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Abstract. We construct invariant complex structures of a compact 3-symmetric space
by means of the canonical almost complex structure of the underlying manifold and some
involutions of a Lie group. Moreover, by making use of graded Lie algebras and some invariant
structures of affine symmetric spaces, we classify half dimensional, totally real and totally
geodesic submanifolds of a compact 3-symmetric space with respect to each invariant complex
structure.

1. Introduction. It was Gray [5] who classified 3-symmetric spaces (see also Wolf
and Gray [20]), proving that each 3-symmetric space admits an invariant almost complex
structure called the canonical almost complex structure, which is not integrable in general.
According to [5], it is known that for a compact Riemannian 3-symmetric space G/H with a
compact simple Lie group G, the dimension of the center Z(H) of H is either 0, 1 or 2 (see
also [20, Theorem 3.3]), and if the dimension of Z(H) is not zero, then H is a centralizer of
a toral subgroup of G. Therefore, it follows from Wang [19] that there exists a G-invariant
complex structure / on G/H if dim Z(H) # 0. Moreover, invariant (almost) complex struc-
tures on G/H had been investigated by Borel and Hirzebruch [2] (see also Nishiyama [12]
and Wolf and Gray [20]). In the present paper, first we describe invariant complex structures
on a compact Riemannian 3-symmetric space G/H with dim Z(H) # 0, by means of the
canonical almost complex structure and some involutive automorphisms of G (Section 3).

Half-dimensional totally real and totally geodesic submanifolds of Hermitian symmetric
spaces are (non-Hermitian) symmetric R-spaces. Takeuchi [16] described those submanifolds
by using graded Lie algebras of the first kind. In our previous papers [17, 18], we classified
half dimensional, totally real and totally geodesic submanifolds of naturally reductive, com-
pact Riemannian 3-symmetric spaces with respect to the canonical almost complex structures.
In particular, when dim Z (H) # 0, these submanifolds are obtained from graded Lie algebras
of the second kind. More precisely, let g be the Lie algebra of G and g* a noncompact dual
of g with a Cartan involution 7 and the corresponding Cartan decomposition g* = € + p. For
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any graded triple (g*, Z, 7) associated with a gradation of the second kind, we put
2
o:=Ad exp?«/—lZ , H: =G,

where G denotes the set of fixed points of o in G. It is obvious that o is an inner automor-
phism of order 3 on G. Let K be the analytic subgroup of G with Lie algebra €, and N the
K-orbitin G/H atthe origino := {H} € G/H. Then N is a half dimensional, totally real and
totally geodesic submanifold of a compact Riemannian 3-symmetric space G/H with respect
to the canonical almost complex structure. Conversely, any such submanifold is obtained in
this manner. On the other hand, a symmetric pair of type K, was introduced by Oshima and
Sekiguchi [14], and subsequently Kaneyuki [9] proved that any symmetric pair of type K, is
obtained from graded Lie algebras of the first kind or of the second kind.

The main purpose of the present paper is to classify the ‘real forms’ of a compact Rie-
mannian 3-symmetric space G/H, i.e., half dimensional, totally real and totally geodesic
submanifolds of G/H with respect to each G-invariant complex structure, by making use of
symmetric pairs of type K, and their invariant geometric structures (Section 5).

The organization of this paper is as follows:

In Section 2, we recall several notions and facts regarding 3-symmetric spaces and graded
Lie algebras used throughout the paper.

In Section 3, we describe invariant complex structures of a compact Riemannian 3-
symmetric space G/H with dim Z(H) # 0 in terms of the canonical almost complex struc-
tures and involutions on G/H (see Proposition 3.3 and Corollary 3.4).

In Section 4, we prove that any half dimensional, totally real and totally geodesic sub-
manifold of G/H with respect to each G-invariant complex structure is also totally real with
respect to the canonical almost complex structure (Proposition 4.5).

In Section 5, by making use of symmetric pairs of type K, and their noncompactly causal
structure (cf. Hilgert and Olafsson [7]), we describe each invariant complex structure / and
classify every real form with respect to I of G/H with dim Z(H) # 0 (Proposition 5.5,
Theorem 5.6).

2. Preliminaries. 2.1. Riemannian 3-symmetric spaces. In this subsection we re-
call relevant notions and results on compact Riemannian 3-symmetric spaces. Let G be a
Lie group and H a compact subgroup of G, and let (, ) be a G-invariant Riemannian metric
on G/H. A Riemannian homogeneous space (G/H (, )) is called a Riemannian 3-symmetric
space if it is not isometric to a Riemannian symmetric space and there exists an automorphism
o of order 3 on G satisfying the following:

(i) G% C H C G°, where G? is the set of fixed points of o and G? the identity

component of G?, and

(i1) the transformation of G/H induced by o is an isometry.
We note that, except for the condition that (G/H, (,)) is not isometric to a Riemannian sym-
metric space, the definition of Riemannian 3-symmetric spaces in this paper is equivalent to
that in [5] (see Proposition 5.1 and Theorem 5.4 of [5]).
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In this paper, for each automorphism ¢ of G, we denote the differential of ¢ at e € G by
the same symbol as ¢.

Let (G/H, (,), o) be aRiemannian 3-symmetric space with an automorphism o of order
3on G. Let g and h be the Lie algebras of G and H, respectively, and let g = h + m be an
Ad(H)- and o-invariant decomposition of g. We note that h coincides with the set g° of fixed
points of 0. Under the canonical identification of m with the tangent space 7,,(G/H) of G/H
ato = {H}, we define an isometry J of (m, (, )) by

L V3

2.1) o= _Eld + 7], Id = the identity map of m.

It is known that J induces a G-invariant almost complex structure on G/H, which is denoted
by the same symbol as J. We call J the canonical almost complex structure (see [5]).

LEMMA 2.1 ([5]). For X,Y € m, we have

[JX,JY]p =[X,Y]y, [JX,Y]m=—-J[X,Y]n.

Next, we describe an inner automorphism of order 3 on a compact simple Lie algebra.
Let g be a compact simple Lie algebra and t a maximal abelian subalgebra of g. We denote
by g. and t. the complexifications of g and t, respectively. Let A(g, t.) be the root system
of g. with respect to t., and let I1(g., t.) = {1, ..., oy} be a fundamental root system of
A(ge, to) for some lexicographic ordering. We define H; € t., j = 1,...,n, by

(2.2) a;(Hj) = d;j .

Then each inner automorphism of order 3 on g is given by the following lemma (cf. Wolf and
Gray [20] and Helgason [6]).

LEMMA 2.2. Let G be a compact simple Lie group with Lie algebra g, and o an inner
automorphism of order 3 on G. Let § = ZZ:I mpoy, denote the highest root of A(ge, te).
Then o is conjugate to Ad(g;) for an element g; of G which has one of the following forms:

() go=exp{@r/—1/3)H;} (m; = 3),

(2) g1 =exp{Quv/=1/3)Hi} (m;i =2),

(3) g =exp{Qa/—=1/3)(H; + Hy)} (mj=mp=1),

@ g =exp{Qu/=1/3)Hi} (mi=1).

REMARK 2.3. (1) In the case (4), we see that the pair (g, g°) is (Hermitian) sym-
metric.

(2) Letj3(g?) be the center of g?. If o = Ad(gx) for k = 0, 1, 2, then the dimension of
3(g?) is equal to k.

2.2. Graded Lie algebras. In this subsection we recall several notions and results on
graded Lie algebras. Let g* be a noncompact semisimple Lie algebra over R. Let t be a
Cartan involution of g* and

(2.3) g =t+p. tle=Ide. tlp=-1d,,
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the Cartan decomposition of g* corresponding to t. Take a gradation of the v-th kind on g*:
gr=gt, + g+t g A0, gy #1{0),

9y 0,1 Cgpiy. (@) =9",, —v=p,qg=v.
It is known that there exists a unique element Z € p N g, called the characteristic element of
the gradation (2.4), such that

(2.5) g,={Xegh[Z X]=pX}, —v=p=<v.

2.4)

A triple (g*, Z, ) is called a graded triple. Let

% %
=) g, ¥F=) 8
==V ==V

be two graded Lie algebras. These gradations are said to be isomorphic if v = v and there
exists an isomorphism ¢ : g* — g* such that ¢ (g}) = g/ for —v <i <.

Let a be a maximal abelian subspace of p, and let A denote the set of restricted roots of
g* with respect to a. We denote by IT = {A1, ..., A;} a fundamental root system of A with
respect to a lexicographic ordering of a. We call subsets {I1o, 11, ..., I1,,} of IT a partition
of ITif ITy # 0, I1,, # ¥ and

In=IrlyuIlnu---Ull, (disjointunion).

Let 17 and IT be fundamental root systems of noncompact semisimple Lie algebras g* and
g*, respectively. Partitions {I1y, Iy, ..., I1,} of IT and {170, m,..., 1_7,,} of IT are said to
be equivalent if there exists an isomorphism ¢ from the Dynkin diagram of IT to that of IT
suchthatm = n and ¢(IT;) = IT;,i =0, 1, ..., m.

Let {I1y, [Ty, ..., IT,} be a partition of [T = {A1, ..., A;}. We defineamap hyy : A —
Z by

I

(2.6) hpG) = Y ki+2 ) ki+--4m Yy ki, A=) kieA.

riel rEl, A€M, i=1
Then there exists a unique Z € a such that A(Z) = h(A) for all A € A. Since hp(X) €
Z for all . € A, there exists a gradation whose characteristic element equals Z, which is
called the gradation defined by a partition {1y, Iy, . .., IT,,} of IT. Moreover, Kaneyuki and
Asano [10] proved the following theorem.

THEOREM 2.4 ([10]). Let g* be a noncompact semisimple Lie algebra over R and IT
a fundamental root system of g*. Then the correspondence

{Ily, Iy, ..., Ty} — the gradation defined by {I1y, Iy, ..., I1,}

induces a bijection between the set of equivalence classes of partitions of I1 and the set of
isomorphism classes of gradations of g*.

Define h; € a,i =1,2,...,1,by
2.7 Aj(hi) =&,
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and denote the highest root of A by

1
(2.8) Sa =Y niki.
i=1

According to Faraut, Kaneyuki, Kordnyi, Lu and Roos [4, pp. 115, Proposition 1.2.7], the
following Proposition holds.

PROPOSITION 2.5 ([4]). Let Z € a be a characteristic element of a graded Lie alge-
bra of the second kind defined by a partition of I1. Then

Z="hi, orhj+h,
withn; =2andn; = n, = 1.

Finally, we clarify the relation between H; and /;. Let t* be a Cartan subalgebra of g*
containing a. We denote by g, and t. the complexifications of g* and t*, respectively. Suppose
that A(g,, t.) and A have compatible orderings.

LEMMA 2.6. Let A;j be any root in I1.

(1)  If there exists a unique o; € I1(gc, tc) such that oj|q = A;, then h; = Hj.

(2) Ifthere exist two fundamental roots aj, o € I1(ge, tc) suchthatojla = agla = A,
then h; = H; + Hj.

PROOF. (1) From the classification of the Satake diagrams (cf. Araki [1] and [6]) for
ap € I1(ge, te), p # Jj, it follows that ap|q = 0 or ap|q = A4 for some g, g # i. Thus we
have

ap(hi) =aplathi) =0, ojhy) =2xri(h) =1,
which implies that 2; = H;.

(2) Similarly as above, for o), € I1(gc,te), p # Jj, k, it follows that ap|q = O or

apla = Ag for some g, g # i. Therefore

ap(hi) =aplathi) =0,  ap(hi) =amlathi)) =2rithi) =1, m=jk,
which implies that #; = H; + Hj. O

3. Invariant complex structures and J. In this section we use the same notation as
in Section 2.1. Let (G/H, (, ), o) be a compact, simply connected Riemannian 3-symmetric
space such that G is a compact simple Lie group, o is inner and the dimension of the center
Z(H) of H is not zero. In this case, H is a centralizer of a toral subgroup of G and so H is
connected. Moreover, it is known that (G/H, (, ), ) admits a G-invariant complex structure
(cf. Wang [19]). In the remaining part of this paper we assume that a compact Riemannian
3-symmetric space (G/H, (, ), o) is of inner type such that G is a compact simple Lie group,
H is a centralizer of a toral subgroup of G and (, ) is induced from a biinvariant metric on G.

In this section we construct invariant complex structures on a 3-symmetric space
(G/H, (,),o0) by means of J and some involutive automorphisms of G. Let g and ) be
the Lie algebras of G and H, respectively. Since o is inner, there exists a maximal abelian
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subalgebra t of g contained in h. Let A(g,, t.) be the root system of g. with respect to t. and
g the root space for « € A(g,, t.). We take the Weyl basis {E, € g%; o € A(gc, t)} of g¢
so that
Ay =Ey— E_4, By = V_l(Ea'i‘Efa)egs B(Ey,E o) =1,

where B denotes the Killing form of g. The following lemma is obvious.

LEMMA 3.1. ForT € t.and a € A(gc, tc), we have

Ad(expT)(Ey) = ¢*DE, .
Since t C b, there is a subset Ag of A(ge, t¢) such that
(3.1) be=tc+ ) g
a€A

Let I denote a G-invariant complex structure of (G/H, (, ), o). Then we have m, = m;®m_
(direct sum), where m4. denote the 4++/— 1-eigenspaces of 1, respectively. Set a™ := b +m..
Since I is G-invariant, it follows that m- are ad(h)-invariant, and furthermore a™ is a Lie

subalgebra of g. (cf. Borel and Hirzebruch [2] and Nishiyama [12]). Since t. C h. C a™,
there exists a subset A™ of A(ge, t.) such that

(3.2) at =bh.+ ) g%
aeAt
Moreover, since [ is integrable, it follows that
A(ge, te) = AgU AT U (—AT) (disjoint union) ,
aeAgUAT, BeAT, a+pBecAlg.t)=>a+peAt,
(Sf. [12]), and hence by [2] (see also [12, Theorem 1]2, there exists a fundamental root system
T = {ay,...,a,} of A(g,te) such that IT(h) := IT N Ap is a fundamental root system of
Ap and
(34 AT =T - T

Here, [1:1 1™ and [IT(h)]+ denote the sets of positive roots generated by ITand IT (h), respec-
tively. Note that

(3.5) Ige =/—11dge (@ € AT), Il =—v—1Idg (Be—-A").

Conversely, if there exists a subset AT of A satisfying (3.3), then the linear automorphism
Iofm=7),.,+(RAy + RB,) given by (3.5) induces a G-invariant complex structure on
G/H (cf. [12]).

Since o = Id, it follows from Lemma 3.1 that for « € A% and a primitive cubic root of
unity £ = V=173 we have o (Ey) = £ Ey or 6 (Ey) = £2E,. Define subsets A+, Ayt of
AT by
(3.6) Atii={ae AT 0(Ey) =E'Ey), i=1,2.

Let 3(h) be the center of fh. Then, by Remark 2.3 (2), the dimension of 3(f) is 1 or 2.
Moreover

(3.3)
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LEMMA 3.2. (1) Ifdim 3(h) = 1, then there exists a;, € IT such that IT — I1(h) =
{ai,}, mi, = 2 and

2 -
o =Ad <expe?n\/—1Hi0) .

(2) Ifdim(h) = 2, then there exist &, &, € IT such that IT — I1(h) = (@, , &,},
m;, =m;, =1, and

2 - -
o=Ad (expsTﬂ\/—l(Hi1 + Hi2)> -

Here &i(I:Ij) = d;j, ¢ = 1 or —1 and we denote the highest root of A(gc, t.) with respect to
I7 by Zi mi&,’.

PROOF. (1) Set3(h) = R+/—1Z. Since b is the centralizer of 3(h) in g, it follows
from (3.1) that

(3.7) &(Z)=0, aj(Z)#0, & elb), a; cll—TII®H).

Then there exists a unique &;, € [T such that [T — IT (h) = {a;,}. Indeed, if there are ;,
aj € 71— I1(h),i # j,then we obtain ax(Hy) = &k(I:Ij) = 0 for any o € I1(h), and hence,
by (3.1), V-1 I:Ii and v/—1 H ;j are in 3(h). This contradicts the assumption.

Now, we may put Z = I:I,-0 and 0 = Ad(exp{(Zn«/—_l/f))cl:Iio}) for some ¢ € Z.
Moreover, since a(E&,.O) = SE&I.O or EzE&iO by Lemma 3.1, we can put ¢ = 1 or —1. From
the classification of root systems of simple Lie algebras, it is easy to see that if m;, > 3, then
there exists @ € A(ge, t) such that

(3.8) OlZan&j, ni0=3.
J

By (3.4) and the fact that 0 = Ad(exp{:l:(Zn\/—_l/3)I-I,-0}), we obtain o (E,) = Eg, i.e.,
Ey € h.. However, we have a(Z) # 0 from (3.8), and so Ey & h.. Hence m;, < 2. In the
case where m;, = 1, it is known that (G/H, (, ), o) is isometric to a Hermitian symmetric
space (cf. [20, Theorem 3.3]). Consequently, we obtain m;, = 2.

(2) Next, we assume that dim 3(h) = 2. By a similar argument as above, we can see
that there exist &;,, &;, € IT such that

I —11(h) = {&,, ) -
In this case, we have 3(h) = R«/—lI:I,'l + R«/—ll':I,-2 and

2 i i
o= Ad(exp ?’T«/—l(aH,-1 4 bH,-z)) . abeZ.

Since o (Eg, ) = 5kE&i1 and o (Eg, ) = E’E&iz, k, 1 = 1 or 2, it follows that a, b # 0
(mod 3). Hence we may assume that (a, b) = +(1, 1) or &=(1, —1). From the classification of
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root systems, we can take a root o« = Zk niay so that n;, = n;, = 1. If (a, b) = £(1, 1),
then o (E,) = E, and this contradicts the fact that @ € A™. Therefore we have
2 ~ -
3.9 o= Ad(exp:l:?\/—l(H,-l + Hi2)> .
Finally, we show that m;, = m;, = 1. Suppose that m;, + m;, > 3. Then, from the clas-

sification of root systems, it is easy to see that there exists @ = ) n;a; € A* such that
ni, +n;,, = 3. By (3.9), it is easy to see that 0 (Ey) = E4, which is a contradiction. Conse-
quently, we have m;; =m;, = 1. i

Since g% = g"fl (= b), we may assume that

Ad(exp{(2mv/=1/3)Hi,}) if dimj(h) =1,

Ad(exp{(2mv/=1/3)(H;, + Hyy)})  if dim(h) =2.

Considering (3.6) and (3.10) together with Lemma 3.2, we obtain

Aﬂ:{w=zﬂ@ﬁmfn}ﬁwm@=1,..
{B=2>;nja;; (ni,ni,) =(1,0)0r (0, D} if dims(h) =2,

At {{ﬂ = X5 njys nig =2} if dim(h) =1,
{B=>;nja;; niy =ny, =1} if dimz(h) =2.

Now, we shall describe each G-invariant complex structure of G/H in terms of the
canonical almost complex structure J of (G/H, (, ), o).

(3.10) a:{

(3.11)

PROPOSITION 3.3. (1) For any G-invariant complex structure I of G/H, define a
mapping ¢ : g — g by ¢ly :=1dy, ¢|m := 1 o J. Then ¢ is an involutive automorphism of g.
(2) Conversely, let ¢ be an involutive automorphism of G such that ¢l = Idy, ¢ # Id.
Then I :== —@|m o J is a complex structure of m and induces a G-invariant complex structure

of G/H.

PROOF. (1) Since I is a G-invariant complex structure, there exists a subset A™* of
A satisfying (3.3). As above, we take T, IT(h) and AT;, i = 1,2, for A*. Let §; and y;,
i = 1,2, be elements in AT;. Then it follows from Lemma 3.2 and (3.11) that

(3.12) Bit+ye, B2ty & Agete).
Moreover, from (2.1) and (3.6) we have
(3.13) J(Exp) = vV —1E1g, J(Eip) = FV—1E4g, .

Therefore, by (3.5) and (3.13), we get
(3.14) @(Ep)=—Ep . @(Eg)=Ep,. ¢(E_p)=—E_p, ¢(E_g)=E_p,.

In particular, we have / o J = J o [ and <p2 = Id.
Next, we shall show that ¢ € Aut(g). For X, Y € h we obtain

elX. Y] =[X, Y] = [(X), p(Y)],
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because [X, Y] € b and ¢|, = Idy. Since B + y1 € ATy if B 4 1 € A(ge, te), it follows
from (3.14) that

@lEp,, Ey)] = [Ep, Ey 1 = [@(Ep,), p(Ey)].

Similarly, we obtain

Qo[Eﬂl, E*)/l] = [Eﬂls E*)/l] = [(/)(Eﬂl)v (P(Efyl)] ’
QD[E/SZ, E—yl] = _[Eﬂza E—)/l] = [w(Eﬂz)a Qp(E—)/l)] )
Qo[Eﬂl, E*)/z] = _[Eﬂlv E*}/z] = [(/)(Eﬂl)v (/)(Efyz)] )

and hence ¢[X, Y] = [p(X), ¢(Y)] for any X, Y € m. Furthermore, since / and J are
G-invariant, it is obvious that

loJoad(X)=ad(X)oloJ, Xe€b,

which implies that [ X, Y] = [¢(X), ¢(Y)] for X € h and Y € m. We have thus proved (1).

(2) Let ¢ be an involutive automorphism of G such that ¢|y = Idy and ¢ # Id. Since
b contains a maximal abelian subalgebra of g, an involution ¢ is inner. Therefore, since J is
G-invariant, ¢ is inner and H is connected, it follows that poJ = Jogand I := —¢|ynoJ isa
complex structure of m such that 7 is Ad(H )-invariant. Hence [ induces a G-invariant almost
complex structure of G/H, denoted by the same symbol /. Now, we see that the Nijenhuis
tensor

Sl(xvy) =[IX’I)’]—[X,)’]—I[X,IY]—I[IX’)’],

x,y being vector fields of G/H, is identically zero. To prove this, it only has to show that
S; = 0 at o, since Sy is a tensor and / is G-invariant. Let ¥ : G — G/H be the canonical
projection and W an open subset in m such that 0 € W and the mapping

moexp: W — m(expW)
is diffeomorphic. For X € m, we denote by X, the vector field on 7 (exp W) defined by
(Xs)m(expx) := (dexpx)(X).
According to Nomizu [13], the Levi-Civita connection V of (G/H, (, ), o) at o is given by
(3.15) (VX*Y*)(,:%[X, Ylm, X, Y em,
and therefore we get
(3.16) [Xs, Yilo = [X, V]m .
By the definition of X, and G-invariance of I and J, it follows that

(3.17) I(Xy) =UTX)s, J(Xy)=({X)s.
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By making use of (3.16) and (3.17), for X, Y € m we have
S1(Xs, Yi)o = [1(Xs), I(Yi)lo — [Xs, Yilo — L([ X, I(Yi)]o) — I (LI (X)), Yilo)
= [ X)w, UY)slo — [Xs, Yilo — T([ X, (IY)s]o) — LT X)), Yilo)
(3.18) =X, IY]m —[X, Y] — I(X, IY]) — I(LUX, Y]w)
=o(VX, JY]w) — [X, Y] —o(J[X, 9(JY)]m)
—o(Jlp(JX), Y]m) .
Applying Lemma 2.1 and the commutativity of ¢ and J to (3.18), we obtain
S1(Xs, Yi)o = —@([X, Y]m) — [X, Y]m — @([X, 9(¥)]m) — ¢([@(X), Y]m)
==X, Y]wm) — [X, Y]m — [@(X), Y]m — [X, 9(¥) ] .
Let m(¢, £1) be the £1-eigenspaces of ¢|n. If X, Y € m(p, —1), then [X, Y] € m(p, 1)
and it follows from (3.19) that

SI(X*aY*)()Z_{[Xa Y]m‘|‘[XaY]m_[Xa Y]m_[XaY]m}ZO-

(3.19)

Similarly, if X € m(p, —1),Y € m(g, 1), then
S1 (X, Yi)o = —{—=[X, Y]lm + [X, Y]m — [X, V]m + [X, Y]m} = 0.
Finally, we suppose that X, Y € m(g, 1). Then we have
S1 (X, Yi)o = —{[X, Y]m + [X, Y]m + [X, Y]m + [X, Y]m} = —4[X, V]

To complete the proof of (2), we show that [X, Y]y = O for any X, Y € m(p, 1). Noting
Lemma 2.2 and Remark 2.3, we may assume that there exist a maximal abelian subalgebra
t of g contained in b, the root system A(g., t.) and a fundamental root system I7(g., t.) =
{aq, ..., oy} such that

2
o= Ad<exp T”«/—lz) ,
where /—1Z € tis one of the following forms:
() v=-1Z=+~~-1Hj (mj; =2), (@) ~v—1Z=~-1(Hj,+Hj;) (mj=mj=1).
Here H; € t., 1 < i < n,is given by (2.2) and § = Z';,zl mpa, is the highest root of
A(ge, to) with respect to I1(g., t.). Since ¢ is an involution of inner type, we can put ¢ =

Ad(expm+/—1T) for some /—1T € t. In the case (1), for o; € I1(gc, tc), j # ji1, we have
Eaj € h. and so

$(Eo;)) =Eo;, J#J1.
Therefore, it follows from Lemma 3.1 that
T=aHj + Y ajH;j, aj=0(mod2),
J#h
and hence ¢ = Ad(expam ~—1H i1). Moreover, since ¢ is a nonidentical involution, it fol-
lows from Lemma 3.1 that

(3.20) ¢ =Ad(exprv/—1H})) .
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By Lemma 3.1 and (3.20), it is easy to see that m(¢, 1) is spanned by the following vectors:

n
Ay =Ey—E o, By=+v—-1(Ey+E_4), ‘X:anajeA(gc,tc), nj1=2-
=

Now, set
n
Adp, 1) := {a = njaj € Alge. to) : nj, = :t2} )
j=1
Ifa,B e A(p,1)and @ + B € A(gc, tc), then @ 4+ B must be of the forma 4+ 8 = Zj kjoj,

kj, =0, since mj = 2. Hence we have [E, Eg] € h. and

[(m(e, D), m(g, D]m = {0}.

In the case (ii), by a similar argument as above, the involution ¢ has the following form:
(3.21) ¢ = Ad(expnv/—1(aHj, + bH})), a,beZ,
and so we may assume that

(a,p) =(1,0), (O,1) or (1,1).

Then m(g, 1) is spanned by the following vectors:

e Ay, By, where o = Z’}:l kjaj € A(ge, te), kj, =0, kj; =1,if (a,b) = (1,0),

e Ay, By, wherea = Z?zl kjoj € A(ge, te), kj, =1, kj; =0,if (a,b) = (0, 1),

e Ay, By, wherea = Z?zl kjoj € A(ge, te), kj, =kj; =1,if (a,b) = (1, 1).

Since m j, = mj, = 1, we can easily check that [m(¢, 1), m(¢, 1)]m = {0} for each case, and
this completes the proof of the proposition.

From the proof of Proposition 3.3, we have the following

COROLLARY 3.4. Let ¢ be an involutive automorphism of G such that ¢ # 1d and
oly = Idy, and let I1(gc, tc) = {1, ..., an}, Hi andm;, 1 <i < n, be as in Section 2.1.

(1) Suppose that dimz(h) = 1 and o = Ad(exp{(2m+/—1/3)H},}) for some a;, €
I1(gc, tc) withmj, = 2. Then

¢ = Ad(exprv/—1Hj)) .

(2) Suppose that dim3(h) = 2 and o = Ad(exp{(2n~/—1/3)(H}, + H};)}) for some
aj,, oy € I1(ge, te) withmj, =mj, = 1. Then
¢ =Ad(exprv/—1Hj,), Ad(expn~—1Hj;) or Ad(expr~/—1(Hj, + Hjy)).

REMARK 3.5. A Riemannian 3-symmetric space (G/H, (, ), o) is not Kéhlerian for
any G-invariant complex structure / on G/H. Indeed, for X, Y € m, it follows from (3.15)
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and Lemma 2.1 together with Proposition 3.3 that
(Vx, Do (Yy) = % {[X, IY]m — I([X, Y]m)}
= % {[X, —e(UV)]m + ¢J (X, Y]m)}

1
=59 ([¢(X)+ X, Y]m),

2
where ¢ is the involution of g such that I = —¢J. If VI = 0, then it follows that
(3.22) [m(e, 1), m]m = {0}.

Therefore, since (, ) is biinvariant, we obtain
which implies that

(3.23) [m(g, —1), m(g, =D]m = {0}.
Since g = h + m is an Ad(H )-invariant decomposition, we have
(3.24) [hm] Cm.

Moreover, since ¢|y = Idy, we obtain
(3.25) [h, m(p, £D] C m(p, £1).

Put [ := m(p, —1) 4+ [m(¢, —1), m(p, —1)]. Then it follows from (3.22), (3.23) and (3.25)
that [ is an ideal of g, which is a contradiction. Consequently, (G/H, (, ), o) is not Kéhlerian.

4. Totally real and totally geodesic submanifolds. In this section we shall investi-
gate a relationship between half dimensional, totally real and totally geodesic submanifolds
of (G/H, (,), o) with respect to I and those with respect to J. Let V be the Levi-Civita con-
nection on (G/H, {,),o0) and I a G-invariant complex structure on G/H . For vector fields
X,Y of G/H, we set

4.1) VxY :=VxY + 1(Vx)(Y)).

Then V is an affine connection on G/H, since I and (VI)(X,Y) := (VxI)(Y) are tensor
fields on G/H. Let N be a half dimensional, totally real and totally geodesic submanifold of
(G/H, (,), o) with respect to I.

LEMMA 4.1. N is also totally geodesic with respect to V.

PRrROOF. First, note that (G/H, (, ), I) is an almost Hermitian manifold, since J and ¢
preserve (, ). Let X, Y be vector fields of G/H which are tangent to N. Because N is totally
geodesic, a vector field VxY is tangent to N. Moreover, by the assumption on N and the fact
that (G/H, (, ), I) is an almost Hermitian manifold, it follows that Vx (/Y) is perpendicular
to N, and hence /(Vx(1Y)) is tangent to N. Since

VxY = VxY + [(Vx(IY) — [(VxY)) = 2VxY + I (Vx(IY)),
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it follows that VY is tangent to N. a

Let T be the torsion tensor of V. For X € m, let X, be as in the proof of Proposition 3.3.
Then

T(Xa, Ya) = Vi, Vs — Vi, Xu — [ X, Yl = [ X, Yl + T (Vx, (I¥ ) — Vy, (I X)),
and hence by (3.15) and (3.16) we have

4.2) T(X,Y)=[X,Y]m+ %(I[X, 1Y —I[Y, I X)), X,Y em.

Since I is G-invariant, we may assume that o € N. Put U = T,N(C m). Then it follows
from Lemma 4.1 that 7 (U, U) C U. Therefore, by (4.2), we obtain

(4.3) [X,Y]m+%(I[X,IY]m—I[Y,IX]m)eU, X, YeU.
On the other hand, the integrability of I implies (see (3.18))

4.4) UX, IY]m — [ X, Y] — {[X, Y] — I[IX,Y]n =0.
Hence, by (4.3) and (4.4), we obtain

4.5) [X,YIm+ X, IY]lmeU, X, YeU.

Let ¢ be an involutive automorphism of G such that / = —¢|y o J and let m(p, £1) be
the eigenspaces of ¢|, with eigenvalues £1 as in Section 3. Then we have a decomposition
m =m(g, 1) + m(p, —1) of m. It follows from the proof of Proposition 3.3 that

(4.6) (m(e, 1), m(¢, Dlm = {0}.
For X € m, let X (resp. X_) be the m(¢p, 1)-component (resp. m(¢, —1)-component) of X.
LEMMA 4.2. For X,Y € U, we have
[X+,Y_Im eU.

PROOF. Let X and Y be in U. Since ¢ and J are commutative, it follows from Lemma
2.1 that

4.7) UX, 1Y ]m = —[e(X), o(Y) ] -
Using (4.5) and (4.7), we obtain
[X, Ylm + X, IV ] = [ X + X, Yy + Y | — [ X4 — X, Yy — V]
=2([X4+, Y- Im+[X—.Y4lm) € U.
By (4.5) and the fact that (, ) is induced from the Killing form of g, it follows that

(4.8)

0=([X,YIm+UX,IY]n, IX)=(UX, X]n.,Y),
and hence [/ X, X]m € IU, ie.,
4.9) IIX, XlmeU, XeU.
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Then, by Lemma 2.1 and (4.9), it follows that
IIX, Xl = —@J[-J@(X), X]m = ¢[@(X), X]m
(4.10) = [X, ¢(X)]m = [X4 + X—, X4 — X_m
=2[X_,XilmelU, XeU.
Therefore, by replacing X in (4.10) with X 4 Y, we obtain
[Xo, X-Jm + Y+, Yol + [ X, Yol + [V, X—lm € U,
and hence, by (4.10), we have
@.11) (X Yol + Y4, X_Jm € U.
Finally, it follows from (4.8) and (4.11) that [ X, Y_]n €e Ufor X, Y € U. O
Next, we consider [X_, Y_]n. For X, Y, Z € U, we have
(X, Y Jm, [Z) = —([X—, [ Z]m, Y_) =([X-, JZy — JZ_]n, Y-)
=—(J[X_, Zy]lm, Y2) + (J[X—, Z_]m, Y-) .

Since ¢J = Jy and [X_,Z_]n € m(p, 1), we obtain J(m(p, £1)) = m(e, £1) and
(J[X=, Z_]m, Y—) = 0. Moreover, since [X_, Z1]m € m(p, —1), we obtain

—(JIX, Zyw, YO) +JX -, Z ], Yo ) = —(J[ X, Z4 |, Yo)
= (X Zylm, V) = (X, Zy I, V).
Therefore, by Lemma 4.2, we get
(X, Y_Jm, 1Z) =([X_, Zy]m, JY) = ([X-, Zy]m, —@IY)
=(—o([X—-, Z41m), IY) = ([X—, Z4]m, 1Y) =0,
which implies that
(4.12) [X_,Y_lmeU, X, YeU.
From (4.6), (4.12) and Lemma 4.2, we obtain the following lemma.
LEMMA 4.3. [U,Uln CU.

Putb := U + [U,U] (= U + [U, Uly). Since N is a totally geodesic submanifold of
a naturally reductive homogeneous space (G/H, (, )), the subspace U is curvature invariant.
Therefore, by Proposition 3.4 [Chapter X, 11], we have for X, Y, Z e U

1 1 1
(4.13) Z[X’ Y, Zlm]m — Z[Y’ [X, Z]m]m — 5[[X, Ylm, Zlm — [[X, Y]y, Z] € U .

It follows from Lemma 4.3 and (4.13) that b is a Lie subalgebra of g. In particular, N is an
orbit of a Lie subgroup with Lie algebra b of G.
Next, we consider ¢ (U). By (4.6) we have

e([X, Y]m) = —[X4, Y Jm — X, Y] + [ X, Y ],
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and hence by (4.12) and Lemma 4.2,
(4.14) e(IU,Ulm) CU.
Since m = U @ 1U, it follows that
mmlny=[U+1U,U+1Ulnq =[U,Ulq +UU,IUln +[IU, U] .
For X, Y, Z € U, Lemma 4.3 implies that
(IX,Y]m, Z) =(Y, Z]m,IX) =0

and hence

(4.15) U, Ulm CIU =U".

Moreover, by (4.7) and (4.14), we obtain

(4.16) X, IY]m = —[eX),o(V)]m = —¢([X,Y]Im) €U, X, YeU.

Therefore we have a decomposition
4.17) m,mln = (U, Ulm+HU,IU]w) @ [TU, Ul .

LEMMA 4.4, m=[m, m]y.

PROOF. Let V be the orthogonal complement of [m, m], in m. Since

(m, Vlm, m) = —(m, m]m, V) = {0},

we have
(4.18) V={Xem;[X, mln={0}}.
Then V = (V Nm(p, 1)) & (V N m(e, —1)), because p(V) = V. By (4.18), a subspace
[VNm(p, 1), m(p, —1)] is contained in h. However, [V N m(¢p, 1), m(¢, —1)] is contained
in the (—1)-eigenspace of ¢, and so [V Nm(p, 1), m(¢, —1)] C m(p, —1) C m. Hence we
have
(4.19) [V Nm(e, 1), m(g, —D] = {0},
and similarly

(4.20) [VNm(p, —1), m(p, )] = {0}.

Now, consider a canonical decomposition g = (h + m(g, 1)) ® m(p, —1) corresponding to
an orthogonal symmetric Lie algebra (g, ¢). Since g is simple and m(p, —1) & [m(p, —1),
m(¢p, —1)]is an ideal of g, we have

(4.21) [m(p, —1), m(p, =] =bh +m(p, 1).

If V. nm(p, 1) # {0}, then it follows from (4.19) and (4.21) that [V N m(e, 1), g] = {0},
which contradicts the fact that g is simple. Therefore we may suppose that V. C m(gp, —1).
By (3.24) and (4.18) together with the Jacobi identity, we obtain

(4.22) [h,VIC V.
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Noting (4.22) together with (4.20), we obtain [h+m(p, 1), V] C V. Since g = (h+m(p, 1))®
m(¢, —1) is a canonical decomposition and the isotropy representation of an irreducible sym-
metric space is irreducible, we have V = {0} or m(¢, —1). If V. = m(¢, —1), then it follows
from (4.20) and (4.21) that [m(¢, —1), m(p, 1)] = {0} and [g, m(¢p, 1)] = {0}, which means
that m(¢p, 1) = {0}. However, in this case, a pair (g, h) is symmetric corresponding to (g, ¢)
because m = m(p, —1). Consequently, we have V = {0}, and hence m = [m, m];. O
Combining (4.15), (4.16), (4.17) and Lemma 4.3 together with Lemma 4.4, we obtain
U=[U,Ulm+ U, 1Uln, 1U=[U,Uln.
Then it follows from Lemma 2.1, Proposition 3.3 and Lemma 4.3 that
¢(IU, 1Ulw) = IJU, I’JUlw = [JU, JUlw = —[U, Ulm C U .

Therefore, by (4.14), we obtain

(4.23) e(U) = ¢(lU,Ulm) + ¢(IU, IU]m) C U .

PROPOSITION 4.5. Let I be a G-invariant complex structure of (G/H, (,), o) and
N a half dimensional, totally real and totally geodesic submanifold of (G/H, (,), o) with
respect to 1. Then N is also totally real with respect to J.

PROOF. As before, we may assume that o € N, and put U = T,N C m. By the
assumption, we have an orthogonal decomposition m = U @ IU. Then it follows from
Proposition 3.3 and (4.23) that

JU=—TogU)=1U.

Hence m = U @ JU is an orthogonal decomposition of m. As stated under Lemma 4.3,
N is an orbit of a Lie subgroup of G, and J is G-invariant. Hence we get an orthogonal
decomposition

T.(G/H)=T,N@® J(IyN), xeN,
and the proposition is proved.

REMARK 4.6. According to [17], each Riemannian 3-symmetric space (G/H, (, ), o)
and its half dimensional, totally real and totally geodesic submanifold of (G/H, (, ), o) with
respect to J are equivalent to one of those constructed from graded Lie algebras of the second
kind as follows: Let g* be a noncompact simple Lie algebra over R and 7 a Cartan involution
of g*. Then we have the Cartan decomposition g* = £ + p as in Section 2.2. Take a graded
triple (g*, Z, t) associated with a gradation

g =g +al tapteiter. g A0} g #{0)
of the second kind on g*. Define an inner automorphism o of order 3 on the compact dual
g=t+/—Ipofg*by

2
o= Ad<exp ?n\/—lZ) ,
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and put h = g°, the set of fixed points of o. Let G be a compact connected simple Lie group
with Lie algebra g. Let H and K be the analytic subgroups of G with Lie algebras ) and ¢,
respectively. Then the dimension of the center Z(H) of H is nonzero,and N = K - o is a half
dimensional, totally real and totally geodesic submanifold of (G/H, (, ), o) with respect to
J.Wecall (G/H, (,),0), N) aTRG-pair corresponding to a graded triple (g*, Z, 7).

5. Involutions and graded Lie algebras. In this section we shall investigate G-
invariant complex structures and half dimensional, totally real and totally geodesic submani-
folds of (G/H, (, ), o) with respect to those complex structures by making use of some affine
symmetric pairs associated with graded Lie algebras.

Let ([, 8) be a symmetric pair of type K, (see Oshima and Sekiguchi [14] for the def-
inition of symmetric pairs of type K ). Then ([, 6) is either a symmetric pair of type K1
or a symmetric pair of type K11, which were introduced by Kaneyuki [9]. More precisely,
Kaneyuki [9] proved that for a symmetric pair ([, 8) of type K, there exists a graded Lie
algebra:

=1+ +lg+b+0+--+0L, [H#£{0}, [ #{0}

of the v-th kind, v = 1, 2, with the characteristic element Z and a grade-reversing Cartan
involution t such that

(5.1) 0 = Ad(exprv/—12)7,

which commutes with 7. A symmetric pair ([, ) is called a symmetric pair of type K.I if
v = 1. Furthermore, ([, ) is called a symmetric pair of type K Il if v = 2 and ([, 8) is not
isomorphic to a symmetric pair of type K.I (see [9] for details).

Let ((G/H,{,),0), N) be a TRG-pair corresponding to a graded triple (g*, Z, 7) of
the second kind. Let g* = ¢ + p be the Cartan decomposition corresponding to t, and g =
£ + /—1p the compact dual of g*. Then by Remark 4.6 we obtain

2
a:Ad(exp?n«/—lZ), h=g°, N=K-o.

Suppose that (g*, Z, t) is a graded triple associated with a gradation
g =g+l teptei+o5. or #{0}, g #{0)

of the second kind on a simple Lie algebra g*. Since 7 is a grade-reversing Cartan involution,
we have

(5.2) g, tol,=tN(@,+g ) @pN(@,+e-,), p=012.

Let 0 be an involution on g* given by (5.1). It is easy to see that the set &, of fixed points of 6
is given by

(5.3) =N, +9+8))®MENEL, +97),

and so g* is decomposed into g* = €, + p.. Here

(5.4 pe =N +a1)) @ PN, +95+93)-
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Let 6% := 6t be the associated involution of 8 (cf. Hilgert and Olafsson [7], and [15]). Then
we have

(5.5 0% = Ad(exprv—12),
and an orthogonal decomposition g* = €9 @ p.* of g*, where

b= =g, +ai+g5. pti=g", 44}

Set

(5.6) pd=EneY®v—1(pne?).

Since

(5.7) Ad(expiv/—12)(X,) = eV"1PX,, X,eg;, 1R,

it follows that
(5.8) o’ =,

5o (g, £9) is a symmetric pair of compact type.

Let t* be a Cartan subalgebra of g* containing the maximal abelian subspace a of p.
Denote the complexifications of g* and t* by g. and t., respectively. Let A(gc, tc), 4,
II(ge, to) ={ay,...,an}, [T ={r1,..., A} and H;, 1 <i < n,be as in Section 2. Suppose
that A(g,, t.) and A have compatible orderings.

LEMMA 5.1. Let 3(g;;) be the center of gy,
(1) If3(8:*) = {0}, then dim3(gy) = dim3(h) = 1.
(2) Ifdimj(¢:“) = 1, then dim 3(gj) = dim3(h) = 2, and 3(£.“) C €N € or 3(8") C

PO pe.
PROOF. First of all, we note that (5.7) implies that
(5.9) h=tNgy®vV—1(pNgp),

Z € 3(gj) and v/ —1Z € 3(h). In particular, we have dim 3(g;;) = dim 3(b).
From Theorem 3.2, Theorem 3.3 and Theorem 4.3 of [8], we see that

dim3(gg) — dim3(¢.“) =1,

and dim3(¢.“) = 0 or 1. Since £&“ = g*, + g; + g5 and 7 is a grade-reversing Cartan
involution, it follows that £, is t-stable, which implies that 3(€.“) is also 7-stable. Hence, we
obtain

EY=tne'+pnef=tnt. +pNpe, 3E&D=EN3EY +pnzE).
Therefore, if dim 3(¢,¢) = 1, then it follows that 3(¢.*) C €N €, or 3(L.*) C p N p.. O

LEMMA 5.2. Let ¢ be an involution on g such that ¢|y = 1dy and ¢ # 1d.
(1) If3(8.") = {0}, then ¢ = Ad(exprA/—12).
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(2) Ifdimj(t.%) = 1 and 3(8.9) C €N ¥, then there exists /—1Zy € € N ¥, such that

38" = R/ —1Z and that the mapping ad/—1Zg : p* — p? satisfies (ad«/—lZo)2 =
—1Id. In this case, the involution ¢ coincides with either

Ad(exprv/—1Z) or Ad(exp %J—_l(z + Zo)> .

(3) Ifdim3(¢.*) = 1 and 3(¢.%) C p N pe, then there exists X° € p N p, such that
3(6.Y) = RXO and that the eigenvalues of adX? : p,® — p.% are 1. In this case, the
involution ¢ coincides with either

Ad(expv/—1Z) or Ad(exp %\/—_I(Z + X0)> .

PROOF. Note that it follows from (2.5) that ¢ := Ad(exp 7 +/—1Z) is an involution on
g satisfying @o|p = 1d and ¢ # Id.

(1) ByLemma 5.1, we have dimg(gg) = dim3(h) = 1. Then (1) of the lemma follows
from Corollary 3.4.

(2) By Lemma 5.1, we have dim 3(h) = 2. Let p*® denote the orthogonal complement
of £ in g. Then it follows from (5.6) that

pd=(ENpYY B V—I(pNp) =EN (@, +ag))dvV—1pN @, +aD).

In this case, €24 has 1-dimensional center 3(£29), and hence (g, £9) is a Hermitian symmetric
pair of compact type. Moreover, there exists v/—1Z¢ € €N £ such that 3(£29) = R/ —1Zp
and adv/—1Zg : p*4 — p® satisfies (ad«/—lZo)2 = —Id on p®. Since

(5.10) [e,e]cCe, [eplCp, [p.plCeE,
it follows from (5.6) that
adv/=1Zo(EN (gf + g% ) C €N (g} + g ),
adv/=1Zo(p N (g} +6%1) CpN (g} +0%)).
Therefore, ad\/—_lZo(p,S“) C pe4 and (adv/=1Zp)* = —1d on p:?, since (ad/=1Zp)? =

—Id on p*. Then Ad(expms/—1Zp) = —Id on p™, and the set of fixed points of
Ad(expmw+/—1Zp) in g coincides with t2d_ Hence it follows from (5.5) and (5.8) that
(5.1D) Ad(exprv—1Z) = Ad(expr~/—1Zp) .

From (5.11), the automorphisms
(5.12) vy = Ad(exp%«/—l(Z:I:Z@)

of g are involutive and v+ |, = Idy. Moreover, since V—1Zgisin 3(¢*9) and Z is the character-
istic element, it follows that Ad(exp{(~/—1/2)Z}) # Id and Ad(exp{(r+~/—1/2)Zo}) = Id
on ¥4 and hence v # Id. By Corollary 3.4, we can see that Ad(expn\/—_l Z) and v are
the only involutions satisfying the assumption.
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(3) The same argument as above implies that there exists +/—1X° € v/—1p N £ such
that 3(¢29) = R/—1X" and the mapping adv/—1X° : p*d — p2d satisfies (adv/—1X9)? =
—Id. Therefore, it follows that 3(£,%) = RX® and (adX?)? = Id on p,%, and thus the eigen-
values of adX? : p,¢ — p,“ are 1. In this case, we have Ad(expn\/—_1X0)|pad = —Idyu
and

Ad(expv/—1Z) = Ad(exprv/—1X9).

Therefore the automorphisms
(5.13) o4 = Ad(exp %«/—1(21){0))

satisfy ¢+ |p = Idp and ¢+ # Id. It follows from Corollary 3.4 that ¢ is one of
Ad(expn\/—_IZ) and ¢4,
and so (3) is obtained. O
Let ¢o be the involution of g given by
(5.14) 9o := Ad(expv/—1Z) ,
and let v4 and ¢4 be as in (5.12) and (5.13), respectively.
LEMMA 5.3. We have
po®) =t, ex(®) =t vi(t)#EL.
PROOF. Since Z, X € p, it follows that 7(Z) = —Z and 7(X") = —X°. Then
toot ! = Ad(expv/—17(Z)) = Ad(exp —vV—1Z) = o' = g0,

which implies that Ty = ¢o7. Hence we have ¢o(€) = &, and similarly ¢4 (¢) = €. On the
other hand, since /—1Zg € &, it follows that

tv+r*1 = Ad(exp%\/—l(—z + ZO)> —v_t=y_,

and hence v+ # v4t, which implies that vy (€) # ¢. O

As stated in Section 3, we assume that (G/H, (,),0) is a compact Riemannian 3-
symmetric space of inner type such that G is simple, H is a centralizer of a toral subgroup
of G and (, ) is induced from a biinvariant metric on G. Let ((G/H, (, ), o), I, N) denote a
triplet of a Riemannian 3-symmetric space (G/H, (, ), o), a G-invariant complex structure /
of (G/H, (,), o) and a half dimensional, totally real and totally geodesic submanifold N with
respectto I. We call ((G/H, (,),0), I, N) a TRG-triple. Moreover, we call two TRG-triples
((G/H,{(,),0),I,N) and (G/H, (,),&), I, N) are equivalent if there exists an isometry
f:(G/H,(,)) - (G/H,(,)) suchthat fyol =1Io f,and f(N) = N.

REMARK 5.4. Let (G/H, (,),0) be a Riemannian 3-symmetric space such that
dim Z(H) = 2. Then we may assume that 0 = Ad(exp{(2n~/—1/3)(H; + Hy)}) for some
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aj, ap € I(ge, tc) with mj = my = 1. From Corollary 3.4, each G-invariant complex
structure I corresponds to one of the following involutions:

Ad(exprv/—1(Hj + Hy), Ad(expnv/—1H;), Ad(expm/—1Hy).

Let I (resp. Ii) be the G-invariant complex structure corresponding to Ad(expm/—1H i)
(resp. Ad(expm~/—1Hy)). Let ((G/H, (,),0),1;, N) be a TRG-triple. Suppose that the
TRG-pair (G/H, {, ), o), N) corresponds to a graded triple (g*, Z = H;+ Hy, 7) associated
with a gradation of the second kind. Then it follows from Lemma 5.2 that I; corresponds to
one of ¢+ and v+. Moreover, since v+ |y = Idy, vo(m) =m, N = K -0 and N is totally real
with respect to J, it follows from Lemma 5.3 that

vi o J(T,N) =vioJ(ENm) =vi(v/—IpNm) #/—1IpNm= (T,N)",
and hence /; does not correspond to v.

Let G be the simply connected Lie group with Lie algebra g* and g* = € + p a Cartan
decomposition of g* corresponding to a Cartan involution t, as before. Let (g*, u) be a
symmetric pair such that ut = tu and g* = g** + q the p-invariant decomposition of g*. A
symmetric pair (g*, 1) is called a noncompactly causal if there exists a é“-invariant, regular,
closed and convex cone C in q such that C° Np # @ (see [7]). Here, C° denotes the interior
of C.

The following proposition explains a relation between TRG-triples and symmetric pairs
of type K.

PROPOSITION 5.5. Each TRG-triple is equivalentto ((G/H, (,),0), 1, N) such that
((G/H,{,),0), N) is a TRG-pair corresponding to a graded triple (g%, Z, t) associated with
a gradation

g =g+t + o+ o 0
of the second kind, which is defined by a partition {I1y, I1\} of I1. Moreover, the following
holds.

(1) If (g*.0) is of type K11, then I corresponds to the involution g = Ad(exp mv/~12).

(2) If (g%, 0) is of type K.1, then I corresponds to one of the following involutions:

00 = Ad(expiv/—12), @i = Ad(exp %«/—1(2 + X0)> ,

where X° denotes the cone-generating element (in the sense of [7]) in p N pe.

PROOF. First of all, we determine the possibilities of (g*, Z, r). From Proposition
4.5 and Remark 4.6, for any ((G/H,(,),0),I, N) we may assume that the TRG-pair
((G/H, {,),0), N) corresponds to a graded triple (g*, Z, t) associated with a simple graded
Lie algebra g* = Z§,=72 g%, In particular,

2
(5.15) o:Ad(exp%«/—lZ), N=K-o.
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Since o is of order 3, it follows from [18, Proposition 5.1] that there exists an element w in
the Weyl group of (g*, a) such that

2 2
Ad(exp %«/—11”(2)) - Ad(exp T”\/—m) ,
where /i € a has one of the following forms:

hi (ni =1,2,3), hj+hi(nj=n=1),

denoting by §, = Zp npAp the highest root of A defined in (2.8). However, if h = h;,
n; = 1, then (g, ) is a symmetric pair, and if & = h;, n; = 3, then 3(h) = {0} (see [18,
Lemma 5.3]), which contradict the assumption on (G/H, (, ), o). Therefore, there exists an
inner automorphism v of £ such that

2
(5.16) vov! = Ad(exp ?n\/—lh), h=h;(nj=2) or hj+hy(nj=nr=1).

Since v € Int(¢() and N = K - 0, we have v(N) = N. Hence ((G/H,(,),0),I,N) is
equivalent to ((G/I:I, (,), vov~1), I, N), where H = G""‘f1 and [ := vIv~!. Also, by
(5.16) a TRG-pair ((G/I:I, (,), vov~1h), N) corresponds to a graded triple (g*, &, T), which
is defined by a partition {IT1y, 11} of IT such that

(5.17) M=) or (k). (=2 nj=ng=1.

Therefore, we may suppose that ((G/H, (,), o), I, N) is a TRG-triple such that the TRG-
pair ((G/H, (,),0),N) corresponds to a graded triple (g*, Z, t) associated with g* =
233:72 g*, such that

(5.18) Z=hjorhj+hy, n=2, nj=n=1

for some i, j, k. If Z = h; forsome i, 1 <i <[, withn; = 2, then for X € 3(&%) N (p Np,),
it is obvious that X € a, since a C g C £“. Let X, be a vector in g*’\, which denotes the
root space for A € A of g*. Then it follows from the definition (2.7) of ), € a that X; , € g

for p # i and so A,(X) = 0, p # i, which implies that X = ch; = cZ for some ¢ € R.
Moreover, since [ X, 912] = {0}, it follows that ¢ = 0. Thus we obtain

(5.19) 3(EY) N (p Npe) = {0},
if Z=h; withn; =2.
Now, we prove (2) of the proposition. Suppose that (g*, 0) is of type K 1. Then there
exists a graded triple (g*, Z’, ) associated with a gradation of the first kind on g* such that
0 = Ad(exprv/—1Z")t,

and hence (g*, 0) is a noncompactly causal symmetric pair (see Theorem 3.1 of [9]. Also, see
Proposition 3.2.1 and Theorem 3.2.4 of [7]). Therefore, since Z' is a cone-generating element,
it follows from [7, Proposition 3.1.11] that

3D NP Npe) = RZ'(F {0)),
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so by (5.19) there exist j, k, 1 < j,k <[, withn; = nx = 1 such that Z = h; + hy.
Conversely, we assume that Z = h j +hy for some j, k withnj = ny = 1. Put X0 := hj —hy.
Since a C p N pe and
gy =D Ag" Ah) + A =p, heA), p==+1+2,
(hj, g5l = [hi, g5l = {0},
it follows that
(5.20) X% €3N (pNpe), Spec(adX’:p,* — p.*) = (1},
Hence X" is a cone-generating element of (g*, 6), and Lemma 5.1 implies that 3(¢.9) =
RX° c pNyp, and
Ad(exprv/—1Z) = Ad(exprv/—1XY),

since ¢ is an involution. Therefore, & = Ad(exp 7 +/—1X%)7 and thus (g*, ) is of type K1.
In this case, it follows from Lemma 5.2 that I corresponds to one of automorphisms ¢g and
¢+. Then by Lemma 5.3 and Proposition 3.3, we obtain /(£ N m) = —J (¢ N m) and thus
N = K - o is totally real with respect to each 1.

Finally, we prove (1) of the proposition. Suppose that (g*, 6) is of type K II. By the

above argument it follows that Z = h; for some i with n; = 2. In this case, it follows from
(5.19), Lemma 5.2 and Remark 5.4 that I corresponds to ¢g. O

Finally, we prove the following theorem which classifies TRG-triples.

THEOREM 5.6. Under the same notation as in Proposition 5.5, each TRG-triple is
equivalent to one of (G/H, (,),0),I, N = K - 0) listed in the following Table 1 and Table
2.

PrOOF. Let ((G/H,(,),0),I,N = K - 0) be a TRG-triple. As before, let g, f) and ¢
be the Lie algebras of G, H and K, respectively. Moreover, let K be the Lie subgroup of K
satisfying N = K - 0o = K /Ky, and ¥y the Lie algebra of K. Then it follows from (5.9) that
ko = €N b = €N gg, which is a maximal compact Lie subalgebra of gj.

First of all, suppose that g = ¢s. Then the possibilities of g* are

6(6), ©6(2), e6(—14) and  es(—26) -
If g* = eq(2), then € = su(6) @ su(2), and the Satake diagram of g* and the Dynkin diagram
of IT are given in Figure 1, where
(5.21) M=wwla, r=owla, A3=a3la=0s5la, A4 =0aila=a6la-
It is known that the highest roots § of A(g,, t.) and 8, of A are given respectively by
S =a) + 20 + 203 + 304 + 205 + g, Sq =201 + 30 + 43+ 204
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@
o a5 |jos a3 o

Oo—O0—0——=0
w A A2 A3 Mg

FIGURE 1. The Satake diagram of eg(2).

By the proof of Proposition 5.5, a symmetric pair (g*, ) is of type K.II, and a partition
{I1y, I11} of IT is given by I1; = {11} or {A4}. Then it follows from [8, Theorem 3.3] that
¥~ su(3,3) ® R if ITy = {\1},

90 = 150(5,3) @ RO V—IR if IT) = (A4},
which implies that
~ Jsu3) & u@3)) if ITy = {1},
T 5005 ®so(3) D V1R if IT} = {i4}.
Moreover, it follows from (5.21) and Lemma 2.6 that Z = hy = Hp or Z = hy = H| + Hg,
and [6, Theorem 5.15] implies that b has the following form:

b {a5 ®R ifo = Ad(exp{2Qr/—1/3)H>}),
" |os® R? ifo = Ad(exp{(2n~/—1/3)(H} + Hg)}).

Consequently, it follows from [5, Table V] and Proposition 5.5 that each TRG-triple is
equivalent to one of the following:
(({E6/Z3}/{L(SU(6)/Z3) x T'1/Z2}, (,), Ad(exp{@nv/=1/3)Ha})), Io, K -0),
(({E6/Z3}/{(SO8) x SO(2) x §O(2))/Z2}, (. ),
Ad(exp{(2m~/=1/3)(H\ + He)})), lo, K - 0),
where Iy denotes the G-invariant complex structure on G/H corresponding to ¢y =

Ad(expr+/—1Z), and K is the analytic subgroup of G with Lie algebra su(6) @ su(2). In
particular, it follows that

(e6, 5u(6) B v/—1R, su(6) @ su(2), s(u3) ®u3))) if 111 = {1},
(9. b, & £y =1 (e6, 50(8) B 50(2) B 50(2), 5u(6) B su(2),
50(5) ®s50(3) ®~/—1R) if Il = {A4}.

If g* = eg(—14), then € = 50(10) @ ~/—1R, and the Satake diagram of g* and the Dynkin
diagram of I7 are given in Figure 2, where

M =wla, r2=alla=&la-

The highest root §q4 of A is §¢ = 2X1 + 2X2. Then a symmetric pair (g*, 0) is of type
K11, and a partition {I1y, IT1} of IT is given by IT] = {A1} or {X2}. As above, it follows from
[8, Theorem 3.3] that

~ Jsw®G eud)) if I ={r},
"= V507 ® v—1R if I = {2} .
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an
ag o5 o4 o3 o]
Oo—eo—e—0—O C—0O
\/ A %)

FIGURE 2. The Satake diagram of eg(_14).

Moreover, it follows from Lemma 2.6 that Z = hy = Hy or Z = ho, = H;| + Hg, and as in
the above case we have

b= {a5 ® R if o = Ad(exp{2nV/—1/3)H>}),
~ |los® R? if o = Ad(exp{(2~/—1/3)(H| + He)}) .
Hence, by [5, Table V] and Proposition 5.5, each TRG-triple is equivalent to one of the fol-
lowing:
(({Es/Z3}/{L(SU(6)/Z3) x T'1/Z2}, (,), Ad(explQ@nv/=1/3)Ha})), Io, K - 0),
(({E6/Z3}/{(SO8) x SO(2) x SO(2))/Z2}, (. ),
Ad(exp{(2m~/=1/3)(Hy + Ho)})). Io. K -0),

where K is the analytic subgroup of G with Lie algebra so(10) @ +/—1R. In particular, we
obtain

(¢6, 5U(6) B /—1R, 50(10) ® ~/—1R, s(u(5) ® u(1)))

&0 55000 (66, 50(8) @ 50(2) @ 50(2), 50(10) B V/—TR, 50(7) & /—1R)
if ITy = {A2}.

If g* = eg(—26), then € = f4, and the Satake diagram of g* and the Dynkin diagram of IT
are given in Figure 3, where
rM=aila, r2=agla.

@ 2
o o5 |(x4 a3 o
Oo—eo—e—0—O o—0O
Al A2

FIGURE 3. The Satake diagram of eg(_2¢)-

The highest root 84 of A is §¢ = A1 + A2. Therefore a symmetric pair (g*, 0) is of type
K1, and a partition {I1y, I11} of IT is given by IT;y = {A1, A2}. Then, it follows from [8,
Theorem 3.3] that £y = s0(8). Moreover, it follows from Lemma 2.6 that Z = H| + Hg and
thus we have

2
o= Ad<exp?n«/—l(H1 —|—H6)), h=0,0 R>.
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Consequently, by [5, Table V] and Proposition 5.5, each TRG-triple is equivalent to
(({E6/Z3}/{(SO8) x SO(2) x §O(2))/Z2}, (. ),
Ad(exp{(2n~/—1/3)(Hi + He)}D)), I, K - 0) ,

where K is the analytic subgroup of G with Lie algebra f4, and I corresponds to one of the
following involutions:

9o = Ad(exp~/—1(Hi + Hp)), ¢+ = Ad(expr/—1H)),
¢_ = Ad(exprv/—1Hg) .
In particular, we have

(g, b, &, B = (es, 50(8) Dso(2) dso(2), fa, s0(8)).

Finally, we suppose that g* = eg). Then € = sp(4) and the Dynkin diagram of [T
coincides with the Satake diagram of g*. Thus o; = A;,i =1, ..., 6, and

§=08qg =M +2X1+2A3+ 304 +2X5 + A¢.

By virtue of the proof of Proposition 5.5, if (g*, 0) is of type K II, then IT] = {);},i = 2,3 or
5. Similarly, if (g*, 6) is of type K.I, then IT;={A1, A¢}. Noting that Ad(exp{ (2w ~/—1/3) H3})
and Ad(exp{(2m~/—1/3)Hs}) are conjugate under Aut(eg), we see from a similar argument
as above that

50(6) if ITy = {A2},
By = {s0(5) ®so(2) if 1T} = {r3},
s0(4) @so(4) if ITy = {A1, ke},
and each TRG-triple is equivalent to one of
(({E6/Z3}/{L(SU(6)/Z3) x T'1/Z2). (), Ad(exp{Qn~/~1/3)Ha}). Io, K -0),
(({Es/Z3}{[S(UG) x U(D) x SUR)/Za2}, (),
Ad(exp(nv/=1/3)H3)) . lo. K -0).
(({E6/Z3}/{(SO®8) x SO(2) x SO(2)/Z>}, (),
Ad(exp{(2n~/=1/3)(H, + He)})). 1. K -0),
where K is the analytic subgroup of G with Lie algebra sp(4), and I corresponds to one of
the following involutions:

oo = Ad(expnv—1(H1 + Hp)), ¢+ =Ad(expnr~v/—1H]),
¢o_ = Ad(expr~/—1Hg) .
In particular, we obtain

(e6, sU(6) ® vV/—1R, sp(4), s0(6)) if Ty = {12},
(g,h, 8 E0) = 1 (e6, s(u(S) ®u(l)) & su(2), sp4), so(5) ®so(2)) if IT) ={r3},
(e6, 50(8) D s0(2) ®s0(2), sp(4), s0(4) @ so(4)) if I ={A1,Ae}.

For other cases, we can classify TRG-triples analogously. O
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REMARK 5.7. For the case where (g*, 0) is of type K.I, we can obtain a graded triple
(g*, Z, 7) associated with a gradation of the first kind defined by a partition of IT such that
(g*, 6) corresponds to (g*, Z, t) by the following way: Suppose that ((G/H, (,),0), 1, N)
is a TRG-triple such that (g*, 0) is of type K.I. Then as in the proof of Proposition 5.5
there exists a partition {ITo, [11} of IT with [Ty = {A;, Ak}, n; = ng = 1 such that (g*, 6)
corresponds to a graded Lie algebra defined by {ITy, [1;}. Put 1o := —64 and let 75, 0 <
p <1, p # k, be an element of a given by A,4(ty) = 8,4, 0 < g <1, g # k. Then, since
nj =ng = 1, itis easy to see that
(5.22) to=—hy, tp=hp—nphy, p#O0.
Set I := {Ap; 0 < p <I, p+#k}, whichis a fundamental root system of g* with respect to
a. Moreover, the Dynkin diagram of I is the subdiagram of the extended Dynkin diagram of
IT consisting of I1. Then by (5.22) we have

Ad(expr/—1tj) = Ad(expr~/—1(h; — hy)) = Ad(expr~/—1(h; + hi)),

and hence a symmetric pair (g*, ) corresponds to a gradation of the first kind defined by a
partition {ﬁo, ﬁl} of IT given by 1 = {A;).

For example, if g* = eg) and IT} = {A1, Ae}, then the Dynkin diagram of =
{A0, A1, ..., A5} is given in Figure 4.

A5
Ao A2 A4 A3 A

FIGURE 4. The Dynkin diagram of eg(g).

Therefore, the gradation defined by a partition {ﬁo, 1 1 = {A1}} of T is isomorphic to

that defined by a partition {I1y, [T} = {A}} of II, and it follows from [9] that (g*, &) =
(e6(6), 5P (2, 2)) with the numbering I 15.

REMARK 5.8. 1In Tables 1 and 2, we adopt the numbering of fundamental roots in
Bourbaki [3]. Moreover, the numbering of symmetric pairs (g*, 0) is due to Kaneyuki [9].



TABLE 1. TRG-triples with dim Z(H) = 1.

TRG-triple ((G/H,(,),0), I, N=K -0= K/Kj).

g, b, £ and €y are Lie algebras of G, H, K and K, respectively.

o = Ad(exp{(2n/—1/3)Z}), I = —¢go J.

(g*, 0) is of type K¢II corresponding to a GLA defined by a partition {ITy, IT;} of IT.

g b Z |(g% ¢t t) 1, Iy) (g*.0)
so(2n+1) u(i) ®son —2i + 1) H, (so(l,m), so(l) ® so(m), so(i) ®so(l —i) ®so(m —i)) (1. () 0
n>2) 2<i<n) (i<l<n m=2n+1-1I
e MO G epn =D H; | (sp(n. B). u(n). s0() @ u(n — i)) R §E
(n>3) (I<izn-1)
2i —2i I,n—1), 1 -1, i 1 —1i —1—i
u(2i) @ sp(n — 2i) Ho; (spl,n —1), sp(l) @ sp(n — 1), sp(i) @ sp(l —i) ®sp(n —1 —i)) (be. ) |11 14
2<2i<n-1 Qi<2<n-1
1,1, 1 1), ] l—i 1—1i
(sp, D), sp(l) ®sp(l), sp@i) ®sp(l —i) sp(l —1)) (. ) 14
(n=2I)
50(2n) u(i) ®so(2n —2i) )
H; |(so(n,n),s0(n) ®so(n), so(i) ®so(n —i) dson —i)) @n, (1) |12
(n>4) 2=<i=n-2)
2n —1,1), 2n — s ] —1—i —i
(s0(2n ), s02n — 1) @ so(l), so(i) ®soRn —1 —1i) ®so(l —i)) ®r. () 112
i<l<n-1)
2i) @ so(2n —4i *@ly, u2l), j —2i
u(ll)< .EU(Z i) Hy; (so*(4l), u2D), sp(i) ® u(n — 2i)) 0 ) 01s
(1=i<[2)
*4l+2 21 + 1), j —2i
(50" (4l +2), u(2l + 1), sp(i) © u(n — 2i)) o, a)) |11
m=20+1,1<i<I

9LS

OfOL "X



TABLE 1-continued. TRG-triples with dim Z(H) = 1.

¢6 su(6) ® vV—1R Hy | (e62), su(6) ®su(2), su3) & u(3))) (fa. {A1D) 117
(e6(—14). 50(10) ® V/—1R, s(u(5) ® u(1))) (bep, {A1}) |19
(e6(6), 5p(4), 50(6)) (g, {22} |II16
€6 s(u(5) ® u(l)) ® su(2) H3 | (e6(6), sp(4), 50(5) @ 50(2)) (6, {23} |II16
7 50(12) ® s0(2) Hy | (e7(7), su(8), 50(6) ® s0(6)) (e7,{A1}) 121
(e7(-5), 50(12) ® 5u(2), u(6)) (4. {2 1123
(e7(~25). €6 ® v—1R, 50(10) ® 50(2)) (e3, {21} |25
¢7 s(u(7) @ u(l)) Hy | (e7¢7), su(8), s0(7)) (e7, {22} |1I22
e7 s5u(2) @ s0(10) & s0(2) Hg | (e7¢7), 51(8), 50(5) @ 50(5) ® 50(2)) (e7, {A6}) Im21
(e7(—5), 50(12) @ s5u(2), s0(3) & s0(7) S 5u(2)) (fa. {24} |124
(e7(=25): ¢6 ® vV—IR, 50(9) B 50(2)) (e3, {22} |25
eg 50(14) ® s0(2) Hy | (eg(8), 50(16), 50(7) & s0(7)) (eg, {A1)) 1I26
(eg(—24), €7 D su(2), s0(3) ® so(11)) (f4, {Aa}) 129
eg e7®v—1IR Hg | (eg(s), 50(16), su(8)) (eg, {Ag})  |II27
(eg(—24), ©7 ® su(2), ¢ B ~/—IR) (far {1} |28
f4 sp(3) & V1R Hy | (Fa@y, 5p(3) ®su(2), u(3)) (fa, {1} 130
fa 50(7) ® v/—1R Hy | Gay, sp(3) @ su(2), s0(3) @ so(4)) (4. {24 |31
(fa(—20), $0(9), s0(7)) (bep, {A1}) |1I32
[} u(2) Hy |(9202). 5u(2) ® su(2), s0(2)) (g2, {22} |33

SHIVAS DIYLHWNINAS-€ LOVAINOD 40 SA'TOAINVINANS
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TABLE 2. TRG-triples with dim Z(H) = 2.

TRG-triple ((G/H, (,),0), I, N=K 0= K/Kj).

g, b, £ and £ are Lie algebras of G, H, K and K, respectively.

o = Ad(exp{(2n/—1/3)Z}), I =—¢po J.

(g*, 0) corresponds to a GLA defined by a partition {ITq, I1{} of IT.

8LS

g h z ¢ |@" E t) (11, ) (g*.0)
s(u@) du(j —1i)
su(n) du(n — j))
orn—1 H; + H; w0 |(sl(n, R), s0(n), so(i) ®so(j —i) ®so(n — j)) (ap—1. {Ais 250 |17
(n=3) (1=i<[5=)
i<j<n-—1
¢+ | (sl(n, R), so(n), so(i) ®so(j —i) ®so(n — j)) (a1, {2,250 |17
(su(l,n—10), s(ul) ®u@n —1)),
H; + H,_; . . .
% su(i) @ s(ul — i) ®u(n — [ —i)) ®v/—1R) (beg, {2 i1

<l <|—
- 2

OfOL "X

(su(l, D), s(u(l) ®u(l)),

su() sl —i) ®ul —i)) ®v—1R) (e {2 D) it
(n=2I)
s(u2i) ®uw2j —2i)
®u(n —2) . . o .
o Hyi + Hyj o |(suF(n), sp(l + 1), sp(Q) ®sp(j — i) ®sp(n — j)) (a7, {Ai, 2j}) 19
I<i<j<l
n=2+2)

px |(su™ (), sp( + 1), sp(@) ®sp(j — ) D sp(n — ) (a7, {Ai, 45D 19




TABLE 2-continued. TRG-triples with dim Z(H) = 2.

:"i”; un — 1) @ s0(2) Ho i +Hy |go |(s0(n.n). so(n) @ so(n), so(n — 1)) @, Gt 2} 110
n>

(so(n+1,n—1), so(n+ 1) ®so(n — 1), 1. Gt D o

so(n — 1) @ so(2))
(50" (41 +2), w2 + 1), sp(l) © u(l)) (bes. 1) 115
n=2+1)

¢+ |(so(n,n), so(n) @ so(n), so(n — 1)) Ons {rn—1, A} 110

e6 50(8) @ 50(2) @ 50(2) H)| + Hg @0 |(es(6), Sp(4), s0(4) B 50(4)) (e6, {11, A6}) I15

(¢6(2), 5u(6) @ s5u(2), 50(5) ® 50(3) ® V—1R) (4, {4 18

(e6(—14), 59(10) ® /=TR, 50(7) ® V/—1R) (bcp, {A2)) 1120

(e6(—26), f4, 50(8)) (a2, {11, 22}) 116

o+ |(e66), 5p(4), 50(4) B s0(4)) (e6. {A1. A6} I'15

(e6(—26): T4, 50(8)) (az, {A1, A2}) 116
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