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Introduction. In algebraic geometry, double coverings are very useful, and many
results on them are well-known. On the other hand, there are not so many papers about
triple coverings ([1], [5], [7]). In this paper, we construct a triple covering of a certain
type of an algebraic surface by using a different method from Miranda’s in [5], and
consider its application. For general references on triple coverings of algebraic surfaces,
see Miranda [5] or Tokunaga [7].

Let X be a nonsingular algebraic surface and let 4,, 4, By, B, be smooth divisors
on X satisfying the following conditions:

() Ao~A, and By~B,,.

(ii)) The divisor Ay+ A+ By+ B, has only simple normal crossings as its

singularities.

By ay, a., by and b, we denote the defining equations for 4,, 4., B, and B,
respectively.

(iii) For suitable a, B € C, the divisor defined by the equation

adayb? + B*ad bi=0
is reduced and the divisor defined by the equation
a(@aipl + fa% b)) =0

has singularities at most at Aon A4, Bon B, Aon By and 4, nB,.
Under the above conditions, we consider a cubic extension of C(Z) defined by the

equation
3 ao bO
X° 43 X+2p — }=0.
ay by,

Let 6 be a solution of the above equation, and let S’ be a C(2)(0)-normalization
of Z. Then S’ is a normal finite triple covering of X. By p: S'—2X we denote its covering
map. We now state our results:

THEOREM (A). Singularities of S’ are rational triple points of the following form:
(1) The points lying over Aqn A, and Byn B. The singular points whose minimal
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resolutions have the following configuration of the exceptional set as in Figure 1, (i).
(2) The points lying over A, n B,,. The singular points whose minimal resolutions
have the following configuration of the exceptional set as in Figure 1, (ii).

-0
(ii)

FIGURE 1

THEOREM (B). The branch divisor of p is a divisor on X defined by the equations
a,(oadb? + B*a’b3)=0, and b,=0,

Moreover, p~'(x) for xe A, (e a3b’ +B?abl) consists of two points, while
p~ () for ye B, consists of one point.

By using the above Theorems (A) and (B), we can compute c? and ¢, for a smooth
model of ', and we obtain the following result as an application of Theorems (A) and (B).

THEOREM 5.2. There exists a minimal surface of general type S with invariants
c2(S)=4n—8, c,(S)=20n—4, P(S)=2n—-2,
which has the structure of a non-Galois trigonal fiber space over P*.

As for the definition of a trigonal fiber space, see Defintion 5.1.

Note that all surfaces which have the numerical invariants as above satisfy
Noether’s equality ¢} =2p,—4.

Section 1 starts with a summary on triple coverings of algebraic surfaces without
proof. In Section 2, we consider the ramification in codimension one for p, and prove
Theorem (B). In Section 3, we examine the singularities of S’ and its resolutions, and
prove Theorem (A). In Section 4, we give easy examples and compute their ¢7 and c,.
In Section 5, we define trigonal fiber spaces and prove Theorem 5.2.

The author would like to express his gratitude to Dr. Yoshio Fujimoto for useful
comments.

NoOTATION AND CONVENTIONS. In this paper, the ground field is always the com-
plex number field C.
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g(C) :=the genus of a curve C.

q(X):=dim; H}(X, Oy).

p,(X):=dim¢ H'(X, Oy) with n=dim X.

C(X): the rational function field of X.

Sing (X): the singular locus of X.

¢{(X): the i-th Chern class of X.

Let f: X— Y be a morphism from a normal variety to another normal variety Y.
fis said to be ramified at xe X if f is not étale at x. f is said to be branched over
ye Y if fis not étale over y. Hence the ramification divisor is a divisor on X, while the
branch divisor is a divisor on Y.

For a divisor D on Y, f~!(D) denotes the set-theoretic inverse image of D, while
f*(D) denotes the ordinary pullback.

Let D,, D, be divisors.

D, ~ D,: linear equivalence of divisors.

D, ~ D,: numerical equivalence of divisors.

A rational curve with self-intersection number —#n (n>0) is called a (—n)-curve
and is represented by a circle with —rn inside. A possibly irrational curve with
self-intersection number —n is represented by a line with —n beside it.

1. A triple covering of an algebraic surface. Let 2 be an algebraic surface and

C(2) be its rational function field. Let K be an algebraic extension of C(2) determined
by an equation

X3+43aX+2b=0

with a, be C(2). Let S be a K-normalization of X so that C(S)=K. (For the definition
of K-normalization and its property, see litaka [3].) Assume that K is not a cyclic
extension. Then as in [7] there exists a double covering f, : D(S/2)—2X of X associated
with the triple covering p: S—2. We call D(S/X) the discriminant surface of p: S—Z.
Moreover, there exists a cyclic triple covering B, : S—D(S/Z) of D(S/X) associated with
the triple covering p: S—Z. We call S the minimal splitting surface of p: S—2. For
details, see [7]. We obtain a diagram

S
S/‘w‘
P D(S/%)
b

where p, : §—Z is the Galois covering with Galois group of S;.

ReMARK. If p: S—2X is a cyclic triple covering, then D(S/Z)=2 and S=S5.
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In the above notation, the following hold:

ProPOSITION 1.1 (cf. [7]). Let p: S—Z and p,: S—Z% be as above. By con-
struction, C(8) is a Galois extension of C(Z) with the Galois group Gal(C(8)/C(X))~
S, or Z/3Z. The birational maps of S into itself over X induced by the elements of
Gal(C(S)/C(2)) are automorphisms of S.

LEmMMA 1.2 (cf. [7]). Let p: S—Z, and p,: S—Z be as above. Assume that X is

smooth. Then by the purity of branch locus (see Zariski [6]), the branch loci of p and p,
are divisors on Y. We denote their support by A(S/2) and A(S|X), respectively. Then

AS/Z)=A(S/Z).
REMARK. There is another approach to triple coverings due to Miranda [5]. He

studied triple coverings by means of rank two vector bundles called Tschirnhausen
modules.

2. The codimension one ramification of a triple covering. In this section, we assume
that 2 is always smooth. By the purity of branch locus, the branch locus 4(S’/2) of
the triple covering p: S'—2 is a divisor on X.

LEMMA 2.1. Let p: S'>2X be a normal finite triple covering over a smooth surface
Z. Assume that C(S")= C(2)(0), where 0 satisfies an equation

X?+3aX+2b=0, with a=£13, b=:—°eC(Z).
a

o0 0

Then
A(S'/Z)c(a, =0)u (b, =0)u(adb? +a’b2=0).
Proor. Consider the surface
S":={(x, )€ X x P'| >+ 3a(x)t+2b(x) =0} ,

where ¢ is an inhomogeneous coordinate of P*. Let S’ be a normalization of S”. Then
we get a commutative diagram

SIII

where s is the Stein factorization, » is the normalization S"'—S"” and ¢, is the projec-
tion: T x P! >Z.
Let x be a point which is not contained in the closed subset
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(@, =0)u(b,=0)U(agh’ +ab}=0).
Then g, ,5.: §”—Z is étale over x. Therefore by the above diagram, p is étale over x.
qg.e.d.

By Lemmas 1.2 and 2.1, to study the ramification of p: $'—2Z, it is enough to

investigate the ramification of p, : §'—X. Hence we consider ramifications of two cyclic
coverings

B,: D(S'/Z)-»% and B,: §'-D(S'/Z).

Assume that a finite triple covering p: S’— 2 is obtained by an algebraic extension
associate with

X3 +3020x + 2/32)[)£=0

0 o]
which satisfies the conditions (i), (ii) and (iii) in the introduction.
Put
_ &Pagh? + pral by
alb? '

Then C(D(S'/2))=C(Z )(\/7!7). Therefore, the ramification locus of f#,: D(S'/Z)—2X is
the divisor

R

B=A_u(a3b? + p*adb:=0).

We next consider the branch locus of 8, along divisors. By Lemma 2.1, and the
above argument, if f, is ramified over some divisors, then it must be f¥(B,). (Note
that B, cannot be ramified over the ramification divisor of f,.)

CLAM 2.2. B, is ramified over f¥(B,).

Proor. Since the problem is local, we restrict ourselves to an affine neighborhood
where f¥(B,,) is smooth. Moreover, it is enough to consider our problem over an affine
open subset U in X which satisfies the following:

(i) U=Spec(C[x, y]).
(i) The defining equation of B in U is x=0.
(iii) The equation X3+ (3aay/a,)X +(2Bby/b,)=0 is represented in U as

X3+3X+2/x=0.

Under the above assumption, we obtain R=(x?+ 1)/x2. Hence the double covering
B11(U) is of the form

B1'(U)=Spec(CLx, y, {1/({*~x*~1)).

We investigate the ramification of B, over the double covering By !(U). It is well-
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cs)=cz )(3 [— /3’{‘(?) +/ 7!5) (Cardano’s formula) .

Therefore, the cyclic triple covering f5 *(B; }(U)) is obtained as
B3 (B 1(U))=Spec(A[n/(* =) »

known that

where
A=C[X, Y, C]/(CZ_XZ_ 1) .
Note that

3 [7_ 3 —
Cw;l(ﬁ;1(U)>)=C(B;1<U))< \/Z;)J(B;I(U»(_@*_B@—”),

where the bar means the equivalence class in 4. Then f can be written as
f=C+DC-1%.
Therefore, f, is ramified over the divisor defined by {= +1, that is, x=0. q.ed

By the above argument, it is easy to show that the ramification index of p~!(B) is
equal to 2, while the ramification index of p~!(B,) is equal to 3.
We summarize what we obtained in this section.

THEOREM (B). Let p: S'>2 be a finite normal triple covering. Assume that X is
smooth and the rational function field C(S’) is an algebraic extension of C(X) satisfying
the conditions in the introduction. Then the branch divisor of p is a divisor on X defined
by the local equations

a,(agb? +B*abt)=0 and b,=0.

Moreover, p~(x) consists of two points for a general xe A u(a>a3b% + p%a b3 =0),
while p~'(y) consists of one point for a general ye B,

3. Singular points of S’ and their resolutions. In this section, we investigate the
singularities of S’ and their resolutions. To this aim, we examine the singularities of
D(S'/Z) and S’ and their resolutions.

(I) Singularities of D(S’/X). First of all, we investigate the singularities of
D(S/%). Since D(S’/Z) is a normal finite double covering, the singularities of D(S’/X)
lie over those of the branch locus. In Section 2, we have seen that the branch locus of
By to be A, u(xPajb? + p*a> b =0). Hence, by our assumption, its singularities are
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AoNAye:x(»*+x%)=0
AoNBy:x3+3y?=0
AenNB,:x(y*+x%)=0
BynB, :x*+y*=0.

Note that we always take a suitable local coordinate system. Therefore the singularities
of D(S'/Z) are

simple elliptic singularities over 4on A4,

A,-singularities over A, n B,

Ds-singularities over 4, n B,

A,-singularities over Byn B,,.

We now investigate the singularities of $’. For this purpose, we consider a smooth
model S of S’. From now on, we will use the following notation:

b J A

D(S'/Z)« £ D(S'/2)”

b l J A
DR T b

where 7 is a_succession of blowing-ups, u: D(S/X)~ - D(S/Z) is the minimal resolution
of D(S'/%), B, is the not necessarily finite morphism induced by f,, f; is the induced
double covering, and S is a smooth model of S’.

(II) Analysis of the morphism f,, and a resolution of the singularities of S
In a neighborhood of a smooth point of D(S’/X), u is an isomorphism. Hence f, is
the same as f8,. Therefore, it is sufficient to examine f, in a neighborhood of each excep-
tional set. We study f, for each type of singularities of D(S’/X).

Case (i) A simple elliptic singularity.

Let p, be a point of 4yn A4 . It is enough to consider our problem over an affine
open subset U, in 2 such that

U, =Spec(C[x, y])

and that x=0, y=0 are the defining equations for 4, and 4,, respectively. Moreover,
the equation X3+ (3ag/a )X+ (2bo/b,) =0 is represented in U as X3+ (3y/x)X+2=0.

Let m,, : U, - U, be the blowing-up at p,, and choose an affine open cover of U,
defined by

U,=V,uV, with V,=Spec(C[x,s]), V,=Spec(C[y,t]), y=xs, x=yt.
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Under the above assumption, on U,, V; and V,, we obtain

_X+y’ x(x’+y7)

R 3 e on U,
x*sP+1
(—4) on Vl
x
= 4t t4
}# on V,.
Yot

Therefore, the double coverings f; !(V,) and B }(V,) are

{l?f (V1) =Spec(CLx, 5, {;1/({T—5>— 1)
B (V) =Spec(CLy, 1, (1[G ~1*~1)) .

Moreover,

-1+
” [x(x + %) i
 HORS T=[—1+C_; """ (%)

7

Let E denote the exceptional elliptic curve of the above simple elliptic singularity. By
the results in Section 2 and the fact that f, is not ramified over the ramification divisor
of f§,, we see that if f§, is not ramified along some divisor over f;*(V,) and i '(V,),
then the divisor is the exceptional divisor E. But, from (x,), it is easy to see that f, is
not ramified over E. Therefore, f§, is étale over E. Hence, as the inverse image of E,
there are two possibilities:

() B5'(E) is irreducible,

(ii)) B, !(E) has three irreducible components which are isomorphic to each other.

CLamm 3.1.  B;\(E) is irreducible.

ProOOF OF CLAM 3.1. Since our concern is a cyclic triple covering over E, it is
enough to consider the restricted morphisms f,| B5 ') and B.lz. By our construction,
the rational function field of the elliptic curve E is C(E) = C(P*)(x, y), where y?>=x>+1.
By the theory of elliptic functions, we may assume that x=3, y=%’, where P is the
Weierstrass B-function of E, while P’ is the differential of . Moreover, C(B; !(E)) is
equal to

CE)R/PB+1).

From a general theory of cyclic coverings (see [3]), if f5 '(E) is reducible, then
'+ 1 must have the form

P+1=73, for feC(E),
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———  fIY(E)

twelve
ramification
points

P <€ P! (=2) =
four ramification points

% N

the blowing-up at p, (=1

FIGURE 2

which is impossible. Therefore, 5 !(E) is irreducible. q.e.d.

A smooth model S of S’ is obtained as a quotient surface S/1 where 1 is an
appropriate involution induced by an element of the Galois group. It is clear that 1 has
a fixed point on f; !(E). There are four fixed points. Hence a resolution of the singular

point p~!(p)ep™ (4o n 4,,) is
B ' (B (V) u By M(BTH (VL)<

and its exceptional set is S(E)/{1), that is, a rational curve whose self-intersection
number is — 3. Figure 2 explains the above argument.

Case (ii)) A,-singularity.

Let p, be a point of 4,n B,. In the same way as in Case (i), we consider our
problem over an affine open set

U, =Spec(C[x, y])

such that x=0, y=0 are the defining equations for 4, and A4, respectively. Moreover,
the equation X2+ (3ao/a,)X +(2bo/b,,)=0 is represented in U as X3+ 3xX+2y=0.

Let m,,: U,— U, be the blowing-up at p,, and choose an affine open cover of U,
defined by

U,=V,uV, with V,=Spec(C[x,s]), V,=Spec(C[y,(]), y=xs, x=yt.
In the above notation, we obtain

R=y*+x3 on U,
_{xz(x+s2) on V,

y2(y*4+1) on V,.

Therefore, the double coverings A7 !(V,) and 7 1(V,) are

{5(‘(V1)=SPCC(C[x, s, 011/ —x—s%)
By 1(V2)=Spec(CLy, t, {,1/((5—y> = 1)).

Moreover,
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—G+0)E=0)*  on BTV

—Br()+/y+x3= g o
)+ {fis(fz+l)(fz—l)2 on frvy
Clearly,

o O+l

S+zl— 7

e 01

__s+Zl_ t’ .

Therefore, f, is ramified over the divisors defined by the equations
51+§=0 and El—.ST:O

Note that these divisors are the inverse images of the exceptional curve of the blowing-
up at p,.

By the above argument, in a neighborhood p~!(p,), the surface S can be regarded
as a resolution of the singularity defined by an equation

23 —w?=0,

which is a rational triple point. The configurations of exceptional sets on n~*(U),
Bri(V,uV,) and B7Y(V,uV,), respectively, are as in Figure 3. Note that the above
resolution is not minimal. By contracting (— 1)-curves, we obtain the minimal resolu-
tion. S’ turns out to be smooth over 4,n By, and the structure of the triple covering
is the same as that in [7, §2, Example 3].

Case (iii) Ds-singularity.

Let p; be a point of 4, nB,. In the same way as in the preceding two cases, it
is enough to consider our problem over an affine open set

Us =Spec(CLx, y])

(=1 (=1

Pl
(=3)

p! P! \
/ P _ (-2
P (py) é———- the minimal resolution '><‘
(=2)
v ) N/
P2 P!
the branch locus

FIGURE 3
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53=0 Sy=S5,=1 $,=0

s=0
' (s, 53) | (52, 54)

|’l=
=0 =0

1) ‘(y. n ™)

FIGURE 4

such that x=0, y =0 are the defining equations for 4, and B, respectively. Moreover,
the equation X3 + (3ay/a., )X + (2bo/b.,) =0is represented in Uas X3 + (3/x)X + (2/y) =0.

Let m,,: U,— U, be a succession of blowing-ups such that the branch locus of §,
is a smooth divisor on U,. We introduce an affine open cover

U,=V,uV,uVuV,uVs

with V', =Spec(C[x, s,1), V, =Spec(C[s,, 54]), V3=Spec(C[s, s5]), V,=Spec(C[, t,]),
Vs=Spec(C[y, t,]), where

x=2885,=5%5, =525,
y=xs=x2s=5%5,=5%3=5353,
x=yt=y%t, =1,

y= ttz .

Figure 4 describes the configuration of the exceptional curves, coordinates and the
branch locus on U,. In this notation, we get the following forms of R on each affine
open set V; (i=1, 2, 3, 4, 5):

=x(y2 +x3)=xsf 1 s+l _syss+1)_n(1+ t“tz):tl(l +y*53)
x*y? x*s? sSsh s55% 1518 iy

Therefore, the double coverings f; X(V)) (i=1, 2, 3, 4, 5) are

i '(V1)=Spec(CLx, s,, {;1/({} —xs3— 1))

Bi'(V2)=Spec(CLs, 84, {21/((3— 54— 1))

Bi 1(V3)=Spec(CLs, s3, {31/((3 —s3(s5+1)))

B (Va)=Spec(CLt, 15, ()3~ 1(1+1%1,)))

Bi '(Vs)=Spec(CLy, t;, {51/ — (1 +y*8))) -

R
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We obtain the following on each open set f; !(V), (i=1, 2, 3, 4, 5):

_,;-*<1)+\/W=ZI— 1_G-1_G-5_0-11_C—137
\y x%y x%5,  §53w: 0 5% 372 2P
Let us analyze §, on each affine open set 7 1(V)) (i=1, 2, 3, 4, 5).
On B71(V,), the action of the Galois group is

-0

Moreover, by the relation {2 — 1 = 25, we see that the branch locus of f§, contains the
divisors defined by the equations ¥=0, or §, =0. Hence S is obtained as a resolution
of the two singularities over x=35, =0.

On B (V,), the action of the Galois group is

Zz’_’_z-z .

Moreover, by the relation {2—1=3, we see that the branch locus of f, is a divisor
defined by the equation 5, =0.
On B7(V,), the action of the Galois group is

G—--0.

Moreover, by the relation {2 —352=53 if §, is ramified over some divisors on S} !(V;),
then it is the divisor defined by the equation §; =0. But this is a part of the ramification
divisor of f,. Since $ cannot have a ramification divisor whose ramification index is
6, we see that B, is étale over 7 1(Vs).

By the same argument as above, we can conclude that f, is étale over the double
coverings 7 (V.,), B (V). The configuration of the exceptional curves is as in Figure
5. To obtain a minimal resolution of the singularity p~*(p;), we need to investigate the
action of the Galois group with respect to exceptional curves. To this aim, it is enough
to look at the structure of the Galois covering

(=4 (=2 (=2) (-2)(-2) (=2) (=) (=2)(=D(=1)

A

ﬁl l ' . /}2
-2l 1

= 2

(=2) (-2)(-2) (=3) (-3
Us Bi'(Us) B3 BN (Ts)

All curves are isomorphic to P'.

FIGURE 5
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Bz (BT H(s=0))u Bz {(BT (s, =0))>P" .
By our construction, it is easy to show that f; !(f7!(s=0)) is the Galois covering
associated to a triple covering of A'(=Spec(C[u])) defined by the equation

X} +@/wX+Q/w=0,

where u is a coordinate of A*, while §; !(f '(s,=0)) is the Galois covering associated
to a triple covering of A4!(=Spec(C[u])) defined by the equation

X3 +(3/v)X+(2/v*)=0,

where v is a coordinate of 4.
By the above fact, and a calculation similar to that in [7, §2, Example 1], we see
that the structure of the Galois covering

B3 (BT *(s=0))u B3 *(BT *(s,=0))>P*

is the same as that in [5, §2, Example 1] (i.e., the action of the Galois group is the
same). Therefore, it is easy to show that the resolution of p~!(p;) has the configuration

(=2 (=4 (=D (=2)(=2)(=2)(=D(=D

’ the double covering \ \ ‘ l ‘(—6)

3) (=2)(=2)(-2) (=3(=3)

All curves are isomorphic to P*.

FIGURE 6

(=2 (=3) (=2

(=2

N

All curves are isomorphic to P'.

FIGURE 7
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of the excepional set as in Figure 6. Note that the above resolution is not minimal. By
contracting exceptional curves of the first kind, we obtain the minimal resolution of
the singularity p~*(p;). The resulting configuration of exceptional curves is as in Figure
7.

Case (iv) A,-singularity.

Let p, be a point of Byn B,,. In the same way as in the preceding cases, we consider
our problem over an affine open set

U, =Spec(C[x, y])
such that x =0, y =0 denote the defining equations for B, and B, respectively. Moreover,
in U,, the equation X+ (3ao/a,)X + (2bo/b,,) =0 has the form X3 +3X +(y/x)=0.
Let m,,: U,- U, be the blowing-up at p,. We take an affine open covers
U,=V,uV, with V,=Spec(C[x,s]), V,=Spec(C[y,]), y=xs, x=yt.
In this notation, R has the following form on each open set:

_xP4y?

x2

R

?+1
2 on (y,0).

['1 +s? on (x,5),

Therefore, the double coverings f7 (V) (i=1, 2) are
{B:II(V1)=SPGC(C[x, 5, (1 —s*=1))
By '(V2)=Spec(CLy, £, L]/ -1 ~1)).

Moreover,

2 2
Y\, [Pty
ﬁl(; + 2

X

—5—‘"‘{1 on El—l(Vl)
= 1 2 -
[—“}5 on FI(Vy).

Let us analyze f, on each affine open set Bii(v) (i=1,2).
On S !(V,), the action of the Galois group is

51""""(1 .

Moreover, by the relation [’ 1—52=1, we see that f, is étale over B 1(V,).
On B '(V,), the action of the Galois group is

Zz"‘*"‘fz .

Moreover, by the relation {3 — 1 =72, we see that f§, is ramified along the divisor defined
by the equation 7=0.

To obtain the minimal resolution of p~*(p,), we use the same argument as in Case
(ii). Namely, we look at the structure of the Galois covering
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Bz H(BT Hx=0)uB; (BT (y=0)~P'.

By our construction, it is easy to show that §; '(f; (x=0)) is the Galois covering
associated to a triple covering of A' =Spec(C[u]) defined by the equation,

X*+3X+2u=0,
where u is a coordinate of A'. Therefore the Galois covering
B BT (x=0)u Bz (BT (y=0)—~ P!
is the same as that in [7, §2, Example 1]. Therefore, the resolution of p~!(p,) has a

rational curve with self-intersection number —3 as its exceptional set.
In summing up, we have obtained the following result in this section:

THEOREM (A). Let S’ be a normal finite triple covering of a smooth surface X which
satisfies the conditions in the introduction. Then the singularities of S' are rational triple
points of the following form:

(i) The points lying over Aqn A, and Byn B,,. The singular points whose minimal
resolutions have the configuration of excepional sets as in Figure 1, (i).

(ii) The points lying over Ayn A,. The singular points whose minimal resolutions
have the configuration of exceptional sets as in Figure 1, (ii).

4. Elementary examples.
EXAMPLE 4.1. Let ¥ =P? and consider the equation
X3+l )X+2=0,

where /), [, are linear forms. Assume that /,, [ satisfy the three conditions in the
introduction. Let S’ be the corresponding normal finite triple covering of P2, and S be
a smooth model. Then S is a minimal rational ruled surface of degree 3, and we obtain
S’ by contracting the negative section of S. Moreover, both D(S’/Z) and § are ruled
surfaces whose base curves are elliptic curves. We see these properties by the blowing-up
at lynl,.

REMARK 4.2. In the above example, S’ is isomorphic to a triple covering of P2
in [7, §2, Example 2], while both S and D(S’/Z) are different from those of [7, §2,
Example 2].

ExaMPLE 4.3. Let X =P? and consider an equation
X34+3X+2G,/G,=0,

where both G, and G,, are homogeneous polynomials of degree n. Assume that the
divisors G,=0, G, =0 satisfy three conditions in the introduction for some a, feC.
For brevity, let us assume a=f=1. Let S’ be the corresponding normal finite triple
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covering of P2, and S be a smooth model. Then

{Cf(S )=(n—3)(5n—9)
,(S)=Tn?—12n+9 .

Indeed, let 7: P?2— P? be a succession of blowing-ups at the n? intersection points
of G,=0 and G, =0. Since
R_G<2>+G30_(Go+« /—=1G NGy—+/ —1G )
G G2 ’
the branch locus of f,: D(S’/P?)~ — P? is reducible of the form
E=§1+Bz, 31§2=0.

Let B be the divisor G3+ G2 =0, and B, the strict transformation of the divisor
G, =0. As is well-known, we have

~ 1
KD(S'/PZ)” %ﬁfﬂ“(K’Z +'2—B) .
By what we saw in Section 3, we have
~ % 2 A%
Ks® B3\ Kpisp- +§Bl(Bw) .

We need to consider the ramification locus of a: $— 8. It is easy to show that
{~3‘(5T31)=2(R'1 + R+ R3)
P3(B1B;)=2(R{+ R3+ R3),
and that the ramification divisor of a is of the form R;+ R{, for some i. We may assume
i=1. Then, we obtain

a*Ks+(R| + R))~ Ks% ﬁ;(KD(S’/Pzr + iﬁf3m> .
Since R?=R}?>=0, and since both R and R/ are smooth divisors isomorphic to B,
and B,, respectively, we obtain
Ks(Ry+R))=2n(n—3), and K%=2(n—3)(Tn—-9).
Therefore, we get
2(S)=(n—-3)(5n—-9).

Let us now compute the second Chern class ¢,(S) of S by a Hurwitz type argument.
We need the following important claim, which easily follows from Claim 2.2.

CLAIM. The divisor f*(B.,) on D (S'/P?)" consists of two components, both of which
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are isomorphic to B .
By the above claim and a Hurwitz type argument, we see that
c2(PP)=cy(P)+n?,
(D(S'/P?)™)=2¢,(P*) +2(29(B,)-2)
c2(8)=3¢2(D(S'/P?) ™) +2 % 2(29(B,) —2) = 2¢5(S) + 229(R)) - 2) ,
where g(C) denotes the genus of a curve C. By the above equalities, we obtain
c,(S)=Tn*—12n+9.

REMARK 4.4. Set n=1 in the above example. Then, S is the same as that in [7,
§2, Example 2]. We can easily check that the above formulas hold in this case.

REMARK 4.5. Note that S is not necessarily minimal.

ExXAMPLE 4.6. Let X=P' x P! with homogeneous coordinates ([s: 5,1, [fo: 7. ])-
Let S" be the C(2)(0)-normalization of X where 0 satisfies the cubic equation

X2 4 (350/50)X +(2t9/t,)=0 .
It is clear that the conditions in the introduction are satisfied, and we have

_ Soo(801% +5515)

Soole

R

Hence the branch locus of p: $’—P'x P! is the divisor defined by the equation
850 (831% +5%513)t, =0, and p is totally ramified along ¢, =0 (see, Figure 8). There is a
unique singularity of S lying over (s, =0)n(7,=0). In the following, we study the

Pl

to= lo=0
Pl

s : the branch locus of p

FIGURE 8
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smooth models of S’, ', and D(S’/P' x P'). Consider a succession of blowing-ups
at (s,=0)n(z,=0) and (s, =0)n(¢,=0) as in Figure 9. Note that by blowing down
suitable rational curves, we obtain a rational ruled surface 2,, and the corresponding
branch locus is an effective divisor which is linearly equivalent to 4,+ 34, where we
denote the negative section and the positive section on X, by 4, and 4, respectively.
Hence, it is easy to check that the minimal resolution of D(S’/P! x P'), which we denote
by D(S'/P! x P*)~, is a rational elliptic surface with sections and its two singular fibers
are of types IV and IV* in the notation due to Kodaira [4] (See Figure 10). From
results in Section 3, the branch locus of f, consists of E; (i=1, 2) and E; (j=1, 2,3,
4), and we have a smooth model of $’ as in Figure 11. Hence, by blowing down suitable
rational curves, the above smooth model becomes a rational elliptic surface of the same
type as D(S’/P! x P')~. We thus have a smooth model of S’ as in Figure 12. Finally,
we have the minimal resolution S of S’ as in Figure 13. Note that the (— 1)-curves map
to the divisors #, =0and ¢, =0, respectively, and that Sis also a rational ruled surface.

5. Trigonal fiber spaces. In this section, we apply the preceding results to
construction of surfaces of general type.

DerFINITION S5.1. Let S be a surface and f: S—C a morphism from S to a curve
C with a connected fiber. We call f: S— C a trigonal fiber space if there exists a dominant
rational map @ of degree 3 from S to a ruled surface X over C such that the following
diagram commutes.

We call f: S—C a non-Galois trigonal fiber space if a general fiber of f'is equipped with
the structure of a non-Galois triple covering of P* through the rational map .

We devote this section to proving the following theorem:
THEOREM 5.2. There exists a minimal surface S of general type with invariants
c}(S)=4n-8, c(8)=20n—4, p(S)=2n—-2 (n=>3),
which has structure of a non-Galois trigonal fiber space over P*.

REMARK 5.3. Note that the surface whose numerical invariants are the same as
above satisfies Noether’s equality, ¢} =2p,—4. It is known (cf. Horikawa [2]) that such
a surface is always a double covering over a suitable rational surfaces. It is an interesting
problem to express S in Theorem 5.2 in this manner.

From now on, we use the following notation:
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Z,: a rational ruled surface of degree n (n>2).

S : the negative section of 2.

S, the positive section of X,.

f :a fiber of the ruling for Z,.

Theorem 5.2 is an easy consequence of the following:

ProrosITION 5.4. Let C(Z,)(0) be an algebraic extension of C(Z,) defined by an
equation

X343X+2b=0, beC(Z,).

Assume that b satisfies the condition in the introduction for a= =1, and denote B,=(b),,
B,=(b),€|25,|. Then the smooth model S of the C(Z,)(0)-normalization S’ of X,
(¢f. litaka [2, §2.14]) as in the preceding section is a minimal surface with numerical invari-
ants

X(S)=4n—8,  c(S)=20n—4, p(S)=2n—2.

PrROOF. We first compute ¢3(S). Let n: £,—Z, be a succession of blowing-ups at
the 4n intersection points of B, and B, . In the same way as in Example 4.3, the branch
locus of f, is reducible of the form

D=D1+D2, D1D2=0.
As is well-known, we have
Kpis'izn -~ BEn*(Ks, +255) ~ Brn*(n—2)f) ,

where f*: D(S’/Z,)~ - %,. Note that |Kpsz,)~| 18 base-point-free since n>2.
Since f,: S—D(S'/Z,)" is a cyclic triple covering branched along §*B,, where B
is the strict transformation of B, we obtain

3Ks~ ﬁg(:;KD(S’/}.‘,,) ~+ Zﬁ’{'l_?m) ~ ﬁ;ﬁf@”*(("’ -2+ 2Bao) .

To compute c2(S), we now represent K in terms of K and the ramification locus
of a: §— S, which has the following form:
Set

BB (D)=2R,+ Ry +Ry),  B3BH(D)=2R{+R;+R3).

Then we may assume R;,=R;+R] to be the ramification locus of a. We get
a*Ks+ R, =K. Hence,

oa*Ks~Ks— Ry~ B5ft(3n*((n—2)f) +2B,)— R, .
By our construction, we can easily show
RZ=R?=R}=R{*=R;*=Rj*=0,
RR;=R;R;/=0 for i>j,



582 H. TOKUNAGA

KsR,=KsR|=2n—4 .

Hence we get (¢*K5)>*=8n—16, and K3=4n—38.

Next, we compute c,(S) by a Hurwitz type argument. Note that the divisor B*B,
on D(S’/Z,) consists of two components, both of which are isomorphic to B, by the
Calim in Example 4.3. Hence it is easy to show that

e (Z)=c,(Z,)+4n
¢ (D(S'/Z,)™ =2¢(Z,) +(29(D1) —2) + (29(D) —2)
¢2(8)=3¢2(D(S'/Z,)™ +2 x 2(2g(B,,) —2) =2¢(S) +(29(R)) —2) + (2g(R}) —2) .
Since,
2g(R\)—2=2¢g(R|)—2=29(B,)—2=2¢g(D,)—2=2g(D,)—2=2n—4,
we obtain ¢,(S)=2n—4. As for the equality p,(S)=2n—2, we use Noether’s formula

1
X(@s)=1_2‘(cf +¢3),

by which we have p,=2n—2+¢. Hence it suffices to show ¢g=0.

LEMMA 5.5. Let f: S—C be a surjective morphism from a surface to a curve of
genus g with connected fibers. Assume that there exists a singular fiber of f whose irreduci-
ble components are all rational curves. Then q(S)=g.

PROOF OF LEMMA 5.5. Itis clear that ¢(S)>g. Assume that g(S)>g. Consider the
Albanese mapping o: S—Alb(S). Since ¢(S)>g, the image of a general fiber of f'is a
curve in Alb(S). Let L be an ample line bundle over Alb(S). Then

L-(x (a general fiber))>0 .

On the other hand, let F be the singular fiber as above. Then a(F) is a point. Therefore,
L-(x(F))=0. This contradicts the fact that F is numerically equivalent to a general fiber.
q.ed.

We now continue the proof of Theorem 5.2. Consider the fibration induced by
f:8-%,-%,-P.

By Lemma 5.4, it is enough to show that the fibration f has a singular fiber whose
irreducible components are all rational curves. To see this, consider a fiber f of X,— P!
such that fn(By,n B,)# . There are two possibilities:

(@) fn(BynB,) is a point.

(i) fn(Byn B,) consists of two points.

In Case (i), we can show that the singular fiber of f over f consists of two rational
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curves with three intersection points with the configuration as in Figure 14, (i).

In Case (ii), we can show that the singular fiber of f over { consists of five rational
curves with the configuration as in Figure 14, (ii).

We thus conclude that f: S— P! has a singular fiber whose irreducible components
are all rational curves. Therefore, we obtain ¢=0.

It remains to show that S is a minimal surface. It sufficies to show that a*Kj is
numerically effective. Since

3Ks~BEp*(3n*((n—2))+2B,) and Ks~a*Ks+R,,
we get
3a*Ks~ B3 Br(3n*((n—2)f) + 2B5B1B,, — 3R, .
By our construction, f¥f*(B,)~B*p*(D) (i=1, 2) and R}, R/ (i=1, 2, 3) are all
numerically equivalent to one another. Hence
3a*Ks= BB (3n*((n—2)7) +6R .

Moreover, both f*B*(n*(f)) and R, are numerically effective divisors. Therefore, oa*Kg

is numerically effective, and S is a minimal surface. This completes the proof of
Proposition 5.4.
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REMARK 5.6. Note that a general fiber of f: S— P! is a curve of genus 2 as we
show in the Appendix below.

APPENDIX. A curve of genus 2 as a trigonal curve.
It is well-known that a curve of genus 2 is hyperelliptic. On the other hand, for
any divisor D of degree 3 on a curve C of genus 2, we have

dim HO(C, 0 (b)) =2

by the Riemann-Roch theorem. Therefore, C can be regarded as a trigonal curve. As
for their structure of ramification as triple coverings over P!, there are five types (0) ~ (IV)
as in Figure 15.

For each type, there exists a cubic equation corresponding to the covering. The
proof of the following is easy.

THEOREM. Let t be an inhomogeneous coordinate of P'. Then the following holds:
The covering corresponding to the equation

t—a)t—b)
t

X3+3( X+2=0 (a#b, a,b#0, )

is of Type (0).
The covering corresponding to the equation

t_
X3+3(—Z—)X+2t=0 (a#b, a,b=0, )
is of Type (I).
The covering corresponding to the equation
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X3+3X+zg°(t)=0,

Q)

where go(t), g(t) are polynomials with degg,=degg,=2, and no common zeros, is
of Type (II).
The covering corresponding to the equation

XP43X42 2(t—a)+(t—1)*(1—b) —o (a;eb,a,b;éo,l,)

J=H=blt—12—(—a)} 4ab—8b+1#0
is of Type (I11).
The covering corresponding to the equation
X4 go(?) -0
go(t)

where g, and g, satisfy the same condition as in the third case, is of Type (IV).
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