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In the theory of rings of operators, it is interesting to study the
algebraical structure of such rings. Many authors have investigated that
structure, but it remains obscure except for some special ones. F.]J.Murray
and J.von Neumann [6] have made some interesting works; in fact, they
introduced the concepts of fundamental groups, genera and the property I'
for finite factors and obtained many results. The purpose of this paper is
to give a trial to study the algebraical structure theory of factors. In [3],
we have studied the direct product of W*-algebras, which will play the
fundamental role throughout this paper.

A factor N is called a divisor of a factor M if M is the direct product
of N and some factor P. The set of all divisors of M is called the divisor
set of M. The first section will be devoted to the elementary properties of
divisors. In the second section, we shall study some relations between
factors and its divisors with respect to the concepts of the normalcy and
the property I. Our results are as follows: If a given factor contains any
divisor which is not normal (resp. has the property 17), then the factor
itself is not normal (resp. has the property I'). In the final section, we
shall show that the restricted infinite direct product of finite factors by
traces in the sense of Takeda [8] has property I' and its fundamental group
contains all positive numbers.

Throughout this paper, by an isomorphism we mean a *-isomorphism
and any two factors are identified if they are isomorphic to each other.

1. Definitions and preliminary considerations. Let M and IV be two
W+-algebras on Hilbert spaces § and & respectively. By the direct product
M@ N of M and N, we shall mean the weak closure of the algebraical
direct product M ® N on the Hilbert space H K in the sense of F.J.
Murray and J. von Neumann [5]. In [3], we have proved that MQ N
depends on M and N only, but not on the choice of underlying Hilbert
spaces § and & Moreover we have proved that M %) N is a factor whenever
M and N are factors. Therefore, the set of all factors may be considered
as a (commutative) semi-group by the prouct &.

LemMmA 1. Let N, P be two W*-glgebras and M be the direct product of
N and P. If M is a factor then N and P are factors.

Proor. If NV is not a factor, then there exists an element x in the
center of M which is not a scalar multiple of the identity. It is clear that
x®@e is contained in the center of M and not a scalar multiple of the
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identity where e is the i@entity of P. This is a contradiction since M is a
factor, so that N is a factor. Analogously, P is a factor.

We shall give the following definition:

DEFINITION. A factor NV is said to be a divisor? of a factor M, if M is
the direct product of N and some factor P. The set of all divisors of a
factor M is said the divisor set of M and is denoted by D(M). A factor M
is called idempotent if M = M & M.

LEMMA 2. Let N be a divisor of a factor M and P be a divisor of N, then
P is a divisor of M.

Proor. By the assumptions, we have
M=NQN,and N=PQR P,
where N, and P; are suitable divisors of M and N respectively. This implies
M=PQP ®N,.
Thus P is a divisor of M.

Next we shall introduce the following order relation - in the set of all
factors: For given two factors M and N, by M > N we mean that N is a
divisor of M. Then, by the preceding lemma, the relation >- is a quasi-
order.

LEMMA 3. A finite factor has no infinite factor as its divisor.

ProoF. Let M be a finite factor and IV be its divisor, then we have
M = N ® P for a suitable divisor P of M. If N is infinite, then there exists
a family {e:; 7= 1,2, ....} of non-zero projections in N which are mutually
orthogonal and equivalent. Then for any non-zero projection f in P, {e; X f;
i=1,2, ....} is a family of non-zero projections in M which are mutually
orthogonal and equivalent. This contradicts to the finiteness of M. This
proves the lemma.

ProPOSITION 1. Any divisor of a factor of type I, (m < o) is a finite factor
of type 1. A factor of type I, (n < ) is a divisor of a factor of type I, (m <
o) if and only if m is divisible by n.

ProOOF. Let M be a factor of type I, and N be its divisor. Then N is
a finite factor by Lemmas 1,2 and we can put M = N&) P for a divisor P
of M. If N is non-discrete, then there exist infinitely many non-zero projec-
tions {e;; £=1,2,....} which are mutually orthogonal. Let f be any non-
zero projection in P, then {¢;®f; ¢=1,2,....} are non-zero projections in
M which are mutually orthogonal. This is a contradiction since M is a
factor of type I, (m < o0), that is, N is a finite factor of type I.

Analogously P is of type I, for some positive integer p. Let ey, ...., e,
be mutually orthogonal minimal projections in NV and f3, ...., f» be the same
ones in P. Then it is clear that

1) Our definition of a divisor is different from that of Murray and von Neumann (6].
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eX®RDf;;i=1,...., n;5=1,....,p
are mutually orthogonal minimal projections in M with the identity as their
union. This shows that m = np, that is, m is divisible by #.
Conversely, if m is divisible by #n, say m = np. Let N, P be factors of
type I,, I, respectively, then their direct product is a factor of type IL..
In other words, a factor of type I, is a divisor of a factor of type I,.

Thus the proposition is completely proved.

LEMMA 4. Let M be a factor which is . infinite or of type 1l,, then, for
every integer n, M > N where N is any factor of type 1,.

Proor. At first, assume that M is infinite and let N be any factor of
type I.. Let ¢, f be the identities of M, N respectively and f; be a minimal
projection in N. Then M (& N is an infinite factor and e®/f is its identity
and moreover e f; is an infinite projection. Hence e X f is equivalent to
e®f: and the contraction of M & N on the range of e®/f; is isomorphic
to M X N. On the other hand, we can easily see that the contraction of
M & N on the range of e X f; is isomorphic to M since e &) f; is equivalent
to the identity. These show that M = M %) N, that is, N is a divisor of M.

When M is of type II; the lemma is an immediate consequence of a
theorem of Murray and von Neumann [6; Theorem 6].

LEmMA 5. If M is an idempotent factor, then the divisor set of M is a
semi-group.

Proor. Let M; and M, be two divisors of M, then there exist two
divisors N; and N, such that M = M; & N: (¢ =1,2). Since M is idempotent,
we have

M=M G M= M, ®Nl ®M2®N2=(MI ® M) ®© (N1 ) Na).
In other words, M, ® M, € D(M). This proves the lemma.

LEMMA 6. Let M and N be idempotent factors, then M = N if and only
if M >N and N > M.

Proor. As the necessity is obvious, we shall show only the sufficiency.
By the assumption, we have M = N® N, and N = M ® M,. Hence we have

M®N=N®N1®N:N®N1=M
Analogously we have N =M &% N. Therefore M = N.
As an immediate consequence of the above lemma, we have

LEMMA 7. The set of all idempotent factors is a directed set by the relation
>.

The following lemma is an immediate consequence of Theorem 8 in [3].

LEmMA 8. Let N be a divisor of a finite factor M, then the fundamental
group of M contains that of N.

2. The normalcy and the property I Some properties of factors



66 Y. MISONOU

are closely related with -those of -their divisors. In this section, we shall
study on the property -of normalcy and on the property I
The following definition is due to Murray and von Neumann [5].

DEFINITION. A factor M is normal if (N N1 MY N M = N for any W*-
subalgebra N of M.

It is known that a factor of type I is normal and a factor of type II is
not normal (cf. [2],[5]). Hence, Lemma 4 shows that there are non-normal
factors which have normal factors as their divisors. On the other hand, we
can prove the following theorem.

THEOREM 1. A factor which has a non-normal factor as its divisor is not
normail.

PrOOF. Let N be a divisor of a factor M and assume that N is not
normal and M = N % P. The non-normalcy of N implies that there exists
a W+-subalgebra N; of N such that

(NJANYNNZ=EN.
Let e be the unit of P, then N, %) e is a W*-subalgebra of M and moreover
we have
(N@®eNWN@PYNWNQP)D(N, ® BIN(N® Py N (N ® P)
’ DN, NNY NN)® (P N P)
where B is the full operator algebra on the Hilbert space on which P acts.
Hence
NMi@eNIN®PYNWNG®PRERN @ e
which proves the theorem.

The type ‘of the direct product of two factors has not yet been determined
except when they are both semi-finite or one of them is of type I. It seems
probable to the author that a factor of type I has no non-discrete factor as
its divisor, the following corollary will give only a partial answer for this.

COROLLARY. The direct product of two facters is not of type 11if at least one
of them is of type 1I.

Proor. As we have noticed, every factor of type II is not normal,
therefore, the direct product of a factor of type II and any other factor
is not normal by the theorem. On the other hand every factor of type I is
normal and therefore the direct product in question is not of type I.

Next we employ the following definition in [6]:

‘DEFINITION. A finite factor M has the property I' if it satisfies the

following : Given any system x,....,%, € M and any € >0, there exists a
unitary element % € M such ‘that (%) = 0 and
[ %2 — %:]] < & fork=1,....,m,

where 7 is the normalized trace of M and [[-]] is the norm of the prehilbert
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space generated by M and 7 as in a usual way.

THEOREM 2. Let M be a finite factor. If there exists a divisor of M which
has the property T, then M itself has this property.

Proor. Let N be the divisor of M which has the property I' and assume
that M=N ® P. By Lemma 4, P is a finite factor. Let x, ...., %, be
arbitrary elements in M and & be any positive number. It is known that
M is the closure of the algebraical direct product N @ P by the norm [[ - ]].
Hence there exist

Mg

23’1;,: ® 24,4, Ve i €N, 2,0 E€P (k=1,....,m)

i=1
with
Ve &
[[% — Eyk,i ® 2]l < 3 k=1, ....,m).

i=1
Let 7, 7, be the normalized traces of N, P and [[-]],, [[-]]: be the
norms on N, P induced by 7, 7, respectively. Since N has the property T,
we can choose a unitary element # in N such that () =0 and
&
Spup
where p = max 7 and p = max [[2x,:]]:. Let f be the unit of P, then # & f

e R | R G=1,....,m, k=1, ....,m)

is a unitary element in M. By Theorem 6 in [3], we have
T @) =7m@)r(f) =0
and

ny

e © 1 (Zyee @ 200 ) © ) = D © 20l
i=1

=[[ 2 (%, 0 — Vi) Q) 20,:]] = 2 [[26 i, 0 — Yy, :]]1 [[2x:]]2 < E.
i=1 im1

Accordingly we have

[ @ N xlu @ f) — %]
S0 ® N7k~ D3k ® 2,0 @ @ NI+ 1@ @ N (B © 20 ) 4 @ 1)
=1

=l

— Zy,c,,- ® zx,:]] + [[Eyk,i' ® 2k — x]] < &.

i=1 =1
This shows that M has the property I
ReMARK 1. In the above proof, # &) f is orthogonal to e®@x in the

sense of the structure of the prehilbert space generated by M and 7, where
. is the unit of M ; in fact,

(e ® 2 (u ® f)) = Ti(n) TAx*) =0
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for any x € P. Accordingly M has the property I'" relative to e X P in the
sense of Dixmier [1].

ReMARK 2. In [3], we have proved that the direct product of two finite
factors is finite too. Hence the set of all finite factors is a semi-group and
the factor of type I, is the unit factor of this semi-group.

By the Corollary of Theorem 1, we can easily see that the set &, of
finite factors of type II is also a semi-group. By the preceding theorem,
the unit of &,, if it exists, does not have the property I' since there exists
a factor which does not have the propery I' [6]. Especially the approxi-
mately finite factor can not be the unit of &, since it has the property IT
[6, Lemma 6.1.2].

3. The infinite direct product of finite factors. As an application
of our theory, we shall consider a finite factor which is the infinite direct
product of finite factors.

For this purpose, we shall give a brief consideration to the infinite
direct product of factors. The theory of the infinite direct products of
factors has been introduced by von Neumann [7] and recently Takeda [8%
has generalized it. We shall employ a special kind of infinite direct product
of finite factors.

Let M, (n=1,2,....) be finite factors and v, #=1,2,....) be their
normalized traces. Let (®, M, be the algebraical infinite direct product of
M, and for any element

n

2“1,1961,} ® Ay, iX2, 5 ® ® Ai, 5 %5, 5 ® ..

=1
(ag,fs are scalars, x,; € M; and a; ;x:, ;s are the identities except finite
number of them) in ®, M,, put

n n oo
T(Eal,jxl,j ®....0 aijx; ® ) = ZIIai,ﬂ'i(xi,j).

J=1 Jj=1 i=1
Then + is well defined and a positive linear functional on the *-algebra
®n M,. By the usual way, we can construct a Hilbert space £ by On M,
and 7. Furthermore (®,M, can be considered as an operator algebra on .
By ®.M., we denote the weak closure of ®,M, on § and call it the
restricted infinite direct product of M, As Takeda [8] has proved, O, M, is

a finite tactor.

THEOREM 3. The restricted infinite direct product of finite factors has the
property I", and its fundamental group contains all positive numbers.

ProoF. Let M be the restricted infinite direct product of finite factors
M,. By Lemma 3, we can represent as
Mn:Nn ® Pw,, n=1,2, ceeey

where N, are of type I and finite. Lemma 4 shows that every P, is also
finite. Accordingly, there are no difficulties to see that M is the direct
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product of two restricted infinite direct products of N, and P,, that is

M=N® P

where N = ®xNn and P = ®.Pn By Corollary 2.1 in [4], N is an approxi-
mately finite factor and hence its fundamental group contains all positive
numbers [6; Lemma 4.8.4]. This fact and Lemma 7 show that the funda-
mental group of M contains all positive numbers.

An approximately finite factor has the property I' and the remainder

of the theorem is an immediate consequence of Theorem 4. This completes
the proof.
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