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1. Introduction. Let f be a smooth map of a compact Riemannian
manifold M into another Riemannian manifold N. The energy functional
E(f) for f is defined by

B(f) = /2 | l1df |dv.

A smooth map f of M into N is called a harmonic map if f is a critical
point of the energy functional E. A harmonic map f is called stable if
every second variation of E at f is nonnegative. Let S™ be an n-dimen-
sional Euclidean sphere. Then the following remarkable theorems are
known.

THEOREM (Xin [22]). For n = 3 there exists mo monconstant stable
harmonic map from S™ to any Riemannian manifold.

THEOREM (Leung [5]). For m = 3 there exists no monconstant stable
harmonic map from any compact Riemannian manifold to S™.

It is natural to ask what kind of a compact Riemannian manifold M
has the property that there exists no nonconstant stable harmonic map
from M to any Riemannian manifold nor from any compact Riemannian
manifold to M. We call such an M harmonically unstable. We know
topological restrictions on harmonically unstable Riemannian manifolds; if
M is harmonically unstable, then by a classical result on closed geodesics
we have 7,(M) = {1} and by the theorem of Sacks and Uhlenbeck [15]
(M) = {1}.

The purpose of this note is to classify harmonically unstable compact
symmetric spaces.

THEOREM 1. A compact symmetric space M is harmonically unstable,
iof and only if M is a product of simply connected compact irreducible
symmetric spaces belonging to the following list;

(i) simple Lie groups of type A, (n = 2), B, and C, (n = 3),

(ii) SUE@n)/Sp(n) (n = 3),

(iii) spheres S™ (n = 3),
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(iv) quaternionic Grassmann manifolds Sp(p + q)/Sp(p)x Sp(g) (» =
qz=1),

(v) E/F,

(vi) Cayley projective plame F,/Spin(9).

The method of Xin and Leung was to deform a harmonic map along
conformal vector fields of S™ and take the average of the second varia-
tions. Our method generalized theirs. We deform a harmonic map along
gradient vector fields of the first eigenfunctions for the Laplacian of a
compact symmetric space, and use the standard immersion of the compact
symmetric space into the first eigenspace in order to compute the average
of the second variations. In [11], using the same method, we investigated
the stability of minimal submanifolds in compact symmetric spaces.

Theorem 1 is proved in Section 8. In Section 4 we study the harmonie
instability of convex hypersurfaces of a Euclidean space and isoparametric
minimal hypersurfaces in a unit sphere.

2. Trace formulas and standard minimal immersions. Let M be
an n-dimensional compact Riemannian manifold and @ an isometric immer-
sion of M into the Euclidean space EY with the inner product {, ). We
denote by R and B the curvature tensor of M and the second fundamental
form of @, respectively. The equation of Gauss is given by

(R(X, Y)Z, W) =<BX, W), B(Y, Z)) — {B(X, Z), B(Y, W))
for X, Y,Z, WeT,(M). Let {v, ---, v,} be an orthonormal basis of T,(M).
The Ricci tensor of M is defined by

o(X, Y) = g} (R(X, v, Y, for X, YeT,M),

and the mean curvature vector of @ is defined by

7= An) 3 B, v) -

For a vector v in EY we consider a vector field V = gradf, on M,
where f,(z) = (9(x), v) for xc M. We denote by +, the flow generated
by V.

Let f: N— M be a harmonic map, where N is an m-dimensional com-

pact Riemannian manifold. We now define a quadratic form Q, on E? by

Qs () = (@A) E(reo f)li= -
Then the trace of Q; on E¥ is given as follows (cf. Leung [6]):
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(1) Q= | 33 @IBdfe), vl
- <B(df(ea)y df(ea))r B(,Uty vi)>)va ’
where {e,,--, e,} is an orthonormal basis at xe N and {v,, -+, v,} is an

orthonormal basis at f(x)e M.

On the other hand, let #: M — N’ be a harmonic map, where N’ is
a Riemannian manifold with the metric (,)’. We define a quadratic
form @, on EV by

Qu(v) = (d*/dt*) E(h o)1= -
Then the trace of @, on EV is given as follows (cf. Pan [14]):

n n

(2) Q= | 5 3 @B, v), B, v)

— (B(w, ), Bw 00))dh(vy), dh(v,)dvy

where {v,, -+, v,} is an orthonormal basis at x e M.

Next we consider the case where M is a product submanifold of E7.
Suppose that M is a product manifold M,x ---x M, and @ is a product
isometric immersion @, X -+« x®,, where, for each s with 1 <s < », M,
is an n(s)-dimensional compact Riemannian manifold and @, is an isometric
immersion of M, into E¥*®. We denote by B, the second fundamental
form of @,. Then the formulas (1) and (2) are written as follows:

ay  me=3{ 33 eln@nenal

8=1

- <Bs((df)s(ea)7 (df)s(ea))! Ba(vk(s)’ vk(s))>)d’UN ’

and

2y TrQ=3| 5 @B k) Bl 150D

8=1 JM 1i(s),5(8) k(s)
- <Bs('0m), Vi) Ba(vk(s)s vk(s))>)<dh(vi(s))! dh(’t)j(,))>'d’l},,, ’

where (df), denotes the T(M,)-component of df, {v,.; k(s) = n(l) + -+ +
nEs—1+1, -+, n1)+ -+ + n(s — 1) + n(s)} is an orthonormal basis of
T.(M,), and each of the indices i(s), j(s) and k(s) runs from n(1) + --- +
nis—1)+1to nQ) + -+« + n(s — 1) + n(s).

We shall review quickly the definition of the standard minimal immer-
sions of compact irreducible symmetric spaces.

Let M = G/K be an n-dimensional compact irreducible symmetric space
and g, a G-invariant Riemannian metric on M induced by the Killing form
of the Lie algebra of G. We should note that the scalar curvature of
(M, g,) is equal to n/2. Let A be the Laplacian of (M, g, acting on



262 Y. OHNITA

functions. For the k-th eigenvalue ), of A, we choose an orthonormal basis
{fos *+*s fuuy} of the k-th eigenspace with respect to the L*-inner product
defined by g,. We consider the mapping @, of M into E™*+! defined by

Oy M3 x> C-(fy(x), *+*, fruum(@) € Em®+

where C = (Vol(M, g,)/(m(k) + 1))**. Then @, is a full G-equivariant mini-
mal isometric immersion of (M, (\,/n)g,) into the unit sphere S™*(1) (cf.
Takahashi [20], Wallach [21]). This @, is called the k-th standard mini-
mal immersion of M. In [10] we studied some properties of the first
standard immersions of compact irreducible symmetric spaces.

3. Main Results. First we shall show the following.

THEOREM 2. Let M be an n-dimensional compact minimal submani-
fold immersed in a unit sphere S¥*(1). If the Ricci curvature o of M
satisfies 0 > n/2, then M 1is harmonically unstable.

PrOOF. We use the same notation as in Section 2 and denote by p
the minimum value of the Ricei curvature of M. Let f: N— M be a
nonconstant harmonic map. By the equation of Gauss, (1) becomes

] E:.‘{ (KB(df(e), df(en), B(vi, v)) — 2{R(df(es), v)vs, df(en)))dvn

Mz

- SN >. (n¢Bldf(e.), dfte), 1) — 20(df(e.), dfie.))dvy -

Since the minimality of M in S"~'(1) implies (B(X, Y), )=<(X, Y ), we have
Tr Q; = 2(n — 20)E(f) .

Since o > n/2 and E(f) > 0, we get Tr Q; < 0. Thus f is unstable. Next

let h: M — N’ be a nonconstant harmonic map. In the formula (2) we

choose an orthonormal basis {v, ---,v,} at xeM such that {dr(v,),

dh(v;))’ = ad,;, where each @, is nonnegative. By the equation of Gauss
and the minimality of M in S¥ (1), (2) becomes

TrQ, = SM i% (2{B(v;, vy), B(vy, v,)) — {B(v;, v;), B(vy, vi)))advy

8

= | 3 0B, 0), 1) — 2000, v)ado,
< 2(n — 20)E(h) .
Thus & is unstable. q.e.d.

COROLLARY 3. Let M be an n-dimensitonal compact minimal sub-
manifold immersed in a unit sphere S¥'(1). If the Ricci curvature o



HARMONIC MAPS AND STANDARD MINIMAL IMMERSIONS 263

of M satisfies p>n/2, then (M) = {1} and m,(M) = {1}.

REMARK. The result is sharp; M satisfies p = n/2 and #,(M) # {1},
if M is an m-dimensional compact irreducible Hermitian symmetric space
isometrically imbedded in a unit sphere by its first standard minimal
immersion or if M is the Clifford minimal hypersurface S*(11/2) x S*(/1/2)
of the unit sphere S*(1).

Applying Theorem 2 to the first standard minimal immersions of com-
pact irreducible symmetric spaces, we obtain the following theorem.

THEOREM 4. Let M be an n-dimensional compact irreducible sym-
metric space and denote by \, and ¢ the first eigenvalue of the Laplacian
on functions and the scalar curvature of M respectively. Then the fol-
lowing four conditions are equivalent:

(a) N < 2¢/n.

(b) There exists mo monconstant stable harmonic map from M to
any Riemannian manifold.

(¢) There exists mo monconstant stable harmonic map from any
compact Riemannian manifold to M.

(d) The identity map of M is unstable as a harmonic map.

ProOOF. (b)=(d) and (¢) == (d) are trivial. Since the first eigenvalue
for the Jacobi operator of the identity map as a harmonic map is Min{0,
M — 2¢/n}, we have (a) = (d) (ef. Smith [16]). We have only to show
(a) = (b) and (a) = (¢). We may assume that the Riemannian metric on
M is the metric g, defined in Section 2. Since the scalar curvature of
(M, g,) is m/2, we suppose that », < 1. Let @,: (M, (\,/n)g,) — S™™ (1) be
the first standard minimal isometric immersion of M. Since M is an
Einstein manifold and the scalar curvature of (M, (\,/n)g,) is equal to
n’[2\;, we have o = p = n/2\,, where p is the minimum of the Ricci
curvature o of (M, (\,/n)g,). Hence we get » — 20 =n — n/x, = n(l —
1/»,) < 0. By Theorem 2 we obtain the conditions (b) and (e). q.e.d.

From Theorem 4 we see that a compact irreducible symmetric space
is simply connected if its identity map is unstable. The eigenvalues of
the Laplacian on a simply connected compact symmetric space can be
computed by using the formula of Freudenthal and the theorems of
Sugiura [17], [18]. Simply connected compact irreducible symmetric spaces
with the unstable identity map were determined by Smith [16] and Nagano
[9] as follows. (There seem to be inaccuracies in [9].)

PROPOSITION 5. Let M be a simply conmnected compact irreducible
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symmetric space. Its identity map is unstable 1f and only if M belongs
to the following list;

(i) stmple Lie groups of type A, (n =2), B, and C, (n = 3),

(ii) SUE@2n)/Sp(n) (n = 3),

(iii) S" (n = 3),

(iv) Sp(p + 9)/Sp(P)xSp(g) P = q=1),

(v) E/F,

(vi) F,/Spin(9).

Proor or THEOREM 1. Suppose that M = M,x --- XM, is a product
of compact irreducible symmetric spaces belonging to the list of Theorem
1. We isometrically imbed each M, into some Euclidean space EY“ by
using the first standard minimal immersion of M,. Thus we get a product
isometric imbedding of M = M,x-.--xM, into E¥ = EYVx...xE"™",
Applying (1) and (2)' to this product isometric imbedding, we obtain the
harmonic instability of M.

Conversely, suppose that a compact symmetric space M is harmonically
unstable. Since M is simply connected, M is a product M,x---xM,,
where each M, is a simply connected compact irreducible symmetric space.
Without loss of generality, we assume that the identity map of some
M, is stable as a harmonic map. Fix a point (y,, -+, ¥,) in M. We define
a mapping f: M — M by

f:Ma(xlyxzy ""wr)"—’(xvyw ---,y,)eM.

Then f is a nonconstant stable harmonic map, a contradiction. Hence
each M, has the unstable identity map. By Proposition 5 M is a product
of compact irreducible symmetric spaces belonging to the list of Theorem
1. q.e.d.

4. Other Examples. By virtue of the formulas (1) and (2) we can
find many examples of harmonically unstable Riemannian manifolds. We
look at convex hypersurfaces of a Euclidean space and isoparametric
minimal hypersurfaces of a unit sphere.

PROPOSITION 6. Let M be an n-dimensional compact convex hyper-
surface in the Euclidean space E™*'. If the principal curvatures £, > 0
(t=1, ---,n) of M satisfies

B, <K+ co + Ky + By + 000 + K,
for each v with 1 <1 < n, the M s harmonically unstable.

Proor. Let f: N— M and h: M — N’ be nonconstant stable harmonic
maps, where N is a compact Riemannian manifold. By simple computa-
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tions, (1) and (2) give
TI‘ Qf = S

Ms
M:

rle— 3 k)(dfe), vo'doy

N a=11i=1 i=1, 3

R
Il
-
|

and

J

Tr @, = S ilﬂi(lci —

S, /cj><dh(v,-), dh()> dvy - q.e.d.
M i=1 =1, j#i
EXAMPLE. (1) Let M be a compact convex hypersurface in E"',
n = 8, such that its principal curvatures £, >0 (¢t =1, .-, n) satisfy
1/(n — 1) <k, £1. Then M is harmonically unstable.
(2) Let M be an ellipsoid in E"* defined by an equation ax} +
224 v +a2=1 a>0 If n=8 and 0<a<mn—1, then M is har-

monically unstable.

PrOOF of (2). It is easy to check that M has at most two distinct
principal curvatures k, = {a(a — 1)a + 1}72 and k, = a{a(e — 1)a} + 1}
with multiplicities 7 — 1 and 1, respectively. Hence we have k, < £, < ak,
for a =1, and ak, <k, <k, for a <1. The rest of the proof is im-
mediate. g.e.d.

The above example (2) is a slight extension of the result of Leung
[6].

Next let M be an isoparametric hypersurface in an (n + 1)-dimensional
unit sphere with ¢ distinet principal curvatures. Let &, >k, > -+ > £,
be the distinct principal curvatures of M and denote by m, the multiplicity
for k,. Miinzner [7], [8] showed the following;

(i) M, = Mgy, (indices modulo g) for any a€{0, ---, g — 1},

(ii) ¢=1,2,8,4 or 6,

(iii) if g = 3 or 6, then m, = m,.

Recently Abresch [1] showed that if g = 6, then m, =m, =1 or 2.

Assume that M is a minimal submanifold in the unit sphere. Then,
using the result of [7], we can show that in each case k, ‘-, k,_, are
given as follows:

ProPOSITION 7.

(1) If g=1, then k,= 0.

(2) If g =2, then &, = V'm,/m, and £, = —1V my/m,.

(8) Ifg=38, then £,=vV'3, k,=0 and k,= —V 3.

(4) If g =4, then £k, = V'm, + m, +V'm)V'm, &, = 0 "me + m;, —
Vm) IV m,, &, = (Vm,—V me+m)V m, and £, = — O me+m,+1V me) [V 'm,.

(5) Ifg=6,thenk,=2+V3,k=1,£=2—1V3,k=—2-1"3),
k,= —1and £,= —2 + 1V 3).

By Proposition 7 and the equation of Gauss we can compute the Ricci
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curvature p of M. The following isoparametric minimal hypersurfaces
satisfy o > n/2;

(1) 9=1 m=n2=3,
(2) 9=2, my=3 and m, = 3,
(83) 9=38, my=m, =3,

(4) g=4, m, m, = 4,
(5) g=6’ mo=’m1§5.
By Theorem 2 we obtain the following:

PROPOSITION 8. If M is an isoparametric compact minimal hyper-
surface in a unit sphere belonging to the above list, then M is harmonically
unstable.

We consider each of the five cases. Let M be an isoparametric
compact minimal hypersurface in a unit sphere with g distinct principal
curvatures.

(1) g=1: M is a great sphere S".

(2) g=2: M is a Clifford minimal hypersurface S*(v/p/n) x SV q/n)
m=p+q, L<p,q9g=<mn, m=p, m,=q) (cf. Cartan [2]).

(3) g =38: According to Cartan [3], all the isoparametric compact
minimal hypersurfaces with g =8 and m, = m, = 8 are homogeneous
hypersurfaces Sp(8)/Sp(1)* ((m,, m,) = (4, 4)) and F,/Spin(8) ((m, m, =
(8, 8)), which appear as principal orbits of the isotropy representations of
the symmetric spaces SU(6)/Sp(8) and E,/F,, respectively (cf. [19]).

(4) g = 4: According to Takagi and Takahashi [19], all the homo-
geneous compact minimal hypersurfaces with ¢ = 4 and m, m, = 4 are
(Sp(2) x Sp(p))/(Sp(1)*x Sp(p—1)) (p=38, (m,, m,) = (4, 4p—5)), UB)/(SU(2) x
SU@)x T ((mg, m,) = (4, 5)) and (UQ)x Spin(10))/(T* x SUM)) ((m,, m,) =
(6, 9)), which appear as principal orbits of the isotropy representations
of the symmetric spaces Sp(p + 2)/Sp(2) x Sp(p), SO10)/U(5) and E,/U(1) X
Spin(10), respectively. There are many inhomogeneous isoparametric
compact minimal hypersurfaces satisfying ¢ = 4 and m,, m, = 4 (cf. Ozeki
and Takeuchi [12], [18], Ferus, Karcher and Miinzner [4]).

(5) g = 6: By the result of Abresch there exists no isoparametric
hypersurface in a unit sphere with g = 6 and m, = m, = 5.

REMARK. I take this occasion to correct errors in my paper [10]:

(i) P88 12, “except SO(9)/SO(6)x SO(3) and” should be replaced by
“except Spin(d), Spin(7), Spin(8), SO(9)/SO6)x SO3) and”.

(ii) P38 |13, “non simply connected spaces SO(p + q)/S(O(p)x O(q))
(p = q=1)” should be replaced by “non simply connected spaces SO(n)
(n =5), SO + q)/SOP)x0(q) (p=g=1)".
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(iii) P38 | 18, “one of SO(9)/SO(6) x SO(3) and” should be replaced by

“one of Spin(8), SO9)/SO6)x SO(3) and”.
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