ON THE ABSOLUTE SUMMABILITY OF FOURIER SERIES
KoOsI KANNO AND TAMOTSU TSUCHIKURA

(Received July 24, 1959)

1. Introduction. Let us consider a series = a,. Denote by ¢{* and 7%

the n-th Cesiro means of order a(a > — 1) of the series Za, and of the
sequence {na,} respectively.

Following T. M. Flett [1], the series 2 a, is called summable |C, al,
(k= 1) if the following series, which are equiconvergent with each other
(see e. g. [1]),

S e — o, T )
n n
and donte® — gDk
n

are convergent.
The series = a, is called strongly summable (C,a@), (@ > — 1, k=1) if
there exists a constant s such that

2o laf* ™ — s = o(n) as n—> oo, (2)

j=1
If the series = g, is strongly summable (C, &), and is summable (C, ), that
is, if the relation (2) holds and & tends to a finite limit as 7z — oo, then
the relation (2) is equivalent to:

> loe — ol [f = o(n)  as n—> oo, )

J=1
as we see easily by the Minkowski inequality. In the case of Fourier series
the strong summability is often discussed in the form (3) by the reason of
its (C, @) summability almost everywhere for a > 0. We shall say in the
sequel that the series 2 a, is summable [C, a], if the relation (3) holds.

We note that the relation (3) is equivalent to
2 T = oln) as n — 0. 3)
J=1

By the Kronecker lemma the convergence of the series (1) implies the rela-
tion (3), but not necessarily the converse. We shall here introduce a gene-
ralization of the absolute summability. If the series
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1 kIp
Z(px ol @
or equivalently if the series
1 2n+1_1 klp
(s ) )
n j=2n

is convergent, we shall say that the series % a, is summable {C, @},,, where

k>0 and p=1.
We shall note some elementary relations of the three summabilities men-

tioned above:

THEOREM 1. (1) For 0 < k< p, if 2 a, is summable {C, a},,, then it
is summable |C, a|,
(2) For 1<p=<t%k if Za, is summable |C, a|, then it is summable
{C, &} sp. In the case 0 < k = p the two summabilities {C, a},, and |C, a|,
are equivalent.
) For k>0 and p=1, if 2 a, is summable {C,al,,,, then it is sum-
mable [C, al,.

PROOF. (1) By the Holder inequality the sum (4) is not smaller than

gn+1 on+l1_1

z( 1 S ot — a.yz)[k) =33 g e — o]

n
n 2 Jj=2m n =27

= Z j-llo.§a—1) _ a§w)|'
i

(2) By the similar reason we have

gn+1_1
S oo — o |f = T (X e - alt)
n n j=27
1 ( 1
g — —— la.(w—l) — a-(“)lk>
2 ~ 2n j=ZZ” n n
on+1_1 k[p

v

1 (L LD @ ,,)

s Z(y D - er).

(3) From the convergence of the series (4) we see evidently that
onil

1 s
g 2 |9 = o] = o(1) as n—> oo,
oz

from which we get easily

n
2 e — o |” = o(n) as n— oo,
=1

Thus we complete the proof of Theorem 1.
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The main purpose of this paper is to mention some results of the sum-
mability {C, @}, , of Fourier series. The discussion will be done refering to
the T. M. Flett paper [1].

2. Notations. We suppose throughout that f(¢) is of period 27 and
integrable (— o, 7). We write
o) = f(6 +t) + £(6 — 2),
Y() =6 + £) — (6 — o).
For a <0 and ¢ =0, denote by @®,(z) the Riemann-Liouville a-th integral
of @(¢) with origin 0, that is,

B, (1) = —P(%) [ ¢ — ) p(w)du,

O,z +0)=0

and let ®,(¢) = @(2).
Similarly, let ¥,(#) be the a-th integral of Y(z), and we write

@a(t) = T(a + 1)t7*®.(¢),

V() = T(a + 1)t *P.(2).

Let the Fourier series of f{#) be
é‘ @y + > (aycos nt + b, sinnf) = > A0
n=1 ne=0

and let B,(6) = a,sinnf — b,cosnf so that the conjugate series of f(6) is

>" B,(#). Hence we have
n=1

o(t) ~2 i A, (6) cos nt
and Y(t) ~ — 2 i B,(6) sin nt.

We denote by £,® =:,®(@) and £, =£,(6) be the n-th Cesiro
means of order 8 of the sequences {n#A4,(#)} and {nB,(6)} respectively.
We use A = A(a, B, ...) to denote a positive constant depending on the

parameters &, 8, ...... , but it will be different in each occurrence.
The inequality of the form
LZA-R

is to be interpreted as: if the value of the expression R is finite, so is the
expression L and the inequality mentioned holds.

REMARK. As an integral analogue of the summability {C, a},,, we may,
e. g., consider the convergence of the series which appears in the first term
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of the right of the inequality in Theorem 2 below, and the analogue of
Theorem 1 will be shown, but we do not treat it here.
3. One of the present authors obtained the following theorem [4].

THEOREM T. If 1< p =<2 and B > 1/p, then for § > p — 1,
lt“”l <a [ 12O 1
z _Afo - log—- |'ar.

Generalizing this theorem to the form of summability {C, a},, we shall
establish the following theorems.

THEOREM 2. If 1<p=<2,%k 1 and B>a +sup (1/p, 1/k) (k¥ =
k/(k — 1)), then we have

an+l_ k/p oo 2

i(zl S| |n> < Afz(fﬂ/2’+l|‘l’i—")|"du>klp+ A(j: I‘P(u)ldu)k.

n=0 j=27

For the case 0 = aa =< 1, the second term on the right may be suppressed.

THEOREM 3. If 1<p=<2, k=1, B> a+ sup(1/p,1/k) and either
a=0or a=1—sup(1/p,1/F) then

an+1-1 klp

S ) S AR ([ P ) (] o)

n=0 Jm2m J=0
When a = 0 the second term on the right may be suppressed. If p =1 the
inequality holds when k=1, a =0 and B> a + 1.

Theorem T is an easy consequence of Theorem 3 with a =0, k2= 1.
As a remaining case of Theorem 2 we shall prove the
THEOREM 4. If 1<p=<2, k=1 and 0< a< inf (1/p,1/k) (p' =
p/(p— 1)), then we have
SN U ( Xl )’“”’
< A rer/l .
Sz 1817) =% [0 a

n=0 Jj=27 Jj=0

Theorem 2 and 3 correspond to Theorems 1 and 7 of the Flett paper [2]
respectively, but they do not mutually coincide.

4. The proof of Theorem 3 is similar to that of Cases I—III in Theorem
2, and we shall give the proof of Theorem 2 and 4.
We need some preliminary lemmas.

LEMMA 1. If g(u) is integrable and a=1, then

el = fos [ 1sldn

I‘()
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LEMMA 2. Let § >0, p =0 and let

n

P(t) = P(p,8,t) = Z EQ-D j7 gttt

=0
where the dash signifies that when p = 0, the term corresponding to j =0

z's%E,(f'”, and generally we write

E = (a:;") ~ n® (a> —1).
For all t we have

P,(2) = O(n"*"),
and for w/n < t < 7w we have

» _nit
Pty = BP0, 1) + 7 g + O + 06,
—e
where Q(p, t) depends only on p and t and satisfies the relation
Q(p,t) =T(p + 1)@ ™2 ¢~ + O(1).
If in addition p = 1, then for w/n =t < mw, we have

D _nit p—1 (n-1)it
P() = ES0(p, ) + a n ee‘“)s - 1?18 z eit)m + R,(2),
where R.(£) = O(n*~*t7>%) + O(n*™ £7°°2),

For w/n <t =<m, all O’s are uniform and

(1 — ey = (2 sin %)& oz,

LEMMA 3. Let 0=<1<1, p=1, § >0 and let Pp,8,t) be defined in
the preceding Lemma. If we write for 0 < u < m,

= -1 AP
Kﬂ(u) - K’n(l9 Ps 8’ u) - P(l _ l)j; (t u) Pn(t)dt:
then Kn(u) — O(nl+p+6—1)
and Ki(u) = O(n"*"*?)

uniformly in 0 < u < w/2, and
K, (u) = O{(" + n*) (r — u)~'}
= O{(»" + n* n'"}
uniformly in m — w/n < u < w. Further for w/n<=u<m
K(u) = Lo(u) — My(),

where
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1+p-1_nit=(1—1)mi|2

Ln(u) —n (1 e— e-m)s + O(nl+p—2 u—s—l) + O(n.s—x u-l—m),
L' _ nl+pem‘u—lni/2 O tepal gl O( 51 —l—p-—l)
n(u) = - (1_ 'e__-m‘)s + (n u ) + n u

+ O™ + 2> ) (r — w)7,
M (u) = Of{n"(m — u)7'},
Re{M(w)} = O{n"(m — u)"'7},
and
M u) = O{n"(m — u)™'~*}

uniformly in m/n < u < mw. Here & is any fixred number such that 0 <
e 1.

These Lemmas 1—3 are all due to T. M. Flett [2].

LEMMA 4. Suppose that F(t) is of period 2w and integrable (— )
and that

F@)~3  cpe™

If 1<k=r<oco, 050 <1/k, A=1/k—1/r+0c—1=0 and 1/k+
1/F = 1, then

[Zanl + vl

This is due to H. R. Pitt [3]. Lemm 4 reduces to the Hausdorff-Young
theorem if o =A =0 and =%, and to the Hardy-Littlewood theorem if
r==Fkand o =0.

1/k

/rg A {f; IF(t)]"]tI""dt} )

1

5. PROOF OF THEOREM 2. Since

B.(6) = — -1 f “W(t) sinnt dt (5.0.1)
™ Jy
we get
- 1 & .
£ = e 2 ELT iBL6)
no =1

1 i - C
- Wf "I"(t)z E,(f_'}l)]sm Jt dt
no Jy

j=1

= — % f W) Sie) de (5.0.2)

where
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1
S.(t) = e Z E$j sin jt

Jj=1

= o m (P:01,8,0). (5.0.3)

Integrating (5.2) by parts g times, we have

t(ﬁ) P g— ?[Z(— 1)m\I’m+l(t) S(m)(t)]‘

m=0

+ =D f () SO(2) dt . (5. 0. 4)
K 0
We have now to distinguish five cases.
Case 1. g=a =0, 1<p=s2,
Case II. 1<¢<a, 1<p=s2,
Case IIL g>a 1<p=s2,
Case IV. a>0,8=<1, 1<p=2,
Case V. p=1.

In the first three of them we take g to be the greatest integer such that
g < B. Since

S§(r) = E"” Im (P (1, 8, )}

= E"” ———TIm {{" P,(m + 1,8, )}
= O#n""' + n?),
it follows from (5. 0. 4) and Lemma 1 that in these three cases we have

#=- s f V() Im {(— i) Pq + 1,8, 2)} dt
+ O(n"?) f W) d. (5.0.5)
In Case IV we take ¢ = 1. Since S(mr) =00 we have
6 = E(ﬂ) f V() Re {P,(2, 8, 2)} dt (5.0.6)

5.1. CASEL. g=a=0,1<p=<2.

1°. We first consider the case £ < p. Using (5.5) we get

2411

S(&s i)

n=0 jwman
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anal_1 1 * . ' x P _kjp
SAS g[S [ W Im (- Pl 5o [ 1ol |
n=0 J=27 0 0
gn+1_1 1 (2" (D 1 x (D z D _Kk[p
< = L w-p
S g g [EE # B L +re worasf]
2""'1—1[ 1 /2" P klp
gA;:; 2%,,, (5__; G vOmI PO )
1 on+1_1 1 F3 P klp
A5 (S | [ wOm (- PO} a))
n=0 2 jman J /2"
k o 1 2n+1_1 klp
ra([ vola) So(s i)
(1] n=0 Jj=27
=II+I2+13 (5.1.1)
say. Since 8 > a it is obvious that
T k oo 1
IaéA(fO |9()| s > e
z k
<A ()| dt ). (5.1.2)
([ 1vo1a)
By Lemma 2 we have
Pa + 1,8,t) = O(n****') = O £*) (5.1.3)
uniformly in 0 < ¢ < 'n'/ n. Hence
an+1_1 x/2n D kjp
I, <AZ 2,,k,p {] ) (;f 1w, ()| £ dt) }
2nk/p 2nk /2" k
éAZ i ( f I‘I'N(t)lt‘“dt)
n=0 0
o w/2n k/p /2" klp’
éAZZ""( f 2Ol dt) ( f dt) (¢ =p/(p—1)
n=( 0 0
oo =2 kip
—AY 2’*/?(2 [ 1eoree dt)
n=0 j=nJx|2+1
o .1]2‘ k|p
<A 2k z( [ 1w dt) (as k< p)
n=0 j=n N gj2i+1
o /2! klp J
<Ay ( [ 1w@ree dt) S gne
=0 2|29+ nm=0
22!

IA

A S 2 ( [ 1o dt>m

j=0 1[254-1
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' Y P klp
gAZ( I Mdt). (5.1.4)

im0 Nepa L

We can suppose 8 < @ + 1, since for any v > 8 we have

on+l_q klp

) 1 on+l1-1 B k|p o 1 _
Sz 1r) =2(Hx @),
n=( 2 J=27 n=0 2 J=2n

which is an analogue of the inequality between the two summabilities
|C, B|, and |C, ]|, (Flett [1]), and whose proof is omitted here. Under

this condition, we have from Lemma 2
w+lei{(n+ﬂ/2)l—(w+ﬂ)7zlz}

(=i Pla+1,8,H)="= ——~p
(2 sin —2~>

+ O(n™t™%") (5.1.5)

uniformly in 7/n <t < m. We get therefore

) = q s T J** 1 sin {(7+B/2)t—(a+ B)m/2}
IzéAZE;";F‘{Z Tf \I’a(t)( .ot \P
P kjp
+ 0(j* t'ﬂ_l))dt }
=1 (&P 1 o sin ((GH8/2—(at+B)m/2] |7
§AZ—M—M{L e | Yu) A dt }
~ 2 o - (sm —2~>
- 1 gna1_1 1 z » k/p
+ A (-—_‘; W (2)| P d‘)
7§0 2.”670/21 {j=22" JB leﬂ ] ) }
=L+ I (5.1.6)
say. As easily seen we have
, = 1 RS B P sin {(J+8/2)t—(a+ Br/2} "\t
IzéAZW{Z jz?pf V.(2) ( t)‘* dt f
n=0 ey w2 sin -

Applying the Hardy-Littlewood theorem (Lemma 4) to the inner sum, we
get

, = 1 " i
L<A Z“——zm-w-w( f | W) |P -0 dt)

n=0 /2"
n-1 =% k)p

w 1 ’ )
A 2nk<p—m—1/p)<2f |P.(2)| 7P dt)
n=0 ,;/214-1

J=0

IA

k/p

IA

oo 1 n—1 7[2¢ )
AZWZU RZ0lay dt)

NmQ j=0 w/29+1
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/2 kjp oo 1

gAjZ;(f D) 3

2 )29+1 n=j+1

=A é "yk&r};;’lm( f |, ()|t P dt)klp <as B>a+ —;—)

/2041
k/p
gAZf
J=

7 |2+1

=A§K£ZJH%Miﬂ). (5.1.7)

J=0
We take & so that a+ 1/p<é<a + 1/p + sup(1/p, 1/k), then by the
Hoélder inequality we get

9e(B=a=1/p)

|2

(2}

I‘I’m(t)| Palid P(B -a- ]’pdt>

i 13
=AY ([ 1w | e a)
n=0 2"
* k[p [ Y
= 44 Z ’nk,(ﬁ ) <f I\I’w(t)lpt"‘slﬁ dt) (f t(s—ﬂ—l)br dt>
ﬂ-O z)2n e
n—-1 w2’ Ko
=AY g (X[ 1@ ar) grmos-an,
n=0 2 Jj=0 Yx/20+1
since
1 11 1.
(@—8—1F +1<{at +oup( )= 81+ |p
y4 p K P }
1 1
=a+s (—, ) — B <0.
P P k o
Hence

a3

klp
I)< A Z znk(d—w 1/p)z (f [P (2)|" 7% dt)
jmo Ndapper

2! Ip

<A Z 2,,@ = (f | P, ¢t dt)

x[2+1

<A ,Z':( £ :i 1¥.()|” dt) (5.1.8)

From (5.1.1),(5.1.2),(5.1.4),(5.1.6),(5.1.7) and (5. 1. 8) we get the requir-
ed result for 2 < p in Case I.

2°. Now we suppose £ > p. We get from (5.0.5), applying the Holder
inequality

o 1 2n4-1.1 _ k/v
> ('277 2 &P ”)
n=0 j=2n
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™ 1 onal_1 ~ e
ST (T, 1#017) e
oo 1 gn+1_1 _
-l
n=( J=27
gn41_1 x k
1 1 ~
<A Z T |5 [ B (- )P0} dr
n=0 J=2" 0
i |
+ 5 (g [ v ar)
oo 1 21:1-1_1 1 z/2" |k 1 gn+l_1 1 z |k
<A - - + A m 5
= ,,Z.OZ j%; FLaA ,,Z_Oz ,§ Jﬂ.[,,g,
on+1_1 1
va([vol ) S5
n=( Jj=2"
=J, +J,+ Js (5.1.9)
say. Since 8 > a we have
J<A ¢ dt) 1
sa([ W0l &) T e
<a([ 1wl ) . (5.1.10)
0

By (5.1.3) and the Hoélder inequality we get

<A Z 225“_1 (j j; " |Wa(2)| £ dt)k

Jman
kp /2" ko’
|\If,,(t)l”t'“”> < f dt)
(]
2!

[ wora)
‘]2J+l
If we take a constant §, 0 < 8§ < 1, then

)2

= Ao ( S [ ol )

n=0 Jmn

/2"
gAz—z,,—.znwafx)( [

o

= A z annr(Z

J=n

ce |2

sapee(S([7 worea) | (Sqmen)

n=0 Jj=n J=n

x[2} klp
<4 z zeo-ows ([ 1,07 i)
j=n ,/2!4—1

|2 kjp J

= A Z (erm [¥a(2)| %278 dt) 3 grea-oip

Jj=0 Nm0
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oo 2 klp

say e[ @ d)

J=0 z/29+1

.,. 2 p (K

(2

éAZ(f Mdt) . (5.1.11)

j=0 x|2+1 4

In order to estimate J,, we use the estimation (5.1.5), we have

> 1 I 1 - sin {(j+8/2)t—(a+B)mr/2} _ |
J2 g A Z - Z :B__(“mf \I’w(t) mn {(.7 B/ ) t( 4 B)’ll’/ } dtr
noo 2 o J /2" (2 sin - ) |
2
o 1 2n+1_1 1 x k
+AZ w2 (e [ W01 ar)
neo 2 j-2n J xj2n
=Ji+ Jy (5.1.12)
say. Suppose first that p' = % Applying the Holder inequality to the inner
sum of J: we get
, oo 1 2n41_1 z Sin {(j+ﬂ/2)t—(d+3)’n‘/2} p, klp’
i< AY 2n<.8—w-l/p)k<z V(2 ( .t )” dt
n=0 juman /2 2 sm§
Hence by the Hausdorff-Young theorem we have
o 1 ” klo
J2 _S_ A ZO Eﬁ(ﬁ—u—l[p)k (f/zn I\I,w(t)(”t—m’ dt) (5. 1. 13)
oo 1 n—1 |2} k/p
<A nz_o uB-actink (jZO 2% f‘ lzmt”“’” | a.(2)|” dt)
where 7 is a positive constant such that
n < pB — a— 1/p).
Then,
) 1 n-1 klp—y ,n-1 |2} E/p
TS AT pegtem (T 2men) AS([ - omiwo” a) |
n=0 i=0 j=0 NJzppet
oo 2‘7”611/11 » )2 klp
é A Z znk(ﬁ—a—llp) Z (f t"-ﬁp I \I,"(f) | P dt)
n=0 j=0 “NJrj2i+1

x|2!

3 - klp o 1
A E (fmmt" B ()]? dt) >

nk(B—a—1/p—7|p)
nos 2

The last series is convergent by the condition of #» and has the sum
O(2kB-a-lir=ni) e get easily

)27

, d 1 _ kv
J. =AY a1 ip=niy ( f £ [ Wy(2)|” a’t)
w[23+1

=0
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Ay ( f LG dt>k/p. (5.1.14)

t

wj2j+1

Now, suppose that p’ < k. As 1 < £ < 2 we can apply the Hausdorff-Young
theorem, and we have

1 i I sin {(j+8/2)t—(a+ B)mr/2}
Ji= A Z onk(E=a-1+1/0) 2 f V. (2) ( 2\
n=0 J=2n iz 2 sin 9 )

k—1

oo 1 ¢4 o
=< AZW(f |Ta(e)| VP dt)
n—0 J 2m
Employing the same argument as in the preceding case, we get

Jé <A i ( j; :il 'fk“,ié)lf: dt>k_1

-0
N YO N
=4 - dt
j:ZO <j;/2:+1 t )
since £ < p. (5.1.15)

We estimate J;. Let 8 be the constant appeared in the estimation of I,
and let 7 be a positive constant such that
S—a—1/p>7/p.
We have, by the Hélder inequality,

1
Jz: AZ znk(s -0 1p)<22”f

)2

k/p
R 2O dt)

"= J=0 |2+
I k/p
< A Z znifs—a—llﬂ 7/p) (f ['\I’ (t)l t-r—sp dt)
"0 z[20+1
)2 "
<A Z (f [W,(2)| P2 dt) 0= -a=1Ip=1I1)
x|2+1 |
|2 \ ‘I/‘ (t) ]
Ul <f M ) ' (5.1.16)
Jj=0 z/29+1

From (5.1.9), (5.1.10), (5.1.11), (5.1.12), (5.1.14), (5.1.15) and (5.1.16),
we complete the proof of Case I for & > p.

5.2. CASE II. 1=¢g < a, 1 <p = 2. Since
[ W) Im {(— ) P)} dt
0

_ 1 = ) ¢ ey,
= Nomarml, T (O P} de [ =)V du
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1 - .
= — '\Ifd_ — A\
I‘(q——a+1).[ 1(u)j; (t—w)"*Im {(=0)" P,(2)} dt
=A f Vo (u) Im {(—3) Kla—q, q+1, 8, 0)} du,
0
integrating by parts and observing ¥,(0) = K,(m) = 0 we get

[ "W ) Im {(~)Po(e)} dt = — [ "W (w) Im {(— i)Y Kw)} du
0 [
where K,(u) is defined in Lemma 3.

Therefore we can write, by (5.0.5),

9 = L [0 i (=0 Kl -+ 0G9) [(140) de. (5.2

1°. As before we consider the case 2 =< p. We have

FE )

n=0 Jj=27
on+-1_1 1 z/2n » . kip
. 2\ ’
< Ag) = (,Z o[ T I (=K} du )
an41_1 1 P ny k/p
2 N
+AY (2 [ W Im (- K du)
k o 1 2n+1_1 klp
+ A (f ‘l’(t) dt) Z _?W<Z J’(Q-ﬂ)zi)
0 n=0 Jj=2"
=K + K, + K, (5.2.2)
say. By Lemma 3 we have
Kia — g q+1,8,u) = On***") = O(#*'u") (5.2.3)
uniformly for 0 < # < 'n-/n Hence
2n+1_1 /2 P klp
1 -
Z onk P " (""]T‘j; W ()u du) }

n=0 j=o2n

Thus the estimation of K, is quite similar to that of I,, and so is K, to I,
We may omit the detail calculation.
We may suppose 8 < a + 1 as before, and then we may suppose
B+e<g+2<a+?2
where € is a fixed constant such that 0 < & < 1.

we have Lemma 3,
a+1 Gil(n+B[2u—(@+B)|2)

(=)' Ku(u) = ' (2*5 i;:é;)a — 4+ O(n"u~?)

Under these restrictions
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+ O{n™"%(r — u) @<+ (5.2.4)
uniformly in 7/7n < u < 7. we have
1 (Mt 3180 {(F+8/2)u—(a+B)r/2} i
K, <2 onkiD {Z .—pf Y (w)| 7% 2 VP du }
n=0 j=2n J /2 (2 sSin *—2—)

P kv

275-0-!_,1

+AS S S (et [ W) e o)

p . k/n
n=0 j=on 2"

=K, + K, + K;’
say. The estimation of K, and K, will be done along the similar way to
those of I, and I., therefore it is sufficient to estimate K. We take 7 so

small that0<n<%(a—q) and that 0 <1+ a—8—7<1 We may

2n+l1_1

+ AT Gl (e [ 10w o)

j=rr 2

suppose E=1+a — 8 — ».
Since ¢ < a — 5, we have

B+éE—qgq—1=a—-n—g>a—n—(a—1n=0.
From ¢ = 8 — 1, we get
g+l—a—-&e2B-1D+1—-a—-—Q+a—B—mn)
=28 —-—a)—1+97=79>0,
since 8B>a+ 1/p=a+ 1/2, or 2(8 — a) = 1.
Thus we get
a+B8<qg+1<B+e&

Considering these inequalities we get

c 1 - ae ‘
K gAZ—é;m(f (o — ) e“I’a(u)ldu>
0

n=0

IA

A (ii(w—u)”'““du fu (w—v)*! | Y(v) | dv)k

IA

A (}: | ¥ (v)| dv j;u(vr—u)"‘“" (u—v)*! du)k

IA

A [“@—oy= 9w av)
< A(fo"awv)udv)k.
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Combining the above estimations, we obtain the desired result.

2° We consider next the case & > p. By (5.2.1), we have

gn4+-1._1 _ kip 2n4-1_1 _
(2 [t.;ﬁw) STy 1B
J=2" J=2m
2n+1-1 1 1:[ k
=A Z Z .B f W, (u) Im {(—2)' Ku(u)} du
n=0 FECLI BV AR
2n+1_1 1 n k
+AX > [ I (- ) da
j=2n /2
k
+ A Y(2)|dt) , (5.2.5)
([ 1v@1e)
where the last term is what obtained by the reason similar to the estimate
of J,.
In virtue of (5.2.3) the first term of (5.2.5) is inferior to
2n+11 /2" k
A il W) | w® du),
vz (] )

and the third term is inferior to

A Z £+ B -B—las-—l fm \I’m(u) Sln {(J+ﬁ/2)u <d+18)7r/u
e 2 (2 sin ——>

an+l_1

paX s (G [ vl )

n=0 Jm2n n/2n
1 2+l juHl=e " x
+AY S (L [ 1 @lr—ared).
neo jeon J ]am

Therefore we obtain the required inequalities by repeating the quite similar
estimations to those of J,, Jy, Ji and K.’ respsctively.

5.3. CASE IIL. ¢ > a, 1 < p <2. Integrating by parts, we have

f W) Im {(—i)P()} dt
P(g_ ),{,,- Im {(—2)'P. ()} dtﬁ (t— )"V (u) du

- I‘(q—a)fo Folw) duj; (t—u)=*" Im {(=)'P)} dt

- f "W () Im {(— i) K (a+1—q, q+1, Bu)ldu.

Hence from (5.0.5) we™get
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1= — e [ W) Im (K@l dut 006 [Tl

(5.3.1)
We distinguish as before the two cases £ < p and & > b

12 For the case £ < p, we have

an+l_1

o 1 _ k/p
t(ﬂ) }} :D)
Z( 2'n gﬂ l J

n=0

v kip

‘I’a,(u) Im {(—)'K(w)} du )

wn+l g

i 1
éAZ_Z—W{,S“;

0

an 11 1 T—m[2" (D k[p
+ A Z an/ {Z B }
n=0 =27 J /2"
on+1_] T [p k[p
+4 Z omkip { “'B‘f 3 }
n=0 J=2n -m|2"
+ K.

=L +L,+ L; + K,
say. By Lemma 3, the function K,(z) satisfies the relations :
K (u) = O(nPu~%) (5.3.2)
uniformly in 0 < u < o/n,
K, () = O(n**) (5.3.3)
uniformly in 7 —w/n<u<m;and for 7/n < u<m—7w/n

rx+1 i{(n+ﬁ/2)u (x+B)m|2}

(—=)'K(u) = + O(n%u —F-1)
(2 sin )
+ O{n'(r — w)**}. (5.3.4)
Using (5.3.2) and (5.3.4) we get
an+l_q z[2n » k[p
L<A o J Volu) u™* d ,
1= Z k|p {jgﬂ ( j; | ( ) u u) i»
o on+l_q| 7| P klp
1 D! o n{(j+RB/2)u—(a+B)r 2}
L, < AZW{Z !—.ﬁ_“_lf v, (u)81 /2)u— { / }
n=0 j=un J z/2n (2 Sln —)
gn+l_y 1 T—m|2" », klp
FAY - V(1) 4P d )
7"2:0 lcm {gﬂ < Jﬂ-a j;/zn ] (u)l u u }'
onsl 1 —7 2" v k/p

FAS g Y (g [ vl e—wreau) |

J=2"
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The estimations of L, and the first two terms of the right of the last inequ-
ality are similar to those of I,, I, and I respectively. We denote by L, the
last term of the inequality for L,.
If g<a-+ 1/p, then
(@-—a—1p ' +1=p(¢—-a—-1/p)<0.
We get therefore

oo T—1|2"
L;§_ AZZn(:—B)k(f I\I,w(u)l('”' u)q - ]du)
n=0 /2"
oo z—m|2" klp - 2" k/p’
=A Z Qra—p% <f | u(n)|® du) ( [ (7r— )P =D du)
n=0 o Jopan
k[p
=A Z "(ﬁ g <f/ [ Wa(e) | du) (5.3.5)
)y
which is ma]orated by the required quantity.
If g=a+ 1/p, that is, (¢ — @ — 1)p' = — 1, then we have
, oo T—r|2" klp T—7|2" klp’
L;< A oma-pk (f REOIN du) (f (r—u)™? du>
n=0 /28 /2"
(log 2™yer®’ " Kl
<AZO-§W(fm|%(u>|"du) (5.3.6)
k|p’ % |2 klp
< A Z (logkizﬁ )q) Z(f |\I,m(u) I 4 du)
n=0 =0 )2+l
(og 2 | )"
< ~ Y4
= j}:ﬂ 23(,3 Dk <LW+1 l\I,w(u)I du
oo /2! klp
| Wow) |”
Sas ([ e
B J=ZO j:z/21+1 u™ du)
) |2 D kip
| Yra(ae) |
sax ([ YO a)
) E leml u du)

Using (5.3.3) we have

on41_1 P kip

LEAY gin|E (e[ 1% )|

T—7[9"

(4 klp
<A Z 2nk(a+l-ﬁ) (f I\I’a<u)‘ 14 (]u)

n=() w—7|2"
I 1 kA v/k

=4 Z o k(B-a—1ip) (f/ (W, (u)| " uP? du> 5.3.7)
n=0 22

which satisfies the inequality of the required type, as we see in the estima-
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tion of 1.
2°. The case k£ > p. From (5. 3. 1)
oo 1 2nl gy ynal_1
Z ( o t(ﬁ‘ ) < Z Z |t§3) | k.
n=0 j=2" n=0 J=2n

By the similar argument as before, this is ma]orated by the sum of M,, M,,
M,, and J, where

gnl_ z|2n k
M A Z Z %f ¥, (z) Im {(——i)qK,.(u)}du]
n=0 J=2m )
oan+1 g ,!lozn k
= AZ 5> (Jf W ()| a’u); (5.3.8)
n=0 j=2n 0
by (5. 3. 2),
2+l —r|2" . . 9y —(at+ 2
My<AY 21" 3 Ig‘.lm v, () G+ B/ )z.t Z(ta'g Bm/2}
n=0 gm0 2 (2 sin ) !
. 2
1 2+l 11—1/2" k
-g-1
+ Ag 7T (po [ 1wl )
T—-1|2" k
+ A% s ([ 1901 e+ ) (5.3.9)
n=0 /o
by (5.3.4), and
2n+1 4 1 x k
A T B—w—1 \I,a, d b 5. 3.3
Sy (el 1w a) (by (5.3.3)
13
< AY S oMw-m Vo(w) | du). (5.3.10)
Z ( f o] (u) u)

We can continue the estimations of (5 3.8) and the first two terms in the
right of (5.3.9) by the same fashion as those of J, and .J, respectively. From
(5.3.4) — (5.3.6) it follows as in (3.1.13) that the last term in the right of
(5.3.9) and M, both satisfy the required inequality.

54, CASE IV. a>0,8<1,1<p=<2 From (5.0.6), we have as
in Case III,

= ;}L{@ J( "W.(u) Re {Ki(a, 2,8, 1)} du.
n (1]

By Lemma 3, the kernel K,(x) satisfies the relations:

K. (u) = O u™®)
uniformly in 0 < u < 7/n,
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K(u) = O(n""")

uniformly in m —w/n<u=m and mwr/n < u <7 — 7/n,
_ o M- (@D . g1 e
Re {K, ()} = Rei (Lo + O u™®") + O((r—u)*7").
—e
In order to estimate £ we follow the same way as in Case III, and it is
sufficient to consider only the following two expressions N, and N, :

o 1 oan+1_1 1 -7 [2% » lk/?’
= - — ) -a-1
N; - g 2nk/p {Eﬂ (]/3 »[112" }‘I’a(u) l (7r u) du> '
and
gn+1_1 1 n—n|2" k
Z 2 (—ﬁ‘f | V() |(r—2)~*" du) .
n=0 J=27 J |2n

First we have

T—-7/2"

N, = A Z ’nIcB (f I\I’w(u) (77 u) @t du>
n=0 z/2n
T—-m)2" -7 [2"

=AY ([ %I au) (f/
< <A Z nkﬁ (l:(”r_l:;w-ﬂ)p +1 } :;:m)xlp (fvz I \Pw(u) [ ) du)klp

/2"

klp’
(,”. — u)— (x+1)p’ du>

where — (a + 1)p + 1= —p(a+ 1/p) < 0. Hence

N=<A Z o8- a—up)k(fz? . (u)l )

For N, we have

o —2/2" k
Ne=AY o ([ %) rm)* du)
n=0 2 /2"
1 | \I,m(u) l ke
=4 Z onk(B-a— 1/»)(f o U ”>

as in N,.

We can now adopt the same argument as in I, and J.

5.5. CASE V. p = 1. Let g be the greatest integer such that ¢ < a +
1. In this case the function K, (a + 1 —gq, ¢ + 1,8, u) = K,(u) satisfies the
relations :

K (u) = OxnP* uw*) and K.(u)= O»n**")

uniformly in 0 <« < w/n and 7 — 7/n < u < 7 respectively, and in w/n <
u=m—m/n,
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K(u) = O(n*" u=f) + O(n(7r — u)*~*"").
Employing these relations, we have, as in Case III 2°,

oo 1 on+1_1 on-1_1
Z<? <3)‘) <Z "Z lt(B)]k
n=0 J=2" n=0 j=2n
7mrt-1 |2 k
saygr A 1wt w)
n=0 J=2n 0
2n+l 1 T2 Kk
+ A (._T |V ()| u™® du
nz=() Z Jﬁ @ 1L12n (u) )

‘”‘*1 | 7 —m/2"

+ AZ 2 kzﬂ;(fw

n=0 g J

Vo) | (r— )"~ du)

2n+l 1 1 11: k
+AX > (G ww )
n-0 J=2" J -7 |20

+ AJ,
=N, + N,+ N, + N, + AJ,

say. We estimate N’s as follows:

N,gAi‘znk(f

n=( 0

[2m

| Uoula) | 2~ du)lc

<A22nk(z f I‘Pm(u)] )

j8
j=n 2 7/ 2+1 w’

where we take 0 < & < 1.

N2 aZe B[P ()
<4 sz o ( fl+ i, )
gA;<f/’+ XIS )

Ni< A Ez_nk<ﬂ-a_l)< f, o du)k
ARt (B )

|2

=A Z znk(ﬁ —w=1) (sz w P “I’a(“)\ du)

where 7 is so chosen that 0 <7 <8 — a — 1. Then,

7;/9}4-1
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|2 klk’

fﬂﬂ u" P | W (u)] du) (ZZWC>

J=0

2= A Z Z"k(ﬁ—a—l) Z(

n=() J=0
1 |2
< A Z 2]k(ﬂ a-1) (f uﬂ-ﬁ I ‘I,a,(u) l du)

j=0 |27+1

™ (u)|
<ax([ el au),
g Nzl

=T 2" k

L= A Z 2nk(ﬂ——a) (f . l\pa(u”('ﬂ"—u)q_“'l du)

n=0

1 REOINAY

= A Z an(p-m -1 <f h’\ué”* du) s
n=( 2"

and

N, < AZ 2""“"““ 5 (f “I'“(”)’ u>

Thus the estimations of N, and N, are exactly the same as of N,, and we
complete the proof in this case.
We proved Theorem 2 completely.

6. PROOF OF THEOREM 4. We have

n

» =Tif,=l vAO) = L ) «p(t)Re (P(1,1,8)} de
1 ' 7 a
=I‘(1——a)(n+1)7rf Re {P(1, 1,8} dt [ (t— )" dP,(u)
= Wf ® () Re (Ki(e, 1,1, u)} du. 6.1)
By Lemma 3 we get
Ki(w) = O(n® u™®) (6.2)
uniformly in 0 < # <w/n, and
Ki(w) = —»”—1—_;1 + O u™) + O(n=(or — w)*~) 6.3)

uniformly in /7 < u < 7 where & is any fixed number such as 0 < € < 1.
We distinguish two cases £ < p and & > p.

1°. Case k =< p. Proceeding as in Case II, 1° in the proof of Theorem
2, we get by (6.2) and (6. 3),

o 1 on+1._1 kip

S(pz #)

n=0 j=27
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=4 iz’"‘( f " ) ue du)k

onal_] z . 'p ko
- cos {(j+1/2)u—a/2} ’
+AY- ;k/p <Z J f D (u) — du! )
n=0 J=2 L 2 sin—- }
2
" P kip
+ A Z an/zl Z (]m— f ]@w(u) lu™ du) ]’
n=0 z/2n
on4-1 1 z v kip

AT >

neo Jo

=R +R,+ R, + R,
say. Considering the condition @ < 1/p’, we can estimate the terms R,, R,
and R; in the same fashion as in I,, I, and I, respectively, and we get the
required inequalities. Concerning the term R,, choose €& so that a + €<

1/p’, then

(j's » [ ®o(n) I»('rr—u)“""E du) }

R=AY

Nn=()

g ([ 1.0 G au)
= AT ([ o) ([ eurer i)

<A z 2,‘,“ (Zj::; | D ()| ? du)k/p

klp’

n=0 J=0
1 n ]2 ( . k»
éAZ”;m Z(f q’d(“)lpdu)
J=0 ) 2+1
|¢a(u),
<A (
j,.ZO -[z})’-f—l )

In this case the proof is finished.
2°. Case £ > p. By (6.1) — (6. 3) and the Holder inequality, we have

gn-o-l—l k|p ol
Wir < Wk
S(ry 80) =Zyn 19
2n+1-1 k
<AZ Z (Jf l‘I%(u)lu'“ du)
n=0
i * cos {(j+1/2)u—a/2} .
rayx > [ ew _u du
n=0 I=20 2 2 smi

on+l_1 k

+ A Z“’"Z (j""lf;n | Don) | 2™ du)

j=2"
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=8 +85 +85+ S,

say. We can estimate S, and S, quite similarly to J, and J;y. To estimate
S, we have to distinguish two cases £ < p and % > p ; and use the Haus-
dorff-Young inequality after the suitable use of the Holder inequality, and
we get, as in J; the desired result. For the estimation of S, we choose &
and & such that §/p < &< 1/p' —a and 0 < & <1, and proceed as in the
estimation of I, to get the required inequality. Thut the proof of Theorem
4 is completed.
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