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The Jacobi polynomial of degree =, order («, B), a, 8 > —1, is defined
by

(U= oL+ apPPit(e) = S (= (Lt ]

{Pi~P(cos 0)}r-, is an orthogonal system on (0, 7) with respect to the meas-
ure (sin 6/2)*+'(cos 6/2)**+'d6.

For a function f(f) integrable on (0, 7) with respect to such a measure
define

fim) = S:f(ﬁ)P,‘,a,m(cos 0)(sin —g—>za+l<cos-g—>2ﬂ+ld0 .

Put
1 _ S:[ P~? (cos 0)]’<sin %)MH(COS %)mldg .

h(a,ﬂ)
n

Then we have formally

) = i:‘.of(n)hif"”Pé“"’)(cos 6) .

For a sequence ¢(n) on the non negative integers define a transforma-
tion T, by

T,f(0) = 20925(”)]? (n)hi>P Pi*# (cos 6) .

For p = 1 and the function f on (0, 7) we define a norm

1= (170 (e )

and denote by L%, ,(0, ) the set of all measurable functions such that
[l flls < . The operator norm of T, of L?,,(0, ) to L%, ,(0, 7) will be
denoted by || T;|l, or [[¢(n)]],.

Let J,(x) be the Bessel function of the first kind. For a function
g(x) on (0, =) the (modified) Hankel transform of order « is defined by
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AN Jo(2Y) prat
iy = S glw) ===~ @) dw

and the multiplier transformation associated with ¢(y) is defined formally by

Uioe) = | 60w Ty

L?(0, «) will denote the space of all measurable function g such that

° ip
ol = ([]1o@) P aeridn) < oo .

The operator norm of U, of L2(0, ) to Lz(0, =) will be denoted by | Usl,

or [$(y) |-
The object of this paper is to study the relation of the multiplier

transformations between Jacobi polynomial expansions and Hankel trans-
formations.

THEOREM. Let 1< p< = and a, 8 > —1. Assume that ¢ is a func-
tion on (0, ) continuous except on a null set and lim, ., ||¢(en)|l, is finite,
then |(x)|, is finite and |¢(x)], < lim..,, [[$(en) ||,

Proor. Let g be an infinitely differentiable function with compact
support in a finite interval (0, M) and put g;(f) = g(\d) where x > 0 is so
large that the support of g¢;(d) is contained in (0, 7). Then we have by

the assumption
(1) = [s(2)] ot -

5 (2o

Changing variable we get

a+1 2 1/
s ([ (i (o )

which tends to

(g | l9@ 2eesae)

22a+1

as A — oo, Apply the similar argument to the left hand side of (1).
Then we get by Fatou’s lemma

() (g tm|E o2 )ﬁz(n)hif’ﬁ’Pﬁ"'ﬁ(cos )| eeriae)”

< sl (2)] (2 o)

oo
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Now we proceed to the computation of the left hand side of (2).
First we remark that (2) holds for »p = 2 and

L= [o(3)

Thus for a sequence N, < N\, < +++ < \; — o0

G(z,N) = fl ¢<%>§z(n)h,‘:’”’)P,£“”” <cos %)

?

converges weakly to a function G(z) in L%(0, K) for every K > 0 and G(7)
satisfies the inequality

(3) ([16@peaz)”

< ) ,,(S:lg(r)]pz-zaﬂdz_);/,,

To show that G(z) is the Hankel transform of 4§ put

n=0

gl

= G"(t,\) + H"(z, \), say,
for N=1,2, ...
Since

d [ .0 2“+2< 0>2ﬂ+2 (a+1,8+1) ]
——| (sin — cos — Plert cos 0
a8 ( ' 2) 2 (cos 6)
a 2
= n(sin i)z +l(cos -19-) HIP},“"”(cos 6)
2 2
(cf. [5, p. 97]), integrating by parts we get

& AT g'(\0) (a+1,p+1) ( i 0 >2a+3( 0 >2'B+3
n) = -2\ — L7 Pl cos 6)( sin — cos — dé .
gi(m) So sin 6/2 cos 0/2 (cos 6){sin 3 2

This, if K > 0 is any fixed number and 7\ > K, then

K oo \ 2(7\1 . r )2a+l< z )2p+1d
sin — COS — T
So[ (@ MM sin o= 2n

= {1, M E(vsins ) (eos Z)
s T n—- COS — T
= oI @ o 2\

T . T 2a4-1 T
= At ZS [HY(\z, \) l2<sm —2—) (cos E>2ﬁ+‘olz' .
0

By Parseval’s relation the last term equals
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X24+2 Z

n=N[2]+

J8(2)1asm e

Since k(" = 2n + O(1) as n — o and ¢ is uniformly bounded, the above
is dominated by

3a(m)| hize

P n
A)VZLH-Z(__) s
N n=%]+1 Y

where A is a constant independent on » and N. By Bessel’s inequality

this is bounded by
a 2
2<sin i>2 +3<cos -0—> Hsdﬁ
2 2

)\‘2¢x+2 S gI(Xo)
o l8in 6/2 cos 6/2
M 0 2a+1 0 2ﬁ+1
= So g’ (0)* <>» mnK) <cos27> do

()

=)

uniformly in \.
Thus we get

§ 1
N 2 2041 _ L
SOIH (z, | tetide = 0<NZ)
uniformly in .

Thus by the diagonal argument there exists a subsequence {\.;} of
{r;} such that H"(z, ),;) converges weakly to a function H"(7) in L(0, K)
for every N=1,2, .-+ and

K
1
N 2 201 . L
So | HY(z) o+ = 0(N2>.
For a subsequence {N;}, H"i(7) converges to zero almost everywhere.

Since

G"(t,N) = G(z,\) — H(t, ),
G"(z, M) converges weakly in L;(0, K) to a limit G"(r) as j— c and
G(t) = G¥(t) + HY(r) for N=1,2,.... Thus G"i(r) converges to G(7)
almost everywhere.

We prove that G¥(z, \) converges pointwise to a function as A\ — co.

Then the limit function coincides with G¥(7).
First we note that

(sin g) (cos ) P{*P(cos g)
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O@"*n=3"?) for Cn ' <6< —¢
o@**"n*) for 0 <0 = Cn™',

where % =n + (¢ + 8 + 1)/2, and ¢ and C are fixed positive numbers
(I5, p. 197)).

Let K be a fixed number and 0 <7< K. For n,0<n < N[\], we
have

ha? = Pl "’(cos T)
A

_al’(n +a+l)/ 6
ne \'sin 6

) .m0) +

e
= hera L () () e o+ OGe)
- h;“'wa(%r)(_i_)" + o(n)
o2 .
On the other hand
w,(m) = L 00 P (c0s L) (sin LY (eos LY a0
— L o LD Y ()i Y con LY

:%%Sjg(ﬁ)J( 6)o++dt + o (; )

Thus
%133% ¢< )gx(n)k(n“'ﬁ’P,i“’ﬂ(cos%)
= lim {Nilsﬁ( )| o0 )T Lo)orrdor,(Le) T L L o2}
= | i) S van
Thus we get
(4) 66 = | 6o 22D vrdv ace.

From (3) it follows that
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oo =2

which proves the theorem.

Our theorem proves the mean convergence, mean Cesiro summability,
the multiplier theorems of Marcinkiewicz’ type and decomposition theorem
for Hankel transform by the theorems in [4], [1] and [2].

We remark that our theorem is reduced to a theorem in [3] when
a=p= —1/2,
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