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Introduction. Let S"(c) be an n-dimensional sphere of constant cur-
vature ¢ in an (n + 1)-dimensional Euclidean space R"*'. A hypersurface
in S* = S*(1) defined by the equation

208 + 3(x? + ab)xs — 6(x: + x2D)x, + 3 X VAt — xP)x, + 6 X 3V w,w, = 2

was investigated by E. Cartan [1], who proved that this space is a
homogeneous Riemannian manifold SO(8)/(Z,x Z,) and that the principal
curvatures of the hypersurface are equal to 3%, 0 and —3Y% everywhere.
This is called the Cartan hypersurface in S*, which is one of isoparametric
hypersurfaces in a sphere. The classification of isoparametric hypersur-
faces in a real space form has been studied by Miinzner [8], Ozeki and
Takeuchi [9], Takagi and Takahashi [15] and so on.

For the Cartan hypersurface in a sphere S* there seem to be two
studies from different points of view: n-dimensional homogeneous hyper-
surfaces in a real space form were investigated by Kobayashi [5] and
Takahashi [16], who gave the classification except when n = 3 and type
number 2, or when n = 2. Takagi [14] noted that the exceptional case
actually characterizes the Cartan hypersurface, i.e., the 3-dimensional
Cartan hypersurface is the only connected homogeneous hypersurface in S*
whose type number is equal to 2 at some point. The other is due to Peng
and Terng [10], who investigated closed minimal hypersurfaces in a sphere
the square length of whose second fundamental form is constant, thereby
characterized the Cartan hypersurface in S*.

The purpose of this paper is to give another characterization of the
Cartan hypersurface in a sphere from the standpoint of Ricci tensor. In
§1, we recall briefly the theory of hypersurfaces in a real space form
and in §2 we outline some properties of isoparametric hypersurfaces, one
of which is called a Cartan hypersurface. The Riceci tensor S with com-
ponents R;; is said to be cyclic-parallel, if the cyclic sum of the covariant
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derivatives vanishes identically, i.e., if it satisfies
Ru’k + R.iki + Rkii =0 ’

where R;; denote the components of the covariant derivatives of S. In
§3, we treat a hypersurface in a real space form whose Ricci tensor is
cyclic-parallel, and in the last section it is proved that the Cartan hyper-
surface is the only closed hypersurface in S""(¢) with constant mean
curvature whose Ricci tensor is cyclic-parallel but not parallel (see Theo-
rem 4.1).

1. Preliminaries. In order to fix notation, we briefly recall the
theory of hypersurfaces in a Riemannian manifold of constant curvature.
Let M = M*"(c) denote an (n + 1)-dimensional connected Riemannian
manifold of constant curvature ¢ and let M denote an n(= 2)-dimensional
connected Riemannian manifold. We denote by ¢ a fixed isometric immer-
sion of M into M. When the argument is local, M need not be distinguished
from ¢(M). Thus, for simplicity, a point £ in M may be identified with
the point ¢(x) and a tangent vector X at x may also be identified with
the tangent vector d¢(X) at 4(x) via the differential dp of ¢. We choose
a local field {e, ---,e,, e,.,} of orthonormal frames in M in such a way
that, restricted to M, the vectors e, ---, ¢, are tangent to M and hence
the other e,,, is normal to M. Let {®, *--, @,, ®,.,} be the field of dual
frames associated with the above frame field. Throughout the present
paper the following convention on the range of indices are used, unless
otherwise stated:

AB, -+ =12, ---,m,mn+1,
Uiy =12, m.
Then, the structure equations of M are given by
1.1) do, + EB_“@AB/\E)B =0, @up + 05, =0,
(1.2) A5 + X BuoNBos = ¢, Ny

where @,, denote the connection forms on M. The restriction of these
forms ®, and @,z to M are simply denoted by w, and w,p without bar,
respectively. Hence we have w,,, = 0. The metric on M induced from
the Riemannian metric g in the ambient space M by the immersion ¢ is
given by ¢ = 2>}, w;*w,. Then {e, ---, e,} becomes a field of orthonormal
frames on M with respect to this metric and w,, ---, w, are the canonical
forms on M. It is clear from w,,, = 0 and the Cartan lemma that

1.3) Wpy1; = 2 hijw; , hij = hj; .
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The quadratic form >}, ;h;;w.w; is called the second fundamental form
on M. The (1,1) tensor field A on M defined by

9AX, Y) = 3 by (X)wi(Y)

for any vector fields X and Y is called the shape operator of M. The
eigenvalues \,, -+, A, of the shape operator A, at each point x in M are
called the principal curvatures at x for the immersion. Furthermore,
Tr A/n = >, \/n is called the mean curvature of M at x. In terms of
the canonical forms w; and the connection forms w,;, the structure equ-
ations on the hypersurface M are given as follows:

(1.4) da)i + Z a)“-/\a)]- - 0 y a),;j + a)j,; == 0 N
(1.5) da),;j + ; a)ik/\wkj = .Q“' y
(1.6) Q= —% (Rijul2) 0 ANy ,

where 2,; (resp. R,;;) denotes the curvature form (resp. the curvature
tensor) on M. By means of the above structure equations of M and M,
the Gauss equation of the hypersurface is obtained as

1.7 Ry = ¢(0405 — 0u0j) + hahjy, — hahy

and the Ricci tensor S with components R,; and the scalar curvature R
can be respectively expressed as follows:

1.8) R,; = (n —1)cd;; + hhy; — > hyh,;
(1.9) R =nn — Lec + h* — > hihi; ,
3

where h is a function defined by kA = 3>}, h, so that it satisfies h = nH
for the mean curvature H of the hypersurface.

Now, the components h,; and R,; of the covariant derivatives of the
second fundamental form and S are respectively defined by

(1.10) % hijka)k - dh“ - % hk_.,-wki - ; hika)kj y
(1.11) zk“ .Rijka)k = dR” - %“ Rkja),“- - ; lewk] .

Since the ambient space M is of constant curvature, we get the Codazzi
equation
(1.12) Pz — hag = 0 .

Moreover, the Ricci tensor satisfies the following equation
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(1.13) Ek'. R0, = ; {hhiik + hyhi; — ; (hipphr; + hirh'rjk)}wk ’

where dh = >, h,o;.
The Ricei tensor S of a Riemannian manifold is said to be cyclic-
parallel if

(1.14) R + Ry + Ry =0 .

From the last equation and the second Bianchi identity it is easily seen
that the scalar curvature R of M is constant everywhere (cf. [3]). It
follows from (1.12) and (1.13) that the Ricci tensor S of the hypersurface
M is cyclic-parallel if and only if

(1.18)  Ryhi; + hiha + hiby + 3hhiy, — 2 3 (Richoi + Richpis + biglis) = 0.

REMARK 1. Riemannian manifolds with volume-preserving or, equiva-
lently, divergence-preserving geodesic symmetries were studied by D’Atri
and Nickerson [3], [4], Vanhecke [18] and so on. Such a manifold is called
a D’Atrit space. An analytic Riemannian manifold is known to be a
D’Atri space if and only if it satisfies an infinite sequence of equations
for the curvature tensor and its covariant derivatives. The cyclic-parallel
condition is the first equation in the infinite sequence. The class of
D’ Atri spaces includes Riemannian locally symmetric spaces and harmonic
spaces. For D’Atri spaces we refer the reader to [17], for instance.

REMARK 2. By [6] and [13] there exist Riemannian manifolds whose
Ricci tensors are cyclic-parallel but not parallel. Gray [6] and Simon [12]
independently obtained a sufficient condition for a Riemannian manifold
with eyclic-parallel Ricei tensor to become an Einstein manifold or to
have a parallel Ricci tensor.

2. Cartan hypersurfaces. In this section some properties of iso-
parametric hypersurfaces will be outlined. From now on we assume M =
M™*(e) in Section 1 to be complete and simply connected. Accordingly,
it is a sphere S"*!(¢), a Euclidean space R™" or a hyperbolic space H"*'(c).
A smooth real valued function f defined on an open set U in M is said
to be isoparametric, if || df||* and A f are functions of f, where A denotes
the Laplacian operator of M. A hypersurface M of M is said to be iso-
parametric, if for each point p of M, there exist an open neighborhood
Uof pin M and an isoparametric function f defined on U such that
UNM is a level hypersurface of f. On the other hand, for a connected
hypersurface M with a smooth unit normal ¢ and for a given ¢ >0, a

family of parallel hypersurfaces ¢,: M — M is defined by ¢,(x) = exp, t&,
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for any ¢t in (—¢, ¢), where exp denotes the exponential map on M. As
[1] showed, ¢,(M) = M has constant principal curvatures if and only if
each M, = ¢,(M) has constant mean curvature. Furthermore, the above
property is equivalent to the fact that each M, has constant principal
curvatures. Since a family of level hypersurfaces of an isoparametric
function is parallel and each level hypersurface has constant mean cur-
vature, the hypersurface M is isoparametric if and only if M has constant
principal curvatures. For an isoparametric hypersurface M in M, let
Moy ooy with g, > -+ > p, be distinct principal curvatures with
multiplicities n,, -, n;, respectively. Then E. Cartan [1] obtained the
following identities: for each a, 1 < a <k,

b; nb(l + #blua)/(#b - #a) = O .

These basic identities impose some restrictions on the range of the number
of distinet principal curvatures and their multiplicities. In fact, if ¢ <0,
then £k < 2. In particular, if k£ =2, then ¢ + g, = 0. Furthermore,
an n(= 2)-dimensional complete isoparametric hypersurface M with two
distinct principal curvatures in M is completely classified in [1], [9] and
so on, and it is isometric to one of the following spaces: S?xS™?, S?x
R** or S?x H"*. Notice that the Ricci tensor of each of these hyper-
surfaces is parallel. The following theorem is due to E. Cartan [1], [2]
and Miinzner [8].

THEOREM 2.1. Let M be a compact isoparametric hypersurface in
S**(c) and let p, <+, tt, with , > -+ >, be the distinct constant
principal curvatures with multiplicities n,, +-+, n,. Then the following
properties are valid:

(1) k s either 1, 2, 3, 4 or 6.

(2) If k=38, then my,=mn,=n,=2" (r=20,1,2,3).

(8) There exists an angle 6 € (0, w/k) such that

o= c"cot{l@ — Dafk + 6}, a=1, - k.

The calculation of the mean curvature of each M, in an isoparametric
family {M,} of hypersurfaces in S™*!(¢) implies that there exists a unique
minimal hypersurface in this family. In [1] and [2], E. Cartan determined
all isoparametric hypersurfaces in S™" with three distinct principal
curvatures. In this case, each compact isoparametric hypersurface was
shown to be homogeneous. In particular, the Cartan hypersurface in S*
defined in the introduction is the only complete minimal hypersurface in
S* with three distinct constant principal curvatures up to congruence in
S* and others are all rigid, because each type number is greater than 4
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at any point (cf. Ryan [11]). A compact hypersurface in S"*'(¢) having
principal curvatures (3¢)"?, 0 and —(3¢)"* with the same multiplicity m
(=n/3) is called a Cartan hypersurface.

For later use, we now derive a property of the Ricci tensors of
Cartan hypersurfaces.

PROPOSITION 2.2. Let M be a Cartan hypersurface in S™*'(1). Then
the Ricci temsor is cyclic-parallel but not parallel.

Proor. Since the second fundamental form A,; on M is diagonalizable,
a local field {e;} of orthonormal frames on M can be chosen in such a way
that h,; = \,0,;, namely,

hab:?’lﬂaab! a, br e :17 e, M,
hfrs:Oy T’s;"':m_'_lr'..yzm’
hy = —8%,,, ,¥Y, - =2m+1, -, m,

h,; =0 for other ¢ and 7,
because the principal curvatures are constant. Then the covariant deri-
vatives h,; of h; satisfy
2.1) hae = Pyt = hoy = 0 for any k,
;haskwk = —3"w,, ,

(2.2) 3 by, = —2%X 8w, ,

% h,,.yka)k = _31/2(0,.” .

It follows from (2.2) that there are indices a, s and y such that h,,, # 0,
which means that the second fundamental form on M is not parallel.
Since, by [7], the Ricci tensor of a hypersurface in S"*' is parallel if and
only if the second fundamental form is parallel, the Ricci tensor of the
Cartan hypersurface is not parallel. On the other hand, (2.1) yields

v + N+ M)hy, =0 for any 4, 7 and &,
because M has three distinet principal curvatures 32, 0 and —3'* with
the same multiplicity m. This is equivalent to

Z (hirhjkr + hjrhkifr + hkrhi.ir) =0. q'e°d'

r

3. Case without simple roots. Let M be an n-dimensional hyper-
surface in M""(¢) with cyclic-parallel Riceci tensor and let H be the mean
curvature of M. In this section, we assume that

3.1) Agrad H=0, namely, >, h;h;=0.
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For the sake of brevity, a tensor (k;;)™ and a function a, on M for any
integer m are introduced as follows:
(hii)m = Z hiil hiliz v him_lj ’

3.2 11sensim_1
©:2) am=$(hu>"‘, a, =4,

where a, = h = nH. Since the scalar curvature R of M is constant, so
is the function h* — a,, which implies
(3.3 do, = 2hdh .

The generalization of this fact is desirable. A formula we give below
might be useful for this purpose. Obviously, we have

dam = g‘ m(htj)m_ldhij y

which together with (1.10) gives
(3.4) da, = m % hii(he)™ '@y
o
because (h,;)™ is symmetric with respect to the indices ¢ and j, and the

connection form w,; is skew-symmetric with respect to 7 and j. First
of all, we have the following equation:

LEMMA 3.1. Let M be an n-dimensional hypersurface in M™t'(c) with
cyclic-parallel Ricci temsor. If A grad H = 0, then we have

3.5) datns: = (m + 1) é‘s (8h/4) et _dh/A

for any integer m = 1.

Proor. We show (8.5) by induction on m. (3.3) shows that the case
where m = 1 in (8.5) is valid, because of o, = 4. Suppose that (3.5) holds
when m is replaced by m — 1. Multiplying (&;;)™* to (1.15) and summing
up the result for 7 and ¢, we find

h.et,, + 3h g‘ hise(hi)™ ™ = 4 g. hisu(hi)™ + 2 i;h Riahign(hi)™ "
with the aid of (8.1) and (8.2), which together with (3.4) implies
andh + 3hdan/m = ddatys/(m + 1) + 2 3, hy@;daa(e)/m .
»J

By (8.1) and the induction assumption, the last term on the right hand
side vanishes identically and m is replaced by m + 1 in (8.5), hence

dda,,, = (m + 1){a,,, + 3h"§: G/ ., /4}dh ,
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which yields (38.5). q.e.d.
We define a function H,, for any integer m (= 2) by

(3.6) H, z‘,( 1)k<m/ ) .

LEMMA 3.2. Let M be a hypersurface in M™*'(c) with cyclic-parallel
Ricei tensor. If Agrad H = 0, then H, is constant on M for any integer
m = 2.

PrROOF. A straightforward calculation by means of (8.5) gives

=S W flh) + B fom)

where a function f on Z* is given by
[ 8\ 1k rm/ —r/8\°" A m[4
70 = (3)7 (MR (2) T o),

which can be shown to vanish by induction on k. Therefore H, is con-
stant on M. g.e.d.

The equation (3.6) is rewritten as

Ay = (1) {4(";14> — ( m/4 >}h”‘ + mha,_J4 + H,

m —1
m=2 LMl
- % (_1) ( k >h [ A

which enables us to obtain

m+1

(8.7 Q1 — bty = k; HGpiis

where G, denotes a polynomial in A with constant coefficients such that
deg G, < k. Since the second fundamental form h,; is diagonalizable, an
orthonormal basis {e} at a point x on M can be chosen in such a way
that h,; = \0;;, namely, A, +:+, N\, are the principal curvatures at the
point x. A principal curvature A, is called a simple root at x if the
multiplicity at x is equal to one. We then prove:

LEMMA 38.3. Let M be a hypersurface in M™(c) with cyclic-parallel
Ricei temsor. If the shape operator A of M has no simple roots on M,
then A grad H = 0.

Proor. For the shape operator A and for a point x of M, we denote
by E,(x) the number of distinct eigenvalues of A,. Let M, be the set
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of points x such that E, is constant in a neighborhood of x. Then M,
is clearly an open and dense subset in M. In each connected component
of M, the eigenvalues of A are well-defined and are distinet smooth
functions everywhere so that the distribution of the spaces of eigenvec-
tors corresponding to each eigenvalue can be defined. They are mutually
orthogonal smooth distributions in each connected component of M,.
Because of the assumption that the second fundamental form A, has no
simple roots, there is an index s # r in [»] = {s: \, = \,} at each point «
in M,. In this case we have h,, = h,, in a neighborhood U of x in M,
and hence

(3'8) hrrk = hssk in U

for any index k.
On the other hand, when k =¢ = j = r in (1.15), we have

(3.9) o, + (h — 20 )h,,, =0 in U.
When k=, ¢t = j = s in (1.15), we also have, by the Codazzi equation
for the submanifold,

hon, + 3(h — 20)hy, =0 in U,

and consequently A\, + 8(h — 2\,)h,,, = 0. Thus it follows from (3.8) and
(8.9) that 2\, = 0 and hence 2\, = 0 for any index ¢ in U. Accordingly,
Siihiyh; =0 on M, and hence on M, because M, is dense. q.e.d.

Under the same assumption as that in Lemma 3.3, we are going to
prove that the mean curvature H of M is constant. The function «,,

can be written as

M, m=2,8, .

M-

Il

B10) =4, a=h=3\, a,=
i=1

=1

Now, let fi(\), -+, f,(A) be elementary symmetric functions of =
()\‘1’ ‘Y )\’n)’ that isf

fi=£0) = =3,

fo=F\) = (_1)22):57\13‘ ’
(3.11) e i
fo=£00 = (=" T

Then it is well known that f,, ---, f, and a,, +-*, a,, @,,, are related by
the Newton formulas:
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(8.12) :gfkam_k + mf, =0 for any integer m<n +1,
=0

where f, =1 and f, =0 for m >n. When these formulas are regarded
as linear homogeneous simultaneous equations with respect to (1, f;, «*+, f),
the determinant of coefficients vanishes identically by elimination theory.
By means of (38.7) and the Laplace expansion of this determinant, we can
verify that «, is the root of an algebraic equation with constant coeffici-
ents, unless all H, vanish. The mean curvature H is then constant on
M. But, if all H,’s are zero, then (8.7) says a,, = ha,_, for all m = 2.
Since the shape operator A of M is assumed to have no simple roots, M
is totally geodesic by a simple algebraic calculation involving (8.11) and
(3.12).

Combining these facts with Lemmas 8.2 and 3.3, one finds the fol-
lowing:

PROPOSITION 3.4. Let M be a hypersurface in M™t'(c) with cyclic-
parallel Ricct temsor. If the shape operator of M has mo simple roots,
the mean curvature of M is constant.

The following property follows from (3.10), Lemma 3.1 and Proposi-
tion 3.4.

COROLLARY 3.5. Let M be a hypersurface in M"*(c) with cyclic-
parallel Ricei tensor. If the shape operator of M has no simple roots,
then the principal curvatures of M are constant.

REMARK. Let M be a hypersurface in M"*(c) with cyclic-parallel
Ricei tensor. If the number of distinct principal curvatures is equal to
two and if the multiplicity of one of them is equal to one, then they
are constant and hence M has a parallel Ricei tensor.

4. A characterization. We now characterize the Cartan hypersur-
faces in S™*. A hypersurface with parallel Ricei tensor in a real space
form M™*'(¢) (¢ # 0) is completely determined in [7], for example, and
the number of distinet principal curvatures of the hypersurface is at
most two. Accordingly, we may assume that the Ricci tensor is not
parallel. We know the following:

THEOREM 4.1. Let M be a closed hypersurface in S™*'(c) with constant
mean curvature. If the Ricci temsor S of M 1is cyclic-parallel but mnot
parallel, then M is congruent to one of the Cartan hypersurfaces.

We devote the rest of this paper to the proof of this theorem. We
first bound the number of distinet principal curvatures of M from above
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as follows, since we would like to conclude it to be at least three.

LEMMA 4.2, The number of distinct eigenvalues of the shape operator
A s at most four.

Proor. The covariant derivative h;, of A, is
; hijuw, = dh,j — ;h,jkwu — ; hap@i; — Z;“ by, -
Then by (1.15) we have
Bhhy = 2 Er, (Rishriir + By + Bophrisi + Boahoge + Rosiby + Rohns)
Taking the skew-symmetric part with respect to the indices ¢ and ! and

making use of the Ricci formula, we have
Sh zr‘l (Rlijrhrk + Rlikrh/jr) = 2 ; {hlrhrjki - hirhrjkl + Rlikr(hjr)2 - thir(hrk)z} .

Summing up this equation with respect to ! and k, we get
2 Tz} hrathrsj =2 % {Rrjis(hn)2 — 2 Rrja'r(hai)2 + zrz“ll Rlirshrjhal
+ 3h Z (Rrjarhsi - Rrjish"rs) ’
since the Ricci tensor R,; and the second fundamental form k,; commute

with each other. If we substitute (1.7) and (1.8) into this last equation,
then we get

41 23 ke = o2, — 3875, + {Bn + 2)ch + 20, — Shathy,
+ Bh* + 2a, — 4ne)(hy)* — 4h(hy;)’ .

On the other hand, by (1.7) and (1.8) and the Ricci formula for &,;, we
easily have

4.2) 2 > hyshije, = 28R — 4a,)0y; + (Bhat, — 4oy — 3nch)h;
+(4dem — 3hH(hy;)? + 4h(h,;)® .
By (1.15), the covariant derivative of (k,;)* is given by

4.3) 2(h)i = 3hhyy — 2 ; hilyii s

which yields

(4.4) 2(higt = 2 2 (i) hrgs + X Bhbige — 23 hashiudhas
and hence

(his)i — (i)} = 3 30 hlhslms — Hashri)/2 -
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The Ricei formula for (k,;;)°* together with the above equation implies that
A(h/i:i)s = Sh(z Ahirhrj + Z hnihni - Z hijnhrs)/z - Z Rriis(hn)a
+ g:l Rir(hrj)s .
The covariant derivative of (4.4) gives
A(hii)s = ZI (hir)fhrsj + Z (hi'r)2Ah'rj + 3}1’(2 Ahirhrj + Z h'raihrsj)/z
- rﬁalt hn(hritaht.i + hrtihstj) .
By (4.1) and (4.2), the last two equations are reduced to the following
relationship for the shape operator:
(4.5) 4hA* + 22nc — 3h*)A® + 3(8h%/4 + ha, — a; — 2nch)A?
+ [8h(da; — Bha)/4 — a, — 3c{a, — (Bn + 4)h*/4}]A
+ ¢{8h(da, — 8h)/4 — a,} ] =0,
where I denotes the identity map of the tangent space. q.e.d.

We are now ready to prove Theorem 4.1. By the rigidity of the
Cartan hypersurfaces, it suffices to show that M is minimal and has three
distinet principal curvatures. Since the number k& of distinet principal
curvatures is at most four by Lemma 4.2, suppose first that £ = 4. Then
(4.5) implies that » = 0. Let g, (a =1, --+,4) be the distinct principal
curvatures of M with multiplicities n,. Then Theorem 2.1 implies

Y, =c”cot{la — /4 + 60}, 0<6<m/d

for all a, which yield
II#.=c", 20 Mallslte = —C 2 My«
a a<b<e a

Since g, (a =1, -+, 4) are all distinct solutions of the algebraic equation
(4.5), a simple calculation for the relationship between the solutions and
the coefficients gives rise to

a; — h(Ba, — IR’ [4 — 4¢) =0,
a, — 3hay + 3(Bh*/4 + ¢, — 3(8n — 4)ch* /4 — 4nc* =0 .

If the term a, is eliminated from the second equation of (4.6) and the
trace of (4.5), then we have

2h* — a, + ne)as + {a, — 91} 4 — (n + 4)ctha, + (In/4 — 2)ch® + dnc*h =0,

which is equivalent to

(4.6)

h E hijkhijk =0 ’
1,5,k
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by virtue of (4.1) and the first equation of (4.6). This means that the
second fundamental form must be parallel, because % is non-zero, a con-
tradiction to the assumption. Hence k = 3. Let g, (a = 1, 2, 3) be distinct
principal curvatures with multiplicity m. For any indices ¢, 5 and k such
that [4], [J] and [k] are mutually distinet, (1.15) implies

Bm — 2hhy =0 .

Thus » must vanish, namely, the hypersurface M is minimal. Then, by
(1.15), the trace of (4.5) and the minimality of M, we have a,(a, — 1¢) = 0,
hence «; vanishes identically. Thus the equation (4.5) implies

t=x>0, =0 and = —x,
with A\? = (a, + 3ca,)/dnc, and hence
A =3¢,

because they are all of the same multiplicity. Since the Cartan hyper-
surfaces are the only closed minimal hypersurfaces in S*** with three
distinet principal curvatures up to congruence in S"*!, the proof of
Theorem 4.1 is complete.
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