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1. We suppose that f(#) be a periodic function with period 2= and
integrable (L) over ( — 7, o), and we write

A~ ; ay + 2 (an cos nt + by sin nt) = 2 An(?),

n=1 n=0

B8 = & 0t + 0 + 165~ 1),

Du(t) = f(lcT) ! t —uw)* 'p(w)du (a > 0), ba(t) = I + 1t~ *Da(t) (a >0),

Concerning the absolute Riesz summability |R, Mw), k|, where the type
Mw) is equal to exp{(logw)*}, (A > 1), the following theorems are known.

THEOREM. Mohanty and Misra [1], Kinukawa [2]. If ¢u(2)log(k/t), where
k > me?, is of bounded variation in (0,7), then the series 2 Ax(x) is summable
. 2

| R, exp {(logw)*}, 1|, where 0 < <1 and A =1+ 1/a.

THEOREM. Pati [3]. If a is an integer =1, and ¢u(t)log (k)t), (B > me®*?)
is of bounded wvariation in (0,7), then the Fouries series of f(t), at t = x, is
summable |R, exp{(logw)**'*} 1 + «a].

We shall prove here the following

THEOREMP. If ¢pu(t) (log k/2)*A-D, (kB > o e*3-D*Y) is of bounded variation
in (0,7), then é Au(x) is summable |R, exp{(logw)*}, B|, where 8 >a >0
and A=1.

This theorem is an improvement of the above two theorems, and when
A =1 this theoren reduces to a theorem on [C,%.| summability proved by
L.S. Bosanquet [4], further this theorem shows that the summability |R, exp
{(log w)*}, B|, B >1, of a Fourier series is a local property of the generating
function.

For the proof of the theorem, it suffices to show that, when A > 1,

D. The .(_k;_x_i){(lég .z;z.J-)A}-,' B)-analogue has already been proved by K.Kanno On
the Riesz summability of Fourier series, Téhoku Math. Journ, 8(1956), in somewhat
weak form. But we can complete the Kanno theorem, applying the method of this

paper.
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BA (log w)*-1
w exp {B (log w)*}

> [exp {(log w)*} — exp{(log 7)*}}F-*

n<w

exp {(log n)*} An(%) | dw < <o.

To simplify the proof we use the following notations throughout the
paper.

ew) = exp {(log w)*}, E¥(w, ) = O Bw,®), {Ft,my, = L F(t,m)

Ew,t) = 2 {e(w) — e(n)}t-! e(n) cos nt,

n<w

Fw,t, p,s) = 2 {e(w) — e(n)}P-1 e(n)n*(cos nt),,

n< W

Sk(2, p) : n-th Cesdro sums of order & of =+ Zcos nt,(p = 0); or of 2 (cos

nt), (p=1).
S(x; t, p) = *x"—}— D(x—n)cosnt,(p=0);0r, = 2 (x — n)¥(cos nt), (p=1),

n<e n<e

P+ o]~ g ) = [ (6= wpes B0 a,

e + 1) Gw, %) = (w, v) dv,

f v 4
(log kJv)*-Y dv g
0

T vw

d
(logk/v)“(‘-“ D dy 9(w, v)dv.

Na + 1) Hw, u) =

Then we have

1)) I = fw:BA(log w)r! I fﬁ H(OEw, t) dt { dw

ef(w)

[}

[2 (=1 ) B>, 1) |

f BA (logw)*~!

w f(w)

+ (— 1= f Dya(t) E@ (w0, £) di ’ dw,
0

also
t

) _ 1 . e
2) :f Oa() E@Y(w, £) dt = F(1+[zx] & f EM(w, ¢) dt f (t — uf-* dda()

1]
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T

d Dul) f (t — uyo-= EXaDaw, £) dt = f 9(w, u) dDalu)
% 0

1 .4
B 1‘(1+[a]—a)(f

[cb.»(u)g(w, u>]’ - f Dule) 2~ g(w, u) du,
0 du
0
further

3 INMa + 1) f ‘D"‘(”)Ed; g(w, u) du

— @(A-1) Yo ,d,,,
Of ute) Qog bfure- e )

= [q‘m(u) (log ku)*@-1 G(w, u)T — f d{pa(n) (log k/u)**-V}G(w, u).
o
0
From (1),(2) and (3) it will suffice to show that
@ 7= | QBW peiy ) dw < 0o, 0< p<[a] —1, when [a] =1;

w eF(w)

G) K= f Qog )=t | om)ldw < oo ;

w ei(w)
© I= @gg;%; | Gaw, )| dw < oo ;
and finally
_ [ (og wp- _
7@ M= ;/‘ 0 %) |G(w, u)|dw = O1) O < u<m),

since ¢ou) (log k/u)*@-1 is of bounded variation in (0, 7).
2. Lemmas.
Lemma 1. [3] Si#, p) ={Qn,t, B} +{W(n,t,k)}, (p=012....)

where
Qn, 1, k) = sin{(n + (¢ + 1)/2)t — kr/2}

(2 sin¢/2)%+1 ’
and
_ 10 (k= 0)
Wn, 2, k) = jl O(n~1¢-p-2) k=123, ....).

LEMMA 2. We have, when [B] =0,
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P
8 Fw,t p,s) = 2 Q{ t—B;l;_—l ee(w)ws-ﬁ+t+1(log w)E-DGE-D }

lw()
]

+ 2 O{ ZﬁTp%_l eA(ww'~F+! (log w)sa-n }

=0

1 1 S+p+l 1 —-(A~1)
+ 0{ 25 eww? (w - 7) (log w)Pa-D ( log (w -~ 7)) },

and we have, when 8 > 1,
9  Fwtp,s)

p
=0 s 2 )i+ 0] gt og wyee- |
=0

dAe T e
P 1 i
+ 2 { tﬂ~+p'_l 3(w)ws-BA+1+1(log w)B-1(A-1) }

I=0

+ 0] 5o efww1 Gog wy-va-n |

ProoF. We may assume ¢(x) =x,(0<x<1).

When [B] = 0.
(w-1/0 ) g-1
10) Fw,t,p,s) = ( 2 + 2 ){e(w) —e(n)} e(n)n® (cos nt),
(] [w—-1jt]+1

2
= > Di(w,t,p,s), say.

w-1/t
) -Datp9= [ St L ew) - )y -emelds
w-1[t

~AB-1) f ©x; 2, p) {w) — e(0)}5~* X2~ (log 2~ dx

w-1ft

+4 f € (x; 2, p) {e(w) — e(x))#1 e(x)x*~ (log x)*~* dx

w~1/t

+ s f S (x; 2, p) {ew) — e(%))P-! e(x)x*-1 dx
0

3
= > C:Du (w,¢,p,s), say, where C: are constants.
t=l
w1/t

/ 3
12) Du(w,t p,s) = f (-S‘Lz([gn___";/;/z)EX{e(w) — e(%)}B? e(x)x°-(log %)@~V dx
0
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w1t sin

([4+1/2) o121 +1/2)t(cos 2/2)* ,‘ .

N ¢ (w)—el -2g2 -1 A-1
2 f (2 sin (2/2))™ {ew)—e(x)}?~2e*(x)x*~* (log x)*~* ax

O=s=mn=p-10

P
=2 0[ oo (60) — elw — /D=2 e — 1/8) 0 — 1/2y1+
w-1ft

Jrog—1ymen [ S @ 4 1720 ax OsESw-1/n
3

= 20{ e €@ P (log w)(E-h - 1)}

where, and in the following, C’s are some constants which differ in different
orcurrences.
(13) Dy(w,t, p,s)

w—1

It
= f ( S‘nZ(Z]T‘(;TIZ/)zE >P {e(w) — e(x)}P-1 e(x)x*~1 (log x)A-V dx

P
= 30l 2 ew) — etw — 1Pt et — 1/8) 0 — 1/ Qlog (w0 — 1/0)
w-1/t
f S (1] + 1/2)¢ dx}

- go{tﬂﬂ_meﬂ(w)wm Mlogwpev}, OSnSw—1/t 0 mnsp—D.

(14) The order of D,; is less than that of Dy..
]
15 Dw,t,p.9=0[ [ {ew) - ewyp-retmrax)
[w-1/11

w]
+ f  {e(w) — e(x)}Px+r(log x)~ 4=V dx]

[w]-1/t

=0 [[x’*"“(lo‘g %)=+ {e(w)— e(x)}’s][W]

[w-1/t]

= O{t-Pe® (w)w Fw — 1/ty**+! (logw)*®~V log (w — 1/t)~ 4D}

Lemma 2 for the case [B] = 0 follows from (8) and (10), ....(15).
When 8 > 1.

(16) Fw,t,p,s)

= - f - Cx; ¢, p)g;[ {elw) — e(x)}F-1 e(x)xs}dx
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BI-1

=3 [ 1)" SHx;¢ p)( ) [{e(w) —e(x)}ﬁ—le(x)xvj]:

k=1

+ S f &t (x5 1,0 (4 ) [ fetw) — =i o]
81-1
(=1 (-1
- =25 Utz 1, ] (a1 = o) @t ) say.

Now, by Lemma 1 we have
(x)-k-1

A7) ©SHx;t, p) = 2 AR 1(x — m SKE, p) + A¥E — ([x] — B Sty (8, P) + - ..
+A%x — ([x] — 2))* S, (2, p) + A(x — ([x] — D S, p) + (6 — [ Sh(2, p)

& (sin{(H = j+ i/2 + 12 — wi)2) : o
= ,zl,:c[ (2'sin(2/2)y+ JP + O{E([x] —Jjy-it-e }

T ek = et S VR VR

J=0 =0 2 sin (£/2)y*1+m
+ 0(::“ ), where 0 <m,n<p— 1. Hence

! xk.q
(18)  &(x;t,p) = O(gearops + W) O0=<1<p).

On the other hand
19 (-2) ((tetw) — @yt ewm )

= ZC({e(w) — e(x)}P1-t i (x)xt ~*(log a) A~ 1)]

i=0

where 0<g<i<k Using (18) and (19) we have, in (16),
20) [/w(x; t, P)]w =0 tklm,, + )e‘*rl(w), 1Sk<[B-1
0

ip+2
For the estimation of J.(x; ¢, p), it is easily seen that we may use on
the terms of ©%x; ¢, p):the term j= [8] —1; then
@1) Lw;tp)
L
Rk R Cot e Sk (LR G}
- [ (2 sin (t/zwﬂ +pot

=0
. {e(w) — e(x)}ﬁ-l-t e+ i(x)x- 181 (log x)EINA-1) dx]

(8]

[2 42 {e(w) — e(x)}B-1-1 g +(x)x- 1B log x)FYA-D dx]

€=0y 0
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P 181 8!
= ol X s (w5 £, o~

g [,.(.).J (w; ¢t p)]+ 0[2]- w; ¢, p)]
When 7 < [B],
22) Jus(w:t, p)

- >0 (s f {ew) — ex)}~1-4 e+t -E1+ (log x)FIe-D

. sin{( [ — [B] 4 1), -7 T (8] — 1)} dx]

Cos

']
= 20{ tlB]+p e es(w)ws-[ﬂlﬂ(logw)ml(A-l) }
1=

When i = [3],

w-1/¢t

+ f = Japn (w; ¢, p) + Jupr(w ; ¢, p), say.

w=1jt

23) Jumw; t, p) = f
(24) Japn(w ; ¢, p)

=30 [}m%p_; few) ~ ew yn}" e — 170

w-1/t

- (w — 1/~ (log w)[mm_nf 2:)‘; {([x] — [_/gj + 1) t — _"zi([m - 1)}‘1,,]

o

p
1
= D 0{ g w1 loguwe-ven |, 050w -1/

1=0

(25) Jugn(w; t, p)

=30 [ P f {e(w) — e(x)}P~1-181 e1+1B(x) x5-18+ (log x)feKA-D dx]

i=0 w-1]t
p w
P )" -8+ 1+ log 10)TB1-1(A-1) )
= 20[ FBl+p=1 [{e(w) — e(x)}e-®
1=0 w-1t

S 1
= 20 { 2B+p—1 8 (w)w’-B+*1 (log w)(B-DA-D }
=0

For the part J,, when 7 = 0,

@6) Juo(w;t, p)=0 {ﬂ:}“ee Yaw) f e(%) (loix)(A D e i(log A= dx}

-0 {_1_ A ilog WPV (0 <E 9 S w),

tp+z

and when 7 > 0,
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@D S s t, ) = O 4, - loguy @ (etw) — etoy-])

t}Tz eBw)w-1 (log w)E-DA-D }

= o{
We have the order of J,(w;t, p) from (21), ....(27).
Lemma 2 for the case 8 > 1 follows from (16), (20) and (21).
LEmMMA 3. If B>1;0rif B<land s+ p+1>0;then we have

Fuw,t, p,s) = 0{{e’(w)ws+f’“ (log w)-<A—1>}.
PrOOF.

Fw,t,p,s) = 0( f {e(w) — e(x)}B-1 e(x) (log )° (loxg 2L x+p+1 (log x)~ 4D dx),
0

hence Lemma 3 follows imrhediately.

3. Proof of Theorem.
ProoF oF (4). By Lemma 2 we have, when 8 > [a] =1, and [a] -1=p,
E®P(w, ) = Fw,, p,0) ’
P P
= O{e®Yw)} + ZO{e’(w)w‘[m”} + ZO{eﬁ(w)w'f’”“} + O{e*(w)w~1}.
i=0 =0
Since — B + 1+ 1< 0, we have

/= f %%g% |E® (w, m)|dw < .

Proor oF (5). Using the 1st and the 2nd mean value theorem we have

u+1/n

I(1 + [a] — a)g(w, u) = ( f + f ’ ) (t — uyo-= E@ (w,t) dt

u+l/n
u+1l/n 4
= 2 {e(w) — e(n)}e-1 e(n) {(cos n Q) f (t—u)*1-% dt 4 n® -1 f (cos nt)adt}
N<wW % »+1/n

+n1<t=<w
= n2<w{e(w) — g(n))P-1 e(n)[ n%-1%1-1 (Cos 71 ),y + n*~1%) { ::‘E(c:g: :tzgl: H} }
(u+n-1§0’y§m—)
= O{Fw, u,[a],a — [a] — 1) + Fw,,[a]l + 1, a — [a] — 2)}.
Hence, by Lemma 2, we have, when [8] =0,

9w, ) = O{e¥(wyw~P(log w)B-DA-1} 4 Ofe(w)w*~1-# (log w)-)
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1 1

+ 2 0{eMwywe 1P (log w)B-D@-D) 4 ] Ofe wyw2#+m (log w) @),

m=() m=0

and when 8 > 1,
1

9w, m) = O{e3~'w)} + 25 0{ewyw™ =11+ (log w)Fra-1}
i=0

la]

ZO{eﬁ(w)w“ @]~ B+l(10g w)B-H@Aa-DY + O{ef(w)w*-*1~*(log w)(81-HA-1
i=0
[@1+1 [@]+1
+ 2 O{es(w)wm-z[a]+m-2(log w)LﬂJ(A-l)} + E O(eg(w)wm—[a}—p+m—1(log w)(p—l)(A-l)}
m=0 m=0

+ O{eB(w)w*~1-3 (log w)(B-HA-1},
Hence we have

K= | Qogwi=t o ldw < .

we*(w)
ProOF OF (6).
P + D6, m) = [ g2 oy o, ) |
.4 vw_l

a?ga——v>m,A-l)f (¢ — oy Ee, 1) dt
a-i(1 — syoi-a

(logk/ts)“‘(A n ds dt

= Cy(w,m) + C f E@(w, t)t‘””

fla)
- (@ L S
Cy (w, ) + Cf Etb(, t)(logk/t)a(A—I) at
0

2]
=Crw, m+CS [E‘l“l-” (w, )

r=l

flai-r+1 x
(log &/ £)*a-1 :'0

Bw, 1)
(log /2) ="

We substitute this for G(w, ) in (6), then by (4) and (5) we have

dt.

L=01)+ 0{ dog )y py, W)ldw‘»

we*(w)
(log w)A-1 L cos nt
+ [ eg(—w)_ 7I%Ew{e(w) — e(n)}f-l e n)f (I gk/t)a(A—-U ]dw]

The second term of the right hand is finite, since this term occurs when
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B >1, and then we have by Lemma 2 for the case 8 > 1,
Ew, ) = Fw,m,0,0)
= O{e1(w)} + O{e? (w7} + Ofe? (whw#+} + Ofe? (who™1).

The last term is finite since

oo

>

=1 0

cos nt
(log &/t)*A-b

dtl < oo, where k > e A~

Thus we have

PRrOOF OF (7). We put'r = (log k/u)‘*“”/u then using (6), we have’

@8) M = f (log w)*~

w)

(loggg)) |Gaw, ) — Eiw, u)l dw

we?(w) wed(w)

By Lemma 3, similarly as in the proof of (5), we have
= O{e}(w)w*(log w)~ -V},

<o) + " (log w)> 1 Gw, ) |dw + " (log w)*- L | Hw, 0| duw.

T

Hence

Gw, u) = O e®(w)w* (log w)~A-1 },

uw
{ (log k/u)*-D
and, since a >0 we have

(log wyr-
(29) wekw) * 16w, w)l dw

= O{ o | T wedw| = O, O < <)

On the other hand
N + DH(w, u) = Cg(w, )

ua

1)“
+ o000+ Cf oot ) do

+ Cf (Wg(w, v)dv.

Since we may write g(w, v) = O{p(w)v—?}, q > B, we have
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" pr-1 ﬁ —1-q
(log k/oy=a 9@, ¥) dv = ”(’”)f Toa e ¥}

= 0196 g s | = O ogajapas o}

Hence
(30) f (log - lH(w )| dw
= u® (}og w)A-1
om + 0{(logk/u)““‘1) wed(zw) “lotew, )] duo }

By Lemma 2 and from the first expression of the proof of (5), we have,

when [B] = 0,
9w, %) = O{F(w, »,0,a — 1)} + O{F(w, »,1, ¢ — 2)}

= O{u—ﬁeﬁ (w)w*-# (logw)m—l)(.m-n} 4 O{ ﬂﬂe"(w)w“ ~1-B(log w)Pa- ])}
+ O{J‘eﬁ (w)w~8 (log w)PA-1 (w _ l) (log(w _ l))-m—n}

u %
+ 20{ pris leﬂ(w)w“ ~1=B+l (Jog w)B-D(a~ n}

+ 20{ —arin @ @+ (log w)Pa-H l»

=0
and when 8 > 1,
9w, u) = O{Fw, u,[a],a — [a] — 1} + O{Fw, u,[a] + 1, ¢ — [a] —2)}

1 1 d i
=0 231 + u[wm)eﬂ‘l(w) + 20 { uaLall—z+1eB(w)ww—zm_]” (log aw)#a-=n }
=0

o}
+ 20{ ot € (@t 8+ (log wys-va-» |

l=(

+ 0] b eXwhwr-e-* (og uyem-nia-n]
j2]+1
+ > 0{ uzi,,]—_m;g ef(w)w™-A#-2+m (log w)eKa- ”}
m=(
[@1+1 1
+ 2 0 {WM——M 8 (w)w?-1#1-1+m-8 (log w)B-DA-D l,
m=0

+ 0] =2y € (o= (logw)®-iav |

Substituting each of these values for g(w, %), we have
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~ (logw)2-1

u
(log kfu)y*a-1 wes(w)

(31 lg(w,%)| dw = O1), (0<u<m),

From (28), ....(31) we have

_ [ ogwy— =
M= f o = 1Glw, )| dw = O, (O < w < )

Thus the theorem is completely proved.
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