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Introduction.

Let A be an algebra over a commutative ring K and I a subalgebra.
Suppose that the extension /4/7" is a Frobenius extension. Then in [3, section
3], the complete relative cohomology group H{, r,(M, —) is introduced for an
arbitrary left A-module M and r&Z. We denote the opposite rings of 4 and
I’ by A° and I'° respectively. Put P=AXxA° and let S denote the natural
image of I"@xI'°in P. Then the extension P/S is also a Frobenius extension.
Since A4 is a left P-module with the natural way, we have H{p s,(A, —). We
will denote this H{p, s,(A, —) by H™ (A, I', —) for [6, section 3]. In this paper,
we will study this complete relative cohomology H (A, I', —). In section 1, we
will study relative complete resolutions of /4 and in section 2, we will introduce
the dual of the fundamental exact sequence of [4, Proposition 1 and Theorem
17 for complete relative cohomology groups. In section 3, we will study an
internal product like as in [9, section 2] which we will call the cup product.
If the basic ring of the Frobenius extension is commutative, the cup product
in this paper coincides with the product VV in [2, Exercise 2 of Chapter XI]
for dimension>0.

1. Relative complete resolutions.

Let P be a ring and S a subring such that the extension P/S is a Frobenius
extension. In [3], the complete (P, S)-resolution of a left P-module M is in-

di do d-y
troduced. It is a (P, S)-exact sequence - — X, —X,— X_, —> -~ such that

X, is (P, S)-projective for all n=Z and there exist a P-epimorphism &: X,—M
and a P-monomorphism %: M—X_, which satisfy n-e=d,, that is, the complete
(P, S)-resolution of M is an exact sequence which consists of a (P, S)-projective
resolution and a (P, S)-injective resolution of M since (P, S)-projectivity is
equivalent to (P, S)-injectivity. Note that any two complete (P, S)-resolutions
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of M denoted by ¥ and U’ have the same homotopy type, i.e., for chain
maps F: U—U’ and G: U'—U over the identity map 1y, F-G and G-F are
homotopic to l¢y. and lg respectively. Therefore for any subring @ of P, if
there exists a complete (P, S)-resolution of M which has a contracting Q-
homotopy in addition to the contracting S-homotopy, any complete (P, S)-
resolution of M also has a contracting Q-homotopy. Especially if P/Q is also
a Frobenius extension such that @ 2S holds and there exists a complete (P, S)-
resolution with a contracting Q-homotopy, all complete (P, S)-resolutions of M
are complete (P, Q)-resolutions of M since (P, S)-projective modules are (P, Q)-
projective modules.

Let A be an algebra over a commutative ring K and /' be a subalgebra of
A. We suppose that the extension A/I" is a Frobenius extension, that is to
say, there exist elements of A denoted by {r, -, ra}, {{s, ---, {»} and a ['-I"-
homomorphism hA<Hom(rAr, rI'r) such that x= X7, A(xr)li=3%=1rih(l;x)
for all xeA. Let A° and I'° be the opposite rings of A4 and I respectively.
Put P=ARxA° and let Q, R and S be the images of natural homomorphisms
IF'QxA° — P, AQxI'® — P and I'QxI'%°— P respectively. Then the extensions
P/Q, P/R and P/S are Frobenius extensions. We regard 4 asa left P-module
with the natural way.

PROPOSITION 1.1. Any complete (P, S)-resolution of A has a contracting Q-
homotopy and a contracting R-homotopy in addition to the contracting S-homotopy.

PROOF. We can prove this proposition by constructing such a complete

(P, S)-resolution of 4. Let

br bl €
(1) "'——>XT——>X1_1 oo X1 Xo A ‘0

be a (P, S)-projective resolution of A such that X,=AQr --- QrA (r+2 copies),
br (%6 - Rxr )= i=0 (D" xR - QXX - @)X r iy and e(x, & xy) = xoX;.
Note that (1) has two types of contracting S-homotopy. The one is a contract-
ing Q-homotopy such that x,® - @xr,1 — (—1)""'1Qx& - Qxr41. The other
is a contracting R-homotopy such that x,Q---@*x 1= % Q@x ., QL. Hom(4X,,
1) and Hom(X,4 A4) are regarded as left P-modules by setting ((x&®y)-f)
()=f(()Hx)y and (xRy)-2) ( )=xg(y( ) for xQyeP, feHom(4X,, 414) and
geHom (X, 4, A4). Applying the functors Hom (4,—, 44) and Hom(—,, 44 to
(1), we have a (P, Q)-exact sequence and a (P, R)-exact sequence respectively.
Let ¢, and ¢, denote P-isomorphisms Hom(4X,, 4+A)SAQr--QrA (r+2 copies)
and Hom (X, 1, ANSARQr - QrA(r+2 copies) respectively such that

¢r(f):215insn.~-~.1§i,5nrio® ®ri,,®f(1®lir® ®lio) ,
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9971(20® v QA1) =20 - RXyyy — Xoh(x A (- h(X 7 A(X 7 1140)A0D) ) A ) A7 1],
¢r(g)=§315iosn,...,15i,gng(no® ®7’ir®l)®lir® ®lioy
¢;1(20® ®2r+1):[x0® ®xr+1 - zok(zlh("'h(zrh(2r+1xo)xl)"')xr)xr+l] .

Since P/S is a Frobenius extension, (P, S)-projective module AQRr --- QrAa is
(P, S)-injective. Therefore we have two (P, S)-injective resolutions of A4 such
that the one has a contracting @-homotopy and the other has a contracting R-
homotopy. But since ¢,,1(¢7' (2@ ** Q@4r41)br11)=0r11($7' (A& - @Ari1)obryiy)
holds for all A,&Q - RArs1 € ARQr - QrA (r+2 copies), two (P, S)-injective
resolutions are same. Connecting this resolution with the standard (P, S)-
projective resolution of 4 that is (1) which has (—1)"b, instead of b, as the
differentiation, we have a complete (P, S)-resolution of 41 which we want:
d d, d, d_, d_,

@ ---—Xr —’rXr-l o Xy o Xy X y— =X —> Xy

e\ /7
A

Here we set d,=(—1)"b, and X_,=AQQr - QrA (r+1 copies) for »r=1, and
7, do and d_, are given by 9(x)=233; 7/QR;x, do(x@x)=7(x,Qx)=23; Xo7:Q
Lixy and d_ (%@ - ®x,) = 7= Ej(_l)ix0® v Qx4 Q7 QxR - Qx.. Let
denote the contracting @Q-homotopy of (2) by D?. D%: X,—X,,, is given by
D¥(xe® -+ @%r11)=1R%:@ +» Rxryy for =0, D% (x,Qx1)=h(x,)Qx, and D2, (x,
R Rx)=h(x) 2, --- ®x, for r=2. Let denote the contracting R-homotopy
of (2) by D®. D%: X,— X, is given by D¥(xe® - @xr11)=(—1)""%,Q - @
%, Q1 for r=0, DE(x,Q@x)=x,Qh(x,) and DE,(x@ - Qx)=(—1)""x%,Q - Q
Xr_1h(x,) for r=2.

We can see other complete (P, S)-resolutions of 4 in [3], and [8].
Let M be a left P-module and (X, d, ¢, %) be any complete (P, S)-resolution
of A. Then we have the following sequnce:
d,* do* d_.*

-+ «<— Hom(pX,, pM) <— Hom(pX,, pM) <— Hom(pX_,, pM) <— ---
where we set d.*(f)=/f-d, for feHom(pX,, pM). The r-th complete relative
cohomology group H7(A, I, M) with coefficients in M is given by H™(A,I", M)
=Ker d,,.*/Imd.*. We put H*, I', M)=D,ezH"(A, I, M). Let Z(A) be
the center of A. Then Hom (zX,, pM) becomes a Z(A)-module by setting
(c-f)()=cf() for ceZ(A). Therefore H" (A, I', M) is a Z(A)-module. It is
obvious that H"(A, ', M) is independent of the choice of complete (P, S)-
resolutions of .
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PROPOSITION 1.2. Put MA={meM|xm=mx for all xc A}, M'={me M| xm
=mx for all x&I'} and Nyr(M)= {S;rimlyime MT}. Then HY(A, ', M) =
MA/ N4 r(M) holds as Z(A)-modules.

PROOF. Take (2) as a complete (P, S)-resolution of A4 and let f be the
representative of an elemant a=H%A, I', M). Then the isomorphism H°4,
I, MY=MA/Nyr(M) is given by a—f(A1&Q1)+ N4 r(M).

2. The dual of the fundamental exact sequence.

Let A/I" be a Frobenius extension of K-algebras and P, Q, R, S, {r:}, {li}
and h be the same as in section 1. Suppose that /'/K is also a Frobenius
extension in section 2. Note that A/K is a Frobenius extension and @, R and
S are isomorphic to 'Rk A%, ARQx[° and I'R®xI'° respectively. We have a
complete (P, K)-resolution of A4 and a complete (S, K)-resolution of I'. We
denote them by Y and Z respectively.

Now we treat the restriction homomorphism and the corestriction homo-
morphism introduced in briefly. Let M be a left P-module. Since Y and
Z@rA are regarded as complete (Q, K)-resolutions of A, H"(Hom(pY, oM))=
H™(Hom(,ZQ®rA, ¢M)) holds. Since H"(Hom(,ZXr A, ¢M))=H"(Hom(sZ, sM))
=H"™(I", K, M) holds, we have an isomorphism

(3) s, : H'(Hom(yY, oM)) =~ H™(I", K, M).

Composing s, with the homomorphism induced by the natural map Hom(pY .,
pM)—Hom(yY ,, M), we obtain the restriction homomorphism Res™ : H" (A, K,
M)—H™(I', K, M). Composing s7' with the homomorphism induced by the
homomorphism Ny, r: Hom(gY -, gM)—Hom(pY ,, pM) defined by Ny r(f) ()=
S rif(i( ), we obtain the corestriction homomorphism Cor™: H™(I", K, M)—
H (A, K, M).

Next let X be a complete (P, S)-resolution of 4. Dividing X and Y into
the non-negative parts and the negative parts, that is, the relative projective
resolutions of A and the relative injective resolutions of 4, then the identity
homomorphism of 4 derives a commutative diagram

cl Co C_,
cr —— Yl —_ Yﬂ — Y—l —_— )"_2 —_ e

Y
(4) 011 Ogl A To‘-l TG’-;
A ™\
re /> Xl > Xo > X—l "'—'>X__2 e
1 do d_)
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and applying the functor Hom(p—, pM) to (4), o, induces homomorphisms
Inf": H (A, I', M)—~H"™(A, K, M) for r=1and Def™: H" (A, K, M)—~H"(A,I", M)
for r<—1. We will call them the inflation homomorphism and the deflation
homomorphism respectively. We can define Def’: H°(A, K, M)—H%A, I', M),
that is, Def®: Ker¢,*/Im ¢*—Ker d,*/Imd* since Ker ¢;*=SHom(pA4, pM)SKerd *
holds and Im d,* contains the image of Im ¢,*. If we identify H%(A, K, M) and
HA, I", M) with M4/Ny (M) and MA/N4 r(M) respectively by
1.2, Def®(m+ Ny x(M))=m-+N, r(M) holds.

Note that Res, Cor, Inf and Def are independent of the choice of relative
complete resolutions.

Now we treat on the fundamental exact sequeuce introduced in [4]. Let
A be an arbitrary ring and B a subring. By U, V and W we denote a B-
projective, an A-projective and an (A, B)-projective resolution of a left A-module
M respectively. Then the identity homomorphism of M induces the chain maps
U—V and V —W. They induce res’: Ext (M, N) — Ext3(M, N) and inf":
Extis 5, (M, N)—Exti(M, N) for »=0 by the natural way where N is any left
A-module. Consider Hom(zA4, sN) as a left A-module by (a-f)( )=f({ )a) for
ac A, feHom(gA, sN). Define left A-modules N¢(7=0) inductively as N°=N
and Ni=Hom(gA, gN®™") for i=1. Then in [4], it is proved that the sequence

inf” res”
0 — Ext{y, (M, N) —> Exti(M, N) — Extz(M, N)

is exact for »=1 if A is left B-projective and Exti(M, N"-")=0 0<n<r).

Let A, B and M be P, Q and A respectively. Then the P-projective resolu-
tion V is a @Q-projective resolution of A since P is Q-projective. Therefore we
may choose V as U. So res is the homomorphism induced by the natural map
Hom(pV, p—) — Hom(yV, q—). V is also a (P, K)-projective resolution of /4
since 4 and P are K-projective. Therefore we may consider that V is the
non-negative part of a complete (P, K)-resolution of 4. Hence Exti(4, —)=
H" (A, K, —) and s,-res"=Res” hold for =1 where s, is the same isomorphism
of (3). We know by Proposition 1.1 that the complete (P, S)-resolution of A
is also a complete (P, Q)-resolution of 4. Therefore as W we may choose the
non-negative part of a complete (P, S)-resolution of 4. So Ext{p ¢)(A, —)=
H™(A, I', —) and inf"=Inf" hold for »=1. Thus the following theorem holds:

THEOREM 2.1. Let N be any left P-module and define P-modules N*(i=0)
inductively as N°=N and N*=Hom(yP, (N*') for i=1. Then the sequence

T Res”

In
O0— H" (A, I'y Ny—> H"(A, K, N)— H"(I", K, N)
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is exact for r=1if H*(', K, N""")=0 (0<n<r).

PrRoOOF. Ext3(A, N"-")=H"(Hom(oV, N""™)=H"(I", K, N"-*)=0 holds by
(3). Therefore the sequence is exact.

We show the dual of till the end of section 2:

PROPOSITION 2.2. The following sequence is exact for any left P-module M :

Det® Cor?
(5) 0<«— HYA, 'y M) <— H%A, K, M) <— H([', K, M).

ProOOF. By [Proposition 1.2 the exactness of (5) is equivalent to the exact-

ef® Nyr
ness of 0 MA/Ny r(M) < M4/ Ny x(M) <= MT/ N, (M) where Def®(m+
Nayg(M)) =m+Ngyr(M) and Ngyr(m+ Npjxg(M)) = S riml;+ Nayxe(M). This
sequence is exact. Therefore (5) is also exact.

LEMMA 2.3. H"(I', K, M)= H"(A, K, Hom(xP, ¢M)) = H" (A, K, PQ (M)
holds for any left P-module M and all reZ.

PrROOF. For a complete (P, K)-resolution ¥ of A, H™(I", K, M)=H"(Hom
(oY, oM)) holds by (3) and H"(Hom(pY, (M)=H"(A, K, Hom(oP, (M))=H"(4,
K, PQM) holds.

LEMMA 2.4. Let 0— L5 M5 N—0 be a (P, S)-exact sequence. Then we
have the following long exact sequence

0
"_’HT(A) F, L)__)HT(A; F; M)—>HT(A, P: N)__)Hr+l(/1, rr L)_>

where 0 is the connecting homomorphism. We have similar long exact sequences
for H¥(A, K, —) and H*([", K, —).

PrOOF. This can be proved by the usual way for short exact sequences.

LEMMA 25. Let 0— L —f—> Mi» N—0 be a (P, S)-exact sequence. Then for

the connecting homomorphisms 0: H™ (A, I', N)y— H™*'(A, I", L) and 9": H"(A,

K, N)— H™*Y(A, K, L), (i) d-Def"=Der"*'-04 holds for r<—1. Let 0— L 7

MEN-0 bea (P, K)-exact sequence. Then for the connecting homomorphisms
01: H'(A, K, Ny - H"*"(A, K, L) and 0": H'(I', K, N) - H™*\(I', K, L), (ii)
01.Cor"=Cor" *'+a” holds for all reZ.
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ProoF. We use (4) for the proof. (i) holds for »<—2 by the commutativity
of (4). Let ¢ denote the isomorphism Ker ¢,* — Ker d,* by which we defined
Def’. Then ¢o(filkere )=/ %@, @oco* = do*0_* and o_,*cgx=gx°0_,* hold
where f, and g, are homomorphisms induced by f and g respectively with
the natural way. Therefore (i) holds for r=—1. Let Z be a complete (S, K)-
resolution of A with a differentiation e. Then Cor is induced by a chain map
¢: Hom(sZ, s—) —Hom(pY, p—). @efsx= fso0, ¢poe* = c*¢ and ¢og« = gx°9
hold. Therefore (ii) also holds.

THEOREM 2.6. Let M be any left P-module and define P-modules M;(i=0)
inductively as My=M and M;=PQoM;_, for i=z1. Then the sequence

Def-7 Cor-"
O<—H ™A, I, M) H7(A4, K, M)

is exact for r=0if H "', K, M,_,)=0 (0=<n=<r—1).

H-(I', K, M)

ProoF. By induction on ». The case of =0 is proved by Proposition 2.2
Assume that the case of »=¢ holds. Consider the case of r=t+1. By M’ we
denote the kernel of a P-homomorphism d: M;—M such that d(pQ@m)=pm.
Put Mi=M’ and M;=P®eM/_, for all i=1. Then there holds sM{@sM,,,
for all 7=0. Therefore H*(I", K, M;_,)=0 holds for 0=n<t. Hence the fol-
lowing sequence

Def-¢ Cor™t

0<—H YA, I', M) H Y4, K, M") H¥I', K, M)

is exact by the assumption of induction. Note that H~*[", K, M’)=0 holds.
The (P, S)-, (P, K)- and (S, K)-exact sequence

d
(6) 0O— M —> M, —>M—>0
induces the following commutative diagram by

Def-¢ Cor™¢
O<—H YA, T, M) H-YA, K, M) H-YI', K, M)
Ta Def-t-! TaA Cor—t! Tap
H YA, T, M) H-Y (4, K, M) H-\I', K, M)
T(-j /7.'
H-*Y(4, K, M))

where @, 04 and 8 are connecting homomorphisms for (6), d is a homomorphism
induced by d and 7 is the isomorphism of Lemma 2.3, The isomorphism
H™ (A, K, M,)—H"(Hom(yY, (M)) in the proof of is induced by an
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isomorphism u: Hom(sY ,, pM,) — Hom(oY ,, gM) such that u(f)=p-f where
the Q-homomorhism p: M,— M is defined by pu((xQy)Q@m)=~h(x)my for xQye
P and meM. Therefore Cor~*~'er=d holds. M, is (P, Q)-injective since P/Q
is a Frobenius extension. So by Proposition 1.1, H*(A, I', M,)=0 holds for all
icZ. Therefore @ is an isomorphism. And 94 is an epimorphism because
H-YA, K, M\)@H-YI", K, M) holds by and H-(I", K, M)=0 holds
by H*I'", K, MYH Y[, K, M")= H*(I", K, M,)=0. Hence for the middle
sequence of the above commutative diagram, holds.

3. The cup product on the complete relative cohomology.

The cup product on the complete cohomology of Frobenius algebras is
defined in [9]. In this section we will introduce the cup product on the com-
plete relative cohomology of Frobenius extensions. Let A4/[" be a Frobenius
extension of K-algebras and P, Q, R, S, {r:}, {{i}, h and Z(A) be the same as
in section 1. [/K does not need to be a Frobenius extension.

DEFINITION 3.1. Let A and B be any left P-modules and let » and s be
any integers. Assume that an element a\US=H™*(A, I', AQ4B) is defined
uniquely for every a=H"(A, I', A) and B=H*A, I', B). If U satisfies the
following conditions (i), (ii), (iii) and (iv), we will call U the cup product on
H*(A, I', —) and call a\UB the cup product of @ and 8.

(1) \U induces a Z(A)-homomorphism :

\
H*(A’ F’ A)®Z(A)H*(A: F’ B) -_—> H*(A) F’ A®AB)'

(ii) Let 0—A;—»A,—A;—0 be a (P, S)-exact sequence and B be a left P-
module. If 0— A,®4B — A,Q4B — A;Q®4B — 0 is also (P, S)-exact, there holds
da\UB) = da)JB for every a< H™ (A, I', As) and B H*A, I', B), where 0
denotes the connecting homomorphism.

(iii) Let 0—B,—B,—B;—0 be a (P, S)-exact sequence and A be a left P-
module. If 0-AQR4B,—AR41B,—» AR 4Bs—0 is also (P, S)-exact, there holds
daUB)=(—1)"a\Ud(B) for every acH™ (A, I', A) and B=H*(A, I', B,), where
0 denotes the conneting homomorphism.

(iv) The diagram

Y
HYA, I', AAQzHYA, I', B) — HXA, I', AQ4B)

l l

AY/ Ny r(A)QzcyBY/ Nayr(B) —> (AR 4B)1/ N4y r(AR 4B)
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commutes, in which the vertical homomorphisms are isomorphisms by Proposi-
tion 1.2 and the homomorphism in the bottom row is defined by

(a+Nayr(A))Qb+ Ny r(B)) — aQb+Niyr(AQ4B).

PROPOSITION 3.2. If \U and \U’ satisfy the conditions (i), (i), (iii) and (iv)
of Definition 3.1 respectively, then \U=\U’ holds.

PROOF. This proposition is proved by the same method as [1, VI, Lemma
5.8], that is, proved inductively by using the following lemma of dimension-
shiftings :

LEMMA 3.3. Let M be a left P-module. Then we have the following four
natural (P, Q)- (or (P, R)-) exact sequences for M:

(7) O—»Ker¢——>P®QM—£>M————>O,
(8) 0——>Ker¢’—-—>P®RM—¢—/>M——>O,
(9) 0——>M——i—> Hom(y,P, ¢M) —> Cokeri — 0,
(10) 00— M——i Hom(gP, M) —> Cokeri’ —> 0

where ¢(pRm)=pm, ¢ (pQ@m)=pm, i(m)=[p—pm] and /(m)=[p—pm]. For
any left P-module N, 0—Ker ¢QsN —>(PQRQoM)YQAN—-MR4N—0 is also a (P, Q)-
exact sequence. With this sequence and (7) there hold

(i) 0: H (A, I'y M) S H"*'(A, I, Ker ¢),
0: H' (A, I', M N) = H *'(A, I, Ker ¢@4N)
where 0 is the connecting homomorphism. Similarly there hold
(ii) 9: H"(UA, I', M)y = H"*Y(A, I', Ker ¢'),
0: H'(A, I'y NQM) S H™ " (A, I', NQKer ¢’),
(ii) 9: H""(A, I", Coker i) S H (A4, I', M),
0: H (A, I', Coker iQuN) = H™(A, I', MQ4N),
(iv) 0: H* YA, I', Coker ) S H™(A, I', M),
0: H YA, I', NQ4Coker i) =S H" (A, I', NQuM)
with (8), (9) and respectively.
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PrOOF. By Proposition 1.1 any complete (P, S)-resolution ot A isa (P, Q)-
exact sequence. PoM and (PRoM)QIN =PRQo(M@4N) are (P, Q)-injective
since P/Q is a Frobenius extension. Therefore H*(A, I, PXoM)=0 and
H*(A, I', (PQeM)Q®4N)=0 hold. Hence (i) holds. Similar arguments prove
(ii), (iii) and (iv).

Note that the cup product is independent of the choice of complete (P, S)-
resolutions of A.

LEMMA 3.4. Let (X, d, ¢, ) be a complete (P, S)-resolution of A. Then
for any integers r and s there exists a left P-homomorphism Ay, s: X r,s—X QX5
which satisfies the following conditions:

(1) (eQue)°Ao,0=5¢,

(i) Arsodrisn1=(dr 1 @alx)odrir s+ (—1)"(1x, Radss)oAr 511

PROOF. This lemma is proved by using the same method as [1, p. 140]:
For neZ put (X&4X)n=TIpsq-n X,Q4X, and define 8,: (X&sX)i—XRaX)n-1
by 02=ITpse=n dp@ulx ,+ Tl psgun(—1)?1x ®@ad,. Then (X&4X,0) is a chain
complex and has a contracting S-homotopy ITp.q-2D$® alx,: X & 4X)n —
(X®AX)M1 where D9 is a contracting Q-homotopy of X which exists by
Proposition 1.1. Therefore (X&4X, d) is (P, S)-exact. The direct product of
relative injectives is relative injective and the (P, S)-projective module X,®4X,
is (P, S)-injective since P/S is a Frobenius extension. So (X & 4X, 0) is dimen-

sion-wise (P, S)-injective. Therefore if there exists a P-homomorphism a : X,—
(X®AX)0 such that (e® ¢)ca=¢ and d,ca-d,=0 holds, a extends to a chain map
A: X—»X@) 4X which satisfies the conditions (i) and (ii). Put a=(a,) where
ap: Xo— Xp@Q4X_.,. Then since X, is (P, S)-projective, we can take a such
that the condition (e &)ca=(cR8)cao=¢ holds. Put 5;,q=dp®,11xq and 0p,=
(—1)"1Xp®,1dq. Then the condition d,ca-d,=0 is equivalent to a condition (iii)
0p. -p°@p+03_ 1 1-p°ap-,=0 onIm d, for all p=Z. Consider the sequence (X&) 4X,,
0., o) for any fixed ¢. X, is (P, S)-projective, that is, pX@p(ARQrMQrA) holds
for an S-module M, and X has a contracting R-homotopy by [Proposition 1.1.
Therefore (XQ4X,, 0-,,) has a contracting P-homotopy H. Now assume that
>0 and that a,., has been defined. Set ap,=— H<-03_,,-p°a@p-;. Then a,
satisfies the condition (iii). In fact,

5,°ap+6”°ap_1:—5’°H°5,I°ap-l+6/’°ap_1
=H<0"0"ap-, by the definition of H

=—He0"<0"catp-, because 0’ and 47 anti-commute
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where we have ommitted the subscripts on 6’ and 8” to simplify the notations.
If p=1, then H°6”°5,°ap—1:H°(d0®Ad0)°a0:H°(7]®A77)°(8®/15)°a0:H°(77®A7])°5
=0 holds on Im d,. If p>1, then by the inductive hypothesis 0’ ca,_;+0"°ap_,
=0 holds on Im d,. So H9"<0’~ap.,=—H-0"°0">ap_,=0 holds on Imd,. A
similar argument constructs a, for p<0 by descending induction. Thus the
proof of this lemma is complete.

By we have the cup product of acH™(4, ', A) and Be
H*A, ", B): Put a=f and B=g where f and g are representatives. Then
the cup product is given by a\UB=(f®.g)-A,,. Thus we obtain the following
theorem :

THEOREM 3.5. There s a cup product uniquely on H*(A, I, —).
The cup product has the following anti-commutativity :

THEOREM 3.6. Let M be a P-module. Then for arbitrary a=H"™(A, I, A)
and BHA, I', M), a\UB=(—1)"*fUa holds.

PrROOF. Let (X, d, ¢, ) be (2) in section 1. Put ¢,=(lx,&®4¢)°Az,, and
Pn=(eQ@alx )°Ao,» for any n<Z where A is the same as in Lemma 3.4 ¢:
X—X and ¢: X—X are chain maps. Since e=g-p,=¢e-¢, holds, ¢ is homotopic
to @, that is, there exists a P-homomorphism y,: X,—X,,: such that'<pn—-¢n=
Vn-1°dn+dn,10v, holds for all n. Let f and g be representatives of ac= H" (4,
I'y A) and B=H*(A, I', M) respectively. Consider the case of s=0. Since
g(l®1)= M holds by [Proposition 1.2, there holds (f®42)Ar, ,=g(1R1)f¢,=
gA@Dfo ¢, +gURL) fovr_1odr=@R4f)*he. r+8A®L fovs_1od,. Therefore ap
=(—1)°8Ua holds for any reZ. Since A is flat as a left 4-module and as a
right A-module, we can use (ii) and (iii) of Definition 3.I. Therefore by using
for H¥(A, I', M), a\JB=(—1)"*8Ua holds for any » and s.

The cup product has the following associatitivity :

THEOREM 3.7. Let A, B and C be P-modules. Then for ac=H™(A, I, A),
BeH!(A, I', B) and y=HYA, I, C), (aUB)\Jr=a\J(B\Ur) holds.

PROOF. We can prove this theorem by the method like the proof of Theo-
rem 3.6: Let (X, d, ¢, ») be (2) in section 1. Put

Pn=(eQalx,D48)°(A0, nQalx))°An,0 and ¢r=(eQ4lx,X48)°(1x,Q44n,0)°0,
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for n=Z where A is the same as in Lemma 3.4 ¢: X—X and ¢: X—X are
chain maps. Since e=¢°¢p,=¢°¢, holds, ¢ is homotopic to ¢, that is, there
exists a P-homomorphism v,: X,—X,,, which satisfies ¢n—@r=vn_1°dnt+dn.1°
v,. Let f, g and k be representatives of ac H™(A, I', A), Be H*(A, I', B) and
yeH' (A, I, C) respectively. Consider the case of r=t=0. Sincc f(IR1)s A4
and 2(1®1)< C4 hold, there holds

(fR.418)Q k) (Ao, sRalx,)°As 0= (1Q1NR 18 °PsR 4k (1X1)
=f1R)R1g°P:R 4L 1QL)+(f(1QL)R48°vs- 1R 4k (1X1))ds
=(f®A(g®Ak)) ° (1X0®AA3. 0) °Ao. s +(f(1®1)®/1g°”s—1®/1k(1®1)) ods.

Therefore (a\UB)Ur=a\U(8Ur) holds for the case of »=t=0. By using
3.3 for H"(A, I, A) and HYA, I, C), we have (a\UB)Ur=a\J(B\r) for any
r, s, t<Z.

By H*(A, [, )=@®,-zH™(A, I', A) is a ring with the identity
element which is the image of 1=Z(A)/Na r(A) on the isomorphism Z(A)/
Nayr(A)= HA, I", A) of Proposition 1.2

Now assume that I'/K is also a Frobenius extension. Then since A/K is a
Frobenius extension, we have the cup product \U on H*(4, K, —).

LEMMA 3.8. For any (P, S)-exact sequence 0— L 2 MENS 0, we have
two connecting homomorphisms 8: H™ (A, ', Ny— H™**(A, I', L) and 04: H™(A,
K, N)-H™*Y (A, K, L) for all v<Z by Lemma 2.4. Then we have

(i) o4eInfr=Inf"*'e0 for r=1,

(ii) Inf'.@-Def°=0".

PROOF. We use (4) in section 2 for the proof. (i) holds by the com-
mutativity of (4). Let A be any left P-module. By K(A) and K’(A) we denote
the kernels of c¢,*: Hom(pY,, pA) — Hom (Y ,, pA) and d.*: Hom(xX,, pA) —
Hom(pX,, pA) respectively. Then the diagram

*

gy
gx (K'(N)) —> g« '(K(N))

| | .

K’(N) K(N)

is commutative where gy is the homomorphism induced by g with the natural
way and K()— K’() is the same isomorphism by which we defined Def® in
section 2. @,* fy=fx°0,* and o,*-d,*=c,*.a,* hold. Therefore (ii) holds.
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PROPOSITION 3.9. Let A and B be left P-modules and let a, B, a’ and f’
be elements of H™ (A, I', A), H*(A, I, B), H" (A, K, A) and H*A, K, B) respec-
tively. Then we have

(1) Inf"**(aUB)=Inf"(a)UInf*(8) for r=1 and s=1,

(ii) Def"**(a’UB")=Def"(a’)\UDef*(B’) for r=<0 and s<0,

(iii-i) Def”**(a’\UInf*(B))=Def"(a’)\UB for r<0, s=1 and r+s=0,

(iv-i) Inf"**(Def”(a’)\UB)=a’UInf*(B) for r=0, s=1 and r+s=1,

(iv-ii) Inf"**(a\UDef*(8"))=Inf"(a)\UB’ for r=1, s=<0 and r+s=1.

PrOOF. Let X be (2) in section 1. Then we can take A of
such that Ay, o(xe@rx)=(x,Q@r1)@+s1&Qrx;) and A_;, (%@ rx,)=:(xe7:Qr1)Q4
(1Q®rl;Q@rx,) hold. Since A/K is a Frobenius extension, we have a complete
(P, K)-resolution Y of /4 whose type is (2) in section 1. Then ¢, of (4) in
section 2 is given by

o'r(xo®K <®Kx'r+1)—:xo(§©11 ®[‘x1-+1 for T’_Z_O,

G-+ (X%@r  Qrxr)=ig iy XV i, @xli 0171, @k -+ Qxli,_x, for r=1

tr-1
where {r;} and {l/;} are elements of I’ with respect to the Frobenius extension
I'/K like as {r;} and {l;} of A respectively. Let A4, be the P-homomorphism
of for Y. Then A4, (x,®gx,) = 2, (277 Qe D@ ARkl Qi x1)
holds. Now we show (iii-i). Put a’=f and B=zg where f and g are repre-
sentatives of a’ and B respectively. At first we prove the case of r+4-s=0 by
induction on s. Since there holds

Def®(fUInf'(2))=Def*(fQ4g°0.) A%, 1)
=[x@rx; —> 240, 1/ (X717 N 481 rljl: & r x1)]
=(f0-10948)°A-1.1
=Def-'(f)Uz,

the case of s=1 holds. Assume that (iii-i) holds for some s and for any left
P-modfules A and B. Let a’ and B be elements of H-“*»(4, K, A) and
H***(A, I', B) respectively. Then with (7), d%a’) € H*(A, K, Ker ¢) holds
where 94 is the connecting homomorphism. By (iv) of there exists
B”<=H*A, I', Coker /) such that d(8”)=p holds. By the assumption of induc-
tion Def’@4(a’)\UInf*(8”)) = Def~*(@“(a"))\UB” holds. So we have d(Def~‘(a’\U
Inf*(8”)))=0d(Def~-¢*(a’)UB”) by Lemma 2.5 Since this @ is an isomorphism,
we can cancel d. Therefore by Lemmas 2.5 and B.8 (iii-i) holds for a’ and B.
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Assume that (iii-i) holds for the case of r+s=-—n (n=0). Consider the case
of r+s=—(n+1). By (ii) of 0By H** (A, I', Ker ¢’) holds. So
Def-"(a’UInf**'(9(B8)))=Def"(a’)\Ua(8) holds. By Lemmas 2.5 and 3.8 d(Def-*»
(a’\UInf*(B)))=a(Def"(a’)\UB) holds. This @ is an isomorphism. Hence (iii-i)
holds. (iii-ii) is shown by the same method. Next we show (iv-i). At first
we show the case of »4s=1 by induction on ». For »=0 (iv-i) holds by the
computation like (iii-i). Assume that (iv-i) holds for some » and for any left
P-modules A and B. Let @’ and B8 be elements of H" (A, K, A) and H*> " (4,
I, B) respectively. By (iv) of there exists 8”7 H'~"(A, I, Coker 7’)
such that 9(8”)=p holds. Then Def’(a’UInf'-"(8”))=Def"~'(a’)\UB” holds by
(ili-i). Therefore by

Inf'(Def™ ~'(a’)\UB)=Inf'(Def™ ~*(a’)\0(B"))
=(—1)""'Inf'-g(Def"~'(a’)\UB")
=(—1)"""Inf'-g-Def’(a’UInf'~"(8"))
=(—1)"-'94a’ UInf'-7(8”))
=a’UInf*~"(B)

holds. Next assume that (iv-i) holds for the case of »+s=n (n=1). Consider
the case of r+s=n-+1. By (iv) of there exists 87 = H* (A, I,
Coker ¢’) such that d(8”) = B holds. Since Inf*(Def’(a’)\UB”) = a’UInf*~'(B”)
holds, (iv-i) holds for a’ and B by using (iv-ii) is shown by the
same method. (i) and (ii) are also shown by induction easier than (iii-i) and

(iv-i).
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