(t)=B_{0}\Psi_{k}^{\alpha+1}(t)+B_{1}t\Psi_{k}^{\alpha}(t)$ ,

$7t!hef\ell jB_{0}$ and $B_{J}$ are independcnt from $t$.
Proof. By the definition

$\Psi_{k}(t)=\int_{t}^{\pi}\Psi_{k-1}(u)\frac{du}{u}$ ,

$\Psi_{k-1}^{\alpha+1}(t)=\frac{1}{1^{7}(\sigma.+1)}\int_{0}^{\ell}(t-\iota;)^{\alpha\prime}F_{:-1}(u)du$

$=\frac{1}{1(\alpha+1)}\int_{0}^{t}(r-u)^{a}u\Psi_{k}^{\prime}(u)d?f$

and theIt
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$\Psi_{k-1}^{\alpha+1}(t)=-\frac{]}{l^{7}(a+1)}\int_{0^{1}}^{\ell_{1}}t(t-ll)^{\alpha}-(t-u)^{\alpha+I}\}\Psi_{k}^{\prime}(u)rh_{l}$

$=t\Psi_{k}^{\alpha}(\iota)-(/y.+1)\Psi_{k}^{\alpha+I}(t)$ .

Lemma.5. $F\rho r$ any non-ncgative $\prime l^{\prime}$ and cz $\geq 0$ ,

$d(t)=c’(10_{\backslash ,c}^{\sigma}\frac{1}{t})^{k}(C, a)$ ,

irnpfies
$S_{n}(t\rangle=o(1_{()}g_{7l})^{k} (C, u+\delta)$

for $0\prime ly\delta>0$ .
This lemma is due to $K_{c}’\iota\iota vata$ and $Wa\iota^{\gamma}.g^{2)}$ .
Lemma 6. If $\mathfrak{S}[\phi]$ is $(C, k)- rr\ell mma^{\gamma_{J}}Je,$ $t1_{l}end(t)$ is $(2, \acute{k})$ -continuous.
This is due to $Hard\}^{r^{I)}}$ .
4. $1^{1}roof$ of Theorem. Necessity. We have already seen that

$R_{k}(d, \omega)=S_{\omega}(\Psi_{A}.)+o$ ( $\log$ to) $k$

and
$R_{k}^{\alpha}$ ( $\phi$ , to) $=S_{\omega}^{\alpha}(\Psi_{k})+o(cu^{\alpha}(\log\omega)^{k})$ .

By the hypothesis $\mathfrak{S}[\phi]$ is $(C, 1_{\iota}\cdot)$ -summable, and then

$S_{\omega}(\Psi_{k})=o(\log\omega)^{k}$

as $\omega\rightarrow\infty$ . Consequently by Lemm.46 $\phi(t)$ is $(\underline{?}, k)$ -continuous.
Sufficiency. Since for some $\beta_{0}\phi(t)$ is ( $\beta_{0},$ Je)-continuous

$\Psi_{A^{0}}^{q}(t)=o(0\div)^{k})$

as $t\rightarrow 0$ . By Lemma 5

(3) $S_{\omega}(\Psi_{k})=o(\log\omega)^{k}$ $(C, \beta_{0}+\delta)$ .
That is $\mathfrak{S}_{\iota}\phi$] is. $(\beta_{0} +\text{{\it \‘{o}}}, \chi,)$ -summable for. any $\delta>0$ .

On the other hand, by the condition that $\phi(t)$ is $(\beta_{0}, l,)$ -continuous,
$\phi(t)$ is ( $\beta_{0}+1$ , k)-continuous, that is,

(4) $\Psi_{k^{0+1}}^{q}(t)=^{-}o(t^{9_{O^{\lrcorner}}1}(\log\div)^{\iota})$ .

From Lemma 4 and 3 we get
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(6)
(

$\Psi_{k1}^{\beta_{0+l}}(t)=o(t^{q_{0+.1}}(\log\frac{1}{t})^{k}).$

. $\cdot$

By Lemma 5 and (5) we have

(6) $S_{\omega}(\Psi_{k-\rceil}^{\backslash })=o(\log\omega)^{k}$ $(C, \beta_{0}+1+\delta)$

for anv $\delta>0$ . We can now easily prove that

$\Psi_{k-1}(t)=o(\log\frac{1}{t})^{k}$ $(C, 1)$
.

implies
$t$

$S_{\omega}(\Psi_{k-1})=O(\log\omega)^{k}$ $(C, \epsilon)$

for any $\epsilon>0$ . (6), (7) and the Andersen’s theorem give us

(8) $S_{\omega}(\Psi_{k-l})=o(\log\omega)^{k}$ $(C, \epsilon)$ .

Since (8) and (3) satisfy the condition of Lemma 3, $\mathfrak{S}[\phi]$ is $(e-1, k)-$

summable for any $\epsilon>0$ . Thus the theorem is completely proved.
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