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SOME REMARKS ON WIENER’S QUASI-TAUBERIAN THEOREMS
AND THE SUMMABILITY OF FOURIER SERIES
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In [5] N.Wiener gave the so-called quasi-tauberian theorems and their
applications to the problem on the summability of Fourier series and integrals
by Cesaro sum of some order, which was discussed completely by L.Bosanquet
[1] and R. Paley [3]. But we have found that Wiener’s discussion on kernels
vanishing for positive arguments is not correct, and that his Theorem 22" is not
stated correctly. In his Theorem 22° the phrase —&<Reu<A+& must be
replaced by —A—&<Rewu < €. The result of Bosanquet-Paley reads as follows ;

THEOREM. Let f(x) be an integrable function of period 2m and let

$(@) = 5 (Fla+y)+f(y—2)—2s).

Then if we write B,, for the proposition

. 1 & x m—1 B
lim ? \ (1 - ?> ¢(x)dx =0

=0

and C,, for the proposition
1 1 1 Iz
l‘ljlt;l? fo <p(x)dxf0 (1 —2)"cos sz =0,

B,, implies Cn.. for m=0, while C,, implies Bn,1.. for m=0 and any &>0.

If we apply Theorem 22" of Wiener [5], we can obtain only that B,, implies
Cn:. when m=1 and that C, implies Bn.s,. when m=0. But applying
Levinson’s variant of Theorem 22° of Wiener [2] and another quasi-tauberian
theorem for some unbounded kernel, we can reprove the Bosanquet-Paley’s result
completely by Wiener’s method. By his method we have also reproved F.T.Wang’s
results on the summability of Fourier series by Riesz’s logarithmic means [4].

To prove Theorem we need two quasi-tauberian theorems.
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LEMMA 1. (Wiener-Levinson) Let

(0) 1@§-£N(§) Ha)dz = 0
where

(1) [ 1¢@)da < o
and

(2) | N(2)| <A< oo,

If R(x) is a function such that

(3) _f:|R(x)|dx<oo

and

(1) j;mlRix)]dx<oo,

and if

(5) N = [ RN (2] 2
then we have

(6) 13301% f N, (%) Hx)dz = 0.

LEMMA 2. Lemma 1 remains valid if (2) and (3) are replaced by
(7) | IN@)dz < oo
0
(8) there exist K>0 and A>0 such that

IN(2)| <A for 0<x<K,

(9) |R(z)] < B< oo
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and
10 R(x) = OQ1/x***) as x— oo for some a>0
i.e., there exists C>0 such that |R(x)| <C/x't".

PrROOF OF LEMMA 2. By simple calculation, the following repeated
integral is absolutely convergent, so we can interchange the order of integration,

giving
a fo "R (%) %y f N, (%) Hx)dx

= fo Hz)dx fo R (—%) N, (%) ‘?i - = jo Hz) N, (%) dz.
Since

Jr(a)e(3)5] <eoms e
for every 80, by (7), (8), (9), (10), it follows that
L)L o
el w2l [an(5 o]
o Lo ()5

o e x5

s =) [ (5 o

LCEA ™ aar S [ 1D [ Nl

1ta «
o 0 o ks L

Since for sufficiently small 8 the first term on the right is arbitrarily small
independently of & and any fixed 3, the second term and the third are arbitrarily
small, we have the conclusion considering (11).
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Now we shall first prove that B, implies C,,. for m=0. It is clearly
sufficient to prove for m >0, because B, implies B,,s for every 8>0 and
n=0. Let n>m>0 and

(12) Ny(x) =(1—;("'2—;: 0<z<l (m>0)
=0 1=x

and
2 1

13) N,(x) = AT +1) f (1—=2)"cos zx d= (n=0).

Their Mellin transforms are given by

Y __d-—w)
(14) m(w) = f 2N(DAE = T, Ty
J— ” - — B 1 R
(15) ny(w) —fo x™" N(z)dz = I'(n+1+w)cos /2w °
Set r(w) =% . Then 7(w) is holomorphic in the half plane Re w<<m+1.
1

And by Stirling’s formula

2_
2

as Im w—=*oo, uniformly in —n—1 <Re w <m+1. Hence r(w) is uniformly

—Rew+m—-n-—1/2

(16) |r(w)| ~ |Im |

n—m

L?*in — =Re w=1+ % and via Paley-Wiener theorem we have

f” |R(x)|dz< oo and fo’R(Tx)' dz < oo

1A
where R(x)=1 i.m-ZlTi f r(w)x*'dw. This function R(x) satisfies the
Ame —i4

integral equation (5). Thus, since N,(x) is bounded for m =1, Lemma 1 shows
that B,, implies Cp,. in this case. For the case 1 >m >0 we apply Lemma 2.
We see easily that N (x) satisfies (7), (8) and that R(x) satisfies (4). Hence we

have only to show that R(x) is bounded and O(»;};) for some a>0. The
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boundedness follows immediately from the fact 7(1+iv)e L'(—oo, + o), easily
seen by (16). To see the order of growth, we need the following lemma which
follows from Stirling’s formula.

LEMMA 3. Let a, b, c be three numbers such that a<c and —a=h.
Then

I'b—w) e L0—a+tc—w) T'(b—w)
I'(w + a) —(=1) Nw+c¢)  DN(w+a) o/w)

and

I'(w +a) e D(w+c) _DNw+a)
5 —10) D T —ate—w) = [(b ) O/®)

as Im w— o0, uniformly in —a<Rew=b.

Set
1 -
17) r(w) = (=1)" I'(n—m+1+w)cos n/2w =f = "R\(x)dx
where
R,(x) =7vrf‘gn%1):z2+—1)j; (1—2)*™cos zx dz.

Applying Lemma 3 to 7(w) and r,(w), we have
(18) T(‘ZU)—rl(w) = O(l Im w I —Re w+m—u—3/2) .

Hence m(w)—r,(w) is uniformly L? and L' in —%éRe ‘ZU§_;‘“. Since
r(w)—r(w) is holomorphic in —1 <Re w <1, there exists C>0 such that
19) |R(x) — R\(x)| < Cx™*.

By simple calculation we have

(20) Ry(z) = O(z7#),

where 8, =inf (1, n—m),
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which, combined with (19), shows that

R(z) = OQ/z"**),

where 0, = inf (ﬂl, %) .

We have thus proved the first half of Theorem.

Next we shall show that C,, implies Bnii.. for m=0. In this case, if we
have (11) interchanging the rolls of N,(x) and N,(x), the proof goes in the
same way as in Lemma 1 (Levinson [2], p. 140), because Ny(x) is bounded for
n=0. Let m—1>n=0 and

n(w) TA—w)'(n+1+w)cos /2w

r(w) =

ny(w) B I'm+1—w)
and
(=D)™*'T(Q —w)I'(Q + w)cos /2w
ri(w) = I'm—n+1—w)
= f xR (x)dx
0
where

R(x) = %{1/3:-[0 (l—z)"‘""‘lcos%dz

1
_m—n—1 f 21— 2)""%c0s 2 d
X 0 : X

= I (Ria) ~ R}

We shall show that w‘evhave (11) if we replace R(x) by R(x)—R,(x) or R,(x)
and thus (11) follows for R(x). By Lemma 3, we have

r(w) — () = O(|Tm | Fe wen-m-wm)

Since 7(w)—r,(w) is holomorphic in —1 <Re w<2,v via Paley-Wiener theorem
we have

R(x)—R(x), (R(x)—R(x))/xe L0, o).
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In the same way we have
R(x), R(x) € L0, ).

Since N,y(x) is bounded, we have (11) for R(x)—R,(x).
For Ry(x) we have by simple calculation

Ry(zx)=0(x™") (x— )
=0(=") (z—0),
where 8 =inf(1, m—n—1). Thus Ry(x)/x e L'(0, ), which shows that (11)

remains valid for Ry(x).
Now consider Ry(x). Let 8 be an arbitrarily fixed positive number and

k=m—n—1. Let

Ii{=) = fw ( )N2(y)dyy
_ f dy ( f 8’”(1 - ‘cos—dz) ( fol (1—t)"cosx7tdt)

1 1 .
_—_Ekf f 2(1_2)k“1(1—t)"dzdt] cos 82/3;;:05 xt/y dy.
o Y ,

1/5

The last term is equal to f cos Ezy cos xty dy = % f {cos(&z + xt)y+ cos(Ez
0

0
—xt)y}dy. Clearly it is less than or equal to 1 unless &z = +xt. Hence I(x)
is finite with respect to 0 <8< oo and 0=x=1. Hence applying Lebesgue’s
dominated convergence theorem and Fubini’s theorem, we have

[ [ e(5)nons
“tmf (35 (5w

= ldiilolfol qb(x)dxijs (%) N, (%)-‘il
:fol ¢(x)dxf:R3 (%)Nz (%)% ,
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which shows that (11) holds for Rs(x). Thus we have shown that (11) holds
for R(x), which completes the proof.

REFERENCES

[1]1 L.S.BOSANQUET, On the summability of Fourier series, Proc. London Math. Soc., (2)31
(1930), 144-164.

[2] N.LEVINSON, On the Poisson summability of Fourier series, Duke Math. J., 2(1936),
138-146.

[3]1 R.E.A.C.PALRY, On the Cesaro summability of Fourier series and allied series, Proc.
Cambridge Philos. Soc., 26(1930), 173-203.

[4] F.T.WANG, On the summability of Fourier series by Riesz’s logarithmic means, II,
Tohoku Math. J., 40(1935), 274-292.

[5]1 N.WIENER, Tauberian theorems, Ann. of Math,, 32(1931), 1-100.

* MATHEMATICAL INSTITUTE
TOHOKU UNIVERSITY
SENDAI, JAPAN





