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ABSTRACT. We study Birkhoff-James orthogonality of compact linear opera-
tors on complex reflexive Banach spaces and obtain its characterization. By
means of introducing new definitions, we illustrate that it is possible in the
complex case, to develop a study of orthogonality of compact linear operators,
analogous to the real case. Furthermore, earlier operator theoretic charac-
terizations of Birkhoff-James orthogonality in the real case, can be obtained
as simple corollaries to our present study. In fact, we obtain more than one
equivalent characterizations of Birkhoff-James orthogonality of compact linear
operators in the complex case, in order to distinguish the complex case from
the real case.

1. INTRODUCTION.

The notion of Birkhoff-James orthogonality (B—J orthogonality) plays a very
important role in the geometry of Banach spaces. In [7], James illustrated the
role of B—J orthogonality in characterizing geometric properties like smoothness,
strict convexity, and other properties of the space. It is quite straightforward to
observe that the notion of B—J orthogonality extends to the space of all bounded
linear operators on a Banach space. The role of B-J orthogonality in the study of
geometry of Banach spaces has been explored by several researchers, from various
points of view. We refer the readers to [1, 3, 4, 5, 6, 8, 14, 15], and the references
therein, for a detailed study in this regard. Recently, in [10], Sain characterized
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B-J orthogonality of linear operators on finite-dimensional real Banach spaces.
Although B-J orthogonality can be defined for either real or complex Banach
spaces, till now most of the operator theoretic study of B—J orthogonality [10, 12]
has been conducted exclusively in the context of real Banach spaces. In this
paper, our aim is to initiate an analogous study of B—J orthogonality of linear
operators in the complex case and to obtain its characterization. It is interesting
to observe that the results already known in the context of real Banach spaces
follow quite easily from these new results. It is in this sense, that our present
study can be considered as an extension of our earlier studies [10]. Without
further ado, let us establish the relevant notations and terminologies to be used
throughout the paper.

Let X and Y be complex Banach spaces. Let Bx = {z € X: ||z|| < 1} and
Sx = {x € X: ||z]| = 1} be the unit ball and the unit sphere of X, respectively.
Let L(X,Y)(K(X,Y)) denote the Banach space of all bounded (compact) lin-
ear operators from X to Y, endowed with the usual operator norm. We write
L(X,Y) =L(X) and K(X,Y) = K(X) if X =Y.

For any two elements z,y € X, x is said to be B—J orthogonal to y [2, 7],
written as = L g y, if ||z + Ay|| > ||z] for all A € C.

Similarly, for any two elements 7', A € LL(X), T is said to be B—-J orthogonal to
A, written as T Lg A, if ||T 4+ MA|| > ||T|| for all A € C.

For a linear operator T defined on a Banach space X, let Mt denote the col-
lection of all unit vectors in X at which T attains norm; that is,

My = {z € Sx: ||Ta]| = |T]}.

In order to characterize B-J orthogonality of bounded linear operators on finite-

dimensional real Banach spaces, Sain [10] introduced the notions of ™ and z~
in the following way:
For any two elements 2 and y in a real Banach space X, let us say that y € x™ if
|z + Ay|| > ||z]|| for all A > 0. Following similar motivations, we say that y € 2~
if || + Ay|| > ||z|| for all A < 0. Using these notions, Sain [10] characterized
B-J orthogonality of linear operators defined on finite-dimensional real Banach
spaces.

Theorem 1.1. [10, Theorem 2.2| Let X be a finite-dimensional real Banach space.
Let T, A € L(X). Then T L A if and only if there exist x,y € My such that
Ar e Tz and Ay € Ty™.

In this paper, in order to obtain an analogous result for complex Banach spaces,
let us introduce the following notions:

Let reXand U={ae€C:|a|=1, arga € [0,7)}. For a € U define

L+

— {y e X: o+ Mgll 2 [l2] ¥ A= tat > 0},
— {y e X: o+ Mgll = [l2 ¥ A = tat < 0},

R

={yeX:|lz+ N > |z]| VA =ta,t € R}.
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€1

o

If B = e™a, then we define :EZQ =z,

If y € 21, then we write xL,y. Let us define the notions of #%, 27, and 2t in a

complex Banach space in the following way:

or=(YedaeU} am =Yg :a €U}, and ot =({ag: 0 €U},

If the space X is a real Banach space, then we must have, o € U implies that
a = 1. Therefore, z7 =27, 2, =27, and 2} = 2t

In this paper, we completely characterize B—J orthogonality of compact linear
operators from a complex reflexive Banach space to a complex Banach space. In
order to illustrate the importance of our study, we show that earlier character-
izations of operator B—J orthogonality [10, 13] in the real case follow as simple

corollaries to our present study.

—~ _ o+ 1
Ty =x,,and 15 =

2. MAIN RESULTS

Let us begin with two easy propositions, that would be useful in obtaining
the desired characterization of B—J orthogonality of bounded linear operators
between complex Banach spaces.

Proposition 2.1. Let X be a complex Banach space, and consider x,y € X and
a € U. Then the following are true:
(i) Eithery € xt ory € z,.
(il) * Loy if and only if y € xf and y € x,.
= implies that ny € (px)l for all n,u > 0.
(iv) y € xt implies that —y € x, and y € (—x),.
- implies that ny € (px), for all n,pu > 0.
o implies that —y € 7 and y € (—x)}.
(vil) y € xF implies that By € (Bx)L for all 5 € C.
(viil) y € x, implies that By € (Bx), for all 5 € C.

Proof. (i) If y ¢ xf, then we show that y € z,. Since y ¢ x, we have
|z 4+ Xoy|| < ||z|| for some A\g = toa with ¢y > 0. Let A = taw with ¢ < 0. Then
there exists s € [0, 1] such that
v =s(z+oy)+(1-s)(z+Ay)
= [zl < sllz+ oyl + (1 = s)llz + Ayl
= lzll < sflell + (1 = s)lle + Ayl
=zl <llz+ Myl
Therefore, ||z|| < ||z 4+ Ay|| VA =ta with t <0 =y € x.

The proofs of (ii)—(viii) can be easily completed using similar approach. O

Proposition 2.2. Let X be a complex Banach space, and let x,y € X. Then the
following are true:
(i) x Lpy if and only if y € z and y € z~.
(i) y € a* implies that ny € (uzx)*™ for all n, > 0.
(ili) y € «* implies that —y € x~ and y € (—z)~.
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(iv) y € = implies that ny € (ux)~ for all n,u > 0.
(v) y € = implies that —y € x* and y € (—z)7.
Proof. (i) The proof follows from the definitions of 2 and z~.
(ii) Let y € ™. Then y € z for each a with argar € [0, 7). We show that
ny € (pux)t for each a with arga € [0, 7). Now,

in
|z + (ta)ny|| = |pll|z + (;)ay\l > |plllz]| = [z, for all ¢, 1, > 0,

and so ny € (px)! for all u,n > 0. Thus, ny € (ux)* for all u,n > 0.

(iii) Suppose that y € x*. Then for each a with arg v € [0, 7), ||z +tay| > ||zl
for all £ > 0. So ||z + (—t)a(—y)|| > ||z|| for all £ > 0. This shows that —y € z,
for each o with arga € [0,7), and so —y € x~.

Again, for each a with arga € [0, 7),

lo + tayll = |[(==) + (=t)a(y)l| = |zl = || = =], forallz>0.
This shows that y € (—z), for each a with arga € [0, 7), and therefore
ye(—x) .
(iv) Follows similarly as (ii).
(v) Follows similarly as (iii). O

Let us now obtain the promised characterization theorem, the proof of which
follows the same line of argument given in [13, Th. 2.1]. For the sake of com-
pleteness of the paper we give the proof in details here.

Theorem 2.3. Let X be a reflexive compler Banach space, and let Y be any
complex Banach space. Let T, A € K(X,Y). Then T Lp A if and only if for
each a € U there exist v = x(a), y = y(a) € My such that Az € (Tx)! and
Ay € (Ty),-

Proof. Let us first prove the sufficient part. Suppose, for each o € U, there
exist x = z(a), y = y(a) € My such that Az € (Tz)} and Ay € (Ty),. Let
A € C. Then there exist t € R and a € U such that A = ta. If t > 0, then
|1T + MNA|| = ||T + taA|| > ||(T + (ta)A)zx|| > ||Tz|| = ||T]|, and if ¢ < 0, then
T + MNA|| = [|T + taAl| > [|[(T + (ta)A)y|| > ||Ty|| = ||T||. Hence, T L A. This
completes the proof of the sufficient part of the theorem.

Let us now prove the necessary part. Suppose that T 1 gA. Let a € U. Then
for each n € N, the operator (17" + 2A), being compact on a reflexive complex
normed linear space, attains norm. Therefore, there exists x,, € Sx such that
(T + 2A)|| = [[(T + 2A)x,|. Now, since X is reflexive, Bx is weakly compact.
Therefore, {z, } has a subsequence, say, {x,, } such that {z,, } weakly converges
to x = () (say) in Bx. Without loss of generality we assume that {x, } weakly
converges to . Then T" and A being compact, Tx, — Tr and Az, — Ax. Since
T1pA, we have ||T + 2A[ > || T']| for all n € N. Hence

|70+ = Az, | 2 |T)| 2 |Taal|  ¥neN.

Letting n — oo we have ||Tx| > ||T|| > ||Tz||. Therefore, x € My. Finally, we
show that Az € (Tx)}.
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For any ¢ > £ > 0, we claim that |7z, + taAz,|| > ||Tz,||. If possible, suppose
that |7z, + taAx,|| < ||Tx,|]. Then

o 1 1
Te, + XAz, = (1— =Tz, + —(Tz, +taAz,
T+ Az ( nt)x+nt(x+oza:)

Q 1 1
= ||Tz, + —Az,|| < (1—-—)|Txz, —I(Tx,, + taAx,,
ITon+ S Azall < (1= )Tl + — (T2 + tada,)|

«o 1 1
= [Tz, + gAan < (1- E)HT%H + EHT%H
o
= ||Tz, + gAan < || Tz,
a contradiction. This proves our claim.
Now, for any t > 0, there exists ng € N such that ¢t > nio Hence, for all n > ny,
we have,
| Tx,, + taAx,|| > || Tz,
Letting n — oo, we have,

|Tx + taAzx|| > ||Tz|.

Therefore, Az € (Tz)}.
Similarly, considering the operator (T'— 2 A), for each n € N, we obtain y = y(«a)
in My such that Ay € (T'y),. This completes the proof of the theorem. O

In particular, if X and Y are finite-dimensional complex Banach spaces, then
we have the following corollary.

Corollary 2.4. Let X and Y be finite-dimensional complex Banach spaces. Let
T,AeL(X,Y). Then T Lg A if and only if, for each o € U, there exist v = z(«)
and y = y(«) in My such that Az € (Tx)! and Ay € (Ty),.

Proof. Since every finite-dimensional complex Banach space is reflexive and every
linear operator on a finite-dimensional complex Banach space is compact, the
proof of the corollary follows from Theorem 2.3. OJ

We would further like to comment that the proofs of the corresponding char-
acterization theorems in the real case are now obvious.

Corollary 2.5. [13, Theorem 2.1] Let X be a reflexive real Banach space, and let
Y be any real Banach space. Let T, A € K(X,Y). Then T L A if and only if
there exist x,y € My such that Ax € (Tz)" and Ay € (Ty)".

Proof. Let T1 gA. Since in real Banach space, a € U implies that « = 1, by
Theorem 2.3, there exist =,y € My such that Az € (Tz)™ and Ay € (Ty)~. O

Corollary 2.6. (Theorem 2.2 of [10]) Let X, Y be finite-dimensional real Banach
spaces. Let T, A € L(X)Y). Then T Lg A if and only if there exist x,y € Mr
such that Az € (Tz)" and Ay € (Ty)~.

Proof. Since every finite-dimensional complex Banach space is reflexive and every
linear operator on a finite-dimensional complex Banach space is compact, the
proof of the corollary follows from Corollary 2.5. 0J
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In spite of being a complete characterization of B-J orthogonality of compact
linear operators on a reflexive complex Banach space, Theorem 2.3 does not
capture the full strength of the complex number system. Indeed, in our opinion,
Theorem 2.3 should be regarded as a stepping stone towards our next theorem,
that also distinguishes the complex case from the real case. First we need the
following geometric lemma.

Lemma 2.7. Let X be a complex Banach space. Let z, v € X and a = €, where
0 € [0,7]. Ify € xf, then either y € xj for all § with arg § € [0,6] ory € x for
all B with arg 5 € [0, 7].

Proof. Suppose that y ¢ z¥ for some a; with argay € [0,6]. Then there exists
t1 > 0 such that ||z + tyaqyl| < [lz[. We claim that y € 7 for all 8 with
arg 3 € [0, n]. If possible suppose that y ¢ zf for some a, with argay € [0, 7).
Then there exists to > 0 such that ||z + taaey|| < ||z||. Then it is easy to verify
that there exist 0 < s < 1 and ¢ > 0 such that (1—s)t;aq + staay = ta. Therefore,
(1 — s)[x + toqy] + s[z + taasy] = x + tay. This implies that

o+ tay| < (1= s)llz+tranyl + sllz + taay| < (1= s)llz]| + sllz] = ||=]],
which is a contradiction. This proves our claim. O

Let us now prove the following characterization theorem, that improves the
necessary part of Theorem 2.3.

Theorem 2.8. Let X be a reflexive complex Banach space, and let Y be any com-
plex Banach space. Let T, A € K(X,Y). Then T LgA if and only if there exist
x, y, z, and w in My and ¢1, 9 € [0, 7| such that

(i) Az € (Tx): ¥V « with arga € [0, ¢1],
(i) Ay € (Ty)} V a with arg o € [y, 7],
(ili) Az € (T2), V « with arga € [0, ¢,

(iv) Aw € (Tw), V o with arg « € [po, 7.

Proof. We first prove the easier sufficient part. Suppose that there exist =, y, z,
and w in Mr and ¢1, ¢ € [0, 7] such that all the conditions in (i), (ii), (iii), and
(iv) are satisfied. Let A € C. Then one of the following conditions hold:
(a)There exist ¢; > 0 and «; with arg oy € [0, ¢1] such that A = t1a;.

(b)There exist t > 0 and s with argay € [¢1, 7] such that A = tyas.

(c)There exist t3 < 0 and ag with argasz € [0, ¢o] such that A = t3as.

(d)There exist t4 < 0 and ay with argay € [p9, 7] such that A = t4a4.

Now A = ty; implies that

1T+ A = T + thn Al| = | Tw + tron Az|| > [[T]| = || -
Similarly, in the other cases, it can be shown that |77+ MA| > ||T||. Hence

T1gA.
For the necessary part, suppose that T' L g A. Then from Theorem 2.3, we have,
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for each o with arga € [0, 7], there exists x, € My such that Az, € (Tx,)/.
Now, consider

Vi={0€0,n]: 3z € Mr sit. Az € (Tz)} V o with arga € [0,6]},

Vo={0€[0,7]:3x € Mrp st. Az € (Tx)! V o with arga € [0, 7]}.
Clearly, 0 € V; and w € V5, and therefore, V; and V5 are nonempty. Moreover,
Vi and V5 are bounded. Suppose that & = sup Vi and that n = inf V5. Now, we
claim that & > n.

If possible suppose that & < 1. Then consider { = GT” € [0,7]. Now, from
Theorem 2.3, we have, for a = % there exists 2, € Mrp such that Az, € (Tx,)}.
Using Lemma 2.7, we have, either Ax, € (Txa)gr for all g with arg g € [0,(] or
Azo € (Txo)f for all § with arg 8 € [(,7]. But Az, € (T'r,)5 for all § with
arg f € [0, (] implies that ¢ € V. This contradicts that & = sup V4.

Again, Az, € (Tz,); for all § with arg 8 € [¢, 7] implies that ¢ € V. This
contradicts that n = inf V5. Hence & > 7.

Now, there exist sequences {£,} C Vi and {n,} C V5 such that {¢,} and {n,}
converge to £ and 7, respectively. Since &, € V; and n,, € Vs, there exist z,, and
Yn in My such that Az, € (Tz,)7 for all « with arga € [0,&,] and Ay, € (T'yn).
for all @ with arga € [, 7]. Since X is reflexive, {z,} and {y,} have weakly
convergent subsequences. Without loss of generality assume that {z,,} and {y,}
weakly converge to x and y, respectively. Since T" and A are compact operators,
Ty, — Tx, Ty, — Ty, Ax, — Az, and Ay, — Ay. Clearly, x,y € Mry.
Now,

|Tx, +taAx,| > [T, for all ¢ > 0 and for all @ with arga € [0,&,],
= ||Tx + taAz| > ||T, for all t > 0 and for all & with arga € [0, &].
Similarly,

Ty, + taAy,|| > |7, for all t > 0 and for all @ with arga € [n,, 7|,
= || Ty + taAy| > |7, for all ¢ > 0 and for all « with arga € [, 7.

Since £ > n, ||Ty + taAy|| > ||T|| for all ¢ > 0 and for all a with arga € [¢, 7].
Let £ = ¢1. Then Az € (Tx)} for all o with arga € [0, ¢1] and Ay € (T'y)7 for
all o with arga € [¢y, 7).

Similarly, the fact that for each o with arga € [0, 7], there exists z, € My such
that

Az, € (T'z,), gives that there exist ¢ € [0, 7] and 2z, w € My such that

Az € (Tz),, for all a with arga € [0, ¢»] and Aw € (Tw),, for all o with

arg o € (¢, . 0J

Sain and Paul proved in [12] that if T is a linear operator on a finite-dimensional
real Banach space X, with My = £D (D being a closed connected subset of Sx),
then T'L g A if and only if there exists x € D such that Tz gAz. In the following
theorem we prove an analogous result for complex Banach spaces. Before proving
the theorem, let us observe that if X is a complex Banach space, T € L(X) and
D is a closed connected subset of Sx such that D C My, then we must have,
Uee[0,27r) e?D ¢ My and U0€[0,27r) €D is also a connected subset of Sx. Note
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that, it is not true in general, if X is a real Banach space. This explains the
change in the statement of Theorem 2.9, compared to the corresponding real
case.

Theorem 2.9. Let X be a finite-dimensional complex Banach space, and let
T € L(X) be such that My is a closed connected subset of Sx. Then for A € L(X),
T1gA if and only if for each o € U, there exists x = x(a) € My such that
Txl, Ax.

Proof. The sufficient part of the theorem follows trivially. For the necessary part,
suppose that T1gA. Let a € U. Consider two sets W7, and Wa,, where,
Wiwe={x € Mp: Az € (Tx)}},
Wao ={x € My : Ax € (Tx),}.
Now, let © € Mp. Then by Proposition 2.1 (i), we have, either Az € (Tx)} or
Az € (Tz),. Thus, z € Wy, UWs,. This implies that My C Wy, U Wa, C Mr.
Hence, My = Wi, U Ws,. Now, by applying Corollary 2.4, it follows that there
exist = z(a) and y = y(a) in My such that Az € (Tz)} and Ay € (Ty),.
Therefore, x € Wi, and y € Wa,. Hence, Wi, # 0 and Ws, # 0.
Next, we show that Wy, is closed. Let {x,} be a sequence in Wj, converging
to x. Clearly, x € My. Now, Az, € (Tz,)! for all n € N. Therefore, for
any t > 0, [Tz, + taAx,|| > ||Tz,| for all n € N. Letting n — oo, we have,
|Tx+taAzx| > ||Tz||. Hence, Az € (T'z)?, and so x € Wi,. Thus, W, is closed.
Similarly, we can show that Wy, is closed.
Now, since My is connected, we must have, Wi, N Wa, # (). Let u € Wi, N Wa,.
Then Au € (Tu)! and Au € (T'w);. This implies that Tu_L,Au. This establishes
the theorem. O

Once again, in contrast to the real case, we would like to sharpen the necessary
part of Theorem 2.9 in the complex case. First we need the following lemma.

Lemma 2.10. Let X be a complexr Banach space. Let x,y € X and o € U with
arg o = 0 such that xL,y. Then either y € (:L‘)g for all B with argf € [0 — 7, 0]
ory € (x)5 for all B with arg 3 € [0,0 4 n].

Proof. Let x1,y. Suppose that y ¢ (x);}rl for some p; with arg 5, € [0 — 7, 0)].
Then there exists t; > 0 such that ||z + t;81y|| < ||z||. If possible suppose that
y ¢ (x)}, for some f, with arg fy € [0,6 + 7]. Then there exists t, > 0 such that
|z +t2f2y|| < ||z||. Then it is easy to verify that there exist 0 < s <l and t € R
such that

ta = (1 —3s)t181 + stafs
=z+tay = (1—39)(x+t061y)+ s(z+ t2f29)
= [lz+tayl < (1 —=s)(x+tByll+ sl(z+ t289)|]
= |lz+tayll < (1—s)laf + szl
==,

this leads to a contradiction, and so y € (x); for all 8 with arg 8 € [0,6 + 7].
This proves the lemma. O
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Now, we prove the promised theorem.

Theorem 2.11. Let X be a finite-dimensional complex Banach space, and let
T € L(X) be such that My is a closed connected subset of Sx. Then, T LgA, for
A € L(X), if and only if there exist some 6 € [0,7| and x,y € My such that
Az € (Tx)t for all a with argaw € [0 — 7,0] and Ay € (Ty)L for all a with
arga € 0,0+ ).

Proof. Let us first prove the sufficient part of the theorem. Suppose there exist
some 0 € [0, 7] and x,y € My such that Az € (T'z)} for all « with arga € [0—, 0]
and Ay € (Ty)! for all a with arga € [0,6 + 7]. Let A € C. Then either there
exist ¢; > 0 and oy with arg a; € [f—, 6] such that A = ¢y or there exist £, > 0
and ay with argag € [0, 6 + 7] such that A = toas. Now, A = ;a4 implies that
T+ MA|| = || T+tiaq A|| > ||(T+tioqA)x|| > || Tx|| = ||T|| and A = teaq implies
that |+ M| = [|T + taanA|| > ||[(T + tacA)yl| > ||Ty|| = ||T||. Therefore,
T 1 gA. This completes the proof of the sufficient part of the theorem.

For the necessary part, suppose that T 1 gA. Let us consider the following two
sets

Vi={0€0,n]: Iz € My st. Axv € (Tx)! V a with arga € [0 — 7,0},
)

Vo={0€[0,m]:Fx € My st. Av € (Tx)L V a with arga € 0,0 + 7]}

We first show that [0, 7] = V; U V,. Let @ € [0,7] and o = ¢?. Since T LA, by
Theorem 2.9, we have, there exists x = z(«) € My such that Tz L, Ax. Therefore,
applying Lemma 2.10, we have, either Ax € (Tm)gr for all g with arg g € [0—, 6];
that is, 6 € Vi or Az € (Tx)j for all § with arg 3 € [6,6 + «; that is, § € V5.
Hence [0, 7] =V}, U V5.

We claim that V; # (). Let 0 ¢ V;. Then 0 € V5. Hence there exists z € My such
that Az € (Tz)j for all § with arg 8 € [0, 7]. This implies that 7 € V. Hence
Vi # (0. Similarly, it can be shown that V4 # ().

We next show that Vj is closed. Let {6,} be a sequence in V; such that {6, }
converges to 0. Let 3 = €. Then there exists x,, € My such that Az, € (Tx,)!
for all @ with arga € [0, — 7, 6,]. Since X is finite-dimensional, {z,} has a
convergent subsequence. Without loss of generality assume that {x,} converges
to x (say). Clearly, x € Mr. Now, Az, € (Txz,)! for all « with argv € [0, —, 0,,]
gives that ||Tx, + te? Axz,|| > ||T|| for all + > 0. Letting n — oo, we have
Tz + te Azx|| = ||Tx + tBAz|| > ||T|| = Az € (Tx)j. Similarly, Az € (Tx),
where argy = 6 — 7. Now, let 8 — 1 < ¢ < . If possible suppose that there does
not exist any ng € N such that ¢ € [0, — 7, 6,] for all n > ng. Then without loss
of generality we may assume that ¢ > 6,, for all n € N. Letting n — oo, we
have ¢ > 6, a contradiction. Hence there exists ng € N such that ¢ € [0,, — 7, 6,)]
for all n > ng. This implies that ||Tz, + te’®Ax,| > ||T|| for all ¢ > 0 and for
all n > ng. Therefore, as n — oo, we have ||[Tx + te'® Az|| > ||T|| for all ¢ > 0.
This implies that Az € (T'z)], where 6 = ¢'®. Thus, Az € (Tx)} for all a with
arga € [0 — m,0]. Hence 6 € V;. Thus, V; is closed. Similarly, it can be shown
that V5 is closed.

Now, since [0, 7] is connected, Vi NVy # (. Let 6 € V3 NV, Then there exist
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x,y € My such that Az € (Tx)} for all @ with arga € [0 —m, 6] and Ay € (Ty)L
for all o with arga € [#,60 + 7]. This establishes the theorem. O

Next, in the context of complex Banach spaces we explore the structure of M
in connection with B-J orthogonality. We would like to invite the reader to have
a look at Theorem 2.2 and Corollary 2.2.1 of [9], for an analogous result in the
real case.

Theorem 2.12. Let X be a complex Banach space, 0 # T € L(X) and x € Mr.
(i) Ify € X is such that Tx Lg Ty, thenz Lpy.

(i) T(zf \zi) C (Tz)F \ (Tx)L for a € U.
(iii) T(z, \ 2}t) C (Tx); \ (T2)t for a € U.

(iv) ker T C Myeps, -

Proof. (i) Suppose Tx Lg Ty. Then
IT(|z)l = |T=]| < [Tz + ATyl < [Tz + My vVAeC.
This implies that ||z + Ay|| > ||z|| for all A € C. Therefore, z_L gy.

(ii) Let y € zF \ 2. Then there exists ¢ < 0 such that ||z + tay|| < ||z||. Now,
|Tx+taTy| < ||T||||lx+tay| < |T]|||z|| = ||T=|]. This implies that Ty ¢ (Tx), .
It now follows from Proposition 2.1 that Ty € (Tx)f \ (Tx)%.

(iii) Follows similarly as (ii).

(iv) If My = ¢, then the theorem follows trivially. Let us assume that My # ¢.
Let y € ker T. Then for any z € My, we have Ty € (Tz)*, since Ty = 0. From
(i) it follows that y € 2. This implies that ker T C [,¢,,, = O

Remark 2.13. In addition to « € My, if x and Tx are smooth points in X, then,
for any y € X, we have x1 gy = TxlgTy. This can be proved following the
same line of arguments, as in Lemma 2.1 of [I1]. As a matter of fact, a closer
inspection reveals that only the smoothness of z in X suffices in both the cases.
We thank the referee for this nice observation.
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