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I. Consider the Dirichlet series

fis)= 2 ae
1
Xn-)-] >Xn, hl 20, lim Ap = 00, §$ = o + it,
>00
where
, im logn _
(1.1) o D < co.

It defines in its half-plane of convergence a holomorphic function. Let
o¢ and o, be the abscissa of convergence and the abscissa of absolute con-
vergence respectively of f(s).

Let u(c) be the maximum of |an|e"™ (2 =1,2,....), and M(s) the 1.u.b.
of |[fle + )|, — o <t< o, where o is a constant smaller than ¢a. If o

= 00, g = 0, f(s) defines an entire function. Let A,y be the A, corresponding
to the maximum term of the series for 7e(s) = . Then A, is evidently a
non-decreasing function of o.
Since for o < oy,
1 T
TAn — 1§ it —{thpn y’
ane 1T1§°1° T f e ®af(o + it) dt,
to
one has
|a@n| e < M(o) n=12....),

and consequently
{A] wo) = M(a), o < oa.

On the other hand, for every positive & one can choose a positive integer
N(€) such that log # < A(D + &/2) for n = N(&). Therefore

M(c) < X |anle™ n=12...),
N(e)-1 o

= E |@n)e”™ + 2 | @a | €07+ P+ Mng=(D+ekn,
! N(e)

- 1
= N(&w(o) + ulc + D + &) 2 n@+OI (D+elDy
N(e)

< K'u(ad + D + &),

K’ being a constant depending on f(s) and é&.
If g4 = oo, log u(c) being convex and indefinitely increasing, one has
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log (o + 1) = log w(o’) + 7p(e), 7 >0, pla)=x,
and it follows that
[B] M(o) < (o + D + &), E>0, o >a(é).
In this paper we prove several relations between these auxiliary functions
M(s) etc., which are true whether f{(s) be of finite or infinite order. We
shall use the following notations.

Ty _ lim SYP LM(e) Py _ 1im SY%P LM(o)

= ; =

tx oy iNf 1o Pr oy inf I_so ’
A _ qim SP oMo - Ny SUP B Mo
Bk o> 1nf lg_ 10 ’ 173 o> INf lk PX2 ’
S . sup lk,w(a‘) F; sup 7, ;1,(0')

=1 ; =1i nel,
S, .,LT inf Lo i o’g inf l,_»o

where % is any fixed integer = 2 and I,x denotes the k-th interate of log x
[1, p. 16].

2.
THEOREM. We have
2.1) te = S (=23 ....)
(2.2) T, = Sy ( v )
(2.3) t, =146,
2.4 To=1+4+A:
(2.5) t, = max (1, &) (B=3,4,....)
(2.6) Ty = max (1, Ax) ( v )
2.7 Pr = ¢ = v k=23,....)
(2.8) Py = F, = Ng ( Y )
3.
LEMMA. Let
(i) Y(x) be a positive increasing function ;
(ii) 11m 1nf log \Ir(x) O=a < o).

Then correspondmg to each pair of positive numbers (3, 7y satisfying the
inequalities
i) a<B, G <v<lL
there is a sequence %, X, . ... tending to infinity such that
iv)  Px)<ef” (V20 < X = Xn)-
For let x), x5, .... be a sequence such that

log Y(xa)

% < B.
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Then if yx, S X< Xa,
log Y(x) < log ¥(xs) < By#n = Bx, or V() L €.
4.
(i) Proof of ty = si.
Since M(o) = u(o) we have
te = Ske

Moreover, log (o) is a convex function of o and therefore for anyt(arbi-
trarily large) positive constant H,

log u(c) > Ho a > o(H).
We get

=21 (k=2),
and so
@1 =z 21 (k=2).

To prove #; <s;, we may suppose s, < . We have

li-iM(0) < Ly + D + &) < eCr+e -1+ D+e)
for a sequence of values of o — . Hence
hh=s
which holds when s, = oco.
(ii) Proof of T, = S, is similar and is omitted.
(iii) Proof of £, =1 + 8.,
We may suppose §; < . We have [B; 2, p.67]
log M(c) < log (o + D + €)
o+D+e€
= log (D + &) + Ava) A%
D+e¢
< log (D + &) + a\yo+D+e
< 20Ny +D+e)
so that
loglog M(c) < log2 + log o + 10g Muo+n+e
and we get
., <1+ 38,
which holds when &, = oo.
To prove ¢; =1 + 8,, we may suppose 0 < §, < co. We have

o

log M(c) = log sc) > f Moo dx > T Noro
a2
Hence
2, =1+ O
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which obviously holds when 8; = 0. If §; = oo, the above argument shows
that £, = oo.

(iv) Proof of T.= 1+ A; is similar and is omitted.

(v) Proof of s, = max(1,8;), (£=3).
Since

ag+2
f M@ 8x < log u(o + 2) or 2\, < log u(o + 2)
it follows that &, <s; and hence from (4.1), max (1,8) <se. If & <1, let
S < 6<1: then
(4 2) lﬁt-lxv(o) <46 lk—-l o,
for a sequence of values of o — oo. Further

log u(a) = log u(a) + f My A%

< log w(@) + oA
< 20N
“4.3) or log log u(c) < log 2 + log o + 108 A\y(o)
< log2+logo + 0loga, by (4.2)
< 2logao + OQ)
for a sequence of values of ¢ —o. Hence sy, <1 and so s;=1 If 1<&:<
oo, let 8 > &;,. From (4.3)
log log u{a) < 3 e;-x(0ey-10)
for a sequence of values of o — oo. Hence s, <, which holds if J; = oo.
Hence the result follows.
(vi) Proof of S; = max(1,A;) is similar and is omitted.
(vii) Proof of p, = va.
We have

4.4) log u(o) = log u(ay) + f My X
a9

[A] and (4. 4) give

o+2
ZXV(G) = f 7‘0(:0) dx < log }L(O' + 2) = log M(o’ + 2),

whence
log 2 + log Aoy < log log M(o + 2)
[ g ag
4.5) N Y (0 =< p: < ).

Now suppose that »; < c0. A,) is a non-decreasing function and so by
the lemma, if »;< B, /8 < v <1, there is a sequence o, a3, ....for which
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(4.6) 19%@ <8 (Yon S0 S ow).

Take positive numbers 8§, & such that y <8< 1, v/8§ < & < 1, and write
En = 8om, so that

Yon = %Eﬂ < E’En < fn-

By (4.4) .
log (&n) = log pu(&'En) + f nwi dax.
Since f(s) defines an entire function -
jim S o] = .

and therefore for a sufficiently large &,
10g #(S,En) = loglav(f'&,)l + elgﬂxv(e’fn) < S,En hv(e'fn)

so that
En

log u(En) = log w(€'En) + Aucert f dx
G'Sn

= log ,u(elfn) +@1 - 5,)En7\'v(e'fn)

> log ,u.(E’En) + - 1’ E','e* ].Og ,U;((SIEN)

= % log w(&'En)

— & log w(En) < — log u(&'En)

logu(&r) — €' log uw(€n) < log u(En) — log u(E'En)
En
= f 7\,,,(95) dx.

e'fn
Thus using (4. 6),
En
4.7) 1 — &) logu(&n) < f e’ do
G'fn
eBin — g3¢'in _ esfn{]_ — e-(l—e')ﬂgn}
B B
From [B]
1 — e—(l—e'),egn
—_ — 8k - ©
log M(En— D — &) < logu(&n) < e 1—)8
whence

(4.8) [
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(4.5) and (4. 8) are equivalent to p; = v,.

Proof of p, = v, for =3, is similar to that for 2 = 2 and is omitted.
Proof of p; = ¢ is also omitted.

(viii) Proof of (2.8) is simple and is omitted.
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