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NOTE ON THE TAYLOR EXPANSION OF SMOOTH
FUNCTIONS DEFINED ON SOBOLEYV SPACES

By

Atsushi YOSHIKAWA*

§1. Introduction

It is well-known that the Sobolev spaces H’(R™) (with norm | -||,) are
multiplicative algebras when ¢>n/2. Let u=H’(R™) be real valued. If f is
a rapidly decreasing function on the real line, i.e., f=S(R), then we may
speak of the composite function f(u), which again belongs to H’(R™) provided
f(0)=0 (See Rauch and Reed [1]). As for more precise results including higher
order Taylor expansions, we have the following

THEOREM. Suppose ¢>(n/2)+1, and u and v=H°(R") are real valued. Let
fES(R). Consider the m-th remainder

(L.1) Ru /03 0= flotu)—5) o P

of the Taylor expansion of f(v+u) around u=0 (m=1, 2, ---). Then R, (f)v; u)
e H’(R™) and, for 0=s<g,

(1.2) [Ra(H)w; wlle=An, s(L+{v]Max s, o -1y F [0 ][ o[[ VO[|32FE771)

(L b e Nl |V ),

(m +1)‘
where An, s is a positive constant independent of u and v. In the above, N stands
/
for the gradient operator, and lel(p)z(Sle(x)lpdx)l ’ is the LP-norm of a
function w on R™, p>0. Note |wl|r=|wl, for H'(R")= L*R").
REMARKS. (i) |luln) makes sense for u= H’(R") since ¢>(n/2)+1 and

He(R")CH™ ™~ bremr(Ry L*™(R") by the Sobolev embedding theorem.
(ii) The constant A, , admits the estimate
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s*=1+Max (s, 1)+Max (s, c—1). Here f(r) is the Fourier transform of f and
C, a positive constant independent of m and of f.
(iii) Similar results are valid when ¢ >n/2 and ¢=1. Then we have to

replace by

(1.3) IR0 WS Ao, L+ 0]+ ] Tol22s
m 1 ax 8/&,1
X (g 1™ o sy el Bl Y,

where

ApieSCaigl 17 eI+ 2|,

s‘s% R
s¥(e)=1+4(o/¢)+Max (s/e, 1), 0<e<o—(n/2), e<1.

The proof of is carried out by extending the idea of Rauch and
Reed where they discussed the case of m=1 and v=0, f(0)=0. Observe

. __L torf lur__ ! (zz'u)
Ru(F)w; W= e (e =8 FE) oy,
where f(r)= Ske'“‘f(t)dt is the Fourier transform of f(¢). Then, for 0<s<g¢

k
eivr(eiur 21 (zz‘u)

k=0

1
IRn(Aw3 =5,

)1 7@1dz.
Therefore, in order to prove [Theorem, we only have to verify the estimate:
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(1.4)
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(m +1)‘
for real r provided u,veH(R"), 6>(n/2)+1, are real valued. Here s*=
14+Max(s, 1)+Max (s, ¢—1) and C, is a positive constant independent of u, v, ¢
and m.

For a verification of we appeal to the following

LEMMA 1.1. Suppose a>(n/2)+1, and m a positive integer. Let we H°(R™)
be real valued. Then ¢*—0Gw)*/kle H(R™) and

l tw__ 3 (zu’)k
(15) !‘ kz:o_ i .
—S C3<"_I llw I +( ])' HZU“ ’(2" )“Vw”g/lalx(s.l)),
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for 0<s=<o0. Here C; is a positive constant independent of m and w.
A proof will be given in the next section.

Let us derive for z=1 from since then [(1.4) for general 7 follows
via an elementary inequality :

A+r2 X +re Y)Y rt Z4rt W) S r 147240+ Y1+ X+ Y N Z+W),
for all »>>0. Here a, b, c,d, X, Y, Z, W are all positive. Observe the identity :

eiv(eiu_~n§1 (fu)* )

F=0 kI

o0 1)< u__ kzl(zu)")+< mE=1 (zu)k)_

0

In view of Lemma 1.1, we only need to show
(1.6) [(e®—=Dw|ls= Cs(|vlimaxcs. o 15+ 0llo[ Vo[ Max<s 7= |||

for all weH(R"), 0<s=o, when v is real valued. Now by Lemma 1.1 and
the Sobolev embedding theorem,

(e —Dwlle=Clle™—1]s_slwlle=Clvlls_s+lvllelVollig=Dlw ],
while, for 6=s=0—1,
e —Dwl:=Clle”--1lllwlls= C(vls+IvlolVoli-Dlwls .
[(1.6) then follows by interpolating 0<s<o—1.
REMARK. We also have [(e**—1)w|,=2||w|, since v is real valued. Thus,
when [[vll,_i+v]ol[Vv[[5=% is very large, we have

[ —Dwlls<CUvllsr+NvloVvIgZh o2 w],,
for 0<s<o—1.

§ 2. Proof of Lemma 1.1

Our proof of is based on the following simplified analogue of
Proposition 4.1 of Rauch and Reed [1].

LEMMA 2.1. Suppose g=H(R™) is real valued. Let 0<s<a. Then
(2.1 IRe (KDY M AD>*w, w)| £ B[|Vglo-rllwl-illwlo,

for all w= H(R™) provided ¢>(n/2)+1. Here B; is a positive constant indepen-
dent of w and g and (,) the inner product of H(R™). Recall M, is the multi-
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plication operator by the function g, and <{D)*® is the pseudo-differential oterator
with the full symbol <&)*=(1+1&|?)*%, é=R".

PROOF. Since g is real valued,
Re i(KDY* M <D)> *w, w)=Re i([{D}*, M, KXD>*w, w).
Then is shown by the classical estimate (See, e.g., [2]):
|(v, [KD>*, M Ju)l =ClINgllo-(lvllollwlls +lvl-elulls) ,

n
s’'=s—1, 1=t'=0, a——%>t', o—5>s—s, 0zl, $>0.

We can choose s'=s—1, t'=1 if ¢>(n/2)+1. If we merely have g>n/2,
c=1, then we choose s'=s—¢, t'=¢ for a—(n/2)>e>0, 1=¢>>0.

Now let us proceed to a verification of Lemma 1.1. The case when m=1
is essentially due to Rauch and Reed [I]. By slightly modifying their ideas, a
proof of for general m is obtained. Thus, to verify we first
reproduce a part of the discussions of Rauch and Reed [1], and then indicate
our modification. Let

m=1(71p)*
En(w)=e'"— 21(“03 ,
k=0 k!

m=1,2, -,

and
Wa(t)=<DY En(tw).

A straightforward computation yields to

d ‘ . . . tm—l

with W,(0)=0. Taking the inner product of the both hand sides with W,(t),
and using we have,

<D>@Ew)™,

m-1

d B t n
(2.2) 77 ”Wm<t>”0__—\_Bs“vw”o‘-l'le(t)”—1+(7n__1)! lw™|s .

Our idea is to employ the logarithmic convexity of the Sobolev scale. Thus,
suppose s>1. Then

IW @Ol =1 En(w)lls 1 | En(w)|3 | En(tw)|?,
6=1-—1/s. Therefore, for any >0,

tm
lle(t)ll_éBam | Gm>+ C 60 HIW m(®)o .

Here we have used the fact |E.(w)le=@"/mDIw|%a, which is also a con-



Note on the Taylor Expansion of Smooth Functions 149

sequence of realness of w. It follows

d%nwm(t)nogcaBSHVw110_160~1111vm<t>(r0

m=1
(m—1)!
Since is trivial when w=0, we assume w0 so that Vw=0. Choose
0=|Vw|5-;. Then

+ B0 |Vwl,- hory ”w”<2m>+ ™.

ZAW O Co BT (Ol

t'ml

+B,|IVNwlls- 1||w“(27n) + ”mes———_—l-)——'

Therefore, integrating from ¢=0 to =1, we have

1E n(0)ls= W (D)l < Bse®0”®

L L KL R T

On the other hand, if s<1, then
tm
IWn(DOll -1=KD>* T En(tw)lo = | En(tw)llo = T lwEm> .
Thus, yields to

tml

HWm(l‘)Ho<B ——HVWHa 1”w”(2m)+( 1),H w™s,

whence

B, 1, .
IIEm(w)IIs_(jﬁHVu lo-allwl@m>+ = ™ ls -
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