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\S 1. Introduction.

Let $M$ and $N$ be two compact connected Riemannian manifolds. A smooth
mapping $F:M\rightarrow N$ is called harmonic if it is an extremal of the energy. More-
over, if harmonic mapping $F:M\rightarrow N$ is an isometric immersion, then $F$ is called
minimal. The existence and construction of minimal immersions and harmonic
mappings are interesting and important problems in various situations. T.
Takahashi proved the following theorem.

THEOREM (T. TAKAHASHI [5]). A compact homogeneous Riemannian mani-
fold with irreducible linear isotropy group admits a minimal immersion in a
Euclidean sphere.

In \S 3, we construct minimal immersions and harmonic mappings of com-
pact Riemannian homogeneous spaces into Grassmann manifolds (Theorem 3.1).

Applying this, we prove

THEOREM A.
(1) A compact Riemannian homogeneous space of $dimension\geqq 2$ with irre-

ducible linear isotropy group admits an equivariant minimal immersion into a
Grassmann manifold.

(2) There exists a nonconstant equivariant harmonic mapping from a compact
Riemannian homogeneous space with non trivial isotropy group into a Grassmann
manifold.

In Theorem $A$ , we can restrict ambient manifolds to projective spaces or
$G_{2.n}(R)$ if the domain manifolds are compact irreducible symmetric spaces.

More precisely,

Received February 19, 1992, Revised May 18, 1992.



170 Osamu IKAWA

THEOREM B.
(1) Let $M$ be a compact irreducible Riemannian symmetric space of dimen-

$sion\geqq 2$ .
(i) $M$ admits an equivariant minimal immersion into a real projective

space or $G_{2.n}(R)$ .
(ii) $M$ admits an equivariant minimal immersion into a complex pro-

jective space.
(iii) $M$ admits an equivariant minimal lmmersion into a quaternion pro-

jective space.
(2) Let $M$ be a compact Riemannian symmetric space with non trivial iso-

tropy group.
(i) There exists a nonconstant equivariant harmonic mapping from $M$

into a real projective space or $G_{2.n}(R)$ .
(ii) There exists a nonconstant equivariant harmonic mapping from $M$

into a complex projective space.
(iii) There exists a nonconstant equivariant harmonic mapping from $M$

into a quaternion projective space.

On the other hand, it is an important problem to know whether a given
minimal submanifold is stable or not. Simons [4] proved that there are no
stable minimal submanifolds in $S^{n}$ . Nagura [3] studied on the spectra of the
Jacobi differential operator for minimally immersed spheres into spheres. In
\S 4, the problem of computing the spectra of the Jacobi differential operator of
equivariant minimal immersions of compact Riemannian homogeneous spaces
into compact Riemannian homogeneous spaces is reduced to the eigenvalue
problems for certain linear mappings of finite dimensional vector spaces apply-
ing the representation theory of compact Lie groups (Theorem 4.2).

In \S 5, applying the results in \S 3 and \S 4, we study the equivariant minimal
immersions of $S^{2}$ into Grassmann manifolds.

The author would like to express his hearty thanks to Professors Tsunero
Takahashi and Hiroyuki Tasaki who gave him valuable advice during the pre-
paration of this note.

\S 2. Preliminaries.

2.1. Let $G$ (resp. $U$) be a compact connected Lie group with Lie algebra
$\mathfrak{g}$ (resp. u) and $K$ (resp. $L$ ) be a closed subgroup of $G$ (resp. $U$ ) with Lie alge-

bra $f$ (resp. 1). Then $M=G/K$ (resp. $N=U/L$ ) is a compact Riemannian homo-
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geneous space with $G$ (resp. $U$)-invariant Riemannian metric. Since $K$ (resp.

$L)$ is compact, $M$ (resp. $N$ ) is reductive, that is, there exist an $Ad(K)$ (resp.

$Ad(L))$-invariant subspace $\mathfrak{m}$ (resp. $\mathfrak{p}$ ) such that

$\mathfrak{g}=f+\mathfrak{m}$ (direct sum) (resp. $t1=\mathfrak{l}+\mathfrak{p}$).

We call $\mathfrak{m}$ (resp. p) a Lie subspace of $M$ (resp. $N$ ). We identify the tangent
space $T_{0}(M)$ (resp. $T_{0}(N)$ ) at $0=\pi(e)$ with $\mathfrak{m}$ (resp. $\mathfrak{p}$ ) in a natural manner,

where $\pi$ is the natural projection of $G$ (resp. $U$ ) onto $M$ (resp. $N$ ). The dif-
ferential mapping $k_{*}(k\in K)$ (resp. $1_{*}(l\in L)$ ) acting on $T_{o}(M)$ (resp. $T_{o}(N)$ ) cor-
responds to $Ad(k)$ (resp. $Ad(l)$ ) on $\mathfrak{m}$ (resp. $\mathfrak{p}$ ), that is,

$k_{*}\pi_{*}X=\pi_{*}Ad(k)X$ for each $X\in \mathfrak{m}$ .
Hence we have

(2.1) $\frac{d}{dt}(\exp tY)_{*}\pi_{*}X_{1\iota=0}=\pi_{*}[Y, X]$ for $Y\in f,$ $X\in \mathfrak{m}$ .

Let $F:M\rightarrow N$ be an equivariant mapping, that is, there exists an analytic
homomorphism $\rho$ : $G\rightarrow U$ with $\rho(K)\subset L$ such that $F(gK)=\rho(g)L$ for each $g\in G$ .
We get

(2.2) $F_{*}X=(\rho_{*}X)_{\mathfrak{p}}$ for each $X\in \mathfrak{m}$ .

2.2. In this subsection, we review some elementary results on representa-

tion theory of compact connected Lie groups without proof. Let $G$ be a com-
pact connected Lie group. The following lemmas are well-known.

LEMMA 2.1. Let $(\rho, V)$ be a real irreducible representation of G. $(\rho^{C}, V^{C})$

is not a complex irreducible representation of $G$ if and only if there exists a
complex irreducible representation $(\tau, W)$ of $G$ such that $(\rho, V)=(\tau_{R}, W_{R})$ where
we denote $(\rho^{C}, V^{C})$ (resp. $(\tau_{R},$ $W_{R})$ ) the complex (resp. real) representation of $G$

obtained by extension (resp. restriction) of the coefficient field of $(\rho, V)$ (resp.

$(\tau, W))$ to $C$ (resp. $R$).

LEMMA 2.2. Let $(\rho, V)$ be a complex irreducible representation of G. $(\rho_{R}, V_{R})$

is not a real irreducible representation of $G$ if and only if there exisis a real
irreducible representation $(\tau, W)$ of $G$ such that $(\rho, V)=(\tau^{C}, W^{c})$ .

LEMMA 2.3. Let $(\rho, V)$ be a complex irreducible representation of G. $(\rho^{H}, V^{H})$

is not a quaternion irreducible representation of $G$ if and only if there exists a
quaternion irreducible representation $(\tau, W)$ of $G$ such that $(\rho, V)=(\tau_{C}, W_{C})$ , where
we denote $(\rho^{H}, V^{H})$ (resp. $(\tau_{C},$ $W_{C})$ ) the quaternion (resp. complex) representation
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of $G$ obtained by extension (resp. restriction) of the coefficient field of $(\rho, V)$

(resp. $(\tau,$ $W)$) to $H$ (resp. $C$ ).

LEMMA 2.4. Let $(\rho, V)$ be a quaternion irreducible representation of $G$ .
$(\rho_{C}, V_{C})$ is not a complex irreducible representation of $G$ if and only if there
exists a complex irreducible representation $(\tau, W)$ of $G$ such that $(\rho, V)=(\tau^{H}, W‘‘)$ .

\S 3. A construction of equivariant minimal immersions and
harmonic mappings of compact Riemannian homogeneous
spaces into Grassmann manifolds.

3.1. Let $G$ be a compact connected Lie group and $K$ be a closed subgroup
of $G$ . Then $M=G/K$ is a compact Riemannian homogeneous space wilh G-
invariant Riemannian metric $\langle, \rangle$ . For a field $E=R,$ $C$ or $H$, put

$U(n, E)=\left\{\begin{array}{l}O(n)\\U(n)\\Sp(n)\end{array}\right.$ $(E=R)(E=C)(E=H)$

.
Let $F:M=G/K\rightarrow G_{n.m}(E)=U(n+m, E)/U(n, E)\times U(m, E)(n\geqq 1, m\geqq 1)$ be an
equivariant mapping. Then there exists an analytic homomorphism $\rho:G\rightarrow U$

$(n+m, E)$ with $\rho(K)\subset U(n, E)\times U(m, E)$ such that $F(gK)=\rho(g)U(n, E)\times U(m, E)$

for each $g\in G$ . We shall call $G_{n.m}(E)$ E-Grassmann manifold. Put $V=E^{n+m}$ ,

$V_{1}=E^{n}$ , $V_{2}=E^{m}$ . Then $V=V_{1}+V_{2}$ (direct sum) and the Lie algebra $n$ of
$U(n+m, E)$ acts on $V$ , naturally. Put $\mathfrak{l}=Lie(U(n, E)\times U(m, E))$ and

$\mathfrak{p}=\{A\in n;AV_{1}\subset V_{2}, AV_{2}\subset V_{1}\}$ .
Then $u=\mathfrak{l}+\mathfrak{p}$ is the canonical decomposition of $n$ . Put

$Hom_{K}(V_{1}, V_{2})=$ { $A\in Hom(V_{1},$ $V_{2});\rho(k)A=A\rho(k)$ for each $k\in K$}.
We explain that $F$ is E-full. Let $V_{1}^{\prime}$ and $V_{2}^{\prime}$ be subspaces of $V_{1}$ and $V_{2}$ respec-
tively. Put $n^{\prime}=\dim_{E}V_{1}^{\prime}$ and $m^{\prime}=\dim_{E}V_{2}^{\prime}$ . Then $U(n^{\prime}+m^{\prime}, E)$ is considered as
a closed subgroup of $U(n+m, E)$ in a natural manner. So $G_{n^{\prime}.m^{\prime}}(E)$ is a totally
geodesic submanifold of $G_{n.m}(L^{r^{\urcorner}})$ . The mapping $F$ is said to be E-full when
the image $F(M)$ is not contained in these totally geodesic submanifolds
$G_{n^{\prime}.m^{\prime}}(E)$ with $n^{\prime}+m^{\prime}<n+m$ .

THEOREM 3.1. If $Hom_{K}(V_{1}, V_{2})=\{0\}$ and $V_{i}(i=1,2)$ is $\hslash ot$ G-invariant,

then $F$ is a nonconstant harmonic mapping. Furthermore, if $G$ acts on $V$ irre-
ducibly, then $F$ is E-full. Moreover, if $K$ acts on $T_{0}(M)$ irreducibly, then $F$ is
a minimal immersion of a multiple of the G-invariant Riemannian metric $\langle, \rangle$
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on $M$ .

PROOF. Let $H\in \mathfrak{p}$ denote the tension field of $F$ at $0$ . Then $H\rho(k)=\rho(k)H$

for each $k\in K$. From assumption, we have $H=0$ . So $F$ is a nonconstant har-
monic mapping.

We assume that $K$ acts on $T_{o}(M)$ irreducibly. We define a symmetric
linear transformation $A$ of $T_{o}(M)$ by

\langle X, $ AY\rangle$ $=(F_{*}X, F_{*}Y)$ for $X,$ $Y\in T_{o}(M)$ ,

where $(, )$ denote a $U(n+m, E)$-invariant Riemannian metric on $G_{n,m}(E)$ . Since
$A$ is a K-homomorphism, $A$ is a scalar operator by the irreducibility of $K$.
The scalar is clearly nonnegative. So if $F$ were not an isometric (more pre-
cisely, homothetic) immersion, then $F_{*}=0$ . Thus $V_{i}$ is G-invariant from (2.2)

and the connectedness of $G$ . So $F$ is an isometric minimal immersion. If $G$

acts on $V$ irreducibly, then $F$ is clearly E-full. Q. E. D.

Example (Equivariant minimal immersion of $S^{2}$ into Grassmann manifold)

Let $(\rho, V)$ be any $SU(2)- E$-irreducible representation. Put $K=S(U(1)\times U(1))$ .
Let $V=\Sigma_{i}W_{i}$ be a K-E-irreducible decomposition of $V$ . We have

(3.1) $W_{i}\cong W_{j}(K- isomorphic)\Leftrightarrow i=j$ (see \S 5, Lemma 5.1).

Let $V_{i}(i=1,2)$ be a K-E-invariant subspace of $V$ such that $V_{i}\neq\{0\},$ $V$ and
$V=V_{1}+V_{2}$ (direct sum). Put $n=\dim_{E}V_{1},$ $m=dim_{E}V_{2}$ . If we put $F:S^{2}=$

$SU(2)/K\rightarrow G_{n,m}(E);gK\rightarrow\rho(g)U(n, E)\times U(m, E)$ for $g\in G$ , then $F$ is a full
minimal immersion from (3.1) and Theorem 3.1. $\blacksquare$

3.2. In this subsection, we apply Theorem 3.1. Let $M$ ( $\neq$ {single point})

be a compact Riemannian homogeneous space. The identity component $G$ of
the group of all isometries of $M$ is compact. The action of $G$ on $M$ is effec-
tive and transitive. The subgroup $K=\{g\in G;g\cdot 0=0\}$ of $G$ is closed and called
isotropy group of $M$ at $0$ .

A G-E-irreducible representation $(\rho, V)$ is called an E-spherical representa-

tion of the pair $(G, K)$ , if $V_{K}=$ {$v\in V;\rho(k)v=v$ for each $k\in K$ } $\neq\{0\}(E=$

$R,$ $C,$ $H$). The dimension of $V$ and $V_{K}$ is called the degree and the multiplicity

of $(\rho, V)$ , respectively.

LEMMA 3.1. If $K\neq\{e\}$ , then there exists an E-spherical representation $(\rho, V)$

such that $V_{K}\neq V$ .

PROOF. We may assume that $E=C$ by Lemma 2.2 and Lemma 2.3. Let
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$L^{2}(G/K)$ denote the space of complex valued functions $f$ on $G/K$ with

$\int_{G/K}|f(x)|^{2}dx<\infty$ .

Put
$L^{2}(G, K)=$ { $f\leftarrow--L^{2}(G/K);f(kx)=f(x)$ for each $k\in K,$ $x\in M$ }.

Since $K\neq\{e\}$ , we get $L^{2}(G/K)\neq L^{2}(G, K)$ . If $V=V_{K}$ for each C-spherical
representation $(\rho, V)$ , then we have $L^{2}(G/K)=L^{2}(G, K)$ from Peter-Weyl theo-
rem (see [6], p. 20). This is a contradiction. Q. E. D.

The manifold $M$ is said to have irreducible linear isotropy group, if $K$ acts
on $T_{o}(M)$ irreducibly.

LEMMA 3.2. We assume that $M$ has irreducible linear isotropy group.
(1) The degree of any nontrivial R-spherical representation of $(G, K)$ is

greater than or equal to $\dim M+1$ .
(2) If $\dim M\geqq 2$ then the degree of any nontrivial C-spherical representation

is greater than or equal to 2.

PROOF. (1) is obtained from Theorem of T. Takahashi [5]. But, for the
sake of completeness, we give a proof. For each nontrivial R-spherical repre-
sentation $(\rho, V)$ of $(G, K)$ put

$F:M=G/K-V$ ; $gK-\rho(g)v$ ,

where $v\in V_{K}$ and $\Vert v\Vert=1$ with respect to a G-invariant inner product on $V$ .
Then we can prove that $F$ is an immersion in the same way in the proof of
Theorem 3.1. Clearly the image $F(M)$ is contained in the unit hypersphere in
V. So we get the conclusion. (2) is obtained from (1) and Lemma 2.2. Q.E.D.

POPOSITION 3.1. (1) A compact Riemannian homogeneous space of dimension
$\geqq 2$ with irreducible linear isotropy group admits an equivariant minimal immer-
sion into an E-Grassmann manifold.

(2) There exists a nonconstant equivariant harmonic mapping from a compact

Riemannian homogeneous space with non trivial isotropy group into an E-Grass-
mann manifold.

PROOF. (1) Take $(\rho, V)$ as in Lemma 3.1. Put $V_{1}=V_{K}$ and $V_{2}=V_{K}^{\perp}$ with
respect to a G-invariant inner product on $V$ . Then the assertion follows from
Theorem 3.1.
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(2) It is obtained from Theorem 3.1 and Lemma 3.1 in the same way of
(1). Q. E. D.

If $M$ is a compact Riemannian symmetric space, then $(G, K)$ is a compact
symmetric pair (see \S 4 for definition).

LEMMA 3.3. Let $(G, K)$ be a compact symmetric pair.
(1) The multiplicity of any C-spherical representation of $(G, K)$ equals to 1.
(2) The multipl icity of any R-spherical representation of $(G, K)$ equals to 1

or 2.
(3) Any H-spherical representation of $(G, K)$ is obtained from the extension

of coefficient field of a G-C-irreducible representation to $H$ and the multiplicity

is equal to 1.

PROOF. (1) We refer to [6], p.104, Theorem 5.5. (2) is obtained from (1)

and Lemma 2.1. (3) is obtained from (1) and Lemma 2.4. Q. E. D.

LEMMA 3.4. Let $M$ be a compact irreducible Riemannian symmetric space
of $dimension\geqq 2$ . Then the degree of any nontrivial H-spherical representation

of $(G, K)$ is greater than or equal to 2.

PROOF. It is obtained from Lemma 3.2(2) and Lemma 3.3(3). Q. E. D.

PROPOSITION 3.2. (1) Let $M$ be a compact irreducible Riemannian sym-

metric space of $dimension\geqq 2$ .
(i) $M$ admits an equivariant minimal immersion into a real projective

space or $G_{2.n}(R)$ .
(ii) $M$ admits an equivariant minimal immersion into a complex pro-

jective space.
(iii) $M$ admits an equivariant minimal immersion into a quaternion pro-

jective space.
(2) Let $M$ be a compact Riemannian symmetric space with non trivial iso-

tropy group.
(i) There exists a nonconstant equivariant harmonic mapping from $M$

into a real projective space or $G_{2.n}(R)$ .
(ii) There exists a nonconstant equivariant harmonic mapping from $M$

into a complex projective space.
(iii) There exists a nonconstant equivariant harmonic mapping from $M$

into a quaternion projective space.
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PROOF. (1) It is obtained from Theorem 3.1, Lemma 3.2, Lemma 3.3 and
Lemma 3.4 in the same way of Proposition 3.1.

(2) It is obtained from Theorem 3.1 and Lemma 3.3 in the same way of
Proposition 3.1. Q. E. D.

\S 4. The Jacobi differential operators of equivariant minimal immersions.

Let $G$ (resp. $U$) be a compact connected Lie group with Lie algebra $\mathfrak{g}$ (resp.

$u$ and $K$ (resp. $L$ ) be a closed subgroup of $G$ (resp. $U$) with Lie algebra $f$ (resp.

I). Take a bi-invariant Riemannian metric metric $\langle, \rangle$ on $G$ (resp. $U$) and de-
note also by $\langle$ , $\rangle$ the induced $Ad(K)$ (resp. $Ad(L)$)-invariant inner product on
$\mathfrak{m}=f^{\perp}$ (resp. $\mathfrak{p}=\mathfrak{l}^{\perp}$ ). Thus $M=(M^{m}, \langle, \rangle)=G/K$ (resp. $N=(N^{n},$ $\langle,$ $\rangle)=U/L$ ) is a
compact Riemannian homogeneous space with Lie subspace $(\mathfrak{m}, \langle,\rangle)$ (resp. $(\mathfrak{p},$ $\langle,\rangle)$ ).

We denote by $\nabla$ and $R$ the covariant derivative and the Riemannian curvature
tensor of $M$, respectively. We denote by V and $\overline{R}$ for $N$ in the same way.
For each $X\in \mathfrak{g}$ , we define a Killing vector field $X^{*}\in X(M)$ by

$X_{x}^{*}=\frac{d}{dt}\exp tX\cdot x|_{t\Leftarrow 0}\subset_{-}T_{x}(M)$ .

We have by the Koszul formula ([1], p. 48, (2))

(4.1) $(\nabla_{x*}Y^{*})_{0}=-[X_{\mathfrak{m}}, Y_{t}]-\frac{1}{2}[X_{\mathfrak{m}}, Y_{\mathfrak{m}}]_{\mathfrak{m}}$ for $X,$ $Y\in \mathfrak{g}$ .

From the above equation, we have

(4.2) $\nabla_{g*v}X=\frac{d}{dt}(\exp (-t Ad (g)v))_{*}X_{g\exp tv\cdot K}|_{t=0}+\frac{1}{2}g_{*}[v, g_{*}^{-1}X_{gK}]_{\mathfrak{m}}$

for $v\in \mathfrak{m},$ $g\overline{\subset}G,$ $X\in X(M)$ ,

(4.3) $R(X, Y)Z=-\frac{1}{2}[[X, Y]_{\mathfrak{m}},$ $Z]_{\mathfrak{m}}-\frac{1}{4}[[Y, Z]_{\mathfrak{m}},$ $X]_{\mathfrak{m}}$

$+\frac{1}{4}[[X, Z]_{\mathfrak{m}},$ $Y]_{\mathfrak{m}}-[[X, Y]_{\iota},$ $Z$ ] for $X,$ $Y,$ $Z\in \mathfrak{m}$ .

Let $F:M\rightarrow N$ be an equivariant isometric immersion. Then there exists an
analytic homomorphism $\rho:G\rightarrow U$ with $\rho(K)\subset L$ such that $F(gK)=\rho(g)L$ for
each $g\in G$ . Let $A$ and $B$ denote the shape operator and the second fundamental
form of $F$, respectively. Take an orthonormal basis $\{X_{i}\}_{1\leq 1\leq p}$ of $\mathfrak{g}$ with
$\{X_{i}\}_{1\leqq i\leq m}\subset \mathfrak{m}$ and $\{X_{j}\}_{m+1\leq j\leq p}\subset f$ .

PROPOSITION 4.1. (1)
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$B(X, Y)=-[(\rho_{*}X)_{t}, (\rho_{*}Y)_{1}]-\frac{1}{2}[(p_{*}X)_{f}, (\rho_{*}Y)_{f}]_{t}$

$+\frac{1}{2}(\rho_{*}([X, Y]_{\mathfrak{m}}))_{f}$ for $X,$ $Y\in \mathfrak{m}$ .

(2) $F$ is minimal if and only if $\Sigma_{i=1}^{m}[(\rho_{*}X_{i})_{\mathfrak{l}}, (\rho_{*}X_{i})_{t}]=0$ .

PROOF. (1) is obtained from (2.2) and (4.1). (2) is clear from (1). Q.E.D.

From now on, we assume that $F$ is minimal. We define symmetric linear
transformations $\overline{R}_{x}$ and $\tilde{A}_{x}$ on the normal space $1V_{x}(M)$ at $x$ as follows:

$\overline{R}_{X}(v)=\sum_{i\Leftarrow 1}m(\overline{R}(e_{i}, v)e_{i})^{\perp}$ , $\tilde{A}_{x}(v)=\sum_{1=1}^{m}B(e_{i}, A^{v}e_{i})$

for $v\in N_{x}(M)$ , where $\{e_{i}\}_{1\leqq i\leqq m}$ is an orthonormal basis of $T_{x}(M)$ . Clearly, we
get $\tilde{A}=0$ , if $F$ is totally geodesic. Let $N(M)$ denote the normal bundle of $M$

and $\Gamma(N(M))$ denote the vector space of all $C^{\infty}$-sections of $N(M)$ . Let $\Delta$ denote
the negative of the rough Laplacian of the normal connection $\nabla^{\perp}$ of $N(M)$ ,

that is,

$-\Delta V=\sum_{1\leqq i.j\leqq m}g^{ij}\nabla_{E_{i}}^{\perp}\nabla_{E_{j}}^{\perp}V-\sum_{1\leqq i.j\leqq m}g^{ij}\nabla_{\nabla E_{i^{E}}j}^{\perp}V$ for $V\in\Gamma(N(M))$ ,

where $\{E_{i}\}_{1\leqq i\leq m}$ is a local frame field of $M,$ $ g_{ij}=\langle E_{i}, E_{j}\rangle$ and $(g^{ij})_{1\leq i.j\leqq m}=$

$(g_{ij})_{1\leqq^{1}i.j\leq m}^{-}$ . Since the Jacobi differential operator

$J=\Delta+\overline{R}-\tilde{A}$

is a strongly elliptic linear differential operator, it has discrete eigenvalues:

Spec $(J)=\{\lambda_{1}\leqq\lambda_{2}\leqq\cdots\rightarrow\infty\}$ .

The minimal immersion $F$ is said to be stable if the second variation of the
volume of $F$ is nonnegative for every variation. The minimal immersion $F$ is
stable if and only if $\lambda_{1}\geqq 0$ (see [4], pp. 73-74). Since the orthogonal comple-

ment $\mathfrak{m}^{\perp}$ in $\mathfrak{p}$ is identified with $N_{o}(M)$ in a natural manner, we may consider
$\overline{R}$ and $\tilde{A}$ as symmetric linear transformations on $\mathfrak{m}^{\perp}$ .

The pair $(U, L)$ is called a compact symmetric pair, if there exists an
involutive antomorphism $\theta$ of $U$ such that $L$ lies between the identity com-
ponent $(L_{\theta})_{0}$ of $L_{\theta}$ and $L_{\theta}=\{l\in U;\theta(l)=l\}$ . In this case, an $Ad(U)$ and $\theta-$

invariant inner product $\langle, \rangle$ on $u$ naturally induces a U-invariant Riemannian
metric on $N$. Since $\mathfrak{p}=\{X-=u;\theta(X)=-X\}$ , we have $[\mathfrak{p}, \mathfrak{p}]\subset \mathfrak{l}$ .

LEMMA 4.1.
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(1) $\overline{R}(v)=\Sigma_{i=1}^{m}[F_{*}X_{i}, [F_{*}X_{i}, v]_{1}]_{\mathfrak{m}}\perp+(1/4)\Sigma_{i=1}^{m}[F_{*}X_{i}, [F_{*}X_{i}, v]_{\mathfrak{p}}]_{\mathfrak{m}^{1}}$ for $v\in \mathfrak{m}^{\perp}$ .
If $(U, L)$ is a compact symmetric pair, then

$\overline{R}(v)=\sum_{i=1}^{m}[F_{*}X_{i}, [F_{*}X_{i}, v]]_{\mathfrak{m}}\perp$ for $v\in \mathfrak{m}^{\perp}$ .

(2) $\tilde{A}(v)=-\Sigma_{i=1}^{m}[(\rho_{*}X_{i})_{1}+(1/2)(\rho_{*}X_{i})_{\mathfrak{p}}, [(\rho_{*}X_{i})_{l}+(1/2)(\rho_{*}X_{i})_{I}, v]_{F*\mathfrak{m}}]_{\mathfrak{m}^{1}}$

for $v\in \mathfrak{m}^{\perp}$ .
If $(U, L)$ is a compact symmetric pair, then

$\tilde{A}(v)=-\sum_{i=1}^{m}[\rho_{*}X_{i}, [\rho_{*}X_{i}, v]_{F*\mathfrak{m}}]_{\mathfrak{m}}\perp$ for $v\in \mathfrak{m}^{\perp}$

PROOF. (1) follows from (4.3).

(2) By using (4.1), we have

$\langle A^{v}X_{i}, X_{j}\rangle=\langle v, (5_{(\rho*X_{i})*}(\rho_{*}X_{j})^{*})_{0}\rangle$

$=-\{v,$ $[(\rho_{*}X_{i})_{\mathfrak{p}}, (\rho_{*}X_{j})_{(}]+\frac{1}{2}[(\rho_{*}X_{i})_{\mathfrak{p}}, (\rho_{*}X_{j})_{\mathfrak{p}}]_{\mathfrak{p}}\}$ .

Hence we have by Proposition 4.1 (1)

$\langle\tilde{A}(v), w\rangle=-\sum_{i=1}^{m}\{[(\rho_{*}X_{i})_{\mathfrak{l}}+\frac{1}{2}(\rho_{*}X_{i})_{\mathfrak{p}},$ $[(\rho_{*}X_{i})_{1}+\frac{1}{2}(\rho_{*}X_{i})_{\mathfrak{p}},$ $v]_{F*\mathfrak{m}}],$ $w\}$

for $v,$
$w\in \mathfrak{m}^{\perp}$ . Q. E. D.

The group $K$ acts on $\mathfrak{m}^{\perp}$ by Ad $(\rho(k))(k\in K)$ . We denote by $(Ad\circ\rho)^{\perp}$ this
action of $K$ on $\mathfrak{m}^{\perp}$ . We identify $\Gamma(N(M))$ with

$C^{\infty}(G;\mathfrak{m}^{\perp})_{K}=$ { $\varphi-- C^{\infty}(G;\mathfrak{m}^{\perp});\varphi(gk)=(Ad\circ\rho)^{\perp}(k^{-1})\varphi(g)$ for $g\in G,$ $k\in K$}

by the following correspondence:

$C^{\infty}(G;\mathfrak{m}^{\perp})_{K}\ni\varphi\leftrightarrow\tilde{\varphi}\in\Gamma(N(M));\tilde{\varphi}(gK)=\rho(g)_{*}\varphi(g)$ for $g^{\underline{r--}}G$

We define an action $L_{x}$ (resp. $\rho(x)_{*}$ ) of $G$ on $C^{\infty}(G;\mathfrak{m}^{\perp})_{K}$ (resp. $\Gamma(N(M))$ as
follows:

$(L_{x}\varphi)(g)=\varphi(x^{-1}g)$ for $\varphi\in C^{\infty}(G;\mathfrak{m}^{\perp})_{K},$ $x,$ $g\subset-G$ ,

$(\rho(x)_{*}V)_{gK}=\rho(x)_{*}V_{x^{-1}gK}$ for $V\in\Gamma(N(M)),$ $x,$ $g\in G$ .

The action $L_{x}(x\in G)$ on $C^{\infty}(G;\mathfrak{m}^{\perp})_{K}$ corresponds to $\rho(x)_{*}$ on $\Gamma(N(M))$ . We
also denote by $J,$ $\Delta$ and $\tilde{A}$ the operators on $C^{\infty}(G;\mathfrak{m}^{\perp})_{K}$ corresponding to the
operators $J,$ $\Delta$ and $\tilde{A}$ on $\Gamma(N(M))$ , respectively. Let $C=-\Sigma_{i=1}^{p}X_{i}^{2}$ denote the
negative of the Casimir differential operator of $G$ .

LEMMA 4.2.
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$\Delta\varphi=C\varphi+\sum_{i=m+1}^{p}[\rho_{*}X_{i}, [\rho_{*}X_{i}, \varphi]]-2\sum_{i=1}^{m}[(\rho_{*}X_{i})_{\mathfrak{l}}, X_{i}\varphi]_{\mathfrak{m}^{1}}$

$-\sum_{i=1}^{m}[(\rho_{*}X_{i})_{\iota}, [(\rho_{*}X_{i})_{\mathfrak{l}}, \varphi]]_{\mathfrak{m}^{1}}-\tilde{A}(\varphi)-\sum_{i=1}^{m}[(\rho_{*}X_{i})_{\mathfrak{p}}, X_{i}\varphi]_{\mathfrak{m}^{1}}$

$-\frac{1}{2}\sum_{i=1}^{m}[(\rho_{*}X_{i})_{1}, [(\rho_{*}X_{i})_{\mathfrak{p}}, \varphi]_{\mathfrak{p}}]_{\mathfrak{m}\perp-}\frac{1}{2}\sum_{i=1}^{m}[(\rho_{*}X_{i})_{\mathfrak{p}}, [(\rho_{*}X_{i})_{t}, \varphi]]_{\mathfrak{m}^{\perp}}$

$-\frac{1}{4}\sum_{i=1}^{m}[(\rho_{*}X_{i})_{\mathfrak{p}}, [(\rho_{*}X_{i})_{\mathfrak{p}}, \varphi]_{\mathfrak{p}}]_{\mathfrak{m}\perp}$ for $\varphi\in C^{\infty}(G;\mathfrak{m}^{\perp})_{K}$ .

If $(U, L)$ is a compact symmetric pair, then

$\Delta\varphi=C\varphi+\sum_{i\Leftarrow m+1}^{p}[\rho_{*}X_{i}, [\rho_{*}X_{i}, \varphi]]-2\sum_{i=1}^{n\iota}[(\rho_{*}X_{i})_{1}, X_{i}\varphi]_{\mathfrak{m}}\perp$

$-\sum_{i=1}^{m}[(\rho_{*}X_{i})_{\mathfrak{l}}, [(\rho_{*}X_{i})_{\downarrow}, \varphi]]_{\mathfrak{m}^{1}}-\tilde{A}(\varphi)$ for $\varphi\in C^{\infty}(G;\mathfrak{m}^{\perp})_{K}$ .

PROOF. For $V=\tilde{\varphi}\in\Gamma(N(M))$ , we have

$-(AV)(0)=(\sum_{i=1}^{m}\nabla_{(\rho*X_{C})*5_{(\rho*X_{i})*}V)^{\perp}(0)+\tilde{A}(V_{o})}$ .

Put $W_{i}=\overline{\nabla}_{(\rho*X_{i})*}V(1\leqq i\leqq m)$ . Then we have by (2.1) and (4.2)

$W_{i.\exp t\rho*X_{i}L}=\frac{d}{ds}(\exp(-s\rho_{*}X_{i}))_{*}V_{\exp(l+s)\rho*X_{i}L1s=0}$

$+(\exp t\rho_{*}X_{i})_{*}[(\rho_{*}X_{i})_{l}, (\exp(-t\rho_{*}X_{i})_{*}V_{\exp t\rho*X_{i}L}]$

$+\frac{1}{2}(\exp t\rho_{*}X_{i})_{*}[(\rho_{*}X_{i})_{\mathfrak{p}}, (\exp(-t\rho_{*}X_{i}))_{*}V_{\epsilon xpt\rho*X_{i}L}]_{\mathfrak{p}}$ .

In particular

$W_{i,0}=\frac{d}{ds}(\exp(-s\rho_{*}X_{i}))_{*}V_{\exp s\rho*X_{i}L1s\Leftarrow 0}+[(\rho_{*}X_{i})_{I}, V_{0}]+\frac{1}{2}[(\rho_{*}X_{i})_{\mathfrak{p}}, V_{0}]_{\mathfrak{p}}$ .

Thus we have by (2.1) and (4.2)

$(\nabla_{(\rho*X_{i})*}5_{(\rho*X_{i})*}V)(0)$

$=(5_{\rho*X_{i})*}W_{i})_{0}$

$=\frac{d}{dt}(\exp(-t\rho_{*}X_{i}))_{*}W_{i.\exp l\rho*X_{i}L1l=0}+[(\rho_{*}X_{i})_{1}, W_{i.0}]+\frac{1}{2}[(\rho_{*}X_{i})_{\mathfrak{p}}, W_{i.0}]_{\mathfrak{p}}$

$=\frac{\partial^{2}}{\partial t\partial s}(\exp(-(t+s)\rho_{*}X_{i}))_{*}V_{\exp(t+s)\rho*X_{i}L1l=s=0}$

$+2[(\rho_{*}X_{i})_{t},$ $\frac{d}{dt}(\exp(-t\rho_{*}X_{i}))_{*}V_{\exp t\rho*X_{i}L1t=0}]+[(\rho_{*}X_{i})_{\mathfrak{l}}, [(\rho_{*}X_{i})_{I}, V_{o}]]$
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$+[(\rho_{*}X_{ii})_{\mathfrak{p}},$ $\frac{d}{dt}(\exp(-t\rho_{*}X_{i}))_{*}V_{\exp t\rho*X_{i}L1t\approx 0}]_{\mathfrak{p}}+\frac{1}{2}[(p_{*}X_{i})_{1}, [(\rho_{*}X_{i})_{\mathfrak{p}}, V_{o}]_{\mathfrak{p}}]$

$+\frac{1}{2}[(\rho_{*}X_{i})_{\mathfrak{p}}, [(\rho_{*}X_{i})_{1}, V_{o}]]_{\mathfrak{p}}+\frac{1}{4}[(\rho_{*}X_{i})_{\mathfrak{p}}, [(\rho_{*}X_{i})_{\mathfrak{p}}, V_{o}]_{\mathfrak{p}}]_{\mathfrak{p}}$ .

So we get

$-(\Delta\varphi)(e)=(\sum_{i=1}^{m}X_{i}^{2}\varphi)(e)+2\sum_{i=1}^{m}[(\rho_{*}X_{i})_{l}, (X_{i}\varphi)(e)]_{\mathfrak{m}}\perp$

$+\sum_{i=1}^{m}[(\rho_{*}X_{i})_{1}, [(\rho_{*}X_{i})_{1}, \varphi(e)]]_{\mathfrak{m}^{1}}+\tilde{A}(\varphi(e))+\sum_{i=1}^{m}[(\rho_{*}X_{i})_{\mathfrak{p}}, (X_{i}\varphi)(e)]_{\mathfrak{m}^{1}}$

$+\frac{1}{2}\sum_{i=1}^{m}[(\rho_{*}X_{i})_{1}, [(\rho_{*}X_{i})_{\mathfrak{p}}, \varphi(e)]_{\mathfrak{p}}]_{\mathfrak{m}^{1}}+\frac{1}{2}\sum_{i=1}^{m}[(\rho_{*}X_{i})_{\mathfrak{p}}, [\rho_{*}X_{i})_{1}, \varphi(e)]]_{\mathfrak{m}^{1}}$

$+\frac{1}{4}\sum_{i=1}^{m}[(\rho_{*}X_{i})_{\mathfrak{p}}, [(\rho_{*}X_{i})_{\mathfrak{p}}, \varphi(e)]_{\mathfrak{p}}]_{\mathfrak{m}^{1}}$ .

Since $\Delta L_{x}=L_{x}\Delta$ for $x\in G$ by the equivariance of $F$, we get the conclusion.
Q. E. D.

We define operators $J_{i}$ : $C^{\infty}(G;\mathfrak{m}^{\perp})_{K}\rightarrow C^{\infty}(G;\mathfrak{m}^{\perp})_{K}(i=1,2)$ by

$J_{1}\varphi=\sum_{i=1}^{p}[\rho_{*}X_{i}, X_{i}\varphi]_{\mathfrak{m}^{1}}+\sum_{i=1}^{p}[\rho_{*}X_{i}, [\rho_{*}X_{i}, \varphi]_{\mathfrak{m}^{1}}]_{\mathfrak{m}^{1}}$ ,

$J_{2}\varphi=\sum_{i\Rightarrow 1}^{p}[(\rho_{*}X_{i})_{\mathfrak{p}}, X_{i}\varphi]_{\mathfrak{m}^{1}}+\sum_{i=1}^{p}[(\rho_{*}X_{i})_{\mathfrak{p}}, [\rho_{*}X_{i}, \varphi]_{\mathfrak{m}^{1}}]_{\mathfrak{m}^{1}}$

for $\varphi\subset^{-}C^{\infty}(G;\mathfrak{m}^{\perp})_{K}$ .

REMARK. It follows that $\Sigma_{i=1}^{p}[\rho_{*}X_{i}, X_{i}\varphi]_{\mathfrak{m}}\perp,$ $\Sigma_{i=1}^{p}[\rho_{*}X_{i}, [\rho_{*}X_{i}, \varphi]_{\mathfrak{m}}\perp]_{\mathfrak{m}}\perp$ ,
$\Sigma_{i}^{p_{=1}}[(\rho_{*}X_{i})_{\mathfrak{p}}, X_{i}\varphi]_{\mathfrak{m}\perp}$ and $\Sigma_{i}^{p_{=1}}[(\rho_{*}X_{i})_{\mathfrak{p}}, [\rho_{*}X_{i}, \varphi]_{\mathfrak{m}\perp}]_{\mathfrak{m}}\perp’=^{-}C^{\infty}(G;\mathfrak{m}^{\perp})_{K}$ for $\varphi\in$

$C^{\infty}(G;\mathfrak{m}^{\perp})_{K}$ . Moreover each of the above four operators is commutative with
$L_{x}$ for $x\in G$ . If $(U, L)$ is a compact symmetric pair, then $J_{2}=0$ . $\blacksquare$

THEOREM 4.1.
(1) $ J\varphi=C\varphi-2J_{1}\varphi+[\Sigma_{i}^{p_{=1}}(ad\rho_{*}X_{i})^{2}\varphi]_{m}\perp+J_{2}\varphi-\Sigma_{i=1}^{p}[\rho_{*}X_{i}, [(\rho_{*}X_{i})_{\mathfrak{p}}, \varphi]_{F*\mathfrak{m}}]_{\mathfrak{m}}\perp$

$+(1/2)\Sigma_{i=1}^{p}[(\rho_{*}X_{i})_{\mathfrak{p}}, [(\rho_{*}X_{ii})_{\mathfrak{p}}, \varphi]_{F*\mathfrak{m}}]_{\mathfrak{m}^{\perp}}for$ $\varphi\in C^{\infty}(G;\mathfrak{m}^{\perp})_{K}$ .
(2) $J_{1}=0$ if and only if $[\rho_{*}X, v]_{\mathfrak{m}}\perp=0$ for $X\in \mathfrak{m},$ $v\leftarrow_{-}^{-}\mathfrak{m}^{\perp}$ .
(3) $J_{2}=0$ if and only if $[(\rho_{*}X)_{\mathfrak{p}}, v]_{\mathfrak{m}}\perp=0$ for $X\in \mathfrak{m},$ $v\in \mathfrak{m}^{\perp}$ .
(4) If $(U, L)$ is a compact symmetric pair, then

$J\varphi=C\varphi-2J_{1}\varphi+[\sum_{i=1}^{p}$ $($ad $\rho_{*}X_{i})^{2}\varphi]_{\mathfrak{m}^{1}}$ for $\varphi\in C^{\infty}(G;\mathfrak{m}^{\perp})_{K}$ .

PROOF. (1) follows from Lemma 4.1, Lemma 4.2 and minimal condition
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(Proposition $4.1(2)$). (2) and (3) are obtained in the same way of [3], I, p. 138,
Proposition 4.2.2. (4) follows from (1). Q. E. D.

REMARK. It follows that $C\varphi,$ $[\Sigma_{i}^{p_{=1}}(ad\rho_{*}X_{i})^{2}\varphi]_{\mathfrak{m}^{1}},$ $\Sigma_{i=1}^{p}[\rho_{*}X_{i},$ $[(\rho_{*}X_{i})_{\mathfrak{p}}$ ,
$\varphi]_{F_{*\mathfrak{m}}}]_{\mathfrak{m}}\perp$ and $\Sigma_{i=1}^{p}[(\rho_{*}X_{i})_{\mathfrak{p}}, [(\rho_{*}X_{i})_{\mathfrak{p}}, \varphi]_{F*\mathfrak{m}}]_{\mathfrak{m}^{1-}}\equiv_{-}C^{\infty}(G;\mathfrak{m}^{\perp})_{K}$ for $\varphi\in C^{\infty}(G;\mathfrak{m}^{\perp})_{K}$ .
Moreover each of the above four operators is commutative with $L_{x}$ for $x\in G$ . $\blacksquare$

Let $D(G)$ be the set of equivalence classes of finite dimensional C-irreduci-
ble representations of $G$ . Let $c_{\sigma}(\geqq 0)$ be the eigenvalue of the negative of the
Casimir operator of $(\sigma, W)\in D(G)$ . (By the formula of Freudenthal, we can
determine $c_{\sigma}$ (see [6], p. 205).) For $(\sigma, W)\in D(G)$ , put

$(W^{*}\otimes(\mathfrak{m}^{\perp})^{C})_{0}=$ { $\alpha\in W^{*}\otimes(\mathfrak{m}^{\perp})^{C}$ ; $(\sigma^{*}\otimes(Ad\circ\rho)^{\perp})(k)\alpha=\alpha$ for $k\in K$ }.
Put

$D(G;K, (Ad\circ\rho)^{\perp})=\{(\sigma, W)\in D(G);(W^{*}\otimes(\mathfrak{m}^{\perp})^{C})_{0}\neq\{0\}\}$ .
For $(\sigma, W)\in D(G;K, (Ad\circ\rho)^{\perp})$ , we define a symmetric linear mapping $ J_{\sigma}\in$

End $((W^{*}\otimes \mathfrak{m}^{\perp})^{C})_{0})$ as follows:

$J_{\sigma}=c_{\sigma}1-2\{\sum_{i=1}^{p}\sigma^{*}(X_{i})\otimes[\rho_{*}X_{i}, *]_{\mathfrak{m}^{1}}+1_{W*}\otimes\sum_{i=1}^{p}[\rho_{*}X_{i}, [\rho_{*}X_{i}, *]_{\mathfrak{m}\perp}]_{\mathfrak{m}^{\perp}}\}$

$+1_{W*}\otimes[2^{\urcorner}p$ $($ad $\rho_{*}X_{i})^{2}*]_{\mathfrak{m}\perp}$

$+\{\sum_{i\subset 1}^{p}\sigma^{*}(X_{i})\otimes[(\rho_{*}X_{i})_{\mathfrak{p}}, *]_{\mathfrak{m}^{1}}+1_{W*}\otimes\sum_{i=1}^{p}[(\rho_{*}X_{i})_{\mathfrak{p}}, [\rho_{*}X_{i}, *]_{\mathfrak{m}^{1}}]_{\mathfrak{m}^{1}}\}$

$+1_{W*}\otimes\{\frac{1}{2}\sum_{i=1}^{p}[(\rho_{*}X_{i})_{\mathfrak{p}}, [(\rho_{*}X_{i})_{\mathfrak{p}}, *]_{F*\mathfrak{m}}]_{\mathfrak{m}^{1}}-\sum_{i=1}^{p}[\rho_{*}X_{i}, [(\rho_{*}X_{i})_{\mathfrak{p}}, *]_{F*\mathfrak{m}}]_{\mathfrak{m}^{1}}\}$ .

Clearly, if $(U, L)$ is a compact symmetric pair, then

$J_{\sigma}=c_{\sigma}1-2\{\sum_{i\Leftrightarrow 1}^{p}\sigma^{*}(X_{i})\otimes[\rho_{*}X_{i}, *]_{\mathfrak{m}}\perp+1_{W*}\otimes\sum_{i=1}^{p}[\rho_{*}X_{i}, [\rho_{*}X_{i}, *]_{\mathfrak{m}\perp}]_{\mathfrak{m}^{1}}\}$

$+1_{W*}\otimes[\sum_{i=1}^{p}$ $($ad $\rho_{*}X_{i})^{2}*]_{\mathfrak{m}^{1}}$ .

By virtue of the Peter-Weyl theorem for homogeneous vector bundles, the
problem of computing the spectra of $J$ is reduced to the eigenvalue problem of
the linear mapping $J_{\sigma}$ with $(\sigma, W)\in D(G;K, (Ado\rho)^{\perp})$ (see [3], I, \S 5).

THEOREM 4.2. For $(\sigma, W)\in D(G ; K, (Ad\circ\rho)^{\perp})$ , let $\{\lambda_{\sigma,\cdot 1}, \cdots , \lambda_{\sigma,\cdot m_{\sigma}}\}$ be the
eigenvalues of $J_{\sigma}$ , where $m_{\sigma}=\dim(W^{*}\otimes(\mathfrak{m}^{\perp})^{C})_{0}$ . Then

spec
$(J)=\bigcup_{(\sigma.W)\in D(G;K.(Ad_{0}\rho)^{\perp})}\{\frac{\lambda_{\sigma,\cdot 1}}{d}\cdot\frac{\lambda_{\sigma;1}}{\sigma} \frac{\lambda_{\sigma:m_{\sigma}}}{(}t\frac{\lambda_{\sigma:m}}{\sigma}\sigma\}$

,
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where $d_{\sigma}=\dim W$ .

\S 5. Equivariant minimal immersions of $S^{2}$ into Grassmann manifolds.

In this section, we denote by $G$ (resp. $K$ ) the special unitary group $SU(2)$

of degree 2 (resp. the closed subgroup $S(U(1)\times U(1))$ of $SU(2)$). Basic notations
are same in \S 4. We define an $Ad(G)$-invariant inner product $\langle, \rangle$ on $\mathfrak{g}$ by

\langle X, $ Y\rangle$ $=-2$ Tr $(XY)$ for $X,$ $Y\in \mathfrak{g}$ .
We also denote by $\langle, \rangle$ the induced G-invariant Riemannian metric on $S^{2}=G/K$.
Then the Riemannian manifold $(S^{2}, \langle, \rangle)$ is of constant curvature 1. We choose
an orthonomal basis $\{e_{i}\}_{1\leq i\leq 3}$ of $\mathfrak{g}$ as follows:

$e_{1}=\frac{1}{2}[\sqrt{-1}^{0}$ $\sqrt{-1}0$ $e_{2}=\frac{1}{2}[01$ $-10$ $e_{3}=\frac{1}{2}[\sqrt{-1}]$ .

First we write down all G-E-irreducible representations:

LEMMA 5.1. G-E-irreducible representation $(\rho, V)$ is one of the following:
(1) The case of $E=C$ :
There exists an orthonormal basis $\{f_{k}\}_{0\leq k\leq n}$ of $V$ such that

$\rho(e_{3})f_{k}=\frac{\sqrt{-1}}{2}(-n+2k)f_{k}$ ,

$\rho(e_{1})f_{k}=\frac{\sqrt{}\overline{-1}}{2}\{\sqrt{(n-k)(k+1)}f_{k+1}+\sqrt{k(n-k+1)}f_{k-1}\}$ ,

$\rho(e_{2})f_{k}=\frac{1}{2}\{-\sqrt{(n-k)(k+1)}f_{k+1}+\sqrt{k(n-k+1)}f_{k-1}\}$

for $0\leqq k\leqq n$ .
(2) The case of $E=R$ ;

(2-a) There exists an orthonormal basis $\{h_{0}\}\cup\{f_{k}, g_{k}\}_{1\leq k\leq n}$ of $V$ such that

$\rho(e_{3})h_{0}=0$ ,

$\rho(e_{3})f_{k}=kg_{k}$ ,

$\rho(e_{3})g_{k}=-kf_{k}$ ,

$\rho(e_{1})h_{0}=\sqrt{\frac{n(n+1)}{2}}g_{1}$ ,

$\rho(e_{1})f_{k}=\frac{1}{2}\sqrt{(n-k)(n+k+1)}g_{k+1}+\frac{1}{2}\sqrt{(n+k)(n-k+1)}g_{k-1}$ ,
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$\rho(e_{1})g_{k}=-\frac{1}{2}\sqrt{(n-k)(n+k+1)}f_{k+1}-\frac{1}{2}\sqrt{(n+k)(n-k+1)}f_{k-1}$ ,

$\rho(e_{2})h_{0}=-\sqrt{\frac{n(n+1)}{2}}f_{1}$ ,

$\rho(e_{2})f_{k}=-\frac{1}{2}\sqrt{(n-k)(n+k+1)}f_{k+1}+\frac{1}{2}v^{\prime}\overline{(n+k)(n-k+1)}f_{k-1}$ ,

$\rho(e_{2})g_{k}=-\frac{1}{2}\sqrt{(n-k)(n+k+1)}g_{k+1}+\frac{1}{2}\sqrt{(n+k)(n-k+1)}g_{k-1}$

for $1\leqq k\leqq n$ , where we put $f_{0}=\sqrt{}\overline{2}h_{0},$ $g_{0}=0$ .
(2-b) There exists an orthonormal basis $\{f_{k}, g_{k}\}_{0\leq k\leq 2n-1}$ of $V$ such that

$\rho(e_{3})f_{k}=\frac{1}{2}(-2n+1+2k)g_{k}$ ,

$\rho(e_{3})g_{k}=-\frac{1}{2}(-2n+1+2k)f_{k}$ ,

$\rho(e_{1})f_{k}=\frac{1}{2}\sqrt{(2n-1-k)(k+1)}g_{k+1}+\frac{1}{2}\sqrt{k(2n-k)}g_{k-1}$ ,

$\rho(e_{1})g_{k}=-\frac{1}{2}\sqrt{(2n-1-k)(k+1)}f_{k+1}-\frac{1}{2}\sqrt{k(2n-k)}f_{k-1}$ ,

$\rho(e_{2})f_{k}=-\frac{1}{2}\sqrt{(2n-1-k)(k+1)}f_{k+1}+\frac{1}{2}VA\sqrt{(2n-k)}f_{k-1}$ ,

$\rho(e_{2})g_{k}=-\frac{1}{2}\sqrt{(2n-1-k)(k+1)}g_{k+1}+\frac{1}{2}\sqrt{k(2n-k)}g_{k-1}$

for $0\leqq k\leqq 2n-1$ .
(3) The case of $E=H$ :
(3-a) There exists an orthonormal basis $\{f_{k}\}_{0\leq k\lessgtr n-1}$ of $V$ such that

$\rho(e_{3})f_{k}=\frac{i}{2}(-2n+1+2k)f_{k}$ ,

$\rho(e_{1})f_{k}=\frac{i}{2}(1-\delta_{k.n-1})\{\sqrt{(2n-1-k)(k+1)}f_{k+1}+\sqrt{}\overline{k(2n-k)}f_{k-1}\}$

$+\frac{\delta_{k.n-1}}{2}\{n(-1)^{n+1}kf_{n-1}+i\sqrt{(n-1)(n+1)}f_{n-s}\}$ ,

$\rho(e_{2})f_{k}=\frac{1}{2}(1-\delta_{k.n-1})\{-\sqrt{(2n-1-k)(k+1)}f_{k+1}+\sqrt{k(2n-k)}f_{k-1}\}$

$+\frac{\delta_{k.n-1}}{2}\{-n(-1)^{n+1}jf_{n-1}+\sqrt{(n-1)(n+1)}f_{n\rightarrow p}\}$
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for $0\leqq k\leqq n-1$ .
(3-b) There exists an orthonormal basis $\{f_{k}\}_{0\leq k\leq 2n}$ of $V$ such that

$\rho(e_{3})f_{k}=i(-n+k)f_{k}$ ,

$\rho(e_{1})f_{k}=\frac{i}{2}\{\sqrt{(2n-k)(k+1)}f_{k+1}+\sqrt{k(2n-k+1)}f_{k-1}\}$ ,

$\rho(e_{2})f_{k}=\frac{1}{2}\{-\sqrt{(2n-k)(k+1)}f_{k+1}+\sqrt{k(2n-k+1)}f_{k-1}\}$

for $0\leqq k\leqq 2n$ , where we denote the differential representation of the representa-
tion $\rho$ of $G$ by the same symbol $\rho$ .

PROOF. (1) is obtained from Theorem 1.3, p. 599, [2]. (2) is obtained
from (1), Lemma 2.1 and Lemma 2.2:

(2-a) When $n=2m$ in (1), put

$p_{k}=\left\{\begin{array}{l}f_{k+m}-f_{-h+m}\\f_{k+m}+f_{-k+m}\end{array}\right.$ $(k=even)(k=odd)$

,

$q_{k}=\left\{\begin{array}{l}\sqrt{-1}(f_{k+m}+f_{-k+m})\\\sqrt{-1}(f_{k+m}-f_{-k+m})\end{array}\right.$ $(k=even)(k=odd)$

,
$h_{0}=\sqrt{2}f_{m}=\frac{1}{\sqrt{2}}p_{0}$ .

and

$W=Rh_{0}+\sum_{i=1}^{m}(Rp_{k}+Rq_{k})$ .

Then $W$ is a G-R-irreducible representation. We rewrite $m=n,$ $p_{k}=f_{k},$ $q_{k}=g_{k}$

and $W=V$ . We get (2-a).

(2-b) When $n=2m-1$ in (1), $((p_{2m-1})_{R}, (V_{2m-1})_{R})$ is a G-R-irreducible repre-
sentation. Put $g_{k}=\sqrt{-1}f_{k}$ . We rewrite $m=n$ . We get (2-b).

(3) is obtained from (1), Lemma 2.3 and Lemma 2.4:
(3-a) When $n=2m-1$ in (1), we define a conjugate G-linear mapping 3 by

$\mathfrak{J}f_{k}=(-1)^{k}f_{2m-1-k}$ .

Since $\mathfrak{J}^{2}=-1,$ $(\rho_{2m-1}, V_{2m\rightarrow 1})$ is considered as a G-H-representation $(\sigma_{m}, W_{m})$ .
$\{f_{k}\}_{0\leq k\leq m-1}$ is an orthonormal basis of $(\sigma_{m}, W_{m})$ and $f_{2m-1-k}=(-1)^{k}jf_{k}$ . We
rewrite $m=n$ and $(\sigma_{n}, W_{n})=(\rho_{n}, V_{n})$ . We get (3-a).

(3-b) When $n=2m$ in (1), $((\rho_{2m})^{H}, (V_{2m})^{H})$ is a G-H-irreducible representa-

tion. We rewrite $m=n$ . We get (3-b). Q. E. D.

For G-E-irreducible representation $(\rho, V)$ , put
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$X=\left\{\begin{array}{l}\{0,1,\cdots,n\} (if(\rho,V)istype(1)),\\\{],\ldots n\} (if(\rho,V)istype(2-a)),\\\{0,1,\cdots,2n-1\} (if(\rho,V)istype(2-b)),\\\{0,1,\cdots,n-1\} (if(\rho,V)istype(3-a)),\\\{0,1,\cdots,2n\} (if(\rho,V)istype(3-b)).\end{array}\right.$

For subsets $P(\neq\emptyset),$ $Q(\neq\emptyset)$ of $X$ with $X=P\cup Q$ (disjoint union), put

$V_{P}=|_{\Sigma}^{\sum_{Rh_{0}\Sigma(Rf+Rg_{p})}}+_{(R}^{{}_{p\in P}Cf_{f_{p}^{p_{p}}+Rg^{p_{p}})}}$ $(if(if(if(if(\rho,V)(\rho,V)(\rho,V)(\rho,V)i_{S}^{is}isistypetypetypetype(3-a)or(2-b))(2-a))(1)),(3-b))$

,

$V_{Q}=\left\{\begin{array}{l}\sum_{q\in R}Cf_{q} (if(\rho,V)istype(1)),\\\sum_{q\in Q}(Rf_{q}+Rg_{q}) (if(\rho,V)istype(2-a)),\\\sum_{q\in Q}(Rf_{q}+Rg_{q}) (if(\rho,V)istype(2-b)),\\\sum_{q\in Q}Hf_{q} (if(\rho,V)istype(3-a)or(3-b)),\end{array}\right.$

$a=\dim_{E}V_{P}$ , $b=\dim_{Q}V_{E}$ .
Then $V_{P}(\neq\{0\})$ and $V_{Q}(\neq\{0\})$ are K-E-invariant subspaces of $V$ and

$V=V_{P}+V_{Q}$ (direct sum), $Hom_{K}(V_{P}, V_{Q})=\{0\}$ .
Thus

$F:S^{2}=G/K-G_{a.b}(E)=U(a+b)/U(a)\times U(b)$ ;

$gK-\rho(g)U(a)\times U(b)$ for $g\in G$

is a full minimal immersion by Proposition 3.1. Note that $S^{2},$ $G_{m.2}(R),$ $G_{mn}(C)$

are Hermitian symmetric spaces.

PROPOSITION 5.1.
(1) The case of which $(\rho, V)$ is type (1):

$F$ is totally geodesic if and only if $P=\{even\},$ $Q=\{odd\}$ (or $P=\{odd\}$ ,
$Q=\{even\})$ ,
$F$ is a Kahler immersion if and only if $P=\{0,1, \cdots, k\},$ $Q=\{k+1$ ,
$\ldots$ $n$ } (or $Q=\{0,1,$ $\cdots$ , $k\},$ $P=\{k+1,$ $\cdots,$

$n\}$ ).

(2) (2-a) The case of which $(\rho, V)$ is type $(2-a)$ :
$F$ is totally geometric if and only if $P=\{even\},$ $Q=\{odd\},$ $F$ is a Kahler
immersion if and only if $Q=\{n\}$ ,
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(2-b) The case of which $(\rho, V)$ is type $(2-b)$ :
$F$ is totally geodesic if and only if $P=\{even\},$ $Q=\{odd\}$ (or $P=\{odd\}$ ,
$Q=\{even\})$ ,
$F$ is a Kahler immersiou if and only if $P=\{0\}$ or $\{2n-1\}$ (or $Q=\{0\}$

or $\{2n-1\}$ ).

(3) (3-a) The case of which $(\rho, V)$ is type $(3-a)$ ;

$F$ is not totally geodesic,
(3-b) The case of which $(\rho, V)$ is type $(3-b)$ :

$F$ is totally geodesic if and only if $P=\{even\},$ $Q=\{odd\}$ (or $P=\{odd\}$ ,

$Q=\{e\nu en\})$ .

PROOF. It follows from Proposition 4.1(1). Q. E. D.

For example, when $(\rho, V)$ is type (2-a) and $P=\{1\},$ $Q=\{2\}$ , we calculate
Spec $(J)$ by using Theorem 4.2. In this case, since $F$ is a K\"ahler immersion, $F$

is stable (see [4], p. 76, Theorem 3.5.1).

THEOREM 5.1. The spectra of $J$ is given as follows:
Spec$(J)=$

$\{(n+3)(n-2)\pm\sqrt{6}$

PROOF. In this case,

$V_{P}=Rh_{0}+Rf_{1}+Rg_{1}$ , $V_{Q}=Rf_{2}+Rg_{2}$ .
The expression matrix of $\rho(e_{i})(1\leqq i\leqq 3)$ with respect to an orthonormal basis
$\{h_{0}, f_{1}, g_{1}, f_{2}, g_{2}\}$ of $V$ is as follows:

$\rho(e_{1})=\ovalbox{\tt\small REJECT}_{\sqrt{3}^{0}}^{0}00$ $00001$ $-\sqrt{3}-100000001$ $-10000$ , $p(e_{2})=\ovalbox{\tt\small REJECT}^{0}-\sqrt{3}000$ $\sqrt{3}0-100-10000$ $00001$ $00001\ovalbox{\tt\small REJECT}$ ,

$\rho=0000$

$00001$ $-10000$ $02000$ $-20000\ovalbox{\tt\small REJECT}$ .
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Hence we have

$\mathfrak{m}^{\perp}=v(x\int, y, z, w)=[0-x-y00$ $-w-z000$ $-0_{z^{w}}00w_{0}xz_{0}$ $-yw_{z\ovalbox{\tt\small REJECT};}00x,$ $y,$ $z,$ $w\in R\}$

and
$[\rho(e_{3}), v(x, y, z, w)]=v(-2y, 2x, -3w, 3z)$ .

Put
$\mathfrak{m}_{1}^{\perp}=\{v(x, y, 0,0);x, y\in R\}$ , $\mathfrak{m}_{2}^{\perp}=\{v(0,0, z, w);z, w\in R\}$ .

Then we have
$\mathfrak{m}=\mathfrak{m}_{1}^{\perp}+\mathfrak{m}_{2}^{\perp}$ (K-irreducible decomposition)

and

$\sum_{i=1}^{3}[\rho(e_{i}), [\rho(e_{i}), *]_{m\perp}]_{\mathfrak{m}^{1}}=\left\{\begin{array}{l}-7id on\mathfrak{m}_{1}^{\perp},\\-12id on\mathfrak{m}_{2}^{\perp}.\end{array}\right.$

Put

$v_{\pm}=\sqrt{2v}(1, \pm\sqrt{-1},0,0)_{-}--(\mathfrak{m}_{1}^{\perp})^{C}$ , $w_{\pm}=\sqrt{2v}(0,0,1, \pm\sqrt{-1})\in(\mathfrak{m}_{2}^{\perp})^{C}$

Then

$[\rho(e_{3}), v_{\pm}]=\mp 2\sqrt{-1}v_{\pm}$ , $[p(e_{3}), w_{\pm}]=\mp 3\sqrt{-1}w_{\pm}$ .
Hence we have

$D(G, K, (Ad\circ\rho)^{\perp})=\{(\rho_{2n}, V_{2n});n=2,3, \cdots\}$ ,

where we denote $(\rho_{2n}, V_{2n})$ the complex irreducible representation of $G$ of de-
gree $2n+1$ . The expression matrix of $\Sigma_{i=1}^{3}\rho_{2n}^{*}(e_{i})\otimes[\rho(e_{i}), *]_{\mathfrak{m}}\perp$ with respect

to an orthogonal basis $\{f_{n+2}^{*}\otimes v_{-}, f_{n+3}^{*}\otimes w_{-}, f_{n-2}^{*}\otimes v_{+}, f_{n-3}^{*}\otimes w_{-}\}$ of $(V_{2n}^{*}\otimes(\mathfrak{m}^{\perp})^{C})_{0}$

is as follows:
4 $\alpha$

$0$ $0$

$\sum_{i=1}^{3}\rho_{2n}^{*}(e_{i})\otimes[\rho(e_{i}), *]_{\mathfrak{m}^{1}}=\alpha$

9 $0$ $0$

$0$ $0$ 4 $-\alpha$

$0$ $0$ $-\alpha$ 9

where we put $\alpha=(1/2)\sqrt{6(n+3)(n-2)}$ . Since the eigenvalue of the Casimir
operator of $(\rho_{2n}, V_{2n})$ is $n(n+1)$ , we have
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$J_{\rho_{2n}}=\{n(n+1)-12\}id-2[\alpha 00$ $-3\alpha_{0}0$
$-\alpha-300$ $-\alpha-300$

Hence we get the conclusion by Theorem 4.2. Q. E. D.

References

[1] S. Helgason, ”Differential Geometry, Lie Groups and Symmetric Spaces”, Academic
Press, New York, San Francisco, London, 1978.

[2] –, ”Groups and Geometric Analysis”, Academic Press, New York, San
Francisco, London, 1984.

[3] T. Nagura, On the Jacobi differential operators associated to minimal isometric
immersions of symmetric spaces I, II, m, Osaka J. Math. 18 (1981), 115-145,
19 (1982), 79-124, $\uparrow 9$ (1982), 241-281.

[4] J. Simons, Minimal varieties in riemannian manifolds, Ann. of Math. 88 (1968),
62-105.

[5] T. Takahashi, Minimal immersions of Riemannian manifolds, J. Math. Soc. Japan
18 (1966), 380-385.

[6] M. Takeuchi, ”Modern theory of spherical functions (in Japanese)”, Iwanami,
Tokyo, 1975.

Institute of Mathematics
University of Tsukuba
Ibaraki, 305

current address: Department of Mathematics
Fukushima National College of Technology
Fukushima, 970
Japan


	EQUIVARIANT MINIMAL IMMERSIONS ...
	\S 1. Introduction.
	THEOREM (T. ...
	THEOREM A. ...
	 ...

	\S 2. Preliminaries.
	\S 3. A construction of ...
	THEOREM 3.1. ...

	\S 4. The Jacobi differential ...
	THEOREM 4.1. ...
	THEOREM 4.2. ...

	\S 5. Equivariant minimal ...
	THEOREM 5.1. ...

	References


