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GAPS OF F-YANG-MILLS FIELDS ON SUBMANIFOLDS*

By
Gao-Yang Jia and Zhen-Rong Znou'

(Department of Mathematics, Central China Normal University)

Abstract. Replacing the integrand of the Yang-Mills functional
by F (@), we define an F-Yang-Mills functional, and hence
F-Yang-Mills fields, where F is a non-negative function. The gaps
of F-Yang-Mills fields on some submanifolds of the Euclidean spaces
and the spheres are investegated in this paper.

1. Introduction

Let P(M, G) be a principal bundle over a compact Riemannian manifold M
with structure group G, E =P x, V' a vector bundle assosiated with P(M, G),
whose standard fibre is some vector space V, where p: G — GL(V) is a rep-
resentation of G. Let Q?(E) = '(A’T*M ® E) be the space of E-valued p-forms,
V the connection of E. We use %r to stand for the set of connections of E. Let
gr = P xadq, g be the adjoint vector bundle, where g is the Lie algebra of the Lie
group G. It is known that, for any V, V' € %z, we have V— V' € Q!(g;). For each
V € %, the curvature 2-form RY € Q*(g;) is defined by RY = [V, Vy] — Vix. 1.
If G is compact and semisimple, there is a natural invariant metric on gg, and
this metric induces a one on Q%(g;). With respect to this induced metric, the
Yang-Mills functional is defined as follows:
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If a connection V of E is a critical point of the Yang-Mills functional, we call it
a Yang-Mills connection, the associated curvature tensor is called a Yang-Mills
field.

An inner product <(-,-> on g is defined by setting (U,V)=
—1 trace[p(U),p(V)], where p:g— so(N) is a faithful representation. In the
paper [2, 1], Bourguignon and Lawson obtained a well known result on gaps of
Yang-Mills fields as follows:

TueoreM 1 ([1]). Let RY be a Yang-Mills field on S"™ (n > 5) satisfying that

1 /n
V2

< —
1= < 5 (3)

then RY = 0.

If the integrand of the Yang-Mills functional is replaced by ||RV||”, then
we can obtain a p-Yang-Mills functional, the critical points of which are called
p-Yang-Mills connections, and the associated curvature tensors are called
p-Yang-Mills fields. The article [3] investegated the gaps of p-Yang-Mills fields of
Euclidean and sphere submanifolds, and generalized the related results of [1].

Let M" be a submanifold of N"** and A(-,-) the second fundamental
form, and let 1 <i,j <m n+1<u<n+k. Choose a local orthonormal frame
field {e;|i=1,...,n+k} on N, such that {e,...,e,} are tangent to M and
{exlp=n+1,...,n+k} are normal to M. Set h(e;,¢;) = hjje, and H" =3 hj;.
The article [3] proved the following gap theorem for submanifolds of the
Euclidean spaces:

THEOREM 2 ([3]). Let M" be a submanifold of Rk satisfying the following
condition:
> (—H Wy + kbl )oki + hlhly] < (2 = n)oudy.

If RY is a p-Yang-Mills field (p = 2) with |R|*> < 1(2) (n > 4), then we have
RY =0.

If M" =S" < R""!, then the condition above is satisfied (in fact the equality
holds in this case), and the gap theorem is true for p-Yang-Mills fields. Therefore,
Theorem 2 generalizes the related result of [1].

For submanifolds of spheres, the following gap theorem is proved in [3]:
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THEOREM 3 ([3]). Let M" (n > 4) be a submanifold of S"™*, and satisfy the
following condition:

(—H"y + iy, hy )0k + hiyhyy < boucdy, (2)
where b < 0. If RV is a p-Yang-Mills field on M with |RV||* < 1(3) and p >2,

then, we have RY = 0.

ReEMARK 4. The conditions in Theorems 2 and 3

> [(—H"hly + hly 1 o + hlhly] < adudy 3)

jm" ml

mean that for any skew-symmetric 2-tensor 4 = (A4;), we have
> [(—H Wy + kb )Ski + hlhly| Ay Ay < adidy Ay Aw.
In [3], the conditions are

> [(H" by — Byl Yor: — hiht] < —adudy (4)

m”" ml

which mean that

> (H" by — Byl Yowi — hiyhif) Ay A < —adudy Ay A
Because A4 is skew-symmetric, i.e. 4; = —Aj;, The conditions (3) and (4) are the
same.

Replacing the integrand of the Yang-Mills functional by F (@), where F
is a non-negative function, we define an F-Yang-Mills functional, and hence
F-Yang-Mills fields, which is a generalization of p-Yang-Mills fields. In this
paper, we investegate the gaps of F-Yang-Mills fields on submanifolds of the
Euclidean space and the spheres, and our main results are in the following:

THEOREM 5. Let M" be a submanifold of R™*, and satisfy the following
condition:
(—H”h_;; + ht b o +hl’,th}’; < (2—n)oid;. (5)

jm' ml

Suppose that RV is an F-Yang-Mills field on M" which satisfies ||RV||2 <10,
where, F(t) >0, F'(t) >0 and F"(t) >0 for t > 0. Then, we have VRV =0 for
n>3 and RV =0 for n>5.
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THEOREM 6. Let M" be a submanifold of S"**. and satisfy the following
condition:
(6)
where, b < 0. If RY is an F-Yang-Mills field on M with |R"|> < 1(%), where
F(t) >0, F'(£) >0 and F"(t) > 0 for t > 0, then, we have VRV = 0 for n > 3 and
RV =0 for n>>5.

(—H"hy + Iy, hy )0 + My < boucdy,

Jm" ml

These theorems generalize the corresponding theorems of [1, 3].
2. F-Yang-Mills Fields

DrFINITION 7. Let F:[0,4+00) — [0,400) be a C* function. Define

Sr 6 — R as follows: For any V e @, set

Ir(V) = JM F (—”RZ"z) ;

which is called an F-Yang-Mills functional. The critical points of & are called

()

F-Yang-Mills connections, and the associated curvature tensors are called
F-Yang-Mills fields. When F(¢) :%(Zt)”/z, the F-Yang-Mills fields are the
p-Yang-Mills fields.

Let V! =V 4 A’ be a variation of V € %z, where 4’ € Q'(g;) with 4° = 0.
Then the curvature of V' is given by
: 1
RV =R +d%A" 454" n A, (8)
where, the operation [-A -] is defined as follows: For ¢, € Q(ar), [p Ay y =

[0y, ¥y] — [py,¥y]. Let d¥ be the wedge differentiation. By a straightforward
calculation, we have

d d (IR’
— & Ny — iy A I L
a7 V) ot ( 2

o / ||RV’||2 i V! pv!

_UMF (—2 SRR

_ / ”RVIHZ Vi t i t t V!

= MF( 5 dV A [T A AA R, 9)
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Let D=4V'|,_,. The above equality becomes as

V2
_ JMF,<||R2|| ) "D, R
t=0

[ (o (), "

where 6" is the adjoint operator of d¥. Hence the Euler-Lagrange equation of

5”17(.) is
V2

d
%Q)F(V )

3. Lemmas

For ¢ € Q*(g;), @ € Q*(M) ® Hom(X(M), X(M)), where X(M) is the set of
smooth sections of 7M. let

(poa) X, Y — 2Z¢€/,WX ve® (12)

We use R to express the Riemannian curvature tensor of M, Ric for the Ricci

operator. On M, we take a local orthonormal frame field {e;};_; and adopt

..... N

the Einsteinian convention of summation. The range of the indices i, j, k, [, m is
{1,...,n}. Let

(RicAal)y y = Ric(X) A Y + X ARic(Y) (13)

and

=D AR 200, v] = IR y: 00,41} (14)
Here, Rica [l eQZ(M) ® Hom(X(M), X(M)), and X A Y is defined as:
(XAY)Z)=<X,ZYY —{Y,Z)X. (15)
For any ¢ € Q*(g;), we have (see [1])
Ap =V*Vp —gpo (Rical +2R)+RY(p). (16)

Hence we have

1
5Allgl* = A%, 0> — [Vo]|* = <po (Ric AT +2R), > — RV (p),p>.  (17)
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By a straightforward calculation, we get

IRV _ IRY|?
AF( 5| = > V. V.F 5

— Y, (F,<||RV| ) ||RV|| )

2 RV

”(” >|R‘7|| VIR 1P - (' ” >A||RV|
|2 IR

( )|RV||2||\7||RV|| |2—F’<T)<%V<RV>,RV>

IRV RY|?
<| I’ <AVRV7RV>_F,<|2||>”VRVH2

_p(M) (RY o (Ricnl+2R),R") (18)
2 o

LemMA 8. For an F-Yang-Mills field RV, we have

RY
| F”(' | >||R‘7|| VIR I
M
(IR e oo (IR e v oy
| F (—2 >|R R I C R RN

2
_|_J F,<||RV| ><RVO(Ric/\I+2R),RV>=0. (19)
M

Proor. Integrating (18) shows that it is sufficient to prove
|y F (”R H) (AYRY,RVY =0. By (11) and the Bianchi equality d"RY =0, we
have

J » <|RV| ) AR RS
" 2

:J ¥ osVRY. F' IRY|® RV +J o d"RY. F' IRY|? RV
M ’ 2 M ’ 2
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_ JM<5VRV,5VF (n ||> >+ JM<5VO£,VRV,F,<|RTV||2)RV>

=0. (20)

Let {X,} be an orthonormal frame of g, and {e¢;} on M. Let

RY o = S Xas (VEA,RV)W] ;f,j}ch. (21)
Then we have fif = /i, fi = —fi |RVII> = 3480 IVRY|? =4S S

LemmaA 9 ([3]). We have
(i) If M" is a submanifold of R, then

(RY o (RicAl+2R),R") = [(H"hjf — Rl i )0k — W) 1A (22)
(ii) If M" is a submanifold of S"**, then
(RY o (RicAl+2R),R")

= [(H"Rj — by )0 — gl £ + 2(n = 2)||RV. (23)

m"tml

Proor. (i) The Riemannian curvature operator R of M is defined by
R(X,Y)Z=VxVyZ - VyVxZ —Vix y)Z

Let Rju = g(R(ex,e;)ej,e;) and ry = > Ry are the Riemannian curvature tensor
and the Ricci curvature tensor of M”" respectively, h" the second fundamental

tensor, and H* = Y"!' hi;. Because the Riemannian curvature of R"™ vanishes,
by Gaussian equation we get
R = h;]‘.hl.‘,‘C — h;jh;,’c, i = H"h" hf/’hf,‘ (24)
Since
(Ric A I)e/m = Ric(ex) Aep + ex ARic(e)) = rize; Aep + rex Aey, (25)
we have

(R" o (RicAI),R")

1 :
- EZ RV o (RicAT)), ., RY >
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\%
4Z< ,(RicAl), "18/) Rek e;>
\%
4 Z < ,(rkiei Aertrier Aep)e; ) Re/“el>

\%
4271(1 €, (einep)e e/\ e/>+4zrll €, ,(ex nep) c) ReA L/>

V](,<Re Lo é’k e,> += }"lz<R€k e eA e

- rll<ng e g/\ ¢ r1l<Rg ex? Lk ¢ (26)
Similarly,
(RVo2R,R"Y = Z< (RVo2R), .. RY >
2 Z < Roex,er)e é’/c e
2 Z Rykl<Re e ek e1> (27)
So we have
(RY o (RicAl+2R),R">
= (R" o (RicAl),R"> +<(RY02R R">
= _rlf<Rf’ Len? Revl\ €/> +5 RU]‘1<R€ e é’k €1>
1
2[ 2r1]<Re N ek e;> + RUkl<R¢, e ek (4] >] (28)
Substituting (24) into the above yields
(RY o (Rical+2R),R")
1
= E [_2(H/‘h'u h//;h;;)<R(’/ ey’ E/ (’]> + (hl/;(h]/; h;;h]/;()<R€ e’ C’k (4] }
—(H"hjy — hhy) fii £y + (h,‘/ihj} hiyhg) it
= [=(H"hjy = hjp )0k + by £
= [(H”h” hﬁh;ﬁ,)ék, hl‘,‘(h”]f (29)
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(i) If M" is a submanifold of S"** the Riemannian and the Ricci tensors
can be respectively written as

Rt = (Odj — dudyc) + (hyhy — hihy) (30)

and
g = (n—1)0 + H"hjy — hyhy;. (31)

By (28), (30) and (31), we have

(R" o (Rical+2R),R")

1
= 5 (=2 CRY o RY > + Ria (R o R )]

ej, e’ " e, e

ragra

L “a £a 1 L L
=—((n- 1)5/'1 + H”hﬁ — hjh; )fjkfk/ + D) (5ik5jl — 0irdji + hf/ih;/ - hflh;/i)fﬁ Kl

Jittil
= (HH — A1 + 5 Ol — W 7
— (= DU + 3 Gy — 310 21
= (B — WAL+ 5 (e — RS20 + 200 = DRV

= [=(H"hfy = Wy )0 + high) fifi +2(n = 2)IRV))®

jm"tml

= [(H"Rj — R by )0 — i £ + 2(n = 2)|RY. (32)
|

Taking L = RY in Lemma 5.6 of [1], we have

Lemma 10 (1)), If |RY|> < L (%), and n = 3, then
[<[RY, oo RY ) RY O < 2(n = 2)| RV,

e, e’

Furthermore, when n =5 and RY # 0, the above inequality is strict.

4. Gaps of F-Yang-Mills Fields

THEOREM 11. Let M" be a submanifold of R"™™* and satisfy the following

condition:
(—H”h}; + ht b ok + hi‘,‘(h;; < (2 —n)didj. (34)

m"tml
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Suppose that RY is an F-Yang-Mills field on M" which satisfies that ||RV||2 <
L(5), where, F'(t) > 0 and F"(t) > 0 for t > 0. Then we have VR¥ =0 for n > 3,

or RV =0 for n>5.

ProOF. According to (19) we have

RV 2 RV 2
M M

_ (RPN v s v
= F 3 (R o (RicAI+2R),R")
M

o (IR v vy v
Rtk (RV),R"Y = (I) + (II).

By (22) and the condition (34), we get

= J F’ (“Rv“2> [(—H"hYy + b h" o + h
- o 2 jl Jm" ml ki

2
SJ F/<||RV| )(2—1’1)51'1;5]1](;](13

M 2

V2
=2(2—n) JM F' (”R2 ” ) IR,

Taking ¢ = RY in the definition of RY(¢), (see (14)), we have

RY(RY)
e e~ LThen e e e e, e " Ne, e

For n >3, from (33) we have

() = - JM F (—”R2V|2> (RY(RY),R")

1 IR
=——| F V(RY R
2JM ( 2 R e

RV

e, e’

= (R o R )= [RY R, =2

B i
ikhjl

\%
€, e

NH=-| F [ HP R — b 1" Vo — Wi hb) fef 8
(1) = u B [( 'l jm ml) ki ik _jl]fij Kl

Vit

3%

>

ej,el"
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RY|?
- _J r (@) <[Rev/c e R‘fz "/] RZ €l
M

<2n-2) jM F (@) IRV, (38)

where, the inequality (38) is strict by Lemma 10 if n > 5 and RV # 0. Therefore,

we have
1R Ll
| F( IRPIVIRS P+ | P IVRY|?
M M

<2(2-n+n-2) JMF (”RV| )|RV| (39)

Hence we have [, F’ (HRV” >||VRV|| <0. If VRV #0 at some point, then
VRY # 0 on some neighborhood U. Because [}, F’(HR Y )||VRV|| <0, we have
F’(”R I =0, and hence RV =0 on U, which is a contradiction to VRV # 0.
Therefore we have VRY = 0 everywhere when n > 3. When n > 5 and RY # 0, the
inequality (39) is strict which is imposible. O

COROLLARY 12.  Let M" be a hypersurface of R"*', the principal curvatures
Ai of which satisfy the following ordinary inequalities:

—H)Lj+/1jil+},,-/1j§2—n, l'7j,Z:1,2,...,n. (40)
Suppose that RY is an F-Yang-Mills field on M" with |[R¥||> < L1 (), where,
F(t) >0, F'(t) >0 and F"(t) >0 for t > 0. Then, VRY =0 for n>3 or RV =0

for n=5.

Especially, if M" =S", the equality holds in the condition (40). Hence
Corollary 12 is valid for S”.

ProOOF. Let

Wt = hy = ddy, H=H"'=>"J. (41)

Then we have (i, j, k, [ not summation)

(= HP Rl + e O + hghls = (—Hoag + 22+ 2id)0ra0.
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By Theorem 11, when
(=H2j + 21 + 2i4)0kid < (2 = n)oridji, (42)

the conclusions of Corollary 12 hold. Condition (42) means that for any skew-
symmetric tensor 4;, we have

(—Hij + )le[ + ;Li;”j)ékiéleijAkl < (2 — n)&kjéj]AjjAk], (43)

which is equivalent to (40) as an ordinary inequality. ]

ReMARrk 13. In Corollary 3.3 of [3], the condition
Hlj— Aidy— il <n—2
means that for any slew-symmetric tensor A4;, the following inequality holds:
(H2j — 2jh1 — 2idj)oriopAjidAw < (n — 2)0ki0jAjiAk

which is equivalent to (40) as an ordinary inequality.

THEOREM 14. Let M" be a submanifold of S"*, and satisfy the following
condition:

ml

(—H"hjy + by )0k + by < boucdj, (44)

where b <0. If RV is an F-Yang-Mills field on M with |RV||* < 1(3), where

F(t) >0, F'({) > 0 and F"(t) 2 0 for t > 0, then, we have VRY =0 for n > 3 and
RV =0 for n>5.

Proor. By Lemma 9 (ii) and condition (44), we get
(I) of RHS of (35)

(IR oy v
= F 5 {(R" o (RicAIT+2R),R")
M

RV 2 y agra
-] () g« s

2
+22—n) JMF,<||R§|| >||RV|2
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IR V|| a 3 (IRVIPY v
F’ bowdufifys +22—n)| F 5 [RY]
M M

2
:JMZ(b+2_n)F'<—||R2V| >|RV||2. (45)

According to (35), (38), (45) and Lemma 10, for n > 3 we have

\Y V
| F”(”R ” >|RV|| VIR P+ | (—” ” >|VRV||
M
(IR (1R
< JMZ(b—i—Z—n)F <T>|RV|2+2(n—2) JMF <T>|RV||2

:2J bF’ (”RV| >|RV|| <0. (46)
M

For the rest proof see that of Theorem 11. O

IA

For a hypersurface of a sphere, we have a result similar to Corollary 12, i.e.

COROLLARY 15. Suppose that M" is a hypersurface of S™', the principal
curvatures of which satisfies the following inequalities:

—H/l/+/1ii/+/liij£0, i,j:1,2,...,n. (47)

If RV is an F-Yang-Mills field on M" with |RY||> < L1 (2), where, F(t) >0,
F'(t) > 0 and F"(t) = 0 for t > 0, then, we have VRV = 0 for n >3 or RV = 0 for
n>>s.

The proof of this corollary is similar to that of Corollary 12, and we omit the
details.
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