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ABSTRACT. Let X be a Banach space. In this paper, we study the properties
of wUR modulus of X, dx(¢, f), where 0 < ¢ < 2 and f € S(X*), and the
relationship between the values of wUR modulus and reflexivity, uniform non-
squareness and normal structure, respectively. Among other results, we proved
that if 6x (1, f) > 0, for any f € S(X*), then X has weak normal structure.

1. INTRODUCTION AND PRELIMINARIES

Let X be a normed linear space. Let B(X) = {z € X : [|z]] < 1} and
S(X)={x € X :||z|| = 1} be the unit ball and the unit sphere of X, respectively.
Let X* be the dual space of X. In 1948, Brodskii and Mil'man [2] introduced the
following geometric concepts:

Definition 1.1. A bounded and convex subset K of a Banach space X is said
to have normal structure if every convex subset H of K that contains more than
one point contains a point xy € H such that sup{||lzo —y|| : y € H} < d(H),
where d(H) = sup{||z — y|| : x,y € H} denotes the diameter of H. A Banach
space X is said to have normal structure if every bounded and convex subset of X
has normal structure. A Banach space X is said to have weak normal structure
if for each weakly compact convex set K in X has normal structure. X is said
to have uniform normal structure if there exists 0 < ¢ < 1 such that for any
bounded closed convex subset K of X that contains more than one point, there
exists xyp € K such that sup{||zo —y| : y € K} < c¢-d(K).
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For a reflexive Banach space, the normal structure and weak normal structure
coincide.

Let D be a nonempty subset of a Banach space X. A mapping T': D — D
is called to be nonexpansive whenever ||Tx — Ty|| < ||z — y|| for all z,y € D.
A Banach space has fixed point property if for every bounded closed and convex
subset D of X and for each nonexpansive mapping T : D — D, there is a point
x € D such that © = Tz [8].

In 1965, Kirk [8] proved that if a Banach space X has weak normal structure,
then it has weak fixed point property; that is, every nonexpansive mapping from
a weakly compact and convex subset of X into itself has a fixed point.

In [1], Clarkson introduced the following modulus of convexity:
ox(e) =inf{l — |z + y[| : 7,y € S(X),||lz — y|| > e}, where 0 < & < 2. It was
proved that if there exists ¢ > 0 such that d0x(1 4 ¢) > 5, then X has uniform
normal structure [3].

Many more geometric parameters were introduced after that to study the geo-
metric properties of Banach spaces. For some of these parameters, see [5, 9].

In [11], Smulian introduced the following function dx (e, f) : from [0, 2] x S(X™)
to [0.1] by the formula

Sx(e, f) = Wb{{1}U {1 = oyl -2,y € S(X),| <2y, f>] 2 e,

where f € S(X*) and 0 <e < 2.

The reason for specifically including 1 in the set whose infimum defines the
wUR modulus is to avoid the following particular situation: when f is a non-
norm attaining functional, so there are no points = and y in S(X) such that
| <ax—y, f>|>2. Therefore dx(2, f) would not be well defined.

Then the dx(e, f) is called the wUR modulus convexity of X. The space X

is weakly uniformly rotund or weakly uniformly convex if dx(e, f) > 0 whenever
0<e<2and f € S(X*).

Theorem 1.2. [12] For any f € X*,M is an increasing function of € in

(0,2], and 6x(g, f) is a continuous function in 0 < e < 2.
Definition 1.3. [6] A Banach space X is called uniformly nonsquare if there
exists § > 0 such that if z,y € S(X), then either M <l-dor @ <1-6.

Definition 1.4. [2] Let X and Y be Banach spaces. We say that Y is finitely
representable in X if, for any € > 0 and any finite dimensional subspace N C Y,
there is an isomorphism 7' : N — X such that, for any y € N, (1 —¢)ly|| <
1Tyl < (1 + &)yl

The Banach space X is called super-reflexive if any space Y which is finitely
representable in X is reflexive.

It is well known that if X is uniformly nonsquare, then X is supper-reflexive,
and therefore X is reflexive.

Theorem 1.5. [6] Let X be a Banach space. Then X is not reflexive if and only
if, for any 0 < e < 1, there are two sequences {x,} C S(X) and {f.} C S(X*)
such that
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(a) (@m, fn) = € whenever n < m;
(b) (@m, fn) = 0 whenever n > m.

2. MAIN RESULTS

Theorem 2.1. For a Banach space X, if 0x(e,f) > 1 —¢, for all f € S(X*)
and 0 < e < 1, then X is reflexive.

Proof. Suppose X is not reflexive. For any 0 < € < 1, let the sequences {z,} C
S(X) and {f,} C S(X*) satisfy the two conditions in Theorem 1.5.

Let my; < n < mg; we have < X, — Ty, fn >= €.

Let m < my < mg; we have < Ty, + T, , frn >= 2¢; therefore ||z, +2m, || > 2¢
and 1 — w <1-—ece.

This implies 0x (¢, fn) = inf{l—w, <x—y, fn>>e} < 1—% <l-¢
for this fixed f, € S(X*). O

For a Banach space X, we define V, C S(X™) to be the set of norm 1 supporting
functionals of S(X) at xz; that is, f, € V, <= (z, f,) = 1. For 1,25 € B(X),
we use [z, z5] to denote the line segment connecting x1 and x5 in X. Let X, be
a two-dimensional subspace of X; for 1,y € S(X;), we use z1, 3 to denote the
curve on S(X3) from z; to xs clockwise.

Lemma 2.2. [1] If z1,29 € B(X) and 0 < € < 1 are such that w > 11—k,
then, for all 0 < ¢ < 1 and z = cxy + (1 — c)xy € [x1, 23], the line segment
connecting x1 and o follows that ||z|| > 1 — 2e.

Theorem 2.3. For a Banach space X, if éx(e, f) > 3 — <, for all f € S(X*)
and 0 < € < 2, then X s uniform nonsquare.

Proof. Suppose X is not uniform nonsquare. For any 0 < & < 2, let z,y € S(X)
such that both ||z +y|| > 14 5 and [z —y|| > 1+ 5.

SowehaveMZ%—l—iand”xQ;yHZ%—i—i.

This implies M >1- (% —%)and 1 — ”x—;y” < % - <.

Consider the two-dimensional subspace X5 of X spanned by z and y, and x
and y are clockwise located on z;y C S(X3).

Let f, € V, and f, € V,, respectively, we have
l=<uzfo>><y for>and 1l =<y, f, >><az, f, >.
There must be a z € r,y C S(X3) such that < z, f, >=<y, f. > .
Let z = oz’ such that 2’ € [z, y]; then ||2/|| > 1 —2(5 — £) = £, from Lemma 2.2.

We have <, f, >=<y, f. >=< 2, f. >= ||| > 5.

This implies < x +y, f, >> €.

Use Hahn-Banach theorem to extend f, to X. Let f = f, € V, in S(X™).

We have dx(e, f) = inf{l — @,< r+y, f>>e} <1 — < for this fixed
f e S(X).

0

Lemma 2.4. [1] Let X be a Banach space without weak normal structure; then
for any 0 < € < 1, there exists a sequence {z,}32, C S(X) with z, —* 0 such
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that
l—e<|lzng1 —2|| < 1+e€
for sufficiently large n and any z € co{zx}}_;.

Theorem 2.5. For a Banach space X, if ox(1, f) > 0, for all f € S(X*), then

X has weak normal structure.

Proof. For any n > 0, let {z;}72, € S(X) be chosen as in above Lemma 2.4.
Since z =™ 0, 0 is in the w-closed convex hull of {2}, which equals to the
norm closed convex hull, co{z}32;.
So there exist ng and y € co{z},2; with |ly]| < n.
We may assume that ng also satisfies

L—n<lz—z|| <1+n,

for n > ng, and that z € co{z};2, as in above Lemma 2.4.
We therefore have, for n > ng,

0= 31 = 12 = 252 = 8] = (L)~ 3 > 1~ 29 and
[z = S <z =5+ 5 < X +m) + 3 <1427
So,

1= < |z — Sl <1420,

Since z;, —" 0, take an f; € V,,. We may assume, for this fixed f; € V,,, that
| < zng, 1> | <mand 1 —n < |24y — 21|, |20 — ZEIH <1l+n.

Let z = —X*2%  Then
ll21—2ng |l
17+ 2ol = [[2ne — (21 = 20| = (21 = 2no) + |
21 1
= 2y — 2 2 = 2l —
||Z 0 9 H ||Zl Z 0||| Hzl _ Zn()H’
Ui
> 2(1—n)—(1 e
> 2(1—n)—( +77)1_77
llz+2n, |l
So, 1 — =57 <+ 5(1+n)1%.
But,
21 — Zn
| <z —2p, 1>]| = |<#+zno,f1>|
121 = 2, |
1
= — < — “n — ~n nQ ) >
Hzl _Zno”| 21 Z 0+ ||21 Z OHZ 0 fl |
1 1—n
= —| < - 1_  An no s > 2—
Hzl _Zno”| 21 ( ||Z1 2 OH)Z 0 fl ‘ 1_'_7,]

Since 1 can be arbitrarily small and dx(e, f1) is a continuous function in
0 <e <2, forany f; € S(X*), we have 6x(1, f1) = 0.
O

We consider the uniform normal structure.

Let F be a filter of an index set I, and let {x;};c; be a subset of a Hausdorff
topological space X. Then {z;};c; is said to converge to x with respect to F,
denoted by limz z; = z, if for each neighborhood U of x, {i € [ : x; € U} € F.
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A filter U on [ is called an wltrafilter if it is maximal with respect to the ordering
of the set inclusion. An ultrafilter is called trivial if it is of the form {A : A C
I,ip € A} for some iy € I. We will use the fact that if ¢/ is an ultrafilter, then
(i) for any A C I, either ACU or I — A C U,
(i1) if {x;}:c; has a cluster point z, then limy, z; exists and equals to x.
Let {X;}ier be a family of Banach spaces, and let [ (I, X;) denote the subspace
of the product space equipped with the norm ||(z;)|| = sup;e; ||2:]| < oo.

Definition 2.6. [10] Let U be an ultrafilter on I, and let Ny = {(z;) € loo(1, X;) :
limy ||z;]] = 0}. The ultraproduct of {X;}ies is the quotient space I (1, X;)/Ny
equipped with the quotient norm.

We will use (z;)y to denote the element of the ultraproduct. It follows from
remark (ii) above and the definition of quotient norm that

IGa)el = Yim s ]. (2.1)

In the following we will restrict our index set I to be N, the set of natural
numbers, and let X; = X,7 € N for some Banach space X. For an ultrafilter
on N, we use X;; to denote the ultraproduct. Note that if ¢/ is nontrivial, then
X can be embedded into X, isometrically.

Lemma 2.7. [10] Suppose that U is an ultrafilter on N and that X is a Banach
space. Then (X*)y = (Xy)* if and only if X is super-reflezive, and in this case,
the mapping J defined by

(@us J((fi)u)) = lim{as, fi), for all (x:)u € Xu.

is the canonical isometric isomorphism from (X*)y onto (Xy)*.

Theorem 2.8. Let X be a super-reflexive Banach space. Then, for any nontrivial
ultrafilter U on N and for any 0 < € < 2, we have 6x,,(¢, (fi)u) > a, for all
(fi)u € Xy, if and only if x (e, f) > a for all f € X*.

Proof. Since X can be embedded into X, isometrically, we may consider X as a
subspace of X;. From the definition of dx (e, f), we have
dx, (e, (fi)u) > a, for all (fi)y € S(X};), implies 0x(e, f) > a for all f € S(X*).

We prove the reverse inequality.

Suppose there is a fixed (f;)y € S(X7;) such that dx,, (e, (fi)u) < a. From the
definition of 0x,, (&, (fi)u), there are (x;)y € S(Xy) and (y;)u € S(Xy) such that

1- W < a, but < (z:)u — (Ya)u, (fi)u >>e.

From (2.1), for any n > 0 we may assume the subsets

A={i:1—n< |z <1+n},
B={i:1—n<|lul <1+n}

and
C={i:1-n<|fill <1l+n}
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are all in U.
From the property of ultraproduct, we know the subsets

P:{i3<$i—yi,fi>25—77}

and
|z + yill

Q={i:1- <a-+n}

are all in U.
So the intersection AN BNC N PNQ is in U too, and is hence not empty.
Let i€ ANBNCNPNQ. For this fixed 7, we have
L—n < |lz]l < 1+mn,
L—n <yl <1+n,
L—n<|lfil <1+n,
<mi—yi, i >>¢e—m,
and
el
So, sz';-yill >1—a—n.
Consider z; = ”;”—lu,y; = 2 and f] = |}£—

]

all
Then z,y; € S(X), fl € S(X*), ||z} =zl <n, ||y, —wll <n,and || f/— fil| <.

We have
/ ! !
<z —ypfi >

< —Yi, fi >+ < (x)—xi) — (Y —vi), fi >

+ <z -y, fi — fi >

< xi —yi, fi > =l — @il = lyi = will = |5 = il fi — fill
e—n—3n=c—A4n.

(VAR

From

s +will = s +vi) + (25 — ) + (45 = wa)l))
>l 4 will = Ml = @ill =y = will)
> 2—2a—-2n—n—n=2—2a—4n.

So, 1 — lmull < 4 4 2y,

This implies 0x (¢ — 4n, f!) < a + 2n.

Since 7 > 0 can be arbitrarily small, it is impossible to have dx(s, f) > a for
all f € S(X*). So, 6x(e, f) > aforall f e S(X*)implies dx,, (¢, (fi)u) > a for all
(fi)u € S(Xg). -

Lemma 2.9. [7] If X is a super-reflexive Banach space, then X has uniform
normal structure if and only if Xy has normal structure.

Theorem 2.10. For a Banach space X, if dx (e, f) > %— 3, for all f € Sx- and
0 < e <2, then X is uniform nonsquare and has uniform normal structure.
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Proof. The inequality éx (e, f) > & — ¢, for all f € S(X*) and 0 < £ < 2,

2 T a4
implies 0x (1, f) > 0 for all f € S(X*) and 0 < € < 2; then X has weak normal

structure from Theorem 2.5. The inequality dx (e, f) > 3 — £, for all f € S(X*)

and 0 < € < 2 implies X is uniformly nonsquare from Theorem 2.3. So, X is
super-reflexive.
Then the result follows directly from Theorem 2.8 and Lemma 2.9.
OJ

Example 2.11. Let H be an Hilbert space. Then dg(e, f) =1 — —”2(22_6) for all
feS(X*)and 0 <e <2.

Proof. For any f € S(H*), let x € S(H) such that < z, f >= 1.

For any 0 < ¢ < 2, let HP be the Hyperplane of H : HP = {z :< z,f >=
—1+4+e¢e,2z€ X}

It is easy to see that dx(e, f) is obtained at —z and any y € HP N S(H).

We have < x4y, f >=1+4+(—-1+¢)=¢.

/ Tr— 2(2—¢
We have, dy(e, f) =1— V22—e)

2

O

Acknowledgements. The author would like to thank the referees for their
many valuable recommendations and suggestions.

REFERENCES

1. J. A. Clarkson, Uniformly convex spaces, Trans. Amer. Math. Soc. 40 (1936), no. 3, 396—
414.

2. J. Diestel, Geometry of Banach spaces—selected topics, Lecture Notes in Mathematics Vol.
485. Springer-Verlag, Berlin-New York, 1975.

3. J. Gao, Modulus of convezity in Banach spaces, Appl. Math. Lett. 16 (2003), no. 3, 273—-278.

4. J. Gao and K.S. Lau, On two classes of Banach spaces with uniform normal structure,
Studia Math. 99 (1991), no. 1, 41-56.

5. J. Gao and S. Saejung, Some geometric parameters and normal structure in Banach spaces,
Nonlinear Func. Anal. and Appl. 15 (2010), no. 2, 185-192.

6. R. C. James, Uniformly non-square Banach spaces, Ann. of Math. (2) 80 (1964), 542-550.

7. M. A. Khamsi, Uniform smoothness itmplies super-normal structure property, Nonlinear
Anal. 19 (1992), no. 11, 1063-1069.

8. W. A. Kirk, A fized point theorem for mappings which do not increase distances, Amer.
Math. Monthly 72 (1965), 1004-1006.

9. S. Saejung and J. Gao, Normal Structure and Polygons in Banach Spaces, Nonlinear Func.
Anal. Appl. 19 (2014), no. 1, 131-143.

10. B. Sims, “Ultra”-techniques in Banach space theory, Queen’s Papers in Pure and Applied
Mathematics, 60. Queen’s University, Kingston, ON, 1982.

11. V. L. Smulian, On the principle of inclusion in the space of the type (B), (Russian) Rec.
Math. [Mat. Sbornik] N.S. 5(47), (1939), 317-328.

12. A. Ulldn de Celis, Mdulos de convexidad y lisura en espacios normados, (Spanish) [Mod-
uli of convexity and smoothness in normed spaces], Dissertation, Universidad de Ex-
tremadura, Badajoz, 1990. Publicaciones del Departamento de Matemticas, Universidad
de Extremadura [Publications of the Mathematics Department of the University of Ex-
tremadural, 27. Universidad de Extremadura, Facultad de Ciencias, Departamento de
Matemticas, Badajoz, 1991.



646 J. GAO

DEPARTMENT OF MATHEMATICS,COMMUNITY COLLEGE OF PHILADELPHIA, PA 19130-
3991, USA.
E-mail address: jgao@ccp.edu



	1. Introduction and preliminaries
	2. Main results
	References

