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ON THE EQUIVALENCE OF HERMITIAN INNER PRODUCTS
ON TOPOLOGICAL xALGEBRAS

MART ABEL!* AND MATI ABEL?

Communicated by M. Joita

ABSTRACT. Sufficient conditions for a topological *-algebra under which sev-
eral Hermitian inner products are mutually equivalent are given.

1. INTRODUCTION

For constructing a Hermitian K-theory for topological x-algebras, one usually
supposes that the algebra under consideration is unital and locally m-convex (see
[7]). In this paper we obtain similar results as in [7] for the case of both unital
and non-unital topological x-algebras without assuming locally m-convexity.

1.1. Preliminary definitions. Throughout this paper K denotes either the set
R of all real numbers or the set C of all complex numbers. Let A be a *-algebra
over K and M a left A-module. Homu(M, A) stands for the set of all A-linear

maps f : M — A. Under the operations:

(f +9)(m) := f(m) +g(m), (af)(m):= f(m)a®, (Af)(m):=Alf(m)] (1.1)
for all f,g € Homy(M,A), m € M and A\ € K, Homa(M, A) becomes a left
A-module.

An A-valued Hermitian inner product on M is a map a : M x M — A which
satisfies the following properties:
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(1) « is K-linear on first component, i.e., a(Ax + py, z) = Aa(z, 2) + pa(y, 2)
for all A\, p € K and x,y, 2z € M;
(2) a is A-homogeneous in the first argument, i.e., a(azx,y) = aca(zx,y) for
every a € A and z,y € M;
(3) « is Hermitian, i.e., a(z,y) = a(y, z)* for every x,y € M,
(4) themap ¢ : M — Homyu (M, A), z — ¢(x), defined by [¢(2)](y) := a(y, x),
is an isomorphism of A-modules.
Notice, that the conditions (1) and (3) together imply
(1) afz, \y + pz) = Aa(x,y) + ja(x, z) for every A\, u € K and x,y, 2 € M.
Similarly, (2) and (3) imply
(2) a(x,ay) = a(x,y)a* for every a € A and =,y € M.
Hence, « is also K-sesquilinear and A-homogeneous on both arguments.
Moreover, the condition
(4a) a(x,x) =0, if and only if z = 0y,
implies that the map ¢ defined in (4) is one-to-one. (Indeed, suppose that
o(z) = ¢(y) for some x,y € M. Then

a(z —y,z) = [p(@)|(z —y) = [Pz —y) = alz —y,y)
implies a(x — y,x —y) = 04. Hence, v — y = 0y by 4a) and = = y.)
A Hermitian inner product o on M is said to be spectrally positive definite (for
short positive definite), if Spa(a(x,z)) C [0, 00) for every z € M.
Let B be a non-unital algebra. The set {ey,..., e, } of elements of a B-module
M is said to be a basis of M if for every m € M there exist unique elements
bi,...,b, € B and unique numbers Aq,..., \,, € K such that

i=1 i=1

In case A is a unital algebra, the set {ey,...,e,} of elements of an A-module
M is said to be a basis of M if for every m € M there exist unique elements

ai,...,a,, € A such that
m
m = Zaiei.
i=1

2. ON THE EXISTENCE OF A HERMITIAN INNER PRODUCT

First, we show that under some conditions, which are automatically fulfilled
for Hausdorff locally C*-algebras (see [3, Remark 1.2, p. 184]), every topological
x-algebra admits a positive definite Hermitian inner product.

Lemma 2.1. Let A be a unital x-algebra for which the following conditions are
fulfilled:

(a) If a € A, then aa* = 04 if and only if a = 04.
!Another kind of a positive element in a %-algebra is given in [3, p.183]. This notion of

positiveness agrees with spectrally positiveness for Hausdorff locally C*-algebras (viz. complete
locally m-convex C*-algebras) [3, p. 184] (see also [1, Theorem 2.5, p. 205]).
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(b) If n € N and ay,...,a, € A, then Spa(>_., a;af) C [0, 00).
(c) The only self-adjoint element a € A with Spa(a) = {0} is the zero element
9,4 Of A.

Moreover, let M be an A-module with basis {ei,...,en}. Then the map
a:Mx M — A, defined by

a(z,y) = OZ(Z Zi€i, Z yi6i> = Z Tiy;
i=1 i=1 i=1
for every x,y € M, defines an A-valued positive definite Hermitian inner product
on M.
Proof. Let x = Y7 wieq, y =Y 1oy Yi€i, 2= » oo, zie; be elements of M, a € A
and A\, 4 € K. Then

a(Az +py, z) = 04(2(/\% + Wyi)€i, Z Ziei) = Z(/\% + 1Y)z =

i=1 i=1 =1

= szz;“ + uZyiz;‘ = \a(x, 2) + paly, z),

=1 i=1

alaz,y) = (Z ax; 6@,2%62) = i (az;)y; = aixiyf = aa(x,y),
i=1 i=1

and

=St = Y ety = (L) =l

i=1
Hence, the first 3 condltlons of an A-valued Hermltlan inner product are fulfilled.
This implies that the conditions (1) and (2’) are also fulfilled.
Clearly a0y, 0p) = 04. Suppose that oz, z) = 04 for some x € M. Then

Z xx; = 04.
i=1
Hence,
m—1
Z Tix = =TT,
i=1
and
SpA<Z T ) = Spa(—Tma),) = —Sps(Tmar,).

By the condition (b), we get that
SpA< ;T ) [0,00) and Spy(zmz),) C [0,00).

Thus,

m—1

Spa (Y wiat) = {0} = Spa(anar,)

i=1
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Condition (c) implies that x,zf = 64 from which by condition (a) follows
that z,, = 64. Similarly, we get that x,,_1 = 04,...,21 = 64. Hence, from
a(z,x) = 04 it follows that = = #),. Consequently, ¢ : M —Homu(M, A),
defined by [¢(2)](y) = a(y, x) is one-to-one.

Take now any 1 € Homyu (M, A), define x; := ¢(e;)* for every ¢ € {1,...m}
and x := Y " x;e;. Then v € M and

= Zyﬂb(ez') = Zyi(d}(ei)*)* = Zwa;" = a(y,z) = [6(x)](y)

for every y € M. Hence, ¢ is also onto.
Notice, that by the properties (1), (2), (3), (1’) and (2’) of « and the condition
(1.1) of the operations on Hom4 (M, A), we have

[p(ax)l(y) = aly, ar) = aly, z)a” = lad(2)](y),
[0z + 2)](y) = aly, z + 2) = aly, z) + aly, 2) = [p(2)](y) + [6(2)](v),

and

[0(Ax)|(y) = aly, Az) = Aa(y, z) = [Ao()](y)
for every a € A, x,y,z € M and A € K. Hence, ¢(ax) = ad(z),
d(r+2) = ¢(x) + ¢(2) and d(A\x) = Ap(x) for every a € A, A € K and z,z € M.
Therefore, ¢ is an isomorphism of A-modules. Thus, « is an A-valued Hermitian
inner product on M. Condition (b) implies that « is also positive definite. 0

Corollary 2.2. Let B be a non-unital x-algebra for which the following conditions
are fulfilled:

(a) If b € B, then bb* = 0p if and only if b = 0p.
(b) If ne N, by,...,b, € B and Ay, ..., A\, € K, then
i=1
(c) The only self-adjoint element (b,\) € B x K with Sppxx((b,\)) = {0} is
the zero element (0p,0) of B x K.

Moreover, let M be a B-module with basis {ei,...,en}.  Then the map
a:Mx M — B xK, defined by

a(z,y) = a(Z xie; + \i€;), Z yi€; + i€ ) = Z(azz, i) (Yiy )"
i=1 i=1 i=1
for every x,y € M, defines a (B x K)-valued positive definite Hermitian inner
product on M.

Proof. Remind, that every B-module with basis {ej,...,e,} is also a
(B x K)-module with the same basis and that every B-linear map is also
(B x K)-linear (see [2, Proof of Corollary 3, p. 162]). Moreover, suppose
that (b, \)(b,\)* = (0p,0). Then we have (bb* + A\*b + Ab*, A\*) = (05,0) (\*
stands for the conjugate of A € K). Since A\* =| A |?, we get A = 0. Hence,
(b, \)(b,\)* = (05,0) if and only if bb* = Op. By condition (a) we see that
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(b, \)(b, \)* = (05,0) if and only if (b, \) = (65,0). Thus, taking A := B x K, we

are in the situation of Lemma 2.1. Hence, the claim follows from Lemma 2.1. [

3. ON THE MATRIX ASSOCIATED WITH A HERMITIAN INNER PRODUCT

Suppose again that A is a unital algebra. With every Hermitian inner product
a on an A-module M with basis {e,...,e,} (i.e., M is a free A-module of rank
m), we can associate its matrix M, as follows:

M, = (m;;), where m; ; = a(e;, e;) for every i,5 € {1,...,m}.

It is known that for a *-algebra A and A-valued square matrix M = (m;;),
one defines M* = (n,;), where n;; = mj,; for every i € {1,...,m} and every
j € {1,...,m}. Since for a Hermitian inner product « we have
ale;, ej) = alej,e;)* for every i € {1,...,m} and every j € {1,...,m}, then
it is clear that M} = M,, i.e., M, is Hermitian (alias, self-adjoint). From the
condition (4) of a Hermitian inner product, it follows by [5, Proposition 12, p.
385] (see also [0, Proposition 6.1, p. 465 together with Proposition 4.16, p. 456]),
that M, is invertible. Moreover, for any

m m
T = g rie; and y= E Yi€;
i—1 i=1

we have a(z,y) = (21 T2 ... z)Ma(yi vs ... y:)T, where (21 20 ... 2z,)7
denotes the transpose matrix of the matrix (z; z3 ... z,) with one row and m
columns, i.e., (21 2o ... 2y,)’ is a matrix with m rows and 1 column.

Take any Hermitian invertible (m x m)-matrix H = (h;;) and define a map
G : M x M — A by setting

5(2 aﬁmZ@@) = (ay ag ... an)HO; b5 ... b))
i=1 i=1

Then it is clear that § is A-homogeneous and K-sesquilinear. Next we show that
the map ¢ : M — Homu (M, A), defined by

is a bijection.
Suppose that

$lm,) = as(i es) = ¢(i b ) = o)

for some m,, my € M. Then

> i = [B(ma)l(er) = [p(m)l(ex) = D _ b,

m

Do = [B(ma)l(e2) = [p(m)l(e2) = D _ haib],

i=1
PN
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Z him,i@; = [$(ma)](em) = [d(ms)](em) = Z B b
Hence, - "
> hila; =) =04

for every j € {1,...,m}. If we denote by H; the i-th column of the matrix H,
then we get

> Hi(a; = b)) = (0404 ... 04)"
=1

If af — b # 64 for at least one value of 4, then the columns of H are linearly
dependent and H can not be invertible. Since H was assumed to be invertible,
we must have af — b = 04 for every i € {1,...,m} from which m, = m; and ¢
is one-to-one.

Take any ¢ € Hom(M, A). Since H is invertible, H ! exists. Take

m
T = E €Ti€;,
i=1

where (11 T3 ... ,,)7 = H 1 (W(e1)* ¥(ea)* ... ¥(em)*)T. Then [¢(2)](y) = ¥(y)
for every y € M. Hence, ¢ is onto. Consequently, ¢ is a bijection.

Thus, 3, defined above, is a Hermitian inner product. Moreover, the matrix of
B is actually H,i. e., Mz = H.

By the facts we just obtained, we have the following result.

Lemma 3.1. Let A be a unital *-algebra and M a free A-module of rank m.
Then there exists a bijection between the sets of Hermitian inner products on M
and A-valued Hermitian invertible (m X m)-matrices.

By Lemma 3.1, we have the following result.

Corollary 3.2. Let B be a non-unital x-algebra and M a free B-module of rank
m. Then there exists a bijection between the sets of Hermitian inner products on
M and (B x K)-valued Hermitian invertible (m x m)-matrices.

Proof. Since every B-module is also a (B x K)-module with the same basis, then
taking A := B x K, we are in the situation of Lemma 3.1. 0

Notice, that for the Hermitian inner product «, defined in Lemma 2.1 or Corol-
lary 2.2, the matrix M,, associated with «, is an identity matrix.

Definition 3.3. Let A be a unital x-algebra and M a free A-module of rank m.
We say that two Hermitian inner products, o and 3 on M, are equivalent, if there
exists an invertible (m x m)-matrix N such that M, = N*MzN.

Notice, that if for any Hermitian inner product 3 there exists a Hermitian
invertible matrix N such that Mz = NN = N2, then 3 is equivalent to o defined
in Lemma 2.1.
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4. ON THE EQUIVALENCE OF HERMITIAN INNER PRODUCTS

Let A be a topological algebra. A sequence (z,)nen in A is a Mackey—Cauchy
sequence if there exists a bounded and balanced set U in A such that for every
€ > 0 there exists N, € N such that z,, — z,,, € €U whenever n,m > N,.

The algebra A is sequentially Mackey complete (one could also use the term
Mackey o-complete) if every Mackey—Cauchy sequence in A converges in A.

Proposition 4.1. Let m € N and A be a sequentially Mackey complete topological
algebra. Then the algebra M,,(A) of all (m x m)-matrices with elements from A
is also sequentially Mackey complete®.

Proof. The topology in the algebra M,,(A) of all A-valued (m x m)-matrices is
induced by a product topology, i.e., a basis of this topology consists of sets

Uo,..0,. = {M = (mi;) € Myn(A) : mij € Oi—1ym+j},

where O, ...,0,,2 vary in a basis of the topology of A.

Take any Mackey—Cauchy sequence (My), oy = ((mf})), _ It My (A). Then the
sequence (mj;) o is a Mackey-Cauchy sequence in A for each fixed
i,7 € {1,...,m}. Indeed, let U be a bounded and balanced set in M,,(A) such
that for every € > 0 there exists N. € N with My — M, € eU whenever k,[ > N..
For each 4,5 € {1,...,m} take V;; := {m;; € A: (m;;) € U}. Then all sets V; ;
are balanced and bounded in A because U is balanced and bounded in M,,(A).
Now it is clear that mfj — mﬁj € €V;; whenever k,l > N.. Hence, there exists
balanced and bounded sets V;; and numbers N, for every € > 0 such that the
conditions of Mackey—-Cauchy sequence are fulfilled.

Since (m%)nEN is a Mackey—Cauchy sequence in A for each i, € {1,...,m} and
A is sequentially Mackey complete, then (m%)neN converges in A to some element
sij € Afor each 4,5 € {1,...,m}. Take S := (s;;) € M;,(A). Then (M,),
converges to S in M,,(A). Hence, M,,(A) is sequentially Mackey complete as
well. O

Let us recall, that for an element a in a topological algebra A its radius of
boundedness is defined as

Bla) == inf{)\ >0: {(%)n 'n e N} is bounded in A}.

We recall also that the terms ”a is Hermitian” and ”a is self-adjoint” are syn-
onyms. In [1, Corollary 2.8], it was proved the following.

Theorem 4.2. Let A be a unital sequentially Mackey complete topological algebra.
If a € A satisfies the condition f(a —eq) < 1, then there exists an element b € A
such that b®> = a. In particular, when A is a unital sequentially Mackey complete
topological x-algebra with continuous involution and a is self-adjoint, then b is
also self-adjoint.

21t is clear that if A is unital, then also M,,(A) is unital because the unit element in M,,(A)
is the identity matrix.
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Let A be a topological algebra and m € N. For every i,j € {1,...,m} define
the projections p;; : My(A) — A by p;(M) = m,y for every
M = (m;;) € M,,(A). Amap f: M, (A) — M, (A) is continuous if and only if
all of its projections are continuous, i.e., f is continuous if and only if p; ; o f is
continuous for every i,5 € {1,...,m}.

For the next result, see also [3, Lemma 5.3, p. 196], where the continuity of
the involution of a locally m-convex x-algebra is inherited to the algebra of all
infinite matrices with finite support and entries from A.

Lemma 4.3. Let A be a topological x-algebra and m € N. The involution on
M,,(A) is continuous if and only if the involution is continuous on A.

Proof. Suppose, that the involution iy : A — A, defined by iala) = a* for
every a € A, is continuous. Consider the 1nvolut10n im @ My (A) — My, (A)
defined by i,,(M) = M* for every M € M,,(A). Then (p;; o i,n)(M) = mj,
for every M = (m;;) € My, (A). Let T : M,,(A) — M,,(A) be the transpose
function, i.e., T(M) = T((m;;)) = (m;j;) = M?* for every M € M,,(A). Then
(ia o pij o T)(M) = mj, for every M = (m;;) € M,(A). Hence,
DijOtm =1a0p;;0T.

The tranpose function is continuous because for any neighbourhoods of zero O; ;
in A there exist neighbourhoods U;; = O;; of zero in A such that if
M e UU1,1,U1,2.-~,Ui,m,U2,1,mUm,m we get T(M) S U01,1,01,2~~,Oi,m,02,1,mOm,m' The pro-
jections p; ; are also continuous. Hence, 74 o p;; o T" is continuous for every
i,j € {1,...,m} as a composition of continuous maps. Therefore, p;; o i,, is
continuous for every i,j € {1,...,m}. It means that i,, is continuous.

Suppose that i,, is continuous. Take any neighbourhood O of zero in A. Then
P = UO1,...,Om2 with Oy = Oy = -+ = O,z = O is a neighbourhood of zero
in M,,(A). Since the involution is continuous in M,,(A), then there exists a
neighbourhood V' = Uy; v , of zero in M,,(A) such that i,,(M) € P for every
M € V. Take

N v

1<i<m?
and Z = Uy, .z , With Zy = Zy = -+ = Z,2 = W. Then i,,(M) € P also
for every M € Z. Now, it is clear that is(a) € O for every a € W because
ia(a) = p11 0y (M,), where M, is a matrix having all its elements equal to a.
Hence, 74 is continuous as well. 0

For m € N, I,,, = I denotes the identity matrix in M,,(A). Using Theorem 4.2,
we get the following result.

Theorem 4.4. Let A be a unital sequentially Mackey complete topological
x-algebra with continuous involution, M a free A-module of rank m and
a: MxM — A a Hermitian inner product on M. If the matriz M,, € M,,(A) as-
sociated with « fulfils the condition 3(M, — 1) < 1, then there exists a Hermitian
inner product v : M x M — A such that M, = sz.

Proof. By assumption, m is a free A-module of rank m. Consider the x-algebra
M,,(A). By Proposition 4.1, M,,(A) is a unital sequentially Mackey complete
topological algebra. The involution in M,,(A) is continuous by Lemma 4.3.



HERMITIAN INNER PRODUCTS 119

Let o« : M x M — A be a Hermitian inner product on M and let its matrix
M, fulfil the condition (M, — I) < 1. Then, by the first part of Theorem 4.2,
there exists a matrix N € M,,(A) such that N? = M,,.

Since the involution on M,,(A) is continuous and M, is a Hermitian matrix, N
is Hermitian, by the second part of Theorem 4.2. Moreover, since M, is invertible,
N must be also invertible (its inverse is N~! = M;'N). Now, by Lemma 3.1, we
get that IV is actually a matrix of some Hermitian inner product v : M x M — A,
ie., N = M,. Hence, M, = Mf for some Hermitian inner product ~. O

Using Lemma 2.1, we get the following result.

Theorem 4.5. Let A be a wunital sequentially Mackey complete topological
x-algebra with continuous involution for which the following conditions are ful-

filled:

(a) If a € A, then aa®™ = 04 if and only if a = 04.

(b) If n € N and ay, ... ,a, € A, then Spa(>_;_, a;af) C [0, 00).

(¢) The only self-adjoint element a € A with Spa(a) = {0} is the zero element

(9A Of A.

Moreover, let M be a free A-module of rank m. Then all Hermitian inner products
0 : M x M — A, with matrices Ms such that B(Ms — I) < 1, are mutually
equivalent.

Proof. Let 6 be a Hermitian inner product for which §(Ms — I) < 1. By The-
orem 4.4, there exists a Hermitian inner product v : M x M — A such that
MW2 = M. By Lemma 2.1, we know that there exists an inner product
a: MxM — Awith M, = I. Since M, is Hermitian, then M> = M,. Therefore,
Ms = Mf = MM, = MJIM, = M3M,M,. Hence, the Hermitian inner prod-
ucts 0 and « are equivalent.

Let k : M x M — A be another Hermitian inner product with g(M, —I) < 1.
As before, we can now show that x and « are equivalent. Hence, k is equivalent
to 0. Therefore, all such Hermitian inner products § with G(Ms — I) < 1 are
mutually equivalent. 0

Let B be a non-unital algebra, m € N and J denote the identity matrix in
the algebra M,,(B x K). Suppose that the involution ig : B — B, defined by
ip(b) := b* for every b € B, is continuous on B. Take any neighbourhood O of
zero in B x K. Then there exist neighbourhoods of zero U in B and V in K
such that U x V' C O. Since involution is continuous on B and K, there exist
neighbourhoods of zero W in B and Z in K such that ig(b) € U for every b € W
and ig(A\) € V for every A € Z (here ix denotes the involution on K). Denote
the involution in B x K by igyg. Since P := U x V is a neighbourhood of zero in
B x K and since igxx((b,\)) € O for every (b, \) € P, then the involution ipyxx
in B x K is also continuous.

From the last two Theorems we can have the following results in nonunital
case.

Corollary 4.6. Let B be a non-unital sequentially Mackey complete topolog-
ical x-algebra with continuous involution, M a free B-module of rank m and
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a : M x M — B x K a Hermitian inner product on M. If the matrix
M, € M,,(B x K), associated with o, fulfils the condition 3(M, — J) < 1, then
there exists a Hermitian inner product v : M x M — B x K such that M, = Mvz.

Proof. Since K is complete, it is also Mackey complete. By assumption, B is
sequentially Mackey complete, so B x K, endowed with the product topology,
turns to be Mackey complete. For the latter, one can argue as in the proof of
Proposition 4.1, that B x K is Mackey complete. Since every B-module with m
elements in its basis is also a (B x K)-module with the same basis, then we are
in the context of Theorem 4.4, if we take A := B x K. Hence, the claim follows
by Theorem 4.4. 0

Corollary 4.7. Let B be a non-unital sequentially Mackey complete topological
x-algebra with continuous involution for which the following conditions are satis-
fied:

(a) If b € B, then bb* = 0p if and only if b = 0p.

(b) Ifn €N, by,...,b, € B and \y,..., N\, €K, then

SPacsc (D (b1 i) (Bis )" € [0, 00).
i=1
(c) The only self-adjoint element (b,\) € B x K with Sppxx((b,\)) = {0} is
the zero element (0p,0) of B x K.
Moreover, let M be a free B-module of rank m. Then all Hermitian inner products
d: M x M — B x K with matrices Ms such that 3(Ms — J) < 1 are mutually
equivalent.

Proof. Using the same argumentation as in the proofs of Corollaries 2.2 and 4.6,
we see that by taking A := B x K, we are in the situation of Theorem 4.5, thus
the assertion follows. OJ
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