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SHARP MAXIMAL FUNCTION INEQUALITIES AND

BOUNDEDNESS OF TOEPLITZ TYPE OPERATOR

RELATED TO GENERAL FRACTIONAL INTEGRAL
OPERATORS
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Communicated by L. P. Castro

ABSTRACT. In this paper, we establish sharp maximal function inequalities for
the Toeplitz type operator related to some general fractional integral operators.
As an application, we obtain the boundedness of the operator on Lebesgue,
Morrey and Triebel-Lizorkin spaces. The operators include Littlewood-Paley
operator, Marcinkiewicz operator and Bochner-Riesz operator.

1. INTRODUCTION AND DEFINITIONS

As the development of singular integral operators (see [0],[22]), their commu-
tators have been well studied. In [3],[20],[21], the authors prove that the com-
mutators generated by the singular integral operators and BMO functions are
bounded on LP(R") for 1 < p < oo. Chanillo (see [2]) proves a similar result when
singular integral operators are replaced by the fractional integral operators. In
[7],[17], the boundedness of the commutators generated by the singular integral
operators and Lipschitz functions on Triebel-Lizorkin and LP(R")(1 < p < 00)
spaces is obtained. In [1], some singular integral operators with general kernel are
introduced, and the boundedness of the operators and their commutators gener-
ated by BMO and Lipschitz functions is obtained (see [1],[10]). In [3],[9], some
Toeplitz type operators related to the singular integral operators and strongly
singular integral operators are introduced, and the boundedness of the operators
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generated by BMO and Lipschitz functions is obtained. In this paper, we will
study the Toeplitz type operator generated by some general fractional integral
operators with the Lipschitz and BM O functions.

First, let us introduce some notations. Throughout this paper, C' denotes a
positive constant, which is not necessarily the same at each occurrence, () denotes
a cube of R™ with sides parallel to the axes. For any locally integrable function
f, the sharp maximal function of f is defined by

M#(f) () = sup ‘Q,/!f ~ Joldy.

where, and in what follows, fo = |Q|™" [, f(z)dz. It is well-known that (see

[6],[221)

M#(f)(x) ~ SQgI;;g@/ £ (y) — cldy.

We say that f belongs to BMO(R") if M#(f) belongs to L>*(R") and define
I fllBaro = ||M#(f)||pe. It has been known that (see [22])

I|f = fargllBro < CE||fllBmo-
Let

Q3 |Q| Q

For 1) > 0, let M, (f)(x) = M(|f|")"/"(x).
For 0 <np<nand 1 <r < oo, set

1 1/r
M, (f)(x =sup<—/ Iy Tdy) :
nr(f)(2) SUp { o[ Q! ]
The A, weight is defined by (see [0]), for 1 < p < oo,

A= {w € Ll () :sup <‘ 7 / (a:)dx) (ﬁ /Q w(w)l/(pl)dx>p_l < oo}

and
={we L} (R"): M(w)(z) < Cw(x),a.e.}.
For 8 > 0 and p > 1, let Ff’oo(R ) be the homogeneous Triebel-Lizorkin space

(see [17]).

For 8 > 0, the Lipschitz space Lips(R") is the space of functions f such that
f(z) = f(y)

; = Su — < Q.
||f||L1pﬁ z,yeg" |£B - y|5
TAY

loc

Definition 1.1. Let ¢ be a positive, increasing function on R* for which there
exists a constant D > 0 such that

©(2t) < De(t) for t > 0.
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Let f be a locally integrable function on R". Set, for 1 < p < o0,

1 1/P
pe =  SUpP — Pd ) ,
llire = _su M(w(d) /Q Ly

where Q(x,d) denotes a cube of R™ with sides parallel to the axes, whose center
is x and side length is d. The generalized Morrey space is defined by

LP2(R") = {f € Lige(R") : || fl|zes < 00}.

If o(d) = d°, § > 0, then LP?(R") = LP(R"), which is the classical Morrey
spaces (see [18],[19]). If ¢(d) = 1, then LP?(R"™) = LP(R™), which is the Lebesgue
spaces (see [0]).

Since the Morrey space may be considered as an extension of the Lebesgue
space, it is natural and important to study the boundedness of the operator on
the Morrey spaces (see [1],[5],[11],[16]).

In this paper, we will study some singular integral operators as following (see

[1])-

Definition 1.2. Let Fi(x,y) be defined on R" x R™ x [0, +00) and b be a locally
integrable function on R". Set

EN@ = [ Fle) )y

for every bounded and compactly supported function f. And F; satisfies: there
is a sequence of positive constant numbers {C;} such that for any j > 1,

/I - ‘(HFt(l’,y) — Fy(x,2)|| + || Fi(y, z) — Fy(z,2)||)dz < C,

and

1/q
(/ (G = e+ 1Flya) = B,y
27 |z—y|<|z—y| <29+ z—y|

< G2z =y,

where 1 < ¢ <2and 1/q+1/¢ = 1.
Let H be the Banach space H = {h : ||h|| < oco}. For each fixed z € R, it is
view Fy(f)(z) as the mapping from [0, 4+00) to H. Set

T(f) (@) = [[EL) @),
which T is bounded on L?*(R™). Let b be a locally integrable function on R". The
Toeplitz type operator related to T is defined by
() = IF DI,

where
m

Z (FPUMLFR? 4 FF3 LM, FM),

k=1
moreover, F/"'(f) are Fy(f) or +£I(the identity operator), E*(f), F*(f) and
EFA(f) are the linear operators with TF2(f) = ||[FF2(f)||, TH*(f) = ||[EF(f)]
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and TF3 = £1, k = 1,---,m, My(f) = bf and I, is the fractional integral
operator(0 < a < n) (see [2]).

Note that the commutator [b, T|(f) = 0T(f) — T'(bf) is a particular operator
of the Toeplitz type operators T°. The Toeplitz type operators 7% are the non-
trivial generalizations of the commutator. It is well known that commutators
are of great interest in harmonic analysis and have been widely studied by many
authors (see [20],[21]). The main purpose of this paper is to prove sharp maximal
inequalities for the Toeplitz type operators TP. As the application, we obtain the
the LP-norm inequality and the boundedness of 7% on Triebel-Lizorkin spaces.
The operators include Littlewood-Paley operators, Marcinkiewicz operators and
Bochner-Riesz operator.

2. SOME PRELIMINARY LEMMAS

We begin with some preliminary lemmas.

Lemma 2.1. (see [1]) Let T be the integral operator as Definition 1.2. Then T
is bounded on LP(R™) for 1 < p < co.

Lemma 2.2. (see [17]). For0 < <1 and 1 < p < 0o, we have

1
SQUSI?@P—JFWTL/QU@)—JCMW

11l =
Lp

~
~

1
supinf—/ |f(x) — cldx
Q> ¢ |Q'Pm Q

Lp

Lemma 2.3. (see [0]). Let 0 < p < 00 and w € Uy<pcooA,. Then, for any smooth
function f for which the left-hand side s finite,

[ M apw)r <0 [ MF(p @l

Lemma 2.4. (see [2],[0]). Suppose that 0 < a < n, 1 < s < p < n/a and
1/r=1/p—«a/n. Then

[ Ia(Hller < C|If e
and

[ Ma,s (Nl < ClI S|z

Lemma 2.5. Let 1 <p < oo, 0 < D < 2". Then, for any smooth function f for
which the left-hand side s finite,

HM(f>HLP"P < CHM#(f)HLp,Ap.

Proof. For any cube Q = Q(x¢,d) in R™, we know M(xg) € A; for any cube
Q = Q(z,d) by [0]. Noticing that M (xqg) < 1 and M(xg)(z) < d"/(|z —xo| —d)"
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if x € Q°. By Lemma 2.3, we have, for f € LP¥(R"),

/ M(Payds = [ M) xola)da
< M(f)( 2)?M(xq)(z)dzr < C - M#(f)(@)["M (xq)()dx
— # p S # p
( [ nerateme > [ (@ M<><Q><x>do:)
C # p p |Q|
< </QM ) dx+2/2kHQ\2kQ (f)(x) |2k+1Q‘das)
< C( M*(f)(@) dw + 3 M#(f)(w)p?'mdy>
Q —0 ¥ 2FT1Q
< ClIM*(f) LWZT’W (2" d)
< CIM*(H)If}0e D _(27"D)o(d)
k=0
< OlIM*(f)llpee(d),
thus
1/p
( /M pdx) ( /M# pd:r)
and
1M ()l|zve < ClMF(f)l|Loe
This finishes the proof. O
Lemma 2.6. Let0 <a<n,0<D<2" 1<s<p<n/aandl/r=1/p—a/n.
Then
[Ha(Pllzre < ClIf||oe
and

||Ma78(f)||LT»w < C||f||Lp,¢.

The proof of the Lemma is similar to that of Lemma 2.5 by Lemma 2.4, we
omit the details.

3. THEOREMS AND PROOFS

Now we are in the position to prove the following theorems. Suppose that T is
the integral operator as Definition 1.2 in the following theorems.
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Theorem 3.1. Let 0 < 3 < 1, ¢ < s < 00, b € Lipg(R") and the sequence
{C;} e l'. If Fl(g) =0 for any g € L*(R")(1 < u < o0), then there exists a
constant C' > 0 such that for any f € C§°(R™) and Tz € R,

m

MH(T(F)(@) < Cllblluip, D (Mso(IT*())(F) + Mpsa (T ())(@)).

k=1

Proof. 1t suffices to prove that for f € C§°(R"™) and some constant Cj, the fol-
lowing inequality holds:

m

1 ol ~
|Q‘ /Q |Tb(f>(37) — Co‘ dr < CHbHLipB Z(M575<[aTk’2(f))($>+Mﬁ+a,s(Tk’4(f))(x)).
k=1
Without loss of generality, we may assume 7%! are T'(k = 1,--- ,m). Fix a cube

Q = Q(zo,d) and & € Q. Write, for fi = fxag and fo = fx(20)

F(f)@) = Z FthMb[aFtk’Z(f) () + Z F;fk’:sIaMthkA(f) (z) = Ap(z) + By(z)

k=1 k=1
= Ay vy (7) + Bypy (),

where

Appo(7) = Z Ftk’lM(b—bQ)XzQ]aFtk’Q(f)(fﬁ) + Z Ek’lM(b—bQ)x(zQ)cIaFtk’2(f)($)
k=1 k=1

and

Bypo(z) = Z E:k’SIaM(b—bQ)XQQEkA(f)(33') + Z Ftk’gfaM(b—bQ)x(gQ)cFtkA(f)(ﬂ?)
k=1 k=1

Then

’Q‘ / |Ab bQ Ag ZL‘O ‘de

< — A(x)|dr + — /A — As(mo)|dx =11 + I
,Q‘/Q|1<>| 57 L 142(0) = Aa(ao)lde = 1+ 1

and

‘Q’/‘Bb bQ BQ 270 |dl‘

S — |B1(l’)|dﬂ? + — / |BZ B2 l’o)lde = Ig + ]4
Q| /Q Q|
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For I, by Holder’s inequality and Lemma 2.1, we obtain, for 1/r =1/s — a/n,

ol /Q E Mg oo TnFE2( ) (@) e

1
- o /Q T Moy o I T2 (f) ()

1/s
(lgﬂ /n ‘Tk le bQ)X2Q[aTk’2(f)(.T)|Sd:L'>

<
1/s
< QP ([ Mg L))
. 1/s
< clar ([ () = ol o) e
2Q

— S n S— n 1 S 1/5
< CIQI™ |1l uip, 12017720V (W /2Q\IaT’“’2(f)(iv)\ das)

< OBl |ip, Mg s (1 T™2(£))(7),
thus

R
I S;@ 1EE Mg yxaq La FL2 () (2 )de<C||bHLlpﬁZMﬂs (I T™(f))(Z).
=1

For I, by the boundedness of T' and recalling that s > ¢/, we get, for z € Q,
||Ftk’1M(b—bQ) QQ)CI Fk Z(f)(‘r) - FthM(b—bQ)X(gQ)cIaFth(f) (IO)H

< /( ) = bl ) — Fian, T )l
2 C
-y / | 1by) = bagllIF e 9) — Fu(ao, ) LT () ())dy
= Joiasiy—ao|<2it1d
o0 ' 1/‘1
< Cllblln, 3 12HQP" ( / 1F(z.y) — Fy(a, y>||Qdy)
=1 21d<|y—mo|<2it+1d
) 1/¢
% ( [ e dy)
2+1Q
< Clllu, S [27H1QIP/Cy(20d) I i Q5
j=1
1 . 1/s
- 1, 7% 3d
y (W S /Mr (HW) y)
< Clbllip, Moo (LT ()@
J=1
< Olfblluin, Moo (IT*(1)) (2).
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thus
1 m
L< 5 / Z ’|Ftk71M(b—bQ)X(2Q)c]C!Ftkz(f) (ZE)
—F Mbg)xpye LaFi () (20) | d2
< Ollblluip, > M o(ITH(f))(3).
k=1
Similarly

| N

v 1/r
Z (lQl ||I“M(b—b@>X2QFtk’4(f)($)|Irdl/’)
=1

C§§!|l“(/ () bl )

k=

IN

< CHbHLipﬁ Z |Q‘—1/r|2Q’ﬁ/n‘2Q‘1/s—(ﬁ+a)/n
k=1

1 1/s
" (W /2 o IT’“’4<f)(x>|de>

< Ollbllipy Y Maras(TH()(@),

k=1
<3 o L. 0 -
k=1 (2Q)¢
b|1i 2”162%/ T () (y)ldy
<O Sl QP [ e T )

< Ollblluip, S > (27d)Pd(27d) o1 (27 )11/ (2 g)/>—F-e

k=1 j=1

1 ” . 1/s
: (!2j+1Q|1—s(5+a>/n /2j+1Q () ()l dy)
< C| |b||Lipﬁ Z M5+Q,S(Tk’4(f))(j) Z 97
7=1

k=1

1 1

ylrme Jzg —ylne

1S () () || dyda

< CHbHLipﬁ Z Mﬁ+a,s(Tk’4(f))(i)'

k=1
This completes the proof of Theorem 3.1. U

Theorem 3.2. Let 0 < 8 < 1, ¢ < s < 00, b € Lipg(R") and the sequence
{298C;} € I If F}(g) = 0 for any g € L*(R™)(1 < u < o0), then there ezists a
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constant C' > 0 such that for any f € C§°(R™) and T € R,

m

sup inf |Q1+5/n/ | T°(f)(@) = | dz < Cl[bl[Lip, D (Mo(LaT?(f))(E) + Ma,s(TH(f))())-

7 cE
Q37T 1

Proof. 1t suffices to prove for f € C5°(R™) and some constant Cy, the following
inequality holds:

m

sup s [ 177000 = Colde < Clbllin, (LT @) + Moo T ()@,

Q37 k=1

Without loss of generality, we may assume T*! are T'(k = 1,--- ,m). Fix a
cube @ = Q(x,d) and T € Q. Similar to the proof of Theorem 3.1, we have, for

fi= fX2Q and fo = fX(ZQ)C>

G / IT%(f) (@) — Aslzo) — Balo) | d
1
< o / A + / | Aa() — Ag(zo)|d

+ —/]B (:c)|dx—|——/|B (2) = Ba(ay)|dz
Q|1 +A/m Q ' |Q[1+A/m Q ? 20
AN A A

By using the same argument as in the proof of Theorem 3.1, we get, for 1/r =
1/s —a/n,

1/s
L o< 1Qr ﬂ/nz(@l T M s 1T )(x)|5dx)
1/s
< i ([ - el s
k=1 2Q
m 1/s
< C —B/n —1/s b 2 B/n 1/s (L IaTk,2 sd )
Q73 1Rl bl 201101 (g /2Q| () (@) dz

< Cllblluip, Y Mo(IT"(f))(®),
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m 1 (o]
Is < Q%™ —/ / b(y) — b
’ | | ;|Q| Q]Z_; 2jd§|y7m0|<2j+1d| ( ) 2Q|
X ||Fi(x,y) = Fi(wo, )|[[ LT (f) (y)|dyda

m C oo 4 / 1/q
< —B/n _/ bl|1s 97+1 B/n (/ ]()[T’fv2 f Y ‘ldy)
< Q] ;IQ! Q;H ||Lip, [277 Q) 2j+1Q| (/)]

1/q
X (/ || Fi(x,y) —Es(xo,y)llqdy) dx
21d<|y—xzo|<29t1d

< (| ’bHLipﬁ ‘Q’fﬁ/n Z Z ’2j+1Q’6/an(2jd)fn/q’|2j+1Q‘1/q’
k=1 j=1
1 k,2 s Ve
x 1271Q)] Sy (LT f)(y)|°dy

< Clfbllip, > M(IT™(f))(@) Y 29C;
j=1

k=1

< C|bLip, Z M, (1T (f))(7),

k=1
m 1 1/r
B2 10 (g [ Mo s )
m 1/s
< ClQI Py ( | oto - bQ||Tkv4<f><x>|>de)
k=1 \/2Q

151

<c||b||LlpﬁZ|Q| I QUQ el (s [ (s )

< C|1bl|Lip, Z Mo s(T5())(),

k=1

Iy < |Q7#/m~ 12//2Q)c

< Q[ Z Z [1Bl]ip, |27 Q17"

k=1 j=1

1 1
x_y‘nfa |x0 _y‘nfa

d

X = [T*(f)(y)|dy
/2jd<|y x0|<2a'+1d |zg — y[rmot!

< C[b||ip, ZZd (27d)Pd(27d) et (27 gy (97 g)n/s

k=1 j=1
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1 1/s
- Tk,4 s
X (|2]+1Q‘1—sa/n Lj+l@ ’ (f) (y)’ dy>

< Olblluipy ) Mas(T*(N)(@) Y27 < Cllbllip, Y Mas (T (1))(@).

k=1 j=1 k=1
This completes the proof of Theorem 3.2. |

Theorem 3.3. Let ¢ < s < 00, b € BMO(R") and the sequence {jC;} € I*. If
Fl(g) =0 for any g € L*(R")(1 < u < o0), then there exists a constant C' > 0
such that for any f € C5°(R") and ¥ € R,

MH(T(f)( )<CHbHBMOZ (LT () + Ma,s(TH())(2))-

Proof. 1t suffices to prove for f € C§°(R"™) and some constant Cj, the following
inequality holds:

ﬁ/Q | T*(f)() = Co| dz < C||b||BMOZ (LTR2(f))(2)4+Ma o (TEA(£))(E)).

Without loss of generality, we may assume T*! are T'(k = 1,--- ,m). Fix a cube
Q = Q(xg,d) and T € . Similar to the proof of Theorem 3.1, we have, for
Ji=Ix2q and fo = fxeq)ye

b

i / Afolde + o / | Aa() — As(ay)|d

+ |Q|/|B1 ‘d$+|Q|/|BQ — By(zo)|dz = I + Lo + 111 + Lo

IN

By using the same argument as in the proof of Theorem 3.1, we get, for 1 < r; <'s,
l<p<oo,l<ry<swithl/p+1/¢g+1/ro=1,1/r3=1/p—a/nwithl <p <s,

| N

m 1/r1
(’Q| ® |Tk71M(bbQ)XzQIaTkQ(f)(‘r)lrldx)

DI ( [ o <>—bQ||faT'“2<f><x>|>“dx)1/“

| /\

s—7]

Vs 74 =
IaTk,Q 54 ) (_ b —b 57“1/(8—7”1)d )
(‘Q,/ Lrn @) (g [ e bl :

< Cl[bl[Baro Z M (LT (f))(@),

k=1

ME\
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m 1 o
1 < —/ / b(y) —b
" ; Q| Z 2.7'd§|y7mo\<2j+1d| (¥) = bzl
X HFt(l’ Y) Ft($0> DINTE(F)(y)|dyda

1/q
/ ( / 1F(a,y) — Ft<xo,y>|\qdy)
|Q| 21d<|y—mzo|<2it1d

1/p 1/r2
— P k2 r2
x (/Mw@) abas) ([ )

Cllbllsao > Y Ci(2d)™/7 j(27d)"/»(27d)"/*

IN

<
k=1 j=1
! 1,72 °d "
< (g [, B 0000)
< Clbllsmo Y M(LTH () (@) > iC;
k=1 j=
< CHbHBMOZMs(]aTk’Q(f))@>a
k=1
m 1 1/7“3
o2 Y (g L e )
m 1/1’
< Iy ( | oto) - bQ||T'fv4<f><x>|>pdx)
k=1 \72Q
m L - I )(S—p)/ps

1/s
x (|Q|1 o [ @)

C"leBMO Z Ma,s(TkA(f))(i)?

k=1

IN

L < |@112//2 ) — b

1
g B A dydx
|$ — y|n—a |$0 _ y|n_a | ( )( )|
d
- / by) = baol T e 1T (N (9)Idy
; j=1 Y2 d<|y—zo|<2+1d 29 |z — y|r—otl
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m o 1 / 1/8/
n(l=1/s) [ __ = 1|8
< CLY G (g [ )b )

k=1 J:]_

j 1\n/s—a 1 s Ve
< @a <W [ )

o

< C||b|\BMoZMas (T (@) Y 527
k=1 J=1
< Clbllsmo Y Mas(TH(f))(E).
k=1
This completes the proof of Theorem 3.3 0

Theorem 3.4. Let 0 < 8 < min(1,n/¢), ¢ < p < n/(a+p), 1/r =1/p —
(a4 B)/n, b € Lipg(R") and the sequence {C;} € I'. If F}(g) = 0 for any
g e L"R")(1 < u < o) and THA(f) = ||EF(f)|| are the bounded operators on
LP(R™) for 1 < p < oo(l <k <m), then T® is bounded from LP(R") to L"(R").

Proof. Choose ¢’ < s < p in Theorem 3.1 and set 1/v = 1/p — 3/n. We have, by
Lemmas 2.3 and 2.4,

1T ()l < IMT())lzr < CIUMF(T ()2

m

ClIbllipy Y (IMp (LT () r + | Mpsas (T (f))l2r)

IA

m

Clfllipy DT (e + 1T ()] 1)

k=1

IN

m

< Cllbllip, YT ()llze + 11 ll»)

k=1
< Cbl[Lip, | £l zo-

This completes the proof of the theorem. O

Theorem 3.5. Let 0 < f < min(1,n/q¢), ¢ <p<n/(a+p), 1/r=1/p—(a+
B)/n, 0 < D < 2", b € Lipg(R") and the sequence {C;} € I'. If F}(g) = 0 for
any g € L“(R™)(1 < u < o0) and TH(f) = [|EF*(f)|| are the bounded operators
on LPP(R"™) for 1 < p < co(l < k < m), then T® is bounded from LP*(R™) to
L™?(R™).

Proof. Choose ¢’ < s < p in Theorem 3.1 and set 1/v = 1/p — 3/n. We have, by
Lemmas 2.5 and 2.6,

1T°(F)lzre < IMTP() e < CIUMFTO(f)) ] 2re
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m

< Ollblluipy D (IMps(LT*2 ()| zre + [ Mssa,s(TH(F)) | re)

k=1
m

Cllblluip, Y (LT (F)loe + 1T ()] o)
k=1

< Ollblluip, D UTH ()l znse + [1f oo

k=1
< Clbl|uip, [ £l oo
This completes the proof of the theorem. |

IN

Theorem 3.6. Let 0 < § < min(1,n/¢), ¢ < p < n/a, 1/r = 1/p — a/n,
b € Lipg(R™) and the sequence {27°C;} € I'. If F}(g) = 0 for any g € L*(R™)(1 <
u < 00) and TH(f) = ||F*(f)|| are the bounded operators on LP(R™) for 1 <
p<oo(l <k<m), then T is bounded from LP(R™) to F>(R™).

Proof. Choose ¢’ < s < p in Theorem 3.2. We have, by Lemmas 2.2, 2.3 and 2.4,

1
TP(F)|| 2o < C Sup—/ T°(f)(z) — Co| dx
TP ()] o AATSTTEET Q\ (f)(z) = Col B

< Clfblluiny Y UMIT*()2r + Moo (T () 2r)
k=1

< Clfblluip, Y (T (H)ller + 1T ()] 0)
k=1

< Clblluip, DT (s + (1 Fll»)
k=1

< ClIl|uip, || f1] ze-

This completes the proof of the theorem. O

Theorem 3.7. Let ¢ < p < n/a, 1/r = 1/p —a/n, b € BMO(R") and the
sequence {jC;} € 1*. If FMg) = 0 for any g € L*(R")(1 < u < o0) and
TR ) = |[FFY()| are the bounded operators on LP(R™) for 1 < p < oo(l <
k <m), then T" is bounded from LP(R™) to L"(R").

Proof. Choose ¢’ < s < p in Theorem 3.3, we have, by Lemmas 2.3 and 2.4,

IT° ()l < IMT°()|zr < CUMHT ()] r

ClIbllsaro Y (1M (LT ()

IA

Lr + ||Ma,s<Tk74(f))

L)

IA

Clbllsao Y T (e + 1T ()l 0)
k=1

< Cllbllaoll flz»-
This completes the proof of the theorem. O
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Theorem 3.8. Let 0 < D < 2", ¢ <p<n/a,1/r=1/p—a/n, b€ BMO(R")
and the sequence {jC;} € I'. If F}(g) =0 for any g € L*(R™)(1 < u < 00) and
TRA(f) = ||FP(f)|| are the bounded operators on LP#(R™) for 1 < p < oo(1 <
k <m), then T® is bounded from LP¥(R™) to L™*(R").
Proof. Choose ¢’ < s < p in Theorem 3.3, we have, by Lemmas 2.5 and 2.6,

1T (Nlzre < AMT (e < CIMFT ()]s

A

< Cllbllzao Y S UM(IT () e + Moo (T () 27)

k=1

< Cllbllzyo Y T (f)llzre + 1T ()] )

k=1
< Cllbllsmoll flzre-

This completes the proof of the theorem. O

4. APPLICATIONS

In this section we shall apply Theorems 3.1-3.8 to some particular operators
such as the Littlewood-Paley operator, Marcinkiewicz operator and Bochner-
Riesz operator.

Application 1. Littlewood-Paley operator.

Fixed ¢ > O Let ¢ be a fixed function which satisfies:

(1) Jfen¥(x)dz =0,

(2) (=)l < C(1+ |+,

(3) |o(z+y) — () < Clyle(L+ [])- ”“*5) When 2!3/\ < !l’\

Let ¢y(x) = t ™p(x/t) for t > 0 and Fy(f = Jon f()Ui(z — y)dy. The
Littlewood-Paley operator is defined(see | ])

@ = ([T1merd)
Set H be the space

H = {h ||h|| = (/OOO ]h(t)\zdt/t) v < oo} :

Let b be a locally integrable function on R™. The Toeplitz type operator related
to the Littlewood-Paley operator is defined by

b = ([ irnerd) ",

Ftb — Z(Ftk,leIathk‘,Q _|_ Ftk,3IaMvatk‘,4)7
k=1
moreover, F/"'(f) are Fy(f) or £I(the identity operator), T*2(f) = ||E/*(f)]
and TH4(f) = ||FF"(f)]| are the bounded linear operators on LP(R") for 1 <

where
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p<oo, TF3 =4I, k=1,--- ,m, My(f) = bf and I, is the fractional integral
operator(0 < a < n). It is easily to see that gzj satisfies the conditions of

Theorems 3.1-3.8 (see [12],[13],[14]), thus these theorems hold for g.
Application 2. Marcinkiewicz operator.
Fixed 0 < 7 < 1. Let Q be homogeneous of degree zero on R” with [, Q(2')

do(2') = 0. Assume that Q € Lip,(S"7). Set Fy(f)(x) = [,,_, 1, e f(y)dy.
The Marcinkiewicz operator is defined by (see [21])

ol ) (@) = ( I |Ft<f><x>|2@)l/2.

13
Set H be the space

H= {h ||| = (/OOO |h(t)|2dt/t3)1/2 < oo}.

Let b be a locally integrable function on R"™. The Toeplitz type operator related
to the Marcinkiewicz operator is defined by

winw = ([ @),
where

Fb = Z(Ftk’le[aFtk’z + FR LM ERY,
k=1

moreover, F/'(f) are Fy(f) or £I(the identity operator), T*2(f) = ||E/(f)]
and TH4(f) = ||FF*(f)|| are the bounded linear operators on LP(R™) for 1 <
p<oo, TF3 =4I, k=1,---,m, My(f) = bf and I, is the fractional integral
operator(0 < a < n). It is easily to see that u satisfies the conditions of
Theorems 3.1-3.8 (see [12],[13],[14],[24]), thus these theorems hold for uY,.

Application 3. Bochner:Riesz operator.

Let 6 > (n—1)/2, FY(f)(€) = (1 = 22[€[*)%.f(€) and Bf(z) = t7"B*(2/t) for
t > 0. The maximal Bochner-Riesz operator is defined by(see [15])

Bso(f)(@) = sup |F} (f)()].
Set H be the space H = {h : ||h|| = sup |h(t)| < oo}. Let b be a locally integrable
>0

function on R™. The Toeplitz type operator related to the maximal Bochner-Riesz
operator is defined by
B;.(f)(@) = sup | B;,(£) (@)

where
m

Bg,t = Z(FthMb]aFtk’Q + FtkﬁlaMthkA)a
k=1
moreover, F/"'(f) are Fy(f) or £I(the identity operator), T*2(f) = ||E/*(f)]
and TH4(f) = ||FF*(f)]| are the bounded linear operators on LP(R") for 1 <
p<oo, TF3 =4I, k=1,--- ,m, My(f) = bf and I, is the fractional integral
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operator(0 < a < n). It is easily to see that Bg’,* satisfies the conditions of

Theorems 3.1-3.8 (see [12],[13]), thus these theorems hold for By, .
Acknowledgement. The author would like to express his gratitude to the referee
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