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ABSTRACT. For any A > 1, R3 is Banaé-Fraczek space, the exact value of the
Jordan-von Neumann constant Cy;(R3) is investigated. By careful calcula-
tions, Cys(R3) = 2 — 55 is given.

1. INTRODUCTION

In order to study the geometric structure of Banach spaces, many recent studies
have focused on the Jordan—von Neumann (NJ)constant. It is proved that the N.J
constant is strongly connected with some geometric structures, such as uniform
non-squareness and uniform normal structure. Hence many papers have appeared
for how to compute the NJ constant.

Throughout this paper, X is a nontrivial Banach space. We will use Bx, Sx
and ex(Bx) to denote the unit ball, unit sphere of X and the set of extreme
points of By, respectively.

Recall that the Jordan—von Neumann (NJ) constant of a Banach space X was
introduced by Clarkson [2] as the smallest constant C for which

2 2
¢ 2([l1> + lyl1*)

holds for all z,y € X with (x,y) # (0,0).
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An equivalent definition of the Jordan-von Neumann constant is found in [/]
as the following form:

+yl” £ llz —yl
2(Jl[1* + [lyl*)

We know that (see [9]) the Jordan—von Neumann constant Cy;(X) can be
computed by

Cns(X) = sup{ I=

:x € Sx,y € Bx}.

t
Cny(X) = sup{ Zi(tz (0<t<1},

where vx (t) = sup{—H“tynz'gHx_tz”||2 cx,y € Sy}

We also note that yx(t) = sup{w : z,y € ex(Bx)} for a finite
dimensional Banach space X. Therefore, for a finite dimensional Banach space
X,

|z + ty|* + ||z — ty]?
X) =
vy (X) = sup{ 2(1 + 12)

The modulus of convexity of a Banach space X is defined for ¢ € [0, 2] as

=+ yll
2

cx,y € ex(Byx),0 <t <1}. (1.1)

dx(€) = inf{l —

X, Y € SX7||x_y|| 25}

The function dx(€) is continuous on [0,2) and strictly increasing on [eg(X), 2],
where €,(X) = sup{e € [0,2],dx(€) = 0} is the characteristic of convexity of X.
The non-square or James constant is defined as

J(X) = sup{min([|z + y||, [z = y[), z,y € Sx}.

In [6, 7, 8], an important relationship between the James constant and the NJ
constant is given as follows,

Crns(X) < J(X).
In [1], the authors considered the spaces R3 := (R?, || - ||,), where A > 1 and
ll(a,b)|| = max{A|a|, Va? + b?}.

They asserted that

0 for 0<e<2y/1-5,
Orz(e) =9 1—=M/1—F for 24/1 - <e< 2o

e? 2\
L—y/1—-55 for mgggz.
Thus, the James constant J(X) can be easily computed as J(X) = \/%7 by

the modulus of convexity dgz(¢) and the following formula [3]
J(X) = sup{e € (0,2) : 6x(e) < 1 — g}.

Naturally we want to ask “what is its NJ constant?” In this note, we prove
that Cns(R3) =2 — &5 , for any A\ > 1.

22 o
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2. MAIN RESULTS
The following theorem is our main result in this paper.

Theorem 2.1. Let A > 1 and R3 is the Banas-Frqczek space. Then,
1

-

In order to prove this theorem, first we give the following lemmas.

Cyns(R3) =2

Lemma 2.2. If A > V2 and |z1] < 1, |y1] < 1, then

2
()\2—1)|a:1y1]+\/1—m%\/1—y%§2—p. 2.1)

Proof. By |z1] < 1 and |y1] < 1, we have

2
(O =Dl < 77,
that is
L ] < (V= 155 — ).
Therefore

2
V1=aty/1= 2 < 1= Jaum] < (02 = 1)(55 — loama).
Thus, (2.1) is valid. O

Lemma 2.3. Let 0 < 7 < 1,1 < A< V2 and 0 < zq,11 < % If F(xy,y1) =
MN(22 + 722) + 272y (A2 — 1) + 274/1 — 22\/1 — v}, then

1
max{F(z1,y1) : 0 < zy,y1 < X}

1 1
= max{F(:z:l,yl) : (331,3/1) € (3{[0, X] X [07 X]}}’

where 9{[0, 1] x [0, 5]} denotes the boundary of the square [0, 5] x [0, 5].

Proof. Assume that 7 € (0,1]. Suppose that max{F(z1,41) : 0 < z1,y; < %}
attains at some (z1,11) € (0,5) % (0, §), then Fy (x1,41) = F,, (x1,51) = 0. And

this implies
1—?
N r(2 1)L =g A 2.2
sre L=y [T (22)

and
T 1 —a?
X+ (N - 1)— = > 2.3
( )yl I (23)
Now, through (2.2) multiplied by (2.3), then we have
=X 2 - D 22 - ) (a2 - 1) (2.4)

Y1 T1
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But (2.4) is equivalent to

0=27\%+ i + 7‘2)\2&,

U1 T1
and which is a contradiction. O
Lemma 2.4. (i) If1 <)\ < V2 and0< 2z < /\—12, then
16 16 40
ON'2% 4+ 482 + 25 — 3407z — 8A%2% — Sv iRt vinby: > 0.
(ii)[f()gygiandlg)\ﬁﬂ, then
4

2yVA2 — 1y/1 — y2 < 54 2% — 3\%y* — e

Proof. (i) Now, by letting f(z) = 9X*2% +482+25—34A22 —8A%22 — S 2+ 1% — 39,
then we have

(2.5)

16
f(2) = 18\*2 + 48 — 340 — 16)\%z — =
By f"(z) = 18\* — 16A? > 0, we have
1 1
fl(z) < f’(ﬁ) =32 —16(\* + ﬁ) <0.

Thus, f(2) > f(%) = 0.
(ii) Because (2.5) is equivalent to

4 16
4PN =1)(1—y%) < 25+4y" +20y° — (10+4y°) (3N*Y° + — ) + 9N 'y" + 5 + 2497,

A2 A
that is
16 40 16
BANY? + 8Ny + 5y + 15 S OAY 4 57 + 48y + 25,
Now, by letting z = y?, we can obtain (2.5) by (i). O

Lemma 2.5. (i) Let A,B >0 and 7 € [0,1], then

A+ B A+ A2+ B?
+ T}S + 4+ ' (2.6)

(i1) Let1<)\§\/§,0§y§§ and T € [0,1], then

1 1+ X752 + [N = D)y + VA2 — 1/1 — 1

1, T2y? + Z[( )y ++/ Vv v, 1 @7
2 2(1 + 2) \2

Proof. (i) Obviously, the function g(r) = zf(‘;jfi;) attains its maximum at 7 =

—MZJFBBLA, hence (2.6) is valid.
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(i) By use of (2.6), we have

L L EO0 - Dy + V1T
2 2(1+72)
1Ny N 1= A2+ Z[(A2 = )y + VA2 — 1/1 — ¢?]

2 2(1+72)
L 3ENY \/(1—A2y2) + 22— Dy + VA2 —1/1 — 2
< y

So, we only need to prove the following inequality

\/(1—)\2y2)2+%[(>\—1)y+\/)\2—1\/1— 2<5—%—)\22 (2.8)

Now, (2.8) is equivalent to the following inequality

(1= X%+ SO = Dy + V2 = 1y/1 = g2
<10 X 440 - ) (2.9)

(2.9) can be changed into

[v 1y ++/1— AA—_D ;(1 —A22). (2.10)

By a Simple computation, we have that (2.10) is equivalent to (2.5). O]
Lemma 2.6. Let 1 <A< /2,7€[0,1] and 0 <y < %, then

L Xy + yioyt o, L (2.11)

2 2(1 + 72) =T '
and

1 A2 4 27/1— 42 1

A el Y (2.12)

2 2(1 + 72) A2

Proof. Obviously, (2.12) implies (2.11).
Now, we prove (2.12). By A\*(1 — y?) + ;—z > 274/1 — 42, we have \%y% +

274/1 —y2 < \? g—z Hence

2,2 .2 2 T° 2
1 Ay 4274/1 y§1+)\+)\2 §1+)\—§2—i,
2 2(1+ 72) 221+ T2 2 22
where the last inequality is obtained by (A\? — 1)(A\? —2) < 0. O

Proof of Theorem?2.1

Assume that A > 1. Note that ez(By) = {(21,22) : 2§ + 25 = 1, |21 < 1}
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Now we prove that

|z 4+ Tyll* + ||z — Tyl 1
<2—-— 2.13
2(1+172) - A2’ ( )

holds for any =,y € ex(Bx) and any 7 € [0, 1].

Case(I). A > /2. Letting = (z1,22),y = (y1,%2), then we have the following
three cases.
Ia). If ||z 4+ 7y|l2 < |AM(z1 + 7y1)| and ||z — 7y|l2 < [M(@1 — Ty1)], then

lz + 7yll* + llz = 7ylI* = N[(z1 +73)* + (21 — 731)°]
= 2\ (2] + 7%y7) < 2(1+ 7). (2.14)

Ib). If ||z + 7yll2 > |A(x1 + 7y1)| and ||z — 7y||2 > [A(x1 — Ty1)[, then
o+ 7yll* + llo = 7yl* = llo + 7yll; + | — 7yl = 2(1 + 72). (2.15)
Ie). If ||z + 7y|l2 < |A(x1 + 7y1)] and ||z — 7y|l2 > [M(x1 — Ty1)], or ||z + Tyl >

|IA(z1 + 7y1)] and ||z — Tyl|2 < [M(x1 — Ty1)|, then

.+ 7yl + lz —myll? = Nz £ 730)* + (210 F 7on)* + (22 F 790)°
< 1472+ )\Q(x? + 7‘2y%) + 27()\2 — )|y

+ 27'\/1—:5%\/1—3;%

2u+r%+2m2—;g, (2.16)

IN

holds by Lemma 2.2. Hence, (2.14)-(2.16) imply (2.13).

Case(II) 1 < A < /2. Letting # = (21,22),y = (y1,¥2) again, then (2.14) and
(2.15) is also valid. For the third case, first we consider the following function
F(u,v) = N(u? + 7%0%) 4 27(A\? — 1)uv + 27v/1 — u?v/1 — 02, where u,v € [0, 3]
By applying (2.11),(2.12) and (2.7), we have

2,.2,2 /1 — 242
1+M _ 1+)‘TU t2rvi—v Sg_i; (2.17)
2 2(1472) 2 2(1 + 72) A2

2,,2 2
l—l— F(u,0) _ 1—1—)\” +27v1—u SQ—L;
2 2(1472) 2 2(1 + 72) A2
L F(s,0) 1+1+)\272v2+2{[()\2—1)U+\/)\2—1\/1—v2]
2 2(1472) 2 2(1 + 72)

1

< 2-3
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and

1+ F(u,%) _1+72+)\2u2+2§[()\2—1)u+\/)\2—1\/1—u2]
2 2(1+72) 2 2(1+72)
S 1+ A27%u? 4+ 25 (A% — Du+ VA2 — 1V — u?)
=2 2(1 4 72)
1
<2-4 (2.18)

Hence, by applying (2.17)-(2.18) and Lemma 2.3, we have that

|z + Tyll* + [|z — Tyl

2(1+72)

F(‘I1’7 ‘yl)’
2(1+72)

F(u,v)
+ max{m,

1
=5 +
1 1 1

5 (u,v) € 0|0, X] x [0, X]}

1
SQ_F'

Therefore, (2.13) is valid. Whence (2.13) and (1.

1)
On the other hand, if taking z = (%, \/1— %),y = (%, —/1 - /\—12), we have

|z + yl]* + lz -y _Q_L
4 N A2’

which completes the proof of Theorem 2.1.

imply Cn;(R}) <2 — /\1—2

Cns(R3) >

Corollary 2.7. If 1 < A < 1+ \/?5; then Banas-Frqczek space R3 and its dual
space have uniform normal structure.

Proof. Because 1 < A <1+ \/Tg implies

1 1++V3
CNJ(R§)§2_F< 5 .

Hence, by a Satit Saejung’s result (see [5]), we complete the proof of Corollary
2.7. OJ
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