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1. Introduction.iLet @(z) be a function regular in the unit circle, then
Littlewood-Paley [4] introduced the following functions:
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They established important theorems in the theory of Fourier series by
the use of the above integrals. These auxiliarly functions have been researched
by other authors, A.Zygmund [7,8], J.Marcinkiewicz-A.Zygmund [5], and
G. Sunouchi [6], and they have given complete generalized forms and simple
proofs. i

If for some p >0, the integral
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remains bounded when p >1 —0, the function @(2) is said to belong to the
class H?, then their theorems read as follows:

THEOREM A. Let ¢(z) € H, r >0, then we have
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and for g > 2
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THEOREM B. Let ¢(z) € H',7 > 1, and ¢(0) = 0 thern we have
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and for 1<p<2
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Further,
THEOREM C. Let @(2) € H",r > 1, then we have
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Now, we define the following function analogous to g»(d):
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and P(p,t) is the Poisson kernel.

Then we may expect analogous inequalities to the second parts of Theorem
A and B and the proof of which is the main purpose of .this paper. In §3
we may apply these theorems to the theory of Fourier series.

THEOREM D. Let ¢(2) € H", r > 1, then we have for ¢ > 2
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In all cases we denote that A,, A, » .... are constants depénding only on
jndicating parameters and A, B, .... are absolute constants, not always the
same from one occurrence to another.

2. Proof of the Theorem D.

We shall give a simple proof of this theorem according. to the method
of G.Sunouchi [6]. First we need two lemmas

LEmMMA A. Let p(z) € H", 7 >1,

h
(2.01) @*() = sup —}l— f | p(e+t)| dt J ,

0<\r| ==

then we have
(2.02) |@'(pe®* )| = CpX0)/(1 — p).

This result is contained implicitly in the Lemma 7 of Hardy and Littlewood
[2], but for the sake of completeness we prove it here.

Proof of Lemma A. For 7 >1, it is well known that a necessary and
sufficient condition ‘for the function ¢(z) to belong to the class H”, is that
the real part of the boundary function of @(z) belongs to the class L.
Therefore, if we put
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h
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then it is sufficient to prove the following two inequalities :
(2.06) lua(p, 6 + 1) < CFHO)/(1 — p),

IuO(P, 0+ t)l = CY*(G)/(I — p), for p> ]2:
For the first part, we have
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where 8 =1 — p. Thus we get
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For the second part we may estimate it by the same way. We have

XO)/8.

T VR . L.
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we get easily the required result. Thus the inequalities (2.06) are establ-
ished.

LEMMA B. Let f(0) € L', r > 1, then for /+©) of (2.04), we have

2.07) { f M(f*(e))r d&}m < Ar{ f A6)I" db }m,
where 0 '
(2. 08) A, =0r/l—7r)asr>1.

This maximal theorem is also due to Hardy and Littlewood [3]. Now
we prove theorem D.
Proof of (1.16). From (1.03)-(1.05), (1.14)<(1.15), and Lemma A we have
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Since 0 < 2/g < 1, if we apply the Holder’s inequality and using {1.11) and
Lemma B, we obtain
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which is the inequality (1. 16).

Proof of (1.17). Similarly as in the proof of (1.16) we can reduce the:
proof of (1.17) to the second part of Theorem C, or we can reduce it to-
the second part of Theorem B, by the inequality
(2.09) 91(0) < Cyz(6), p>1
which is deduced as follows:

1 1
w0 = [ a—prigeniras = [ @ —prigeenizody
0 0
1

< 2v+1 f (1 —p)*-! |/ (p?e®)|? dp
. 0
and by the fact that ¢'(p%e) is the Poisson integral of ¢'(pe®) and p >1,
we can apply Gauss’ theorem and Jenssen’s inequality. And then the last
side of the above formula does not exceed the following expression :
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Thus we obtained (2.09) and so (1.17).

3. Applications. In this section, we show some applications of above-
theorems to the strong summability of the power series on the circle of’
convergence. Let

(3.01) P(2) = Dend® = Dcar™ e,
n=1 n=1
and we write
(3.02) sn() = 2 c,e,
v=l
| —_ < — l vl
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and
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(3.04) ta(0) = sa(0) — au(0), o
where ¢, = 0. This condition is not essential. Then A.Zygmund [9] stated
the following theorem.

THEOREM E. Let ¢(2) € H*,p > 1, then we have

(3.05) fkéﬁ%ﬂmwgmfwwmm
and - - ‘
(3.06) Bpfﬂ ,(p(ew)pdagf {i"ﬁ(fﬂf}mdo.

Further, G.Sunouchi [6] extended above theorem, that is
THEOREM F. ZLet ¢(z) € H?, p > 1, then for q > 2 we have

3.0 f 1 { > 10 } "t An, __f ] Igte” .

e |m=l

These theorems are well known, but their proofs due to many comp-

licated lemmas. Here we may give very simple proofs.
Proof of theorem E. First we prove (3.05). Let us put by definition

(3.08) O(r, 0) = 2 n*|276)|2rn
and
@.09) V6,6 = 2 G 3y O o

n=1
. 1
- H (o =1yt 0)dr=C [ @ —r70irp,0) dr
I 0
then we have

(3.10) > ”—"(n")—“ —Ccv(, 6)=C f (1 — r)d(r, 6) dr.

n=1

These formula appeared in the paper of H.C.Chow [1].
On the other hand, (3.01)-(3.04), since

< n_ 26%qp (2e%)
3.11) Em‘n(ﬂ)z =Ty
we have by Parseval’s theorem
‘ ~ —1— z—l-r¢;(rew+u)lz
(3.12) D(7,0) = o f 11— pei]s dat

Therefore from Theorem C we have
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(3.13) f{z""“’)' } = A, f do{f (1 -y, o)dr}
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Thus we obtam (3.05).
Secondly we prove (3.06). We have
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say, then we have

14 x
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Here we use the property that M\(r, ) is a continuous increasing function
of r for any function @(2) regular in |z| <1, where

(3.16) M\(r, @) = (%f | q)(re‘s)l)\tﬁ)m\, A >0).
And that we have
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Therefore we obtain from above formulas
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{3.18) f (g 0)*2do < Ay f {1(0)}72 db
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Applying second part of Theorem C to (3.18), we prove
i T e L
3.19) [ 19teir a6 < a, f [S O a.
- e om=l

Proof of theorem F. In this case, if we apply Hardy-Littlewood’s theorem
(cf. A.Zygmund [10], Chap IX Theorem 9.51) instead of Parseval’s theorem
in the above argument we obtain

(3.20) ®(r, 0) = EnQIt,.(H)I“ "
Ir¢1'(re“"”‘)|" fe-2
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and
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Therefore from (3.07), (3.20) and (3 21) we have
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»la
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) a2 »la
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By an elementary calculation, it is easily proved

.2 t_l_—ﬁﬂ_' = sirl;/tz/z

And so, by the use of (3.23) and Theorem D, we have

=C |tls# 0=r=1
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(3.24) j; i {i 12401 }mdo

n=1
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This is our disired result. Thus the theorem is completely proved.
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