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1. Let @(f) be an even integrable function with period 2. Lebesgue’s
convergence test of the Fourier series of g(¢)at ¢ = 0 reads as follows [1]:

THEOREM. If
13
@ f |p(%)|du = o(t) as t >0
0
and
@ lim [ 12t =D 4 _
150 t ’

h
then the Fourier series of @(t) converges at t = 0.

The condition (1) was generalized by S.Pollard [2], J.J. Gergen [3], G
Sunouchi [4] (¢/. [6]) and many other writers. On the other hand the condition
(2) was generalized by S. Pollard in the form

3) lim lim [ 12+ ® =20l 4 _ o

koo u>0 t
ku

The object of this part is to show that the absolute value sign may be
omitted with some modification?.
2. THEOREM 1. Let @(t) be an ihtegrable Sunction. If (1) holds and

L33 (n=1)/2 t+(2k+1)x/n

k=1 t+2kx/n

0
as n-» o, then the Fourier series of @(t) converges at t = 0.

Proor. We may suppose that @(0) = 0 and @ (=) =0, where

<p1(t)=f o(u) du.
0

Then®»

1) When this paper is written up, Prof. G. Sunouchi let the author know a paper
of H. E.Bray, Rice Inst. Pamphlet, 1953, which is in the same direction as this paper
but the result does not overlap. He shows that sin 1/¢ does not satisfy the condition
(2), but its Fourier series converges to zero at £ =0. One can show that sin 1/¢
satisfies the condition (4).

2) Su(z) is the nth partial sum of Fourier series of o(£) at £ = z.
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Sn(0) = = f p(t) SN Sm gt + ol1)

2 n cos nt sin nt
4 t —
”of <p1()[ 7 T Jdt+o(1)

/n

__%(f + fﬂ> +o(1) = —;2;(1‘+12)+o(1),
0

n

say. By (1),7, = o(1). After Salem [6]

I

x/n n-1
1, = 7 cos nt 1) Mﬂ
* b[ [ E (=D t+ kr/n
n—1
o @it + kx/n) _
sin nt‘2=1( )" ‘m} dt - 121 - 1-_72,
say. We may suppose # odd, and then
x/n z "D
F—— @t + 2km/n) 2k | n)
n =" fcos nt[ 2 t+ 2k7t/n
0
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0
say. Then
t4+x (n=1))2 t+2(k+1)m/n
fam [0 0 [T ot gt tiin 1,
u - u t+ 2km|n
t k=1 t+2kn|n
t++7(Nn n— t+2(h+1)z|n
_ pin) du + (zliﬂ o4 — 7/n)
u u—nln
t+7in k=1 Vyoknin

_ ot + 2k —1)m/n)
¥ @k — Da/n } du

t+a—n|n (u) (n=1)/2 t+2(k+1)m/2
= — PR oy —
(-]

k=1 t+2kn/n

[ o®) _ pu—n/n) _ gt + 2kx/n) ot + 2k —2)x
u u—n/n t + 2kx/n t+ 2k — Dx/n :Idu

= Jou — Jas

Now

z/n x/n L+nx/n

n f cos nt [, dt = n* j cos nt f %) g,
u
0 t

0
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z/n t+a+nz/n
—nzf cosntdt—f g;f—z‘ldur-o(l)
0 i+
by (1). The integrand of J,, is
ou) _ plu—m/n) _ @it + 2kx/n) | @t + 2k — 1)z/n)
u u—mwln t+ 2kx/n t+ 2k —1z/n

- T (0 — (t + 2%en/n) (t + 2k — D)m/n + u)
= = 0 Py =2 n)t + 2kx/n)t + (2k — Lym)n)

+ (_ga_l(_z_t)_—~¢‘(u —m/n) 4 D1() — oi(t + 2kx|n)

u— n/n t+ 2kn/n

ot + 2k — Dm/n) — p(w) \ _
+ i+ k- Dn/n ) = Ko+ Kex

+

We get
z/n (n-1)2 t+2(k+1)z|n
nt f cosntdt > K., du
0 k=1 t+2kn|n

t+(2k+1)xn n-1)/2 .

N (n=1)/2 z/n
\ 1 FAC - nt 1Y\ _
§Anzf a2 _is—du_o( a3 —k?.7>_0(1)
0 =1 t+2kmn 0 =
by (1). Further
z/n (n-1))2 t+2(k+1)/n
n? f cos nt dt 2 f K., du

k=1

0 t+2kx/n

=/n (n-1)/2
= nzf cos nt dt 2 ?;—%e;/—n [pi(%) — @p,(u — 7/n)
t+2

0 k=1 kxjn
— @1 (t + 2kz/n) + @u(t + 2k — V) [n)ldu + o(1),
which is less than, in absolute value,

b+ (2k+1)z|n

z/n (n=-1)j2 t+(2k+1)z/n _ _
o @S | o) = o =7l g3y 1 o),
0 k=1 Tioke/n

thus we have proved I; = o(1).
Concerning I,,, estimation may be similarly carried out and we get I,
= o(1),and then
I, = Iy + I, = o1).
Hence the theorem is completely proved.
3. From the proof of theorem 1, we get the following theorem:

THEOREM 2. If (1) holds, then a necessary and sufficient condition that the

Fourier series of ¢(t) converges at t = 0,1s
z/n (n-1)/2 t+2(k+1)x/n

() lim nf cosntdt 3 f ) —plo —=[n) 4, _

N=yoo v
k=1l iokxin



72 S.1ZUMI

(2) implies (4) and (4) implies (5). Hence the necessary and sufficient
condition (5) does not seem to be non-interesting. But it is of course disirable
that the condition does not contain the terms cosnx and sinnx.
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