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1. Introduction. Let ¢(¢) be an even periodic function with Fourier series

(1.D o (1) ~Z an cosnt, a0 = 0.
n=0
The «-th integral of ¢(¢) is defined by
az 0u(t) = ﬁ% [} et t—wau @>0

and the B-th Cesaro sum of (1.1) is defined by s8 (8> —1).
Especially we put s = s,.
Some years ago we have conjectured that if

(1.3 0p(8) = o) (£—0)
for ¥ > 3 > 0, then
4 s, =o0(#n*) (n— )

for a« = B/(r — B+ 1), and proved that this is valid for 0 < ¢ <1. See Izumi-
Sunouchi [3], Sunouchi [5] and Wang [6]. One of the object of this note is to
master this problem thoroughly.

On the other hand Prof. Izumi [2] has proved that if

(L5) s8 = 0(nr) (n— )

for 8 >7 >0, then
(1.6) Da(t) = o(#*) (-0

fora =R+ 1)/ —7»—1). If we add to (1.5) a Tauberian condition
a.n an = 0= =9)  (n—> )

for 0 < 0 < 1, then we may expect

0.(f) = o(@*) (£-0)
for a = 0(B+ 1)/(B — 7 + 9). (cf. Sunouchi [5]) The case B = integer was
considered by Loo [4]. The case 8 =1 and —1 <7< 0 was proved by Chandra-
sekharan and Szisz[1]and S. Izumi[3] proved general cas2 under the restriction
B=1or 6§ <2(8-7)/(B—1). In this note we shall prove general case under a
weaker Tauberian condition

(1.8) > el - omra»),

y=n
(1.5) and so called one-side condition imply (1. 8).

The method of proof is a slight modificatoin of Izumi’s method. Especially we
use Bessel summability instead of Cesaro summability. These two methods of
summability are equivalent, and Besssl summability behaves more adequately at
the neighborhood of infinity than Cesiro summability.

2. Cesaro summability of Fourier series. Let J.(#) denote the Bessel
function of order gz, and put
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@.D au@®) = Ju@®/t"
(2.2) View () = atu kD,
then Vfﬁ)ﬂ @=01) ast—>0and
2.3 Vfi),l @=0F") ast—>ow, fork=0,1,2--

If we denote by o2 the a-th Bessel mean of the Fourier series (1.1), then
@9 ol = Ko | " e Vialobldt.

THeEOREM 1. If 0<B <7 and
(2.5) 0p(t) = o(11),
then the Fourier series of o(t) is summable (C, B/(r—B—1)) fo zero at t =0.
ProoF. Put a = B/(T—F+1)< P and ¢ = a/(1+ a) <1, Neglecting the
constant factor the equivalent Bessel mean is

Som 0o Visa(ot)dt

I

a
T

Il

@.6) ( rw+ gm ) 06O VauCwt)dt

0 Co-P
=TI+ ],
say, where C is a fixed large constant. Concerning J,
J=0([ oty iew)a)
co-P
= O(a}”“ S
o 27
= Oyw=* C~A+a ( ,pQt+ad 4. At 1) (t)l dt
{ (oo +23 meawro) | }

= O{C—(Ha) W~ ¢teQ+ad _*_,ch-l)(w'—ll)} — O(c—(1+a)) §g’
for large C since ¢ = a/(1+a).
Now there is an integer k>1 such that 2—1<fB < k. We suppose that k—1
< B < k, for the case 8 = k can be easily deduced by the following argument.
As we have already seen,

Fwlpldl )
co-P

@.7

Scwp 0e(t) Vi (wt)dt + o(1).

0

By k-times applications of integration by parts, the last integral I becomes

@.8) ol

P ) co-P co—P
1=> (-1 [wmn(t) Vt’iz"cwt)] + (= Dot f 0 OV, (wt)at
h=1 0 v
2.9 kL
= 2‘ (= D" n+ (= D}y, say.
s
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Since 0.(¥) = o(1) and 0p(¢) = o(#r), applying M. Riesz’s convexity theorem
we have

D,(D) = o(1), 0:2(8) = o(FB-D),--., Gu(2) = o(f-D7IB-1),...
<061 (8) = o(%=Dr/B-10) and @r(#) = o(E:+17B),
Therefore we have
L= [ 00, (Vi (t) | °

(2. 10) —_ 0(&)(0'0'“’)0_(1"a)w”(Ha)) — O(C—(l-l-a)w-a+(1+a)p)
. = 0(C-*) <,
and, for =23, -, k-1,
[¢3
n=| OBV WD |,
= O(@"CU D1 /B-1> ()=pU~1>1 J(B-1) (=C+E) C-Ctady,p+ad)

by (2.3), Since ¢ = a/(1 + ) the exponent of w of the last formula is
h—0(h-DT/B-D-0+a)+ 0+ a)

h—1—0(h—1)7/(5— 1)—7’.}—— {(B - pr}

Co—p

It

=1 {6~} - Gt {are-b-a)

(& —-1)

T {3—1—a(1+7—ﬁ)} = {:; {1 - a(lﬁJﬁfEB) } <0,

for a = B/(1+ 7 — B), and these terms appear for 8 > 1. Thus we have
.11 In=0(1), as w—ox, for 2 =23, k—1.
Concerning Iz,
1= [0t VD cn o
= O(wk@=PEtr—Ry=1+@ (,p1+a3)
The exponent of o is
E—0k+717-0) — (+a)+ 01+ )

It

k=1=p(k+T—F) = k=1 — 75— (k+7—5)

Il

1+ {(1+a)(k D—at+71— 3)}

—1—

Therefore
@.12) I =0(1), as w—> oo.
Concerning I;41, we split up three parts,
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coP

Lo = o §0 () VE (o) dt

co™’ 4
= g VR, (o) df§ Os(w)(E—2)* B du

(2.13) 0 0
Cco=P rupo-1l Cco~-P_o-1 Co-P co-P U4 @1
- [Fau{"a+ a [Ta-["au [ at
0 Yu Yo upw—1 Yew-P_w-1 ¥ Co-P
=K + K: — K;,
say. Let Ki split in two parts
w-1 w1 Ccw-P w1
Kl=5du g dt+j du f dt
2.19) 0 w ™t u
=1;+ La
Since V& () =0Q) for 011,
— o k+l o R (’f) k~B—-1
L = o § Qe(u)du s VE (ot (- w)+-B-1d1
0 u
-1 -1
) U@
= O{w" g 0 () du§ (=) B2 dt)
0 u
-1 -1
) S uto
= o{o* g ur [(l—u)"‘BJ du}
0 u
w—l
= o(wt* g w98 du)
0
@.15) = o(of* [artt]y ) = o(wﬂ—r) =o(D), for 7 >4

cw-P U+
La = ot f 05C) du § V. (wt)(E—u)6dt

u

Ccw-FP upo !
= o{w’“*‘g quuS (0)~0+® (1= z)+B-1dt)

w~ u
co-P u+w_1

= o {we g urumtody f (t—w)*-B-1dt)
o~ u

Ccw-P 5 u+m_1
- o{a)lc—a § uz’-—(l—l-a)du [(t_u)k-ﬁJ }
0! %
cw-P
= o0{0* o= % R [u T-“:l }
-1
= 0 (wf® w-04-2), for 7 —a > 0.
Since

B—a—o0(r—a) = f—a— 1+ U —-a)
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- B~all-B+1}=0

T+a + «a
we have
(2.16) L:=0(1) as w— .
Concerning K, if we use integration by parts in the inner integral, then
Co-f_w-1 cw-P
Ky = " E 0 (1) du f Vi3, Cob) (=) 4671 at
0 utw~
. gw-"_w-l _— co~P
= tt 05 (w) du [ -1 ;) £) t__u)k—g-l:l
@17 ) 8 { o™ Viy, (wt)( o
co-
—k=B-D o VEPWDE-w =0 at)
* u+w"
=M — (k-5 — 1M,
say. Then
Co~P_w~1
M = o7 S Dp (w) du {00~ HtPA=P(Cyp=? — g)*~B1
o
(2. ]_8) - w-lw—(l+a)(u + w—l)—(1+a)w—-(/.:—ﬁ—l)}
= N1 —+ Nz,
cw-P
N = o (@t HHad-1 S w (Cow?—u)+B-' du)
0
Ccw-P
(2 19) =0 (wlc+(1+a)(p—1) f uT(Ca)“’ — u) k—ﬂ—ldu)
. 0

Cw-p
=0 (wk+(l+a)(p—1) [urﬂc—ﬁ] )
0
= g (@G- D=pCr+r-)

Since the exponent of o is

B+ (1+ ) (——l_olfa -1 - 1+a T+k -8

= T R+~ A+ @) - alr + k- )
= g - 1-a(T— @) = Tk~ 1= B) <0,

(2.200 Mi=0(), asw— oo,
co-P_w-1
N2 = o (of~H@-®=4-1 g w (u+o™ )M du)
0
2.12) Ccw-p
= 0 (wf2 § wr~ D dy)

0
=0 (PP~ T"D) =0(1).
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Similar estimations give

Cow-Pf_w-1 co-P
M, = o* f 0p () du § VED () (—u)B8~2 dt
0 wto”!
co-p-0~1 co-P
= ofo* S u du g @™ gmQrad (f—g)*=B-7 gt}
0 w0t

co-P_o-1

cw-P
= o{ w17 f ur e dy S (f—u) k=82 dt}

0 U4
(2. 22) Ccw—P ‘Cw-p
= olwroa [ s du [ =y #51] )
0 ‘I.L-I»(D-l
Ccw=pP

= of{wt1"a 5 ur-Ha = G=E-1 gy
0

_____ _. ] Cco™?
= o{* 17 (kﬁl)[uT “]Ow }

= o(@h-*~PT-D)
=0(), as w— .

We have easily
-1

Ccw-P utw ’
K=o | 0600 au | v (o) t—wy-6-at

co-P_w-1 co-P

It

Co-P uto”t
Paz’ K 0s(2) du g @-t®) -+ (l__u)k—ﬁ—ldt
co-P_w-1 cow-P
Cw=P wto™t )
o [ 05 du oo [ - uybat
CoPow~? Cp-P
(2. 23) Cw-P ‘ uro”t
wF-a-pCt+ad .[ wg(zlt.) du [(Z—u)’“‘ﬁ]

Co™P_ow” co™P

i

-p

co
o {w*w= %8 f wrdu}
co ot

co™P
o{wf [u T“] }
co~"_ot

= 0 (0P PT+D) = g (Wh-PT+D) = o (1),

Il

Il

for
BT+ D =B~ 1%+ = 1o (B+aB—ar —a)
~ Ty {B—a A+7 =B} =0,

Summing up (2.7), (2.10), (2.11), (2.12), (2.15), (2.16), (2.20), (2.21),
(2.22) and (2.23) we have

203
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=0
which is the required.

3. Converse problem.

THEOREM 2, If
@GB.D s8=o0@), (n— »)
for B>71r>—-1,1471>29, and

3.2) 21 lal/y = 0 a®), (n- )
y=n
for 0 < 6 <1, then
3.3 (D) =0, (-0
for a =0(B+1)/(B~T+ 8.
We need the following lemma.
LEMMA L If 2=a >0 and B =0, then
&X) j: uB cos mu (t — )+ du = O(t8/n%)
ProoF, If =0
3”: cos nu ({—u)*'du = O(n2),
which is proved easily as Young’s function. For >0, using the second mean
value theorem,
S; uB cos nu(t—u)**du

=18 Jf; cos nu(l—w)'du  (0<h <)

14
= (B { S cos nu(t—u)* du— Sﬂ cos nu(t—u)** du}
0 0

g cos nu(t—u) “‘1dut}
0

¢
S cos nu(f—u)* du | + max
0 0=r=t

= O(t8/n).
Proof of the theorem for 0 = & =< 2. We begin with the case —1 < g < 0.

§1’3{

I (o) 0. () =2 an S cos nu(f—u)*" du
n=0 0

=i+2.° =I+],

n=0 n=M+1

3.5

say, where M = [C{™Y/*r—-®] for afixed large C. Since 1+7>6, M is determined
exactly. By the well known formula



CESARO SUMMABILITY OF FOURIER SERIES 205

- ey (BF1
(AL
we have :
M z
I=>lan g cos nu(t—u)*"‘du
n=0 0

é}s S {Z( yr—v (B+1 cos nu} (t—w)*‘du

M

i

y=

s j‘ [23+1 sin% >g+lcos{(3+1 +y) 4+ (B+D7 (3+1)rc }

— > on (AL s ()| =)+ du

m=M —-y+1
=0 — I,
say. From Lemma 1,

M

74 =Z o(v") (BH /™) = o(¢B* MI~+1).o(fatB*1=% M=%+ = o(F*).

v=0
s o
@8 L= | PIREEY (P51 cos O yut-we-'d

__.Z o(v) 2 1

2 Ty

Since 8 <0,
M
1
— T _ o
G99 o _OCVZOV M=y e ) = oM 84)
v = ot WPy _ p(se)
1_ . .
for & < H(“ + B —7), which is reduced to 0 < (B — ) (1 + pB).
Ifa=l,
J=> an S‘cos -t — )" du
n=M +1 0
(3.10) 2_' {_ ( _ ) an | iea
=M+l niatii 7

= O(M—2M~143) = O(M-o+4)
. = O(C—(a-&)ta) § 51,'“,
fora—0=al+7—-0)>0.,
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If a <1, we choose & such as a > & > 0. Let us put

o
Z‘ lav| Jv=rn, lan| = 0(rn—7e2),

Vv=m

then

n n
‘?:,,;, 'ﬁ:' =D V4~ 7ye1)

y=m
.
= o(1) +>, w o =o(m*9).
y=m
Thus we have
091 ]dn| O |an| - - € —
= —_—= = e = (MM +3)=0(M a+8)
@3.1D St M n%ﬂ ne
= &te.

From (3.8), (3.9) and (3.10) or (3.11), we get the required.

Let us now consider 0 < 8 < 1. if we choose M = [Ci~HA+7-3] then
14

M
I= 2“" S cos nu ((—u)*‘du
n=0 0

M-1 ¢ t
' =Z Sn S dcos nu(t — w)* 'duts, S cos Mu(t—u)*'du
n=0 0 0
=K+ L,

say. By the formula
—_ S - B B
n = E: -1
¥ V=0 =1y (n_"’> Svs

K'—“‘MS s§ S‘ {i (—Dr (nB—-u) sin (n + %—) % sin %} G-u)* " du
v=0 0 n=p
it [ ) o { (o Ly O}

- };—V(-l)m (ﬁ) sin% sin (m—l—u)u] (t—2)*" du

n=

™

=K — Kz,
M-1
(3. 12) K1 = Z O(VT) (tﬂ+l/ya) — o(tB-H. MT—a+1) 0(taMT—!l+l tﬁ-a+1) — O(Za)
v=0

and
M-1

K= s S S (B)) sin % sin m + »)ut — w)s™ du

v=0 om=M -y
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BNSEDS

v=0 m=)f —y+1

= o(tMTH~46)

m> =0 (1&72“KM~V+1)'3 )

for 0<p< 1.
Sincea—-1<@B+1-a)(a+B—-7 -1/ +1—a), which is reduced to
0< BB - ),
we have
(3.15) Ks = o(2%).
Since we can easily get
sn = O(#?),

from (3.2),
L = sy S: cosMu(t—u)* ' du
€3.16) = O(M3M ) = O(M~C@ ) = Q(C Ca-dfa)
<eie,

|JI=<et* is proved analogously. The general case #< B <n+1 (r=12,---)
may be proved by #-times applications of Abel’s lemma. The case 8 = integer
is proved easily.

If @ >2, we can not get

[ cosmutt—uy—rdu = 0Cno.
Therefore we take the integral

S; cosnu(t?—u2)*du.
If we put

@a(8) = I’(a) 7 I ¢ — w2 'e(uw)du, a=>0

_2r(a+1/2)

o () = TO/DI ) ‘tza_T SO @ — u)* e(w)du, a >0,

then, Chandrasekharan and Szisz[1]proved that
ea(f) — 1 is equivalent to ¢ *(#) > 1 as t—>0.

4 00
.17 V(D) = K _t?“l':f j (Z an COSﬂu) (2= u®)e'du

= tza T 2_. a, j (82 — u?)*t cosnudu
and

13
7§al—T S (@ =u®)*? cosnudu = a«(nt),
0

where aa(?) has been defined by (2.1) and (2.2). (cf. Chandrasekharan and Szasz
[1D From (2.3),
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(3.18) S;(tz-uz)a-l cos nudu = O(wsts),

LemMA 2. If ¢ =1 and =0,

(3.19) S; wB(£— ) ! cos nu = O(1eH8-15-0),

ProoF. The case B = 0 is mentioned above. For >0

S: uB cosnu(t®— u?)*‘du
= {, cosmu(t—w)du  O<h=0)
= {8 { S: cosnu (2 —u*)*rdu— j: cosnu(—u*)*‘du }

| T
+max S cosnu(t? ——uz)a‘ldu]}
[ESE Y

=18 {’ .(:) cosnu(t—u*)*‘du

= o(#B) {m*2'+ max (n2r+ 1)}
O=sr=¢

= O(f**6-1p-2)
for a > 1.
Proof of the theorem for ¢ > 1. Let us put

© ]
0: () =] an | cosnu(t—uydu
n=0 0
M o
O
n=0 n=7 +1
where M = [CtU+r=0],

From (3.19), we get

=)

¢
J=2] au| cosmutt—uyt du

n=M+1
= Ez_n n O(n-ata—l)
n=M+1
(3.20) o
— Oftspp- %
{ n=M+1 » }

= 0@t M} * M=) = O(t+ M ~*+%)
é C'Ca‘ﬁ) 201 é etaa_).,
for « — 6 >0.
If 0 < B < 1, Applying Ahells Lemma,

M 13
— S 2 . 2 \a—1i
I uz(; an S“coqnu(t u?)e ! du
-1 . .
=Z Sn Sud cosnu(t®—u?)* du

n=0



CESARO SUMMABILITY OF FOURIER SERIES 209

+ S S:cos Muy-(£—u>)* du

=K+ L,
say.
@3.21DH IL| = O(MBC-(a-d>fa-1]f-a)
= OCC—(u—B)l%—l) g &rp2%-1
From the formula

w-F (L)
K= g ZC n-v i u) sB j:d cosnu(2—u*)* du

—Z B g {Z (=D (ﬂy) dcosnu(?—u?)*? }du

n=()

M1 ¢ M-
=;?_0‘ Sf gu {;VI (=1 (néy) ZSin%Sin (n+ %) w(—u®)* du.

The inner sum is

ZBﬂ <Sing) n sin {CV + ,é';l) “+ (ﬁ-l—zl)n }

- 2 o sin —ZziC—-l)”‘ (i) sin (me+v +%)u.

M =m—-y+1

Let us split K into P and @, where
? BS BH(Sn—) 31n{(V+B+1 u

+W—%} (fz—-uz)“_l du
M-1

) T ta+ﬂ —-a
(3.22) 2y 007 @)

M-
r-ati

= o8>} V) =0 (=B M )
y=0

M-1
r—atl

= o(t*8 >, ) =o(EM )
v=0

= o(eys-anpf Y = o(£*Y),  for 14+ 7T >0,

and
Q =sz: Sf S: {M_Mz-iy_lzﬁﬂ sin %(—l}"‘ (i) sin (m +V + %) u} (2 —u)'du

_2‘0(7‘) zm,‘ O{m B+ ta(im+v)~*}

=0 m=M —p+1
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M-1

o{z V! taM-e(M—v)-8}

v=0

I

M1
= o{t*M~ >, v'(M—v)-6}
v=0
M=—1

o{tsM—~aMr >, (M—v)8} = o(tsM—aM*M-F+}
v=0

I

—_ o(taMr—a—ﬁﬂ) — o(tza—lt—a+1+(1+5—a)(a+ﬁ—-7—1)/(1+7-a))_
Since B(f—7) >0, we have
—a+ 1+ (A++a)(a+p—-7-1)/(1+7—a) >0,

and

(3.23) Q = o(** ™).

Summing up (3.20), (3.21), (3.22) and (3.23), we get

*e() = o(#** 1),

which is the required. If 1 <[ <2, we may apply Abel’s lemma two times to
sum I. Thus proceeding, we get the theorem for all fractional 5. The case
integral B, the theorem may be proved more easily.
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