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Introduction. Let (M", %) be a codimension ¢ foliation on a closed
oriented n-manifold M*. Then the suspended foliation Y (M", &) is
obtained from (M", %) x [0,1] by the identification of (M", &) x {0}
with (M, &%) x {1} by means of a foliation preserving diffeomorphism
f. There are interesting examples of foliations of this type. For example,
let &% be a codimension 1 foliation on T"*' whose leaves are transverse
to the fibers of the canonical fibration S* — 7**' = S' x T*— T". Then
we can construct % from mutually commuting automorphisms f,, - - -, f.
of S! (ef. Herman [5]). We denote (7", &) by & (f,, -+, fu). Then
it is easy to see that & (f, ---, f.) is a suspended foliation of & (f,, - - -,
Fis oo+, fu) BY fiy where the “hat” means that the term is left out.

Recently, Herman [5] and Morita-Tsuboi [22] proved that the Godbillon-
Vey class of Z# (f,, -+, f.) is zero. Considering the conjecture that the
map GV: & 2,3) —» R given by the Godbillon-Vey number is injective,
we may ask if & (f, ---, f.) is foliated null-cobordant. However, this
seems to be very difficult even for the case # (f, g) on T° (see Tsuboi
[23]). Moreover, 3 M, . ) may not be null-cobordant in general even
if (M, %) is null-cobordant and feLD(M, & ), where LD(M, # ) is the
group of all leaf preserving diffeomorphisms of (M, # ). We will give
such an example in §6. But it seems to be natural to conjecture that
3:(M, ) is null-cobordant for feFD(M, . #),, where FD(M, &), is the
identity component of the group of all foliation preserving diffeomorphisms
of (M, %), because the elements in FD(M, %), are considerably restricted
(see Lemma 10 in §4).

In this paper we consider this problem and verify the above con-
jecture for some codimension 1 foliations, i.e., in §3 for the Reeb foli-
ation (8% #z) and a modified Reeb foliation (S? .#,), in §4 for the
foliation (S® .#,) with the Godbillon-Vey number of (S? #,) =a # 0
constructed by Thurston [20], and in §2 for the foliation defined by a
non-vanishing smooth closed 1-form. Concerning the last foliation, we
will show that ¥,(M, &) is null-cobordant for f e FD(M, .# )N Diff3(M),.
These results give some information on the relation between X ,(M?, #)
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and X, (s(M?), s,(F)), where (s(M?), s,(#)) is obtained from (M3 &) by
a foliated surgery (cf. Oshikiri [14]). These results also enable us to
consider the problem for the foliation (M3 .&;) obtained from a spinnable
structure (cf. Fukui [2]). These are considered in §5. In §6, we will
give some remarks on & (f, -+, fa).

The author wishes to thank Professors H. Sato, T. Mizutani and T.
Nishimori for helpful comments during the preparation of this paper.

1. Notations and results. In this paper we consider only C* folia-
tions and maps.

Let (M?, ;) and (M7, .#,) be codimension ¢ foliations on oriented
closed n-manifolds M and M?. Then (M?, ;) and (M7, .&,) are said to
be foliated cobordant or simply cobordant and denoted by (Mr, &) ~
(Mz, #,), if there exists a codimension ¢ foliation (N**!, % ) of a compact
oriented (n + 1)-manifold N**' transverse to the boundary such that 6N =
M, U(—M,), (M, f|M1) = (M, F1) and (— M, ﬁd| —M,) = —(M,, .#,),
where “—” means that the orientation of the manifold is reversed.

Let # 2,n) be the set of cobordism classes of codimension ¢ folia-
tions on closed oriented n-manifolds. Then .# 2,(n) becomes an abelian
group under disjoint union (cf. Lawson [9]).

Let (M", # ) be a codimension ¢ foliation on a closed oriented n-
manifold M*. We consider the following groups: FD(M, .&# ) is the group
of all diffeomorphisms of M which preserve the orientation of M and
the foliation .&#. LD(M,.&# ) is the subgroup of FD(M, & ) consisting
of those which leave each leaf of .# invariant. We also denote FD(M, %)
(resp. LD(M, %)) by FD (resp. LD) if there is no danger of confusion.
We denote the identity component of FD(M, &) (resp. LD(M, & )) by
FD(M, %), (resp. LD(M, &),).

REMARK. (i) When we refer to the topologies of FD(M, &) and
LD(M, &%), we always consider the C*-topologies induced by that of
Diff*(M).

(ii) We may assume a path in FD(M, %) or LD(M, %) to be smooth
(cf. Leslie [10]).

DEFINITION. For each (M", # % and feFD(M, &%) we define a
foliated (n» + 1)-manifold 3 (M, &# ) as follows: The (n + 1)-manifold is
defined by M x [0, 1]/(x, 1) ~ (f(x), 0) = ;M and the foliation is defined
by & x [0, 1]/(z, 1) ~ (f(), 0), i.e.,

U@ x [0, (@), D ~ (F"7(@),0),  weL
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is a leaf for each L €. &#. We call this codimension ¢ foliation a suspended
foliation of (M, # ) by f. We also denote XM, &) by 2(f) if there
is no danger of confusion.

Define a map S: FD(M", 9 — F 2,(n + 1) by
S(f) = [2,(M, & )] = the cobordism class of Y(M, & ).

PROPOSITION. S s a homomorphism, i.e., S(fog) = S(f) + S(g). In
particular, the kernel Ker(S) of S contains the commutator subgroup.
Moreover, we have Ker(S) D LD,.

Proor. Consider a foliated manifold (M, &) x [0, 1] x [0, 1] with a
corner. Identify (x,s, 1) with (fog(x), s, 0) for each se[0,1/4], and
identify (x, s, 1) with (g9(x), s, 0) for each se[3/4,1]. By “straightening
the angle”, we have the desired foliated cobordism. The second part of
Proposition follows from the result stated in Remark (ii) above, because
we can construct smooth concordance between X ,(M, . %) and 3,,(M, &)

for f eLD,. q.e.d.
Here are some examples of X (M, 7).

ExAMPLE 1. We consider the trivial foliation of M", i.e., & = {x},c ..
Then we have

(a) If felLD, then 3(f) ~ 0. This follows from Proposition and
the fact that FD, = Diff3(M), and Dift3(M), is perfect (cf. Mather [12]).

(b) There is a non-trivial example (ef. §6). Let M = CP? and
f:CP?— CP*? be defined by f([z,, 2, 2.]) = [7,, 2., Z,] in homogeneous coor-
dinates. Then X;CP* is a generator of 2,=Z,. Hence we have 3, (CP?,
F )0 in F 2,5).

ExXAMPLE 2. Let (M, %) be obtained from orbits of an Anosov flow
with an integral invariant (see Leslie [11]). If f e FD,, then 3 (M, & )~
0. This follows from Proposition and the fact that FD, = LD, (Leslie

[11]).

Now we state our results. In the following we consider only codimen-
sion 1 foliations.

THEOREM 1. Let (M, %) be a foliation defined by a nonvanishing
smooth closed 1-form. If f e€FD N Diff7(M),, then S(f)=0. In particular,
S(FD,) = 0.

Let (S° &%) be a Reeb foliation (ef. Lawson [9]). Replace the unique
toral leaf T°c .7, by toral leaves T* x {t}, te[0,1]. Then we have a
modified Reeb foliation (S?, .75).
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THEOREM 2. If f is in FD(S?, F3), or in FD(S?, Fz), then S(f)=0.

THEOREM 3. Let (S #,) be the foliation with gv(F,) = a + 0 con-
structed by Thurston [20]. Then S(f) =0 for feFD,.

THEOREM 4. Let (s(M?), s,(7 )) be the foliation obtained from (M3 F )
by a surgery (c¢f. Oshikiri [14]). If we use (S®, #3), (S% Fr) or (S%, F.)
wn this surgery, them for each f eFD(s(M), s,(F )), there exists a g€
FD(M, F°), such that X (s(M), s,(F )) ~ 3, (M, F).

COROLLARY. If we have FD(M® &), = LD(M? & ),, then for any
(s(M?), 3,(F)) in Theorem 4 and any f €FD(s(M?), s,(F)), we have
ZH(s(M), 3.(F)) ~ 0. In particular, let (M, F ) be an Anosov foliation
(¢f. Rosenberg-Thurston [16], Part II). Then 3 (s(M?), s,(F )) ~0 for
f e FD(s(M?), 8.(F ))-

Now we generalize Theorem 2 as follows:

THEOREM 5. Let (M?°, F5) be a foliation obtained from a spinnable
structure (cf. Fukui [2]). Then S(f) = 0 for feFD,.

2. Proof of Theorem 1. Let B, ©.# 2.(n) be the subgroup generated
by foliations defined by non-vanishing closed 1-forms. Then we have the
following theorem by Thurston [21] and Koschorke [2] (see also Reinhart

[15]).
THEOREM B. If n %= 1(mod 4), then
B, = .@n = Ker(sign: 2, - Z) ,
where sign(M) means the signature of M, and
Byt = 24, D Z, .

In particular, for [(M, # )€ B,, we have (M, )~ 0 if and only if
either dimM =mn #+4k +1 and M~0 in 2,, or dimM = 4k + 1 and
(W) is even, where W gives M ~ 0 in 2,.,.

If (M, &) is defined by a non-vanishing smooth closed 1-form, then
the following two cases occur (see Imanishi [6]):

(i) All leaves of # are dense in M.

(ii) & is induced from a fibration p: M — S*, i.e., & is a bundle
foliation.

First we consider the case (i).

LEMMA 1. Let f€FD and f be homotopic to id,,. If F 1s defined
by a closed 1-form , then f*w = .
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Proor. f = id, implies [f*w] = [w] € Hiz(M), i.e.,
(1) f*@w = o + dh, for some heC*(M) .

For each x ¢ Mand ve T,.%#, fcFD implies f,ve Ts,.#. Thus we have
o) = w(few) = 0. From (1) follows f*w(v) = w() + dh(v) = v(h), i.e.,
v(h) = 0 for each x € M and ve T,%. This means that h|L is constant
for each L .. On the other hand, we have L = M by the hypothesis.
Thus it is seen that & is a constant function and (1) becomes f*w = w.

q.e.d.

PrROOF OF THEOREM 1: The case (i). Let m: M x [0,1]— M be the
projection to the first factor. Then (M, &) x [0, 1] is defined by the
closed 1-form 7*w, and by Lemma 1, n*w is preserved by the identifi-
cation (x,1) ~ (f(x),0). Thus Y;(M, &) is also defined by a closed
1-form. By the hypothesis f = id,, ¥,M is diffeomorphic to M x S* and
oM x D*) = M x S* with x(M x D*) = x(M) = 0. Hence we have 3 (M,
) ~ 0 by Theorem B above, regardless of the dimension of M. q.e.d.

Next we consider the case (ii). Note that in this case XM, &)
cannot always be defined by a closed 1-form.

Let (M, %) be defined by a fibration p: M — S* with the fiber F.
Then M = F x [0, 1]/(z, 1) ~ (®(x), 0) for some @ eDiff3(F). We set
FD(M, &) N Diff3(M), = G and Diff3(S*) = I'. As f €@ is a bundle map,
we can define a homomorphism a: G — Diff*(S*) so that the following
diagram commutes:

M———f > M
Pl lp
gD

LemMMA 2. a(f) is orientation preserving, t.e., a(f)elrl.

ProOF. As a(f) is a diffeomorphism of S!, we have only to show
that [a(f)*d6] = [df] in Hix(S'), where df is a volume element of S!. As
the above diagram commutes, we have p*a(f)*d6 = f*p*df. By the
hypothesis f = id,, we have p*[a(f)*df] = p*[df] in Hiz(M). On the
other hand, by considering a cross-section s: S' — M, we can show that
p* is injective. This completes the proof.

LEMMA 3. For each f €XKer(a), we have 3 (M, F ) ~ 0.

ProOF. By the hypothesis f = id, we have Y,M = M x S'. Thus,
if we show that Y,(M, %) is a bundle foliation, we can prove this lemma
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by the same argument as in the case (i). From the commutative diagram

M—
| b
St — S,

we have the following commutative diagram:

Mx[0,1] — M-25 8

I |

Z'fM ? > St

This diagram gives a fibration of 3,M over S'. A leaf of XM, %) is
of the form ---Up ' (a(f)7(6)) x [0, 1] U p~(8) x [0, 1] U p~(a(f)(8)) x
[0,1]U -/~ =p7() X §* = ¢7'(), with e S'. Here we also use a(f) =
idg. This completes the proof.

LEMMA 4. The map « 1s surjective. Further, let @ be the map
mentioned above and + be the diffeomorphism of M induced by @ X id;:
FXxI—F x1I Then we can define a homomorphism 3: I' — G/{y) with
ol =1id on I', where {y) is the normal subgroup of G generated by o
and & is the map G/{y) — I' induced by a.

PrROOF. We consider the universal covering p: R— S'= R/Z of S
For ge ', we lift it onto §: R — R. Then we have §(t + n) = §(t) + =,
forte Rand neZ. Consider M = F x R/ ~, where (p*(x), t) ~ (x, t + n).
Define ¢’ € G by ¢'(x, t) = (x, §(t)). The well-definedness follows from the
following diagram:

(P"(w), t) ~ (x, t + m)
g’l lg’
(P"(®), §(t)) ~ (x, §(t) + n) = (x, Gt + n)) .

It is easy to see that ¢’ € G. The surjectivity of a follows from this.
Also it is easy to see that the above construction gives a homomorphism
B: ' — G up to (), ie., B(g) =[d'] q.e.d.

PROOF OF THEOREM 1: The case (ii). Note that () Cc Ker(a). Then
by the above lemmas we have a split exact sequence

1 Ker(a)/<y) = G/ % r-1.
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By Lemma 3, we have Y (M, # )~ 0 for feKer(w). Thus we have
only to show that XM, %)~ 0 for each feB("). On the other hand,
we know that I' is perfect, i.e., I' = [I', I'] (see Herman [4]), and that
2(lg, h]) ~ 0, where [g, h] =gohog~oh™". Hence B(I") = [B(]), BI)]
implies 3 (M, % ) ~ 0 for fep('). This completes the proof.

3. Proof of Theorem 2. First recall some definitions (cf. Oshikiri
[14]).

Let (M"+', & ) be a codimension 1 foliation and ¢: S'— M"*' be an
imbedding transverse to .. We assume that @(S*) has the trivial tubular
neighborhood S* x D*. Then the g-modification 0,(F ) of F# along @
is defined as follows. Wind the leaves of & along S* x 0D(1/2)"C S* x
D", where D(1/2)" is the n-dimensional disk with radius 1/2 and is con-
centric with the unit disk D". Then we have a foliation on M"*' —
int(S* x D(1/2)*) with S* x oD(1/2)" as a leaf. Consider a Reeb component
on S'x D@@/2)". These foliations give a foliation on M"*'. We denote
this by o,(% ). It is clear that (M"*, & ) is concordant to (M"",
0, )). Moreover, if R is a rotation along the S'-factor of this new
Reeb component (S*' x D(1/2)", &%), then R can be extended to this
concordance so that the extension gives no effect on (M**, % ). The
inverse of the o-modification is called the o*-modification.

Let #; and & be the foliations on S* x [0, 1] defined by the following
1-forms:

Fo; @y = (1 — 2r)dr + h(r)dé ,
T 0, =dr + h(r)dé ,

where (4, r)e S* x [0,1] and % is a smooth function of [0, 1] into R such
that 2(0) = @A) = 0 and A(r) > 0 for 0 < » < 1. Here we choose h(r) so
that the holonomy groups of the leaves S*' x 9[0,1] in &, and &, are
infinitely tangent to the identity map and that &, and &, are invariant
under rotations along the S'-factor. To perform the 7,-surgery on (M,
) we assume that there exists an imbedding o:S*'x S"' x [0, 1] —
M+ satisfying & |ime = S™* x (S§* x [0, 1], .&;), for t =0 or 1. We
define »(M***) to be the (n + 1)-manifold obtained from (M**' — int @(S*' X
St x [0, 1])) U S* x D™ x §° by the canonical identification of @(S* X
S x 8% with S*x oD" x S°. We consider foliations & | M —
int (S* x S"*x [0, 1]) and (S* x D", Reeb) x S°, where oriented circles of
two Reeb components coincide if ¢=0 and are opposite if ¢=1. This gives
a foliation on »(M"*). We denote this foliation by »,(&% ). We say that
the resulting foliated manifold (»(M), r,(&#")) is obtained by the »,-surgery.
In the following, we also use the inverse of this surgery. We call it
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the »f-surgery.

LEMMA 5. (M"", F) ~ (r(M™), »,(F)) for t =0,1. Moreover, we
can extend rotatiomns of S™' x (8' x [0, 1], &) along the S'-factor to the
Joliated cobordism between (M, F ) and (r(M), r.(F)).

PrOOF. See [14]. The second part is clear by the construction of
the foliated cobordism. q.e.d.

PROOF OF THEOREM 2: The case (S° #3). The following theorem
of Fukui-Ushiki [3] is essential to our proof.

THEOREM (Fukui-Ushiki [3]). The sequence
1 —-LD (8%, Fa)— FD(S’, F7)y 2> S' x §'—>1
T

18 split exact, where we regard S* x S' as rotations of the Reeb component
(St x D? Reeb) along S* x {0} S* x D

REMARK. In the proof of [3, Theorem], the authors proved LD =
LD,. Thus [3, Lemma 1] can be stated as above.

Using this theorem and Proposition, we have only to show that
2(v(S* x SY)) ~ 0. Note that even the rotations cannot be extended
to the foliated null-cobordism of (S% .#;) constructed by Mizutani and
Sergeraert [17]. We denote fev(S' x S*) by (a,b), where a and beS"
By Proposition, we have X(f) = 2(a, b) ~ 3(a, 0) + 3(0, b). We will show
that 3(0, b) ~ 0. The same proof gives X(a, 0) ~ 0. Let (S* x [0, 2], &# )
be the foliation obtained from (S* x [0, 1], &) U (S* x [0, 1], &) by the
canonical identification of S*' x {0} with S' x {1}. We can regard (S* x
[0, 2], &# ') as a foliation on S* x [0, 1] by S* x [0, 2] 5 (%, 2t) — (x, t) € S* X
[0, 1]. We denote this foliation by .&,.

LEMMA 6. (S* x [0, 1], .&,) x S* is foliated cobordant to (S* x [0, 1],
F,) x S* relative to the boundary. Moreover, we can extend rotations
along the first S'-factor to this cobordism.

Proor. By Lemma 5, we have only to show that the foliated
cobordism is obtained by #,-surgeries and o-modifications. Proceed as
follows with attention to the orientations of Reeb components. First
note that (S* X I, &,) x 8' ~ (§' X I, 0,(%,)) x S*, where I = [0,1] and
@: 8'— S x I is given by @(t) = {t} x {1/2}. Performing the r,i-surgery
on the second foliation, we have (S* x D? o,(Reeb)) U (S* x D? oy(Reeb)),
where @ and y: S'— S' X D* are given by @(¢) = {t} x {0}, ¥(¢) = {t} x {0}
and (S* x D? Reeb) means a Reeb component. Consider a foliation (S* x
S, Z#7') = (8* x D? Reeb) U (S* x D? Reeb). This is clearly null-cobordant.
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Performing o-modifications along two S! x {0}’s, we have a foliation
(S* x 8%, & "). This foliation has two Reeb components. Take one of
them and perform the rf-surgery using this Reeb component and that
of (S'xD? o,(Reeb)). Again perform the 7}-surgery on the rest of Reeb
components. Then we have a foliation on S* x I x S*, which is clearly
equivalent to 0,.(0,(%;)) X S!, where @:S'— 8' x I is given by @(t) =
{t} x {1/4} and @": S*— S' x I is given by @'(t) = {t} x {3/4}. g.e.d.

Let # be a foliation on 7T"*' transverse to the fibers of the ca-
nonical fibration S*— 7"t = §* x T* — T". Then we can construct &%
from mutually commuting diffeomorphisms f,, ---, f. of S* (cf. Herman
[6]). Thus we may write (7", &) as F (fy, *++, fa). Set supp(f) =
s, S', where supp(f) means the support of f. Then we have the
following

LEMMA 7 (see also [23]). If there is an i€{l, ---, n} such that
int(s,) Nint(s;) = @ for j+1 and that the mumber of the conmnected
components of s, is finite, then F (f,, -+, fa) ~ O.

PrROOF. The case n =1 was dealt with in Example 1(a) in §1. If
n = 2, we may assume ¢ = 1. If s, = S%, then by the hypothesis we have
S =idg, and F(f, idg, --+) ~ 0 is clear. Thus we may also assume
s, # S'. Further, we may assume that the number of the connected
components of s, is one (repeat the following argument N-times if s, has
N components). Note that f, on 9s, is infinitely tangent to the identity,
i.e., 7°(f) = 77(id) at 0s,(see Sergeraert [17]), so we can consider f|s, €
Diftz[0, 1] by regarding s, as [0, 1]. If we identify g¢eDiff2[0, 1] =
Diffz s, with its obvious extension § € Diff(S'), then by the hypothesis
we can construct .# (g, f,, ---, f.) for any ¢ eDiffg[0, 1]. By the result
of Sergeraert [17], we can represent f, = |[g, h,] --- [9s, h:] for some g,
and h,; eDiffZ[0, 1]. Hence we have F (f), ---, fu) ~ Sci F ([Gmy Bu)s

ﬁ9 ) fn)N 0. q.e.d.

LEMMA 8. Let R be a rotation of (S* x [0, 1], &) along the S'-factor.
Then 3(R) is equivalent to 3(id x f) for some f in Diff2[0, 1].

ProOF. We can construct (S* x [0, 1], #,) from a suitable g in
Diff2 [0, 1]. By the assumption that .#, is invariant under rotations along
the S'-factor, g can be imbedded into a 1-parameter family {g,} in
Diff2[0, 1]. It is clear that the rotation B corresponds to some g,, and
this gives the desired f. q.e.d.

LemMMA 9. X(0, 2b) is foliated cobordant to the following foliation
on T =8"XITx S xS US XxIxS xS8: Weconsider (St x I, &) X
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S x S* on the first S* x I x S8* x S* and ¥,S* x (I x S, F#,) on the second
Stx Ix S xS, where b is a rotation of (I xS, #,) along the S'-factor
and the last S'-factor of the second S* X I x S*x S' comes from the
identification of S' x (I x S, #,) x [0, 1] by b.

ProOOF. By Proposition, we can regard (0, 2b) as X(0, b) + X(0, b).
First perform the #f-surgery on (S' x D? Reeb) U (S* x D? Reeb)  (S?,
) U(S? %), which are rotated by b in the construction of X(0, d)’s.
Next we perform the rf-surgery on the rest of (S!' x D? Reeb)’s. By
Lemma 5, we can extend this foliated cobordisms to the foliated cobordism
between X(0, 2b) and the foliation on 7* stated in this lemma. g.e.d.

PrROOF OF THEOREM 2: The case (S° &) continued. By Lemmas
6, 8 and 9, we have a foliated cobordism between 3(0, 2b) and & (f,, fo, f5)
on T*. It is easy to see that this foliation 7 (f, f,, f;) satisfies the
assumption in Lemma 7. Hence we have (0, 2b) ~ 0. This completes
the proof.

PROOF OF THEOREM 2: The case (S°, .%,). The proof proceeds in
the same way, only Theorem (Fukui-Ushiki [3]) being replaced by the
following.

THEOREM (cf. [3]). The sequence
1 —LD(S?, ) — FD(S?, Fz),— S* x S* x Diff2[0, 1] — 1
1s split exact.

Note that Diffz [0, 1] is perfect (see Sergeraert [17]). From these we
have the desired result. q.e.d.

4, Proof of Theorem 3. The following lemma shows that the ele-
ments in FD(M, %), are considerably restricted.

LEMMA 10. Let f,, te[0, 1], be a path in FD(M, &), connecting f
and id,. If there is a t' €[0, 1] such that f,(L) # L, then the holonomy
H(L) of L 18 trivial.

Proor. This follows easily from the fact that H(f,(L)) = H(L) for
any t. q.e.d.

For the detailed construction of (S? .&#,), we refer the reader to
Tamura [19, Chap. 8]. In the following we assume that the toral leaves
of Reeb components are discrete, since the same method gives the proof
in the case where some toral leaves of Reeb components are of the form
T x {t}, t €[0, 1]. Excepting this assumption, we use only the following
two properties of (S°, #,) which seem to be well-known (ef. [20]).
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(P.1) Set E = .S°— “all int(S* x D? Reeb)’s”. Then the union of
leaves L with H(L) +# 0 is dense in E.

(P.2) On the neighborhood U of 4F in E, where U = %, T? x [0, 2),
there are smooth non-vanishing closed 1-forms w,, ---, ®, on T%, ---, T%,
respectively, and a smooth function h(¢) on [0, 2) with A(t) =1 fort =1,
dh/dt > 0 on (0, 1), and A(t) = exp(—1/t*) on a neighborhood of 0 in [0, 2),
such that .&,|U is equivalent to the foliation given by the 1-form A(t)w, +
1 — h(t)dt on T: x [0, 2) for each 1€{1, ---, k}, where we consider », to
be lifted canonically onto 7% x [0, 2).

LEMMA 11. For any f €FD,, there is an f' € FD, such that f'|E =
id; and f'of~'eLD,.

ProoF. By Lemma 10 and (P. 1), we have f|E eLD,|E. By a result
of [2] and [3], f|(S* x D? Reeb) is isotopic in LD, to a diffeomorphism
g satisfying ¢|d(S* x D?) = id. Define f’ by

id, on E

;= g on M-—intkFE .

Then f’ clearly satisfies the required conditions.

By Lemma 11 and Proposition, we may assume that f is the identity
map except on one Reeb component (S*' x D? Reeb). On this (S*' x D?,
Reeb) we have f|T?= id;., where T?= S'x oD?. Now we fix one Reeb
component and consider f restricted to it. We also denote this restric-
tion of f by the same letter. Further, we fix a foliation-preserving
flow {@,; t € R} transverse to leaves in int(S'x D* and stational on T? (cf.
Fukui [2]). We also assume that @, has a closed orbit S* x {0} = S* x D*
and that ¢,|S! x {0} is a rotation by an angle ¢ for each ¢, where we
identify S* with R/Z.

First we show that f can be isotoped to @, for some ¢ by elements
in LD(S* x D? Reeb),, which are the identity on 72 In the following
we denote FD(S' x D? Reeb), by FD(R),, LD(S*' x D? Reeb) by LD(R)
and so on. Set FD(@©) = {g e FD(R),: g|T* = id;2}. Then f belongs to
FD(9). Also set LD(9), = FD(9) N LD(R),.

LEMMA 12. The following sequence is exact and the homomorphism
« defined by a(f) = f|T* is a locally trivial fibration:

1 — FD(3) — FD(R), — Diffs (T%), — 1 .

ProOF. The exactness follows at once from the definition and the
second statement is proved by the same argument as in [2] and [3].
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LemMA 13. FD() is contractible, hence s connected.

Proor. By Lemma 12, we have the homotopy exact sequence:
— 7 ,(FD(R),) 5 7,(Diff$ (T?),) — 7o(FD(3)) — 0 .

] J
ZDZ Z®Z

By [2] and [3], 7,(FD(R),) is isomorphic to Z@ Z and it is easy to see
that the map # is an isomorphism. Thus we have 7,(FD(3)) = 0. The
contractibility easily follows from this and the fact that z,(FD(R), =
7w (Diff$(T?), = 0 for + = 2. q.e.d.

We identify {@,} c FD(0) with R, and {®,},., with Z.
LEMMA 14. The following diagram is commutative and exact for
horizontal lines, and B and v are locally trivial fibrations:

0— L —FD@) —— 8 — 1

I

0—sZ—>R— " g 1,

where <> means the canonical inclusion, B(f) is a rotation € SO(2) on the
leaf space of (S* X int(D?), Reeb) which is diffeomorphic to S', v is the
restriction of B to R and L = Ker(g).

Proor. Similar to that of Lemma 12 (cf. [2], [3]).
LEMMA 15. In Lemma 14, Z <> L is a homotopy equivalence.

Proor. We call a small neighborhood V of T* in S' X D? nice if we
can identify V with 7 x [0, 1) by using flow @,. Note that any ¢ in
Diff(T?), can be lifted to a diffeomorphism of a nice neighborhood. Let
% be the set of all f €L such that the restriction of f to some nice
neighborhood is a lifting of id;.. We know that & = L is a homotopy
equivalence (see [2], [3]). Thus we have only to show that Z= & is a
homotopy equivalence. On the other hand, it is easy to show that &
is homotopy equivalent to Z x L*(S?, D%), where L°(S®, D) is the smooth
loop space of Diff3(S? D%), and we know that Diff$(S?, D?) is contractible
(see [2], [3]). Hence we have the desired conclusion.

Let feFD(9). Take @, with B(f) = v(p,). Then @;'of € L and L is
homotopy equivalent to Z. Hence we have ;o f = @, up to LD(®),, i.e.,
f = o, for some t up to LD(),. Thus we have proved
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LEMMA 16. For any feFD(S? #,), we can choose f'eFD(S? 7,),
so that f = f' in LD(S?, F.),, f'|E =1id; and that f'|(S* X D? Reeb)
18 given by some @, for each (S' x D?* Reeb).

PrROOF OF THEOREM 3. To prove Theorem 3, we have only to show
that Y(f') ~ 0 for f’ in Lemma 16. Note that we may assume that f’
is the identity outside one Reeb component and that f’ is a @, on this
Reeb component. We denote f’ by @, or f.

First we cut off the Reeb component from (S? .&,). For this purpose
we will define a foliation %" on S°®. Set X = §* — int(S* x D? Reeb).
Then, by hypothesis, f|X = id;. We fix a neighborhood V = T* x [0, 6)
of X =T?1in X. We may suppose that &,|V is given by the 1-form
k@®)w + (1 — k(t))dt, where w is the closed 1-form on 7T? given in (P. 2),
and %(t) is the smooth function on [0, 6), which is the trivial extension of
h(t) in (P.2), i.e., k(t) = 1 for t €[1, 6). Hereafter we use the same letter
w for the canonical lifting of @ onto T* X [0, 6). We may assume that
the foliation on 7T? given by ® is not the inverse images of the trivial
fibrations p,: T° — S', where p, is the natural projection onto the i-th
factor for ¢ = 1,2 (see Remark below). Now we define % on S® =
S'x D*UT*x [0, 3]US*x S* % [3,4]UT* X [4, 6)UX*, where X* =X -1V,
as follows. On S!'x D* we consider the Reeb component. On T2 x [0, 3]
we consider the foliation defined by the l-form = (t)w + (1 — n(t))dt,
where n(t) = h(t) on [0, 2] and n(t) = k(3 — t) on [2, 3] (see (P. 2) for A(t)).
On S*x S*x [8,4] = S*' x S* x [0, 1], we consider S* x (S* x [0, 1], #,),
where the S!-factor of &, is the same as that of S' x D% On T? x
[4, 6) = T* x [0, 2) we consider the foliation given by the 1-form h(t)w +
(1 — at)dt (see (P.2)). On X* we consider .&#,| X*. These define a
foliation .# " on S3. It is easy to show that (S3? #,) is concordant to
(S3, #'). Now we can perform the r,-surgery on S!x S'Xx [8, 4], which
gives the foliated cobordism between (S°, #;) and (S'x 8% & *)+(S? F,),
where (S* x S?, # *) is given as follows. Decompose S' x S? into S! x
D*U St x S*x[0,3]US"x D®. On S'x D”s we consider the corresponding
Reeb foliations, and on S* x S! x [0, 3] we consider the foliation given
by the above 1-form n(t)w + (1 — n(t))dt. Then @, acts on (S* x S?, F *)
as a rotation on one of the Reeb components and acts trivially on (S°.
“#,). Thus we have only to show that X, (S' x S* & *) ~ 0.

Regarding ¢ as 2t’, we will show that X(p,) + 3(p,) ~ 0. We per-
form the r}-surgery on the Reeb components where @, acts nontrivially.
Then by Lemma 5, we may only consider the suspended foliation of the
resulting foliation & ** on S* x S?, which is given as follows. Decompose
St x S*into S* x D*UT?* x [0,3]UT? x [3,4]UT* x [4, 71U S* x D*. On



388 G. OSHIKIRI

S' x D¥s we consider the Reeb components, on 77 x [0, 3] the foliation
defined by n(t)w + (1 — n(t))dt, on T® x [4,7] = T* x [0, 8] we also con-
sider the same foliation and on 7 X [3, 4] = S* x S* x [0, 1] we consider
S* x (8* x [0, 1], .&,), where the S'-factor of &, is the same as that of
S' x D*. Then @, acts on (S' x [0, 1], .&,) fixing the boundary. We
define a foliation .# " on S' x S? as follows. Decompose S*' x S? into
S*xD*UT*x[0,7US8"x D% On S'x D¥s we consider the Reeb com-
ponents, and on T? x [0, 7] the foliation defined by the 1-form m(t)w +
1 — m(t))dt, where m(t) = h(t) on [0,2), m(t) = (7T —t) on [6,7] and
m(t) =1 on [2, 6]. It is easy to show that (S' x S% # **) is concordant
to (S* x 8% Z ). Indeed, let @: T* — S’ x S? be an imbedding transverse
to ", whose image is T X {7/2} cT* x [0, T] < S' X S%. Then the same
technique as the o-modification gives the desired concordance (cf. §3).
As @, fixes the boundary of S*'x(S*x[0, 1], .#;,), we can naturally extend
@, to the foliated manifold which gives the concordance between (S' X
S? & **) and (S*' x 8% # "), so that @, acts trivially on (S* x 82, # ")
(cf. §3). Hence we have X(p,) ~ X(p,) + X(p,) ~ 0. q.e.d.

REMARK. In case w = p}df, where df is a volume element of S},
we must consider the following two situations. The first is as in (S?, F3)
and this case is reduced to Theorem 2. The second is as in (S' x S* =
St x D*U S*' x D% two Reeb components). This foliation is concordant
to (8'x 82 {{x} X S¥,.s1) and @, can be extended to the concordance
with the trivial action on the last foliation. Thus these cases give no

exceptions.

~ 5. Proof of Theorems 4 and 5 and Corollary. First recall the con-
struction of (s(M?), s.(#)) from (M? &) (ef. Oshikiri [14]). Let S*® be
a closed curve in M3, which is transverse to .&#, with a trivial tubular
neighborhood S*' x D® Along S' x 0D(1/2), where D(1/2)? is the 2-dimen-
sional disk with radius 1/2, we wind the leaves of .%. Then we have
a foliation on M*® — int(S' x D(1/2)*). On S'x D(1/2)* we consider the
foliation (S* x D(1/2)}, #,) = (8%, & *) — int(S* x D? Reeb), where & *
is one of ., F and .#,. Thus we have a foliation s,(% ) on s(M?) =
(M? — int(S* x D(1/2)%) U (S* x D(1/2)*), where we identify o(M® — int(S* X
D(1/2)%)) = S* x 0D(1/2)* with 0D(1/2)* x S' canonically.

ProoOF oF THEOREM 4. We give only a sketch of the proof, because
all the techniques involved are found in [2], [8] or in the preceding proofs.
Set E = S' X D* — int(S* x D(1/2)?), where S' X D* is the tubular
neighborhood of the closed curve S* along which the surgery is performed
(see the above construction). Then we can regard E as a subset of both
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M* and s(M?). Note that £ =S'x[1/2, 1]x S* and s,(F )| E = (S'x[1/2, 1],
) x S', where 57 is the half part of &+, on S* x [0,1]. Set FD(E) =
{f e FD(s(M?), s,(F )): f () = E}). Then it is easy to show that the
inclusion FD(XE) <> FD(s(M?), s,(% )), is a weak homotopy equivalence.
Also set FD(&) = {f e FD(&): f|E is a rotation of E = (S*x[1/2, 1])x S*
along the first S'-factor}. Note that rotations of E along the last S'-
factor can be extended to elements in LD(s(M?), 5.(F)),.

Let FD(&), be the identity component of FD(&). Then the theorem
holds for elements in FD(&"),. Indeed, let f e FD(&),. Then the following
construction gives the desired g e FD(M? & ),: As f|E is a rotation of
E, we can cut off new (S*x D(1/2)%, &#,) from s(M?®) along 3(S* x D*)CoFE
by the same method as in the proof of Theorem 3. Define g € FD(M?, &)
by g|s(M?® — int(S* X D*) = f|s(M?®) — int(S' X D* and ¢|S* x D? = the
rotation given by f. Obviously ¢ is well-defined. It is also clear that
g e FD(M?, & ),. Indeed, the isotopy f;: f=id,., belonging to FD(&), can
easily be deformed to the isotopy g¢,: ¢ = id, in FD(M, % ),. The same
method also gives h € FD(S? 7 *),. It is clear that X (s(M?), s,(F)) ~
Y, (M, 7)) + 2,(S%, FZ *). By Theorems 2 and 3, 3,(S% & *) ~ 0. Thus
the theorem follows.

Let f eFD(s(M?®), s.(#)),. Then it is easy to show that f can be
deformed into f' € FD(E) by elements in LD(s(M?), s.(&# )),. By Proposi-
tion, 3(f) ~ 2(f'). Let {f,} be an isotopy between f’ = f, and id, ., = f..
Then there is an isotopy {4, in FD(E) between f’ = h, and id,,, = h,,
because FD(E) <> FD(s(M), s.(#)), is a weak homotopy equivalence.

Let g e FD(E). Then the same argument as in [2, Lemma 1.9] shows
that g|FE is a rotation along the S'-factor of S' X [1/2, 1] up to LD(s(M?3),
5.(#)),. Thus, considering the motion of E by {h,}, we get a path {g,}
in LD(s(M?®), $,(#)), such that the path {g;!-h,} belongs to FD(&), i.e.,
g, € LD(s(M?), s.(F)), and gi'oh, = gi'ef’ € FD(&),.

As we have proved Theorem 4 for FD(%),, we have a g € FD(M?, &),
such that 3(gi'of’) ~ X(g). On the other hand, X(gi'of’) ~ 2(f") —
3(g,) ~ 3(f), because g, € LD(s(M?), s,(#)), and XZ(f') ~ Z(f). This com-
pletes the proof.

REMARK. The same argument gives the proof of the following
statement (see §3 for ¢,(%)): For each f € FD(M?, 0,(F )),, there exists
a ge FD(M?, # ), such that Y (M3 0,(F)) ~ X, (M3, F).

PrROOF OF COROLLARY. By Theorem 4 and Proposition, we have
2 i(s(M?), s(F)) ~ Z(M°, F) ~ 0 q.e.d.

PrOOF OF THEOREM 5. As (M? #5) is obtained from some bundle
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foliation by performing surgeries with (S?, & *) = (8%, F5) (cf. [2], [14]),
we have X (M°, F) ~ 3,(N? Bundle foliation) ~ 0 for feFD(M?, F5),
by Theorems 1 and 4. qg.e.d.

6. Concluding remarks. First we give the promised examples. Let
n = 4k + 2 with k¥ = 2. Then there exist a codimension 1 foliation (M*,
&), which is null-cobordant in .# 2,(n), and an f € LD(M", % ) such that
XM, %) is of infinite order in & 2,(n + 1). Indeed, let (S% .&#,) be
the foliation with gv(#,) = @ # 0 constructed by Thurston [20]. We use
the following theorem.

THEOREM (Neumann [13]). Let M be a closed oriented smooth manifold.
Then M is oriented cobordant to a manifold which is the total space of
a fiber bundle over S' if and only if the signature of M is zero. More-
over, we can make the fiber null-cobordant.

For each k = 2, Ker(sign: 2,, — Z) contains elements of infinite order.
By the above theorem, we can represent such an element by M* which
is the total space of a fiber bundle over S' with null-cobordant fiber F.
Then M = F' x [0, 1]/(x, 1) ~ (h(x), 0) for some % e Diff3(F). It is clear
that F x (8%, &,) ~0 and M x (S? 7,) = 3, a(F X 8%, F x #,). We
show that M x (S? &,) is an element of infinite order. Note that
2,(BI') ®Q = H,(Bl';; Q) ®o(2, ® Q) (see Stong [18]). If ¢:S°— BI',
classifies the foliation (S? .#,), then the element on the right hand side
of the above formula, corresponding to M x (S? .7,.), is of the form
DS IR [M]eD - - -, where “P” means the direct sum. As[M], =
[M]®1 and g¢,.[S’] are elements of infinite order, we have a desired
example.

Next we give some properties of # (f, -, fa), whose proofs are
omitted because they are easily proved. In the following, we assume
that all the f;’s in &# (f,, ---, f.) commute with each other.

@) F(fy o fickly o )~ F (fy ooy oy oo o) + F (S -0, Sl
Tty fn) ’

B) F(fry s Sy ooy Loy s Fa) = —F (foy ooy Fiy ooy fin vy o)

() F(fi, - Ju)=F (hofioh™, « -+, hof,oh™") for h e Diff3(S?).

@) F(fy s fo s fa) = F (fiy oo, flofiy o0y Su)e

(¢) In particular, F(f, ---, f, -+, f, -+, fa) ~ 0. Note that (b)
means & (fy, -+, f, ++, f, -+, fa.) only to be of 2-torsion.

We also give some information on & (f, g) on T® (ef. Tsuboi [23]).

PROPOSITION. Set N = {f € Diff2(8Y): & (f, 9) ~ 0 for all gec(f)},
where c(f) = {g € Diff3(SY): fog = gof}. Then we have:
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(1) feN implies f~'€ N.

(2) gNg~'= N for geDiff3(SY).
(3) SO(@2)c N.

(4) N contains an open dense set.

ProOF. (1) and (2) are clear. (3) follows at once from Theorem 2.
(4) follows from the property (e) above and the result of Kopell [7] to

the effect that the set {f € Diff7(S"): ¢(f) = {f™: m € Z}} is open dense.
g.e.d.

Finally, we pose some questions.
(1) Do we have X¥;(M", &)~ 0 for feFD.?
In particular,
(2) Do we have YT, # ) ~ 0 for f e FD(T* 7 ),?
This is related to [16, Question 3]. This is also related to:
(38) Is Z#(f, 9) null-cobordant?
In general,
(4) Is Z(f, -, fa) null-cobordant?
(5) If feFDWM", & )N Diff(M™),, then do we have 3 (M", 7 )~ 07
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