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I. A metric in a circle. First we will introduce a metric in \w\ ^R
as follows. We define the distance (w, 0) of a point w (\w\ ^ R) from
w = 0 by

( 1 )

Let

( 2 ) (\a\
RΛ -aw

be a linear transformation, which transforms \w\ < R into itself, such
that C/αO) = 0. We define the distance (a, ft) of any two points a, b in
\w\ < R by

( 3 ) (a, ft) :

2R

1 + R>

b-
R*-

b-

a
ab
a *

R* - ab

so that
( 4 ) (β, 6) - C ,̂ β).
It is easily seen that for any linear transformation U(w), which transforms
\w\ < R into itself,
( 5 ) Cί/(fl), C/(6)) - (β,ft)
and a circle (w, α) = p in our metric is an ordinary circle and the locus of
points, which are equidistant from two given pDints is a circle, which cuts
I w ΐ = R orthogonally.

In our metric, the triangle inequality
( 6 ) (a, c)< ζa, b) + (ft, c)

PROOF. We may assume that R = 1 and a = 0, 0 < ft < 1 by (5), so
that it suffices to prove:

ft -c
\c\

(7) + I-be
ft -c
I-be
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we assume that 0 < b < \c\ < 1. Γf c moves on a circle \c\ = const., then

becomes minimum, when c lies on the positive real axis and since
I- be

— t/CL + t-') is an increasing function of t for 0 rg 15J1, the second
term of ths right-hand side of (7) becomes minimum, when c lies on the
positive real axis. Hence to prove (7), it suffices to prove the following
inequality for 0 < b < c < 1 :

c-b
c b 1 - be b (c-b) (1 - be)

~ " "ϊ + ? ^ 1 + b* ^ , 7 j c-b γ 1 + δa ^ (1 + # χ ι 4- c") - 4bc 'l + vτ=τ?J
which holds evidently. Hence (6) holds in general, q. e. d.

The most important porperty of our metric is the following one. Since
__JL _ '
(w, a) "

and |£7«(Mθ| = R on |w[ = R, log -̂  -- r- and its normal iderivative vanish
{W, CL)

on \w\ - R and ifw- w(z) is a regular function of z, then

(o, Λ l o σ
( 8 ) Δ l o g ) ~ ( g + i !/α( W ) i a y
where Δ is the Laplacian, so that lιg(w(z\ a)'1 is a subharmonic func-
tion of z.

2. Some notations. Let K be ths Rieinann sphere of diameter 1, which
touches the w-plane at w = 0 and

be the spherical distance of α, ^.
Let Δ ba an infinite domain on the z-plane, whose boundary Γ consists

of at most a countable nαmbsr of analytic curves. Let w = w (2) be ong-
valuei aαd m^romDrphic in Δ and on Γ, such that the value w (z) in Δ
belongs to a certain spherical disc \JM, wtj < δ and tha value w(z) on Γ
belongs to 'ϊ_w, w^\ = δ, so that the inverse function z = 2 (w) ofw^tv (?)
is defined on a Riemann surface F, spread over [j*;, W70] < δ. If z — z(w)
has a transce ideital singularity α: in [_w, w,^ < δ, then w tends to Λ along
a certain curve 7, when z tends to infinity along a certain curve /. In this
case, the behaviour of w (z) in Δ was first treated by K. Noshiro by app-
lying Ahlfjrs' theory of covering surface35 His research was followed
by K. Kunugαi, Y. Tumαra and the present author0. In this paper, I will

1) K.NOSHΓRO, On the singularities of analytic functions. Jap. Jour. Math. 17(1943).
K. KUNUGUI, Sur Γaίlure d'nαe fuαation analytiqua uαiforme au voisina^a d'un

p.ήnt froπtiere de sou d)inain de deaαition, Jao. Jour. M ith. 13 (1943). Sur la
the>rie des fon^tion^ msromorplie? et uniformed. Jap, Jour. Math. 18 (1643^.

Y.ϊϋMσRA, Recherches sur la distribution des valeurs dea Jtonίtion? analytiquα ?.
Jap. Jour. Math. 18 (19433.

M.ΪSUJI, NevanUnni's funlamental theorems anl Λhl tors' theorem on the num-
ber of asymptotic values. Jap. Jour. Math. 18 (1943).
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prove the theorems obtained by these authors simply by means of the metric
introduced in § 1.

First we will introduce some notations.
Let Δr be the part of Δ, which lies in \z\ <; r and Fr be its image on

K and Or be the part of \z\ = r contained in Δ and L(r) be the length of
its image on K:
αo:> L(r) = ί i * Ί ' L T ^ ) I -

 rdθ>βr
A(r) be the area of Fr'

(ID
ι±r

(12) SCO = A(r)/πS* Cmean number of sheets of F r),
where πδ2 is the area of [_w, w01 <: g;

(13) T(O = Γ -
o

λCO be the number of holes in Δr, and

(14) ΛOO= f ~~drt (r 0>0).

We will prove

LEMMA 1.2) Jf z-= z(w} has a transcendental singularity in \_w, w$~] < δ,

then

lim

PROOF. Let α be a transcendental singularity of 2=^(w) in [w,
then w; tends to a along a certain curve <γ, when z tends to infinity along
a certain curve I, so that [2! = r, meets I at a point zr. If 'the boundary
Γ of Δ contains a curve extending to infinity, then \z\ = r meets Γ for
r > ro, so that the image of θr on K contains an arc, which connects a
point wr = w (2r) on 7 to a point on [w, WQ~] = δ, so that Z, Ĉ ) S 7̂ > 0
O > r0). Since

772 log (
so that lim A (r) = CXD, hence lim S (r) = oo; lim T(r)/logr = oo. If Γ

r-^oo r ^ oo r->co

does not contain a curve extending to infinity, then Γ consists of infinitely
many closed curves and so lim λ (r) = oo. By Ahlfors' first covering

2) K. NOSHIRO, l .c. l).
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theorom,3) we have
(15) λ O O ^ S O ) + hL(r),
where h is a constant and it is easily proved that

L(r) ^ S ( r ) 1 ^ (8 > 0),

except certain intervals In, such that 2 I d l o £ r < °° Hence we have
n Jn

limS(r) = oo.
r->oo

LEMMA 2. Γ ^~-dr = OO\Λ(2r)logO /br a// r,

except atain intervals /„, sz/c/z //zfliί 2 / ̂  1°S log r < oo.
n J

In

PROOF. From L(r)2 ^ 2τrr dA (r)/dr, we have

J ^ log ~

Since T(2r) ^ | — ^ dr > log 2

we have

The second part is proved by Dinghas.4)

From (15), we have

LEMMA 3. Λ O) ^ TOO + of f
r

3. Main theorems. Under the same assumption as § 2, we may assu-
me that wQ = 0 by a suitable rotation of K, so that w (2) is regular in Δ
and on Γ, such that |w(2)| < R in Δ and |w;(z)| = R on Γ for some ./?. We
assume, for the sake of simplicity, that z = 0 belongs to Δ.

Since \w\ ̂ R is projected on a disc [_w, OΊ <: δ (δ = R/*/!-}-&*) on 7Γ
and τrδ2 = πR2/(l + R2) is its area, we have

3) L.AHLFOKS, Zur Theorie der. Uberlagerungsflachen.Acta Math. 65 O9353.
43 A. DINGHAS, Eine Bemerkung zur Ahlforsεchen Theorie der ϋberlageiung ί-flaclien.

Math. Zeits. 44
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Let n(r,a) be the number of zero points of w(z) — a(\a\ < /?) in Δr and

(17) N(r, a) - f n&*> " MCO»g) dγ ± ^ Λ ) I o g γ

0 8 }

where (M;,Λ) is the metric of § 1 and
(193 Γ(r, α3 = m(r, a) 4- 7V(r, a).
Then we will prove the following theorems, which are analogues of Nevan-
linna's fundamental theorems for meromorphic functions for \z\ < oo.

THEOREM 1. Let w (z) be regular in an infinite domain Δ and on its
boundary Γ, such that \w(z)\ < R in Δ and \w(z)\ = R on Γ. Then T(r,a)
is an increasing convex function of log r, such that

Γr S(r ^ / Γr

T(r,a) - I ^ a } dr + const. = T(r) + θ(l

0 r0

where
S(r, a) = •?• [ f .. K1',,,, rdrdθ,

Δr

Sir) being thz mean number of sheets of the Riemann surface generated
by w = w(z) on the w -sphere.

dr - 0(^^72^)10^7) for all r,ί
ro

= O(/s/7(r) log T(r)),

„ r
certain intervals /», swc& ^teί ^ / ̂  log log r < oo.

T H E O R E M 2.5 )

ί, /•
, «0 + Λ (Ό + O ( Γ ~~-dr} , (q ̂  2),

53 K.NOSIIIRO, K.KUNUGI. i.e. 1).
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( j "

1*0

< TCO + O rfr.

We call TO) = T(r, Δ) the chracteristic function of w(z) in Δ and

logr M

its order.

REMARK. Since logOO^'*), aQ-1 = logCwCre"),*)"1 -f O(l),
Theorem 1 becomes

In this form, Theorem 1 was proved by Tumura and the present author
previously.6)

4. Proof of Theorem 1. Let a be any point in \w\ < R and

^ dθ,

then since log r- vanishes at the end points of ft.

" ! / *

rm\r, a^ = -̂  — Iv ' 2π J - - ror ^ (w, a)

Let Γ r be the part of, Γ contained in \z\^r and z/ be its outer normal
and ds its line element and zl9 ---- , zn be zero points of tv (2) — a in Δ? .
We assume that zι does not lie on 0r. We enclose ^ by a small circle 7̂
and we take off the inside of {7*} from Δr and Δ̂ ! be the remaining domain.

Then applying Green's formula for Δ?, we have

(w,
Γ ^

j °v

Since as remarked in § 1. the normal derivative of log-- - r- vanishes on
* (w,a)

Γr, we have

If we make the radius of 7̂  tend to zero, we have from (8),

2πrm\r,a^> + 2πn(r, a) = / f Δlog g

6) TUMUKA, ΪSUJI, l.C. O.
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(& + \1

Hence if we put
9 ί?2 Γ Γ I 77

(20) S(r,a) = ^ / / - ^
* J J (#•

Λr

then
(2Γ) wz'0% α) -f w(r,«)/r = S(r, α)/r,
so that
(22) T Cr, a)= m (r, a) + N(r, a) = Γ ̂ ^ d r + const.

o
Hence Γ (r, «) is an increasing convex function of log r. S (/, α) has the
following geometrical meaning.

If we put
(23) 000 - Ua(w(z»/R,
then I <^) I < 1 and S(r, a) becomes

(24) S (r, a) - -=

r

Since |y| g l is projected on the lower half of the z -sphere and π/2 is its
area, S O ; a) is the mean number of sheets of the Riemann surface
generated by υ = v (2) on the t -sphere.

Next we will prove
(25) S(r, a) - S(r, 0) -
Since by (21),

0 ) =

n(r' fl) =

we have

(26) 2ίf^~ l o g { K f r ^ = S ( Λ 0 ) ~
θr

It is easily seen that

so that



2π • " " * w
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hence by (26),
"I /*

-—Idars W~~-^- = S(r,0) - S(r,a) + Λ(r,β) -«(r,0) -h O(L(r)).
ώTΓ / Zί/

By the argument principle,

, ΛN 1 Γ j TV — a , 1 Γ , w — a
n(r, a) - n(r, 0) - 2τr I ̂  a r g —w *" "^^ ' a r g

t/

Γr

= ^ J ^ a r g ^ - ^ . +s(r,0)-

Γr

so that
(27) SO, β) - S(r, 0) = ̂ r ί d arg ^ ^

We will prove

(28) fd arg uJ ~ a = O(L(r)).

Γ r

Now Γr consists of a finite number of separate curves Γ r = 2r/ri:> + 2^v° ?

i ί

where γ£° is a closed curve, which is the boundary of a hole in Δr and λ °̂

is a curve, which meets βr. Since γ °̂ is mapped on \w\ = ̂ ?, we have

Consider one λ̂ .° and let ff?> be the part of &r, which meets λ^ and
be the length of the image of ^ ^ on K, then since, if ^ makes one turn

on j w I = R, Id arg w ~ a ~ Q; it is easily seen that

/ J a r g ^ ^ - 0 0 , 0 0 ) .
λf.O

Hence

w — a

= OCL(r)),

which proves (28), so that by (27), we have (25). Hence from (22), (25),
we have

Γ(r, a) - ΓCr, 0) +
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so that for any two points a, b in \w\ < R,

(29) T(r,tf) - TO, ft) + O ( [
.

>Ό

From the proof, we see that if c, b lies in [«;, 0] <; δ0 < δ, then

where a (δ0) depends on δ0 only. Let dω(ft) be the surface element of K
at ft, then multiplying dω (ft) on the both sides of (29) and taking the
integral mean over [«;, 0] <: δo, we have from (22),

T(r,, β ) = - V f [τζr,b)dω(fr + Of
^00 J J V

0 ro

where Sΰ(r) = Ao(r)/(τr$) is the mean number of sheets of the part of Fr,
which lies above [w, 0] < So.

Since by Ahlfors' first covering theorem3)

S(r) —
we have

Γ rS(r; , , ^ / Γ
> β J ~ F ~ (J

T(r,a)= ^~dr + 0 ^~dr\

Hence Theorem 1 is proved.

5. Proof of Theorem 2. Let F be the Riemann surface generated
by w = w(z) over [w, OD < δ and F r be the part of F, which corresponds
to Δr. Let Λi, ---- , aq(q>2) be q points in [_w, OD < S. We take off
these q points from [_w, 01 < δ and F° be the remaining domain and we
take off from Fr points, which lie above al} ---- , aq and FΌ

r be the remai-
ning surface. Then F?° is a covering surface of the basic domain F°. By
Ahlfors' fundamental theorem on covering surfaces,3)i

p-C F?) >p(F°)S(r) - hL(r),
where p is the Euler's characteristic and p+ = Max (p, 0) and h is a cons-
tant depending on F° only.

Since p(F°) = q - 1, we have
0+(F°) ^ (̂  - 1) S (r) - ΛLcr ).

Since

we have
Q

C ^ — 1) S (r; g 2 ^ ( r ' β / ) + λ ( r ) + hL(r),
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so that
Q T

(q - l)T(r) ^ 2 ^Cr, at) + Λ(r) + O ( f -~~dr).
1 = 1 J

Hence Theorem 2 is proved.
REMARK. If the inverse function z = z(w) of w = wnz) has a transcen-

dental singularity in [_w, OH < δ, then by Lemma 1,
(30) lim Tcr)/logr = oo.

Suppose that Δ is simply connected, then ^ (r) = 0, so that if we take
q = 2 in Theorem 2,

T ( r ) s 2 Λ 7 Ό , a
r

O ( \ Ί^
X J ^

If w (2) takes aι(i = 1,2) only finite times in Δ, then N(r, #<•) = O (logr)
(ί = 1,2), so that

TO) ^ O (logr) + O

which contradicts Lemma 2 in virtue of (30).
Hence w(z) takes any value in \jv, OH < δ infinitely often, with one

possible exception. This is due to K. Noshiro.ι;)

If Δ is not simply connected, we take q = 3 and taking account of
Lemma 2, we have

° ΛT

< 2 N (r, a) + O ( Γ
ί = 1 »/

»*0

From this we see as above, that w(z) takes any value in \jυ, 0] < δ infini-
tely often, with two possible exceptions. This is due to K. Kunugui.x)

6. Extension of Ahlfors9 theorem. Let w = w(z) be a transcendental
meromorphic function for \z\ < oo and w0 be a direct transcendental
singularity of the inverse function z = 2('^) of w = wO), such that \jv, WQ~]
< δ is mapped on a domain Δ on the z-plane, where w(z) =t= ^ 0 in Δ. Let

Δo be the smallest simply connected domain, which contains Δ and Or be
the part of \z\ = r contained in Δo, which separates a point ZQ of Δ from
z = oo and r#O). be its length.

Then Ahlfors5> proved that

/ r dr
~j~ -const,

where TO) is the Nevanlinna's characteristic function of w(z). From
this follows easily the well known theorem on the number of direct
transcendental singularities pf the inverse function of a meromorphic

53 L. AHLFOES, ϋber die asymptotischen VVerte der meromorphen Funktionen
endlicher Ordnung. Acta Acad. Aboenjsis. Math, et Phys. 6 Nr. 90*32).
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function of finite order. We will prove an extension of this theorem by
means of Theorem 1. By a suitable rotation of the Riemann sphere K,
we may assume that WQ = oo, so that iv (z) is regular in an infinite domain
Δ, such that \w(z}\ > R in Δ and \w(z)\ = R on its boundary Γ. Then
v(z} - l/w(zϊ is regular in Δ, such that |0(z)| < 1/R in Δ and \v(z)\ = l/R
on Γ. Since 0(2) =f= 0, Λ/"(r, 0) = 0, hence if we apply Theorem 1 on v(z),
we have

(32) T (r, 0) - 0j(r, 0) = — dr + const.r, 0) - 0j(r, 0) = Γ — C ^ Q ) dr

where

•33) . . . r . 0) = j L J l o g - ^ if = ^ L | l o g

,34, S ( r, „, . ϊ*

SCr) being the mean number of sheets of the Riemann surface generated by
iv - w(z) on the ^-sphere.

Since for \w\^R,

if we put

(36)

then we have from (34), (35"),

- ^ y - S ( r ) g S ( r , 0) rS

so that from (32), (33),

(37) ~~ Γ(r) ~h const, g - Γ i o g - ' l dθ S α(Λ)Γ(r) + const.

If we put Λf(» = Max. |w(z)|, then

so that from (37),

(38 ) - - T(r ) + const. S log -.
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Let z (\z\ = r ) be any point of Δ. Let U (2) be a harmonic function in

\z\ <kr ( f t>l), with the boundary value C7(g) = log g ί ' | " on Ar

and £/(£) - 0 on the complementary arcs of #fcr on \z\ —kr. Then since
^ -f I Z# I 2

log 9 p. I is subharmonic and vanishes on Γ,
£K. j ΪV I

(39)

Since U(z) > 0 in \z\ < kr, we have for |z[ <Ξr, by (37),
b JL. 1 1 Γ^

U(& ^ ^ 1 -o— / U(kreίθϊ dθ
K 1 Z7TJ

so that from (39),

(40) log j < « ^ ) T'^r ) + const.
—

From (38), (40), we have
J? _L I

+ c o n s t ^ l oS p S « Cff) fc T T(*r) 4- const., f ft > 1).
/t /? — 1

Hence

(42) Π5
-̂ c. logr r̂ co o r

Now Δr consists of a finite number of connected domains. Let Δj be the
connected one, which contains z = 0.

We define <9(r) as follows. If the circle \z\ = r meets Γ, then the
part of |z | = r, which belongs to the boundary of Δ? consists of a finite
number of arcs {θp} on \z\ = r. Let rθ^(r) be the length of ff?>. Then
we put βl(» = sup^C'r).

If \z\ = r does not meet Γ and is contained entirely in Δ, then we
put θ(r} = oo. Then I have ρrovedδ) that

Λ 8 r

^ a: / -
0

>

log log - - - - ^ a: - - - const. (0 < β < 1), '

where β is any positive number less than 1.
o

Hence if we put a = - - (0 < α: < l),then we have from (41),

—=^— — const. (0 < a < 1).
J rθ(r)
o

Hence we have

ό) M. TSUJI, A theorem on the majoration of harmonic measure and its applica-
tions Cwhich will appear in this Journal).
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THEOREM. 3. Let w(z} be one-valued and regular in an infinite
domain Δ and on its boundary Γ, such that \w(z)\ > R in Δ and \w(z^\
= R on Γ and Af(r) = Max \w(z)\,

'

) = Γ(r,Δ) -- ί

T(r) + const. < log g #(#) T(kr) 4- const.

r r j
^dr
rθ(r}

log T(r) > 7τ I -^—-- ~ const. (0 < α < 1),

where

7. Extension of Theorem 1 and 2. In § 1, we introduced a metric
in \w\ < 1 by

Cw, 0) =2|w|/Cl 4- M 2 ) .
Now

g(w, 0) = logCl/lw|), \w\ = β-^ ' 0 )

is the Green's function of |z0| < 1, with w = 0 as its pole, so that
CM, 0) = 2e-* w>°>/0. 4- g-^^ 0)).

Suggested by this form, we will introduce a metric in a domain D on the
Riemann sphere K, which is bounded by p analytic Jordan curves Ci, ---- , C2>.
Let g(w, β) be the Green's function of D, with ^ as its pole. We define
the distance (#, &) of any two points a, b of D by
(43) c«, δ) = 2β-^α'6>/(l + β"2^α'δ>), (0 g ("«, *) < D.
Since g(a, ^) = g(b, a\

(a, 'ft) = (ft, Λ).

Similarly as § 1, we see that
log Cl/Ctt>, β)) = log CCl + e-w»,*>)i2e-w**>} > o

and its normal derivatives vanish on G and if w = ^(2) is a regular function
of z, then

-^^ ^ °
where

Hence log (I/ (w(z), Λ)) > 0 is a subharmonic function of 2. Let Δ be an
infinite domain on the 2-plane and w(z} be one- valued and meromorphic
in Δ and on its boundary Γ, such that the value w(z) in Δ belongs to a
domain D on the ̂ -sphere, bounded by p analytic Jordan curves Ci, ---- , C»
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and the value w (2) on Γ belongs to one of G. We define θr, Δr,
λ(r) as §2 and let

oe the mean number of sheets of the Riemann surface generated by
on the ^-sphere, where /(/)) is the area of D.

We put for any a in Ό,

T(r, β) = m(r, a) + N(r, β),
where (tv, a) is the metric in D. Then as §3, we have

(46) m',r, β ) + β _ _ . Δ l o g _ _ _
Δ r

2 Γ Γ e-g

= ^ 7 j J d + g«g)a Dlg^rdrdθ, (g =
Δ r

Hence if we put

(47) S(r, a} = 4-

Δ,.

then

, a} = | - J J

(48) T(r, ύO = m(r, a} + Λf(r, a} = / o v ? Jr 4- const.

o
Hence T(r, 0) is an increasing convex function of logr. S(r, a) has the
following geometrical meaning. Let h(w, a} be the conjugate harmonic
function of g(w, Λ), then
(49) 0(2) = ^-(9r+ίΛ)) (̂  = g({w, a\ h= k(w, β))
is a regular function of 2, which is many-valued in general. By a suitable
corss cuts, we change Δr into a simply connected domain Δ?. Since |X2)|
< 1, Δr is mapped by z; = #(2) on the lower half of the 0-sphere, whose

area is τt/2. Since

S(r, α) is the mean number of sheets of the Riemann surface generated

by v = 0(2) on the ^-sphere.
Similarly as Theorem 1 and 2, we can prove the following theorems.

THEOREM 4. Let w (2) #£ one-valued and meromorphic in an infinite
domain Δ and on its boundary Γ, such that the value w(z) in Δ belongs to
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a domain D en the w-sphere, which is bounded by p analytic Jordan curves}

Ci, ---- , Cp and the value w (2) on Γ belongs to one of G. Then T(r, a)
is an increasing convex function of log r, such that

, a) = - dr + const. = T(r) + O

0

where S(r, a} is the mean number of sheets of the Riemann surface genera-
ted by v = e-<^+ίΛ> o n the v-sphere and

0

where S(r) is the mean number of sheets of the Riemann surface generated
by u) = w(zϊ on the w-sphere.

THEOREM 5. 7 )

9 T

(P + q- 2) T(r) S 2 Mr, αι) + ΛO) + O ( Γ ̂ ^- dr] .
i = i V T '

!

REMARK. We see easily
Iog(l/Cw;(rβcθ),βj)

so that Theorem 4 becomes

In this fornij, Theorem 4 was proved by Y. Tumυra.4)

MATHEMATICAL INSTITUTE, TOKYO UNIVERSITY.

73 Y. TUMURA, l.c.l).




