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1. Let R be an open Riemann surface and G be a non-compact region
on R whose relative boundary C consists of a finite or infinite number of
compact or non-compact analytic curves clustering nowhere on R.

Let HP, HB and HD denote the classes of single valued harmonic functions,
which are respectively positive, bounded or have a finite Dirichlet integral.

We denote by Ou(X = P, B or D) the class of Riemann surfaces R such
that every function #(p) € HX on R reduces to a constant. Further, denote by
SOpgy the class of non-compact regions G with relative boundary C, such that
every function #(p) € HX on G which vanishes continuously at every point
on C, vanishes throughout G.

R.Nevanlinna [ 3], R.Bader-M. Parreau [1] and A.Mori [2] proved the
following theorem.

THEOREM. A Riemann surface R does not belong to OgxfX = B, D), if
and only if there exist two non-compact regions G, and G, on R which are
disjoint from each other and do not belong to SOu/X = B, D).

In this paper, by modifying Nevanlinna’s method [3], we shall give a
necessary and sufficient condition in order that a Riemann surface belongs to
OIIB - OHP-

Further, we shall give some criteria for a Riemann surface to belong to
04X = B, D) which is slightly different from Theorem mentioned above.

2. Let R be an open Riemann surface and C, be a system of at most an
enumerable number of compact or non-compact analytic curves clustering
nowhere on R.

We suppose that C, separates R into two non-compact regions G,; and

R - G, (G, =G, u C).
Let G, be a non-compact region on R which contains R — G, and whose

relative boundary C, is contained in G,.
We have the following theorem.

THEOREM 1. Suppose that there exist two non-compact regions G, and
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G, on R satisfying the following conditions :
(i) G, € SOys and G, € SOgs,
(i1) sup o(p, C,, Gy) = N < 1, where o(p,C,, G,) is the harmonic measure
of C, with respect to G,,
(iii) there exists a non-constant single-valued positive harmonic function
V(p) in G, which is bounded (< M) on G, N G, and equals zero on
C.

Then R € Oyp. Conversely, if R ¢ Ogz — Ogp, we can find non-compact
regions G, and G, satisfying (1), (ii) and (iii).

PROOF. Suppose that there exist two non-compact regions G, and G,
satisfying the conditions (i), (ii) and (iii).

Let {R,} (n=0,1,...) be an exhaustion of R such that R, is compact
with respect to R and the boundary I', of R, consists of a finite number of
analytic closed curves on R and R, U T, C R,,;.

Let f{g) be an arbitrary continuous real function on C, such that 0 < f{(q)
=M on C,.

We construct a harmonic function f(p) in G, N R, such that f,(#) = 0 on
T', N G, and f.(p) = f(p) on C, N R,.

By the maximum principle, we get f.(p) < far:(p) < M for each n, whence
the sequence {f.(p)} converges to a harmonic function #(p) in G, which is
uniquely determined by f(q).

For simplicity, we shall call u(p) the lower function in G, with the
boundary value f(g) on C,.

Further, by the maximum principle, we have

u(P) é M M (D(P’ C2> G2)
for any p € G,, so that from (iii),
(1) sup u(p) = M+ ).

Now we construct two sequences {u,(p)} and {v.(p)} (®#=0,1,...) as
follows.
First we put

vy(p) = V(p)
in G,. Let u,(p) (n=0,1,...) be the lower function in G, with boundary
value v,(p) on C, and v,.,(p) be the harmonic function in G, such that
Un1(P) — Vo(p) is bounded in G, and v, (p) = u.(p) on C,.
From the formula (1), we see easily that for n =0

A
1—-2x

un(P) < M(?\, + AN+ ..+ )\’n+1) <M
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on C, and

1
1—Xx

‘Z)n+1(P)<M(1 + AN+ oo+ )‘4n+1)<M

on C,. Since by the maximum principle, two sequences {u,(p)} and {v.(p)}
increase monotonically with 7, these sequences converge to harmonic functions
u(p) and v(p) in G, and G,, respectively.

Since u(p) — va(p) = 0 on Cy, u(p) — v(p) = tu(p) — t4n_(p) on C; and

lun(p) — va(p)| < 1—% in G, N G,, we obtain by the maximum principle

applied in G, N G, N R,

[4(8) = 0B < B) — ) + T @(pTu 1 Gy 0 Gs, Ru 1 GiNG),
where o(p,T', N G; N G,, R, ﬂ G, N G,) is the harmonic measure of
I'.,NnG,NG, with respect to R, N G, N G,.

Making m — o and next n — oo, we have from G, € SOgs

u(p) = v(p)
in G; N G,. Hence if we put U(p) = v(p) in G, and U(p) = w(p) in G,, then

U(p) is non-negative and harmonic on R.
It is easy to see that

UG = ulp) = 12 olp,Cay Go)

in G,.
Then, since G, € SOy, it follows that

i({lf Up) = i(r}f o(p, C,, G,) =0.

1—2x
On the other hand, since G, € SOz we have
sup U(p) = sup v(p) =sup V(p) = oo,

hence U(p) is non-constant, so that R € Op.

Next, we suppose that R € Ogy — Opup. Then there exists a non-constant
single-valued positive harmonic function U(p) on R. We choose a point p, on
R and consider the open set on R, where U(p) << U(p,).

Then it is obvious that each connected component of this open set is a
non-compact region not belonging to SO gs.

Since R € Opg, it follows by Theorem stated in 1 that this open set
consists of only one non-compact region G which does not belong to the class
SO .
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We denote by G, any connected component of the complememtary set
R — G of G with respect to R and by C, its boundary.

It is evident that G, is non-compact region. We choose a point p, in G;.

The part of the niveau curve U(p) = U(p,) contained in G, divides R into
two or more parts and denote by G, that part, which contains G. On the
relative boundary C, of G, with respect to R, U(p) equals U(p,).

Since G € SOy and G C G,, we have G, € SOgs.

Further, since G € SOgz and R € Oy, we have G, € SOy by Theorem
stated in 1.

Next, putting 2 = igf U(p), we see easily by the maximum principle that
@(,C; 0 R, G2 N Ry) = %(53);—%
in G, N Ry, so that
Up) -k
o Co. G = T "k

in G,. Hence we obtain

Ulp) — &
Sli'l.p o (p,Cy,, Gy = Ulp) = < 1.

If we put U(p) — U(p,) = V(p), then V(p) satisfies the condition (iii), so
that two non-compact regions G, and G, satisfy the conditions (i), (if) and (iii).

3. We can prove the following theorem.

THEOREM 2. A Riemann surface R does not belong to the class Ogg, if

and only if there exists a non-compact region G on R satisfying the following
conditions :

(1) G € SO s,
- 99(pq) ;.
(i) L — 5, ds >0,

where g(p,q) is the Green function of R with its pole at q € G and C is
relative boundary of G and v is the inner normal with respect to G.

PROOF. First we suppose that every ideal boundary component of R is
regular for the Green function of R.

Let {&,} (#=0,1,...) be a monotonically decreasing sequence which
tends to zero. We denote by R.(n=0,1,...,) the set of all points » on R
satisfying the inequality ¢(p,q) > &, and by I', the boundary of R,. By the
assumption, R, is compact with respect to R.

By putting ¢(p,q) — & = ga(p,q), it is obvious that g.(p,q) is the Green
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function of R,.

We consider the bounded harmonic function w,(p) = o(p, I'» N G, R,) in
R, with boundary values w,(p) =1 on T, N G and w,(p) =0 on I', — T, N G.

Since o.(p) (n =0,1,...) are uniformly bounded, by taking suitable sub-
sequence, we may assume that o,(p) converges to a bounded harmonic function
o(p) uniformly on any compact region on R.

By Green’s formula, we obtain that

_ 1 ogultrq) , _ 1 (9
@ulq) = 2 j;ﬂna ov ds = 2 L,.ne v ds

_q,_ 1 29(p, q)
=1—— L " ds.

Hence
_1__1 ro9pq
(2) o) =1— - fc L ds.

SUFFICIENCY. Suppose that there exists a region G satisfying the conditions
(i) and (ii).
Then, from (2), it follows that

o(g) < 1.
On the other hand, we have
o(p, T N G,G N R,) < wp)
in G N R,, so that
lim o(p, T N G, G N R,) = w(p)

in G.

Hence from (i), we have

1 =sup lim (T, N G,GNR,)= sup o(p).
G noeo

Thus the function ©(p) is non-constant.

NECESSITY. If R € Oy, there exists a non-constant single-valued bounded
harmonic function u(p) on R.

We take a point p, on R arbitrarily and denote by G a connected component
of the open set on R, where u(p) < u(p,).

If we consider the function u(p,) — u(p) in G, then it is easy to see that

G € SO gp. Similarly we can prove that each connected component of R — G
is non-compact region and does not belong to SO g.

If f @%;—’st =0, then from (2) and maximum principle, the function
[
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1 — o(p) reduces to the constant zero, hence each component of R — G belongs
to the class SO g5, which is a contradiction.

Thus we have our assertion, when any ideal boundary component of R is
regular for the Green function of R.

Next we suppose that at least an ideal boundary component of R is
irregular for the Green function of R.

We use the same notations as above. Then we may assume that R, is
non-compact region.

As is easily seen from the above proof, it is sufficient to prove that the
equality (2) holds in this case.

Let {F,} (m=0,1,----) be an exhaustion of R such that, for each m, F,,
contains ¢ and an outer point of R,.

Let R{™ be the connected component of R, N F,, which contains q. Denote
by T'{™ the boundary of R{™ and by «v{” the part of I'{" contained in R,.
Denote by ©{™(p) the harmonic measure of (I'” —v{™) N G with respect to R{™
and by g7(p, q) the Green function of R{" with its pole at g.

By Green’s formula, we have

99 (pq)
(m) 5
() = 2m f T ov ds.
(I‘fz”‘) n 77(1’")) neg
Since R, belongs to SOy, it is easy to see that
lim o{™(p) = 0.(p).

It is evident that

295(p9) o295 (,9)
f - ds < f 911 ds

(rfmo _ymdy ne rim _ymHne

for m > m,.
Letting first m — oo and next m, — oo, we obtain

[ aguép7 q9) ds < lim ag,'")(l),Q) ds.
Jrone

M->00

~ (e ‘m) v
r{m _yfmy ne

On the other hand, since g“")(p, q) = gu(p,q) in p € RY, it follows that

(m)
lim 0 pd) o= [ 224D g
HaRR (rim —'y,(,"‘)) ne Tan6 v

Hence we obtain

ov
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Therefore, it holds that

- 1 299
Cl)(q) - 1 - 27T j(; aV ds,

as was required.

THEOREM 3. A Riemann surface does not belong to the class Opyp, if
and only if there exists a non-compact region G on R satisfying the following
conditions :

(1) G € SOpp,
‘s 29(, q)
(ii) j; o ds >0,

where g(p,q) is the Green function of R with its pole at q € G and C is
relative boundary of G and v is the inner normal with respect to G.

PROOF. We consider the case when every ideal boundary component of
R is regular for the Green function of R.

We use the same notations as in the proof of Theorem 2.

First, suppose that there exists a non-compact region G satisfying the
conditions (i) and (ii).

Since G € SOup = SOyzp, there exists a non-constant single-valued positive

harmonic function V(p) in G such that V(p) =0 on C, sup V(p)=1 and its

Dirichlet integral D(V(p)) taken over G is finite.

Let U(p) be the function on R such that U(p) = V(p) in G and U(p) =0
in R — G and on C, and let u,(p) be the harmonic function in R, whose boundary
value on 1", equals to U(p).

Since 0 = u,(p) =1, we may suppose that sequence {u,(p)} converges to
a harmonic function #(p) on any compact set in R.

For m < n, we obtain

Dy, () = Dr,(U) = Dgag, (V).
Letting n — oo and next m — oo, we have
Dy(u) = De(V) < 0.
Since V(p) = u(p), 1 = sup V(ip) = sup u(p) and since 0= uwu,(p)=1, we
have
sup u(p) = 1.

On the other hand, since

8 n b b
u,(q) = _2_'1”_-[ V(p) ge()f 9) ds < 2 f ag(? q) ds
anG
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_q_ 1 9P, 9.
=1 2 _/;nR T ov ds,

we have
(3) wg) =1 [ 22D g

Therefore, u(p) is non-constant.

To prove the converse, we suppose that u(p) is a non-constant harmonic
function whose Dirichlet integral over R is finite.

We choose a point p, on R and denote by G a connected component of
the open set on R, where u(p) > u(p,).

Since Dy(u(p) — u(p,)) < Dx(u(p)), we have G € SOpyp, hence it follows

that G € SO ys.
Therefore, by the same argument as in the proof of Theorem 2, we get

%9 9) 4 -0
A ov ’

Thus our assertion is proved.
In the case when at least an ideal boundary component of R is irregular
for the Green function of R, since the inequality (3) holds, we can prove the

assertion similarly.
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