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The purpose of this article is to discuss the existence of almost
periodic solutions of a system of almost periodic integrodifferential
equations

(E) Ut) = Λ,fo(ί))|δ«(ί) - αw(ί)B,(ί) - Σ ati(t) Γ Kti(t - u)GJixs{u))du\ ,
\ 3=1 J-oo )

SΦi

i = 1, 2, « ,/c,

which describes a model of the dynamics of a fc-species system in
mathematical ecology when ht(s) = Gt(β) = s. When h^s) = Gt(s) = s and
β</(ί), 6<(ί) are cy-periodic, Gopalsamy [2] has recently discussed the
existence of co-periodic solutions of System (E) under some conditions.
In order to obtain an co-periodic solution of System (E), he has investigat-
ed the existence of ω-periodic solutions of another system

(Eo) Ut) -

— Σ aij(t) \ Σ Kiά{t — u + rω)Gi{xύ{n))dn
3=1 Jt-ωr=O
3'Φi

i = 1, 2, •••,&,

instead of the original system (E), because any ω-periodic solution of
System (E) is also an ω-periodic solution of System (Eo) and vice versa.
As easily seen, however, we cannot directly employ Gopalsamy's idea
when System (E) is almost periodic. In this article, we shall investigate
some stability properties of a solution of System (E), and consequently
obtain an almost periodic solution of System (JE). We emphasize that
our result contains Theorem 2.1 in [2] as a special case.

In what follows, we denote by Rk the /c-dimensional real Euclidean
space and by \x\ the norm of x e Rk. Throughout this paper, we suppose
that the functions hi9 bif aiS, Ki5 and Gt in System (E) are real-valued
continuous functions on R : = R1 and that the following conditions are
satisfied:
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(HI) aiS and bt are almost periodic functions, and \nίtGBaiά{t) > 0 and
inffei2 bt(t) > 0 for i, j = 1, , &;

(H2) Λ^s) > 0 for s > 0, /^(0) = 0 and Λ4(s) is Lipschitz continuous
in s for i = 1, , fc;

S oo foo

Ki:}(s)ds = 1 and I sKί:}(s)ds < °o for
o Jo

i, j = 1, ••-,&, i =5* i ;
(H4) (?,(<) is nondecreasing in £, G^ί) ̂  0 for t jΞ> 0 and t h e r e exists

a constant JSΓ > 0 satisfying |G4(ί) - G,(s)| ^ AΓ|ί - s\ for all ί , s e Λ and
all i = 1, ••-,&;

(H5) δ̂  > Σ aJfiiWa'u) for ΐ = 1, • , fc

where

6{ = inf &,(t) , 6J = sup 6y(ί)
tsiϋ tei?

aιa = inf α y , (ί) , α?y = sup α^/ί) , i, j = 1, , & .
ίeίί ίeiϊ

Let BC be the set of all bounded continuous functions from (— oo, 0]
into Rk and set ||^|| = sup8^0|^(s)l for ̂ eBC. From (H1)-(H4) it follows
that for any (ί0, <f) 6 R x BC there is a unique (local) solution x(t) =
(Xi(t), - - -, xk(t)) of System (JE) through (t09 φ), which is continuable to
t — oo if it remains bounded (cf. [1]). For each i we set

α? = δ?K and x« = min{a?f, [δ{ - g

From (HI) and (H5), ajf and ίcίsic are positive numbers for each ϊ. We
can prove the following lemma by repeating almost the same argument
as in [2, p. 325].

LEMMA 1. Let φ = (φlf , φk) G B C satisfy x^ ̂  φi(s) ̂  ίc? /or all
s 5̂  0 a n d aίi i = 1, ••-,&, and let x(t) = (flCi(<), , «*(ί)) δe the solution
of System (E) through (ί0> 0). Tfeen a?ίHe ^ &<(<) ̂  as* /or αM ί ̂  t0 a n d aZZ
i = 1, •••, fc.

We denote by S(JE7) t h e set of all solutions a (ί) = (^(ί), •••, xk{t)) of
System (JE) on i2 satisfying x^ ̂  «;<(<) ̂  α* for ollteR and all i = 1, , fc.
Then we have:

L E M M A 2. S(2£) ^ 0 .

P R O O F . By (HI) t h e r e exists a sequence {ίn}, ίn —> ©o as n —> °°, such
t h a t 6€(i + ίn) —> &<(<) and aiό(t + tn) —> α£ i(ί) as n —> oo uniformly on R.
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Let x(t) be a solution of System (JE) through (ί0, φ) e R x BC satisfying
%t*ί*%i(t)<*x* for all t^t0 and all i = l , ••-,&, whose existence was ensured
by Lemma 1. Clearly, the sequence {x(t + ίn)} is uniformly bounded and
equicontinuous on each bounded subset of R. Therefore, by Ascoli's
theorem and diagonalization procedure we may assume that the sequence
{x(t + tJ} converges to a continuous function p(t) = (Pi(ί), •• ,2>*(ί)) as
^ _> oo uniformly on each bounded subset of i2. Let a τ 6 i? be given.
We may assume that ίn + τ ^ f0 for all n. For £ ̂  0, we have

xt(t + tn + τ ) - xltn + τ)

δ«(β + U - α«(β + O»*(β + ί.)

- Σ aid(8 + tn) ^Kij(~v)Gi(xj(v + s + tn))dv]]ds .

Note that Kίj(—v)Gi(xj(v + s + ίn)) -^ Kij(—v)Gi(p3{v + s)) as w—> °o and
that l ί Γ ^ - ^ G ^ . ^ + s + ίw))l ^ ^ ( - ^ G i d l ^ H + xf) for v ^ 0 and se
[r, ί + τ]. Then, by (H3) and Lebesgue's dominated convergence theorem,
we obtain

J—o
Kij(-v)Gi(pj(v + s))dv

o

as n —> oo for each s e [τ, t + τ]. Moreover, from (H3),

Γ Kii("V)Gi(xJ(v + s + tn))cfo ^ Gt(\\φ\\ + a?J") .
J-OQ

Applying Lebesgue's dominated convergence theorem again, and letting
n —> co in (1), we have

r) - J[
Γ Kij(-v)Gi(pi(v + 8))dv

fc re ^η

- Σ «ii(β) 1 ^<i(s - uϊGάPsiuVduϊ Ids
3=1 J —°° / J

for all ί ^ 0 and all i = 1, , k. Since τ eR is arbitrarily given, p(ί) =
' *' f Pk(t)) is a solution of System (2?) on R. I t is clear that α?<s|t ^

^ &* for all ί e R and all i = 1, , k. Thus p e S(E). q.e.d.

By repeating almost the same argument as in the proof of Lemma 2,
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we also conclude:

LEMMA 3. Let a peS(E) and a sequence {tn}, tn ^ 0, be given. If

( 2 ) aiά(t + tn) —> aiS(t) and b^t + tn) —> bt(t) as n —> oo uniformly on R
for all i, j — 1, , k, and

(3 ) p(t + ί j —> p(t) as n —> oo uniformly on each bounded subset of R

for some functions aφ bt and p, then peS(E), where S(E) denotes the
set of all solutions y(t) = {y^it), , yk(t)) of the system

(E) Ut) = λ*(»*(ί))|6*(ί) - ά<t(t)yt(t) - Σ
% — 1, Δy , k, ,

on R satisfying x^ ^ yt(t) ^ xf for allteR and all i = 1, ••-,&. (Hence-

forth, we denote {p, E) e ί?(p, £7) ^ / ι e n (2) and (3)

Next, for any φ, ψ 6 BC we set

/Om(^, ψ) = SUP \φ(s) -

|O(̂ , Ψ) = Σ pjφ, ψ )/[2

Clearly, |θ(^n, φ) —> 0 as w —• oo if and only if ^n(s) —> φ(s) as n —> °° uni-
formly on each bounded subset of (— oo, 0]. For any function x:R^Rk

and any £ ei2, we define a function &*: (— oo, 0] —> i?fc by ίc*(s) = »(ί + s)
for 8 ^ 0.

DEFINITION 1. A function p e S(ί7) is said to be relatively uniformly
stable in Ω(E) (RUS in Ω(E), for short) if for any ε > 0 there exists a
δ(e) > 0 with the property that for any ί0 >̂ 0, any (p, E) 6 fl(p, JE7) and
any z e S(J&) satisfying ^(p*0, ^f°) < 3(ε) we have ρ(p\ zι) < e for all t ^ ί0.

DEFINITION 2. A function p e S(E) is said to be relatively weakly
uniformly asymptotically stable in Ω{E) (RWUAS in Ω(E)y for short) if
p is RUS in Ω_(E), and if ρ(p\ z^-^O as ί -> oo for all (p, E) e Ω(p, E)
and all zeS(E).

DEFINITION 3. A function p e S(E) is said to be relatively totally
stable for (E) (RTS for (E), for short) if for any e > 0 there exists a
<5(ε) > 0 with the property that if ί0 ^ 0, /o(a;*o, p<0) < δ(ε) and .flf(ί) =
(fl̂ i(ί)> ' •> Λ(ί))^ R^> Rk is any continuous function satisfying supt6iί!0(£)| <
δ(ε), then we have /o(a;*, p*) < ε for all t ^ ί0, where a? is any solution of
the system
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(Eδ) Ut) = ht(xt(t)){bi(t) - au(t)Xi(t)

- Σ ati{t) [ KtJ(t - uMxάundu] + &(t) ,
pi J"°° }

ί = l, •••,&,

on R satisfying x^ ^ xt(t) rg x* for all t e R and all i = 1, •••,&•

LEMMA 4. 1/ peS(E) is RWUAS m i2(£7), tΛβw it is RTS /or (£7).

PROOF. We give the proof for completeness, although it is essentially
the same as the one for [3, Theorem] (cf. [4, Proposition 4.1]). Suppose
the contrary. Then there exist an ε > 0, sequences {εj, 0 < εn < ε and
£ n - > 0 a s ^ - > o o , {8n}9 {Q, tn^sn^ 0, {gn} and {xn} such that gn: R -> Rk

is a continuous function satisfying suptβΛ|flfn(ί)| < εn and that

(4 ) p(p\ (xn)°«) < εn , p(p\ (xny*) - ε and

pip'Λx71)') <ε on [sn, tn) ,

where α;n is a solution of (ϋ^J on R satisfying x^ ^ (^7l)i(ί) ^ »* on Λ for
all i = l, •••,&. Furthermore, by (4) we can choose a sequence {rj,
sn < rra < ίn, so that

( 5 )

and

( 6 ) δ(ε/2)/2 ^p(p\(xnY)^ε on [rn, tn] ,

where δ( ) is the number given in Definition 1. We may assume that

n + t) —> p(ί) as ^ —> oo on each bounded subset of iϋ for a continuous
function p and that (p, E) eΩ(p, E). Moreover, we may assume that
%n(τn + t) —> 5(ί) as ^ —> oo uniformly on any bounded subset of R for a
continuous function z, since the sequence {α?n(τn + t)} is uniformly bounded
and equicontinuous on R. Then, the same argument as in the proof of
Lemma 2 shows that z e S(E). Now, suppose that tn — τn —> ©o as % —> oo.
Letting % ^ o o in (6) we have <5(ε/2)/2 ^ ρ{p\ zι) ^ ε for all t ^ 0. On
the other hand, p(p\ ϊ*)->0 as ί->oo, since p is RWUAS in Ω(E). This
is a contradiction. Thus, ίn — τn -» oo as ?ι—> oo. Taking a subsequence
if necessary, we may assume tn — τ n —• r < oo as n —> ©o. Letting n—>°°
in (5), we obtain ρ(p°, z°) = δ(ε/2)/2 < <5(ε/2), and hence ρ{p\ z*) < ε/2 for
all t ^ 0, because p is RUS in Ω(E). On the other hand, from (4) we
have p(pr, zr) — ε, which is a contradiction. This completes the proof.

Now, our main result on the existence of an almost periodic solution
of System (E) is the following:
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THEOREM. In addition to (H1)-(H5), suppose that

(H6) there exists a positive constant M such that

aι

u > N- Σ al + M for all i = 1, , k
3=1
jφi

(here, N is the number in (H4)). Then System (E) has a unique almost
periodic solution q(t) in S(E). Moreover, the module of q(t) is contained
in the module of {ai:j(t), b^t); ίf j = 1, , k}.

PROOF. Let p be an element in S(E). First of all, we shall prove
that p is RTS for (E). By Lemma 4 it suffices to show that p is
RWUAS in Ω(E). For arbitrary (p, E)eΩ(p, E) and zeS(E), let

( 7 ) v(t) = V(t, p( ),«(•)) = Σ

Σ

where

^ ( 8 ) : = Γ du\hlu) .

Note that the integrand in (7) converges by (H3) and that v(t) is continu-
ous in t. An easy computation shows that

( 8 ) D+v(t) ^ Σ { -α«(ί)|p*(«) - Ut)\ + iV Σα& zd(t) - p/ί)! J

by (H3), (H4) and (H6). Hence we have

v(t) - v(0) ^ — AT- Σ Γ |Pi(«) - «i(β)|ώ for t ^ 0 .
i = l Jo

\Pi(s) — Zi{s)\ds < oo, hence Σ J β l |j5<(ί) — «<(ί)l —> 0 as

0

t—>oo, since the function Σ*=i IPt(*) ~ î(*)l i s uniformly continuous on
[0, oo). Thus ρ(p*,z*)-^0 as ί->oo. Moreover, from (7) and (8) it
follows that
( 9 ) Σ \HiUt)) - H0lt))\ ^ v(t) S v(t0)

i

M\HIUU)) - Ht(UQ)\ + N ±aΐsxf Γ sK(ί(s)ds
ί = l L 3=1 JL

iΦί
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kk Coo _ _ Ί

+ N- Σ dΐi \ sKi3'(s)ds sup \Pj(u) — z5(u)\
i=l Jo tQ-LSuύtQ J

for all t ;> ί0 ^ 0 and all L ^ 0. For each ε > 0 we set

(10) δ(ε) = inf j Σ l^ fe) — Hi(Vι)\: \x — v\ ^ ε and &<s|ί ^ aj< ,

2/Ϊ ^ »* for all i = 1, , k\ .

Clearly, 3(e) > 0 by (H2). We select a number L > 0 so large that

k k roo

Σ Σ «?i»* I sKi3 (s)ds < δ(ε)/(2N) ,
i = l ί = l JL

jΦi

which is possible by (H3). Moreover, we select a <5(ε) e (0, ε) so that
h N' Σ ct?i \ sKijfyds sup |^(t̂ ) — ψ*(̂ )| r

ί

whenever (θ( ,̂ <ψθ < δ(e). Hence, if p(pt0, zt0) < δ(ε), we have

by (9), and consequently, |p(ί) - z{t)\ < ε for all t ^ t0 by (10). Thus, if
*̂&) < <5(ε), then

S «') ^ Σ (Λ(Pί0, ^t0) +
7 1 = 1

^ Σ S-iίO^p'o, 2Ό)/[1 + ^.(p^, «*•)] + e/(l + e)}
n = l

< <5(ε) + ε < 2ε

for all t ^ ίo Note that the number δ( ) is independent of the particular
choice of p,zeS(E). Therefore, each peS(E) is RWUAS in Ω(E).

Next, we shall prove that each p e S(E) is asymptotically almost
periodic. Let {tn} be any sequence satisfying tn —> oo as n —> oo. We may
assume that the sequence {p(t + ίJ}n=i is uniformly convergent on each
bounded subset of R and that the sequences {aiά{t + ίn)}n=i a n ( i {&i(ί + in)}n=i
are uniformly convergent on R. Set pm(t) = p(ί + ίm), £ 6 J?, for each
positive integer m. Clearly, p m is a solution of the system
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k rt \

— Σ dij(t + tm) \ Kί3(t — ifiGtίx/utyduϊ , i = 1, , k ,
i=l J -oo j

on R and it is RTS for System (Em) with the common number δ( )f since
p is RTS for (E) with the number δ( ) For any positive integers m and
w, we define a continuous function #m n : R-^ Rk by #mn(£) = (gmnι(ΐ)> ι

), where

»•»*(«): = A*(Pi(ί + «J)[δ*(ί + *») - Ut + ί J - (α«(ί + ίw) - α«(ί + t J)J><(* + O

- Σ K;(* + O - ^ ( ί + ί J} Γ X*y(ί - uWMu + tn))du\ ,

for i = 1, - -, k. Now, for any ε > 0 there exists a positive integer no(e)
such that sup t6 i2 |0mn(£)| < <5(ε) and ρ((pm)°, (pn)°) < <5(ε) itm,n^ no(e). Then,
the fact that pm is RTS for (Em) implies that ^((p^1)*, (pnY) < ε for all
t |Ξ> 0 if m, n^ no(έ), since p n is a solution of System ( J & ^ J on JB and
%i* ̂  (pn)i(t) i£ a?* for all ί ei2 and all i = 1, , k. Thus the sequence
{p(t + ίn)}*=i is uniformly convergent on [0, oo), which shows that p(t)
is asymptotically almost periodic, that is, p(t) is the sum of an almost
periodic function q(t) and a continuous function r(ί) defined on R such
that p{t) = gf(ί) + r(ί), ί e Λ, and r(ί) - > 0 a s ί - > o o (see [6]).

Finally, we shall show that g(ί) is a unique almost periodic solution
in S(E). We choose a sequence {sj, sn—> oo as n—> oo, such that
g(ί + sn) -> g(ί), Quit + sn) -> α t i(ί) and bt(t + sn) -> bt(t) as u —> oo uniformly
on i2. Then, qeS(E) by Lemma 3. Let q be another almost periodic
solution in S(E). Since qeS(E) is RWUAS in fl(£7), as was shown in
the first paragraph of the proof of the theorem, we obtain p(q*, ψ) —> 0
as ί —> oo and hence \q(t) — q(t)\ —»0 as ί —> oo. Hence q(t) = q(t) on R,
because q and £ are almost periodic. Thus, System (E) has q(t) as a
unique almost periodic solution in S(E). The assertion on the module of
q(t) can be proved by standard argument (see, for instance, [5, Lemma
5.1]).

As an immediate consequence of our theorem, we obtain the following
result, which was proved by Gopalsamy in [2, Theorem 2.1] when hjiβ) =
Gt(8) = s.

COROLLARY. Under the assumptions (H1)-(H6), suppose that aiό(t)
and bi(t) are co-periodic for all ί, j — 1, •••,&. Then System (E) has a
unique ω-periodic solution in S(E).
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