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Some considerations on fibred spaces with

certain almost complex structures

By Masaru SEINO
(Received February 6, 1978)

Fibred spaces with almost complex structures have been studied by M.
Ako [1]® and B. Watson [2]. The interesting result on a fibred space with
Kihlerian structure was given in [1]. The purpose of the present paper is
to study the analogous problem in fibred almost Kihlerian and almost Ta-
chibana spaces and give certain extensions of [Theorem 5.1 in [I]. For
the purpose we need to have the method in [1].

In section 1 we define fibred spaces M and the additional conception.
In section 2 we introduce a projectable Riemannian metric § in M In
section 3 we give formulas for the covariant differentiation with respect to
the Riemannian connection induced by §. In section 4 we give some lemmas
which will be used to prove Theorems in section 5.

The present author wishes to express his sincere thanks to Dr. Y.
Katsurada and Dr. T. Nagai for their kind guidance and help.

1. Fibred spaces.

The manifolds, objects and mappings which we consider are assumed
to be of class C*. The notation used in this paper is the same as [I].

Let M and M be manifolds of dimension n and m respectively, where
n>m. A mapping ¢ from M onto M is called a submersion if the differential
map ¢4 induced by ¢ has the maximal rank m everywhere in M. We assume
the existence of such a submersion. (M, M;¢) is then called a fibred space
over M. Under the above assumption the inverse image .#p of PEM by
g is an (n—m)-dimensional closed submanifold of M and is called a fibre
over P. Throughout this paper we assume that each fibre is connected.

A vector in M at Pe M is said to be vertical if it is tangent to the
fibre over o(P). A vector field of vertical vectors is called a vertical vector
field.

Now, since the rank of gy=m, there are (n—m) linearly independent
vertical vector fields C,(a=m+1, ---,n) in a neighborhood of each point in

1) Numbers in brackets refer to references at the end of the paper.
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M. C, define an (n—m)-dimensional distribution P—»T};’(M) which is com-
pletely integrable, where T;(M) is the subspace spanned by C, in the tangent
space Ts(M) of M at P M. Denoting by TEZ(M) the complementary
subspace of T'% (M) in T's(M), we get an m-dimensional distribution P-T% (M)
and we call it the horizontal distribution. Here such a distribution be fixed,
we can choose m linearly independent vector fields E,(a=1,2,---, m) in
a neighborhood of every point P such that at each point P they span Tg(M )

Let (g:) be the inverse matrix of the matrix (E,, C,). Then each (r,s)-

tensor 1" in M is expressed as

T=T, o Es® - QEsQE, ® - QE, +:
+Topaf B2 Q- R E*QCy Q-+ QCy, + -
+ T, C R RC* R Ey Q- Q Ey, + -
+T,. O ®-®CQC, ®®C, .
The first and the last terms in the right hand side are called the horizontal

part and the vertical part of T and denoted by T# and T respectively. For
(0, 0)-tensor f in M we define '

F=pr=t.
A tensor field T in M is said to be projectable if it satisfies
(&£ T7"=0

for any vertical vector V, where £; denotes the Lie derivative with respect

to V.

Let us denote by &;(M) and % (M) the space of all (r, s)-tensor fields
in M and that of all projectable and horizontal (7, s)-tensor fields in M re-
spectively. We have then by isomorphisms 7z from 2% (M) onto (M)
and L from 275(M) onto 2% (M) which are the inverse mappings each
other. The former and the latter are called a projection and a lift respec-

tively.

2. A projectable Riemannian metric.

We assume, here and in the sequel, that there is given a projectable
Riemannian metric § in M. Without loss of generality, we can furthermore
assume that

G(Eq C)=0.

The Riemannian connection § with respect to § and the Riemannian
connection V with respect to g=n{ are related by
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VeY=n({fxLY") for X, Yeo|M).

On the other hand we have the induced Riemannian metric ‘g and the
induced Riemannian connection 'V with respect to g in each fibre.

3. Expressions in terms of a local coordinate system.

From now on we discuss by means of a local coordinate system.

If (), (z% and (2% (i=1,2,-:,m, m+1,--,n; a=1,---,m; a=m+
1,---,n) are local coordinate systems of M, M and each fibre respectively,
the submersion ¢ from M onto M is represented by equations x*=x?(%)
whose Jacobian matrix 9x%/0%* is of rank m at any point of M. The vertical
vector fields C, and the horizontal covector fields E* may have C;=0%/0'z*
and E!=0x%/0%' as their components with respect to (&%) respectively. If
the components of E, and C* are denoted by E and C? respectively, we
have

EiE}=8&, EiC!=0, EXC;=0, CIC;=3d/,
EfE}+C:C =6,

Since we may put (£f)=(x%'x"), with respect to the natural frame the
non-holonomic frame may have the following components :

ab
sy E=(). c=(3)
C=s),  E=00),

where II,? are functions in M.
~ Then by we have the following formulas;

3.9 FE={, BB+ B Cyt hunt ESCE =17, CECY,
3.9 7E=—{ % BB b (B G ENCY 1,5 CHCE
3.4 70 =—htEE~(LA—T) ECH+LAECH{ ] fCiCt,
8.5) 7,1 = —h E3Ef+(1ie— 1) E5CH+ 15 ECH—| % C5Ct,

where hy,® = hy’s 0% g is skew-symmetric in & and a, 1,.°=1/, '9,.0° is
symmetric in 8 and «, I1,%,=0,11,(6,=0/0" 2’), { bc a} and ’{ ﬂra} are Christoffel

symbols with respect to ¢, and 'g,, respectively.
Since Eji7;E:—E}7;E}=2h,,"C% we have hy,,*=0 as a necessary and
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sufficient condition for the horizontal distribution to be completely integrable.
When the horizontal distribution is completely integrable we can choose
a non-holonomic frame (K, C,) such that 7,*=0.

On the other hand cgﬁjczzlﬁaaEH'{ ﬁfa}(x being hold, we find 1,2

are the components of the second fundamental tensor on .#p with respect
to the normal vector E,. Then we have 1,,°=0 as a necessary and sufficient
condition for each fiber to be totally geodesic.

4. Lemmas.

In this section we show some lemmas given in which will be useful
to prove Theorems in section 5.

First putting j=a and {=5 in (3.5) and taking account of (3.1), we
have

aa”ba—' {acb}”ca - ““haba"'(lﬂaa”bﬁ‘!l‘ lpab Ha,ﬁ)

— 1= by
stto 7 19 b

Then we get
haba = H[bana]aﬁ'i_ a[aﬂb]a ’

where [ ] denotes the skew-symmetrization. Thus we have

Lemma 4.1. If II,* are constant, then the horizontal distribution is
integrable. - Conversely, if the horizontal distribution is integrable, then we
can choose a local coordinate system in which I1,=0.

M is said to have isometric fibres if at each point of M the equations

(£Eag)V:0 (azlr 2’ ) m)

are satisfied. By a straight forward computation we can see that M has
isometric fibres if and only if

(4‘ 1) aa,gﬁa_l]arar,gﬁa—’gra”arﬁ—,gﬂrﬂara = O .
On the other hand by another computation we have
(4.2) (££,0)% = — 21, C5CF .

Now from Lemma 4.1 and (4.1) we have

LEMMA 4.2. If M has isometric fibres and the horizontal distribution
is integrable, then M is locally the Riemannian product of %p and M,
where M is the integral submanifold of the horizontal distribution.
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Proof. Since the horizontal distribution is integrable, we can see that
M is locally the product of two submanifolds .# and M. Furthermore, in
this case, from Lemma 4.1 we can choose a local coodinate system in which

II,=0. Then, from (4.1) we have
aa,gﬁa - O ’

with respect to such the local coordinate system. On the other hand we
have also

aagba :O ’

because the Riemannian metric § is projectable. Thus M is locally the
Riemannian product of % p and M.
Furthermore by means of (4.2) we have

LeMMA 4.3. M has isometric fibres if and only if the each fibre is
totally geodesic submanifold of M. ‘

5. Fibred almost Kéhlerian and fibred almost Tachibana spaces.

We consider in this section an almost complex structure F' in M which
is assumed to be projectable, that is,

(£ FEE =0

for any vertical vector field V. Furthermore we assume that F is pure,
that is, if we denote by Fj the components of F with respect to a local
coordinate system, they are expressed by the non-holonomic frame (E, C,)
as follows; '

Fr=fsE!El+f2CEC?,
where f,% are projectable functions by the assumption. Since we have

(5.1) fofd = =03, fifo=—a,

we can see that M and .#p admit almost complex structures respectively.
An almost complex structure F* is said to be Kihlerian, almost Kahlerian
and almost Tachibana if £ satisfies (i) F,F»=0, (i) §; Fo+F:Fr;+ 7, F ;=0
and (iii) 7;F»+7,F;»=0 respectively, where F;,=F§,. Obviously (i) implies
(il) and (i) and if F satisfies (i) and (iii) at the same time, then (i) is satisfied
by F2 [3].

In general by a straightforward computation we have

(5. 2) 7iF i =Vof i ESE} B+ (A —f§ 15417 170 E5CICE
+ (o2 he’s—fi he®,) E5CLEq+(fs* hoa™ —f5 hetf) E5E7 Co
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U Hy—fiehan) OB B2 (£, — /1,09 G CLES
+(f:9a 1er —f 2" 1rﬁa) C; Ezb Ce +’Vrfﬂa C; Cf CZ ’
where 4,=(£ ECF‘ M) CiCs. Using (5.2) M. Ako proved

TuEOREM. If M is fibred Kdhlerian, then the horizontal distribution
is integrable. In this case M is locally the Riemannian product of M and
Fp if and only if A,=0.

Now we consider the case where the fibred space M is almost Kahlerian
or almost Tachibana, and as extensions of the above theorem we have the

following Theorem 5.1 and [Theorem 5.2

THEOREM 5.1. If M is fibred almost Kdihlerian, the horizontal dis-
tribution is integrable. In this case M is locally the Riemannian product
of M and % p if and only if A*=0.

Proor. When the almost complex structure is almost Kihlerian, we
substitute (5.2) into (ii) and have

(5. 3) VefratVofoetVaf =0,
(5. 4) ha. =0,

(5. 5) Acsu = 2 Lage s

(5. 6) VoSoutVofurt"Vofrs=0

where fio=f1"0ces f3a=f¥'0re and Appo=/1e5"'¢,.. Obviously (5.4) shows that
the horizontal distribution is integrable. Furthermore from (5.5) we find
that 4.,,=0 if and only if 1,,=0. Then by virtue of Lemma 4.2 we can

see that M is locally the Riemannian product of M and .#p if and only if
A =0.

THEOREM 5.2. If M is fibred almost Tachibana, then the horizontal

distribution is integrable. In this case 1\7 is locally the Riemannian product
of M and &5 if and only if A=

PrOOF. Since M is almost Tachlbana, we substitute (5. 2) into (iii) and
have

(5.7) Vefo +Vofe* =0,

(5. 8) 2 by’ — h ot — o fi" =0,

(5.9 So*hea +fhoa® =0,

(5. 10) 2f* Ly’ =S5 L =/ 1 =0,

(5.11) Aes* +217 e f oS = 1Sy — 1afe* =0,
(

5.1
5.11
5.12) P fr+Vfr=0.
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From (5.9) we have f,®h2 =—f2h,’,. Substituting this into (5.8) we
have . |

(5- 13) 3fca hbcr -':fra hbaa .

Transvecting f,2fy to each side of (5.13), taking account of (5. 1) and renum-
bering indices, we have

(5.14) 3f., " ot =f2 ',
From (5.13) and (5. 14) we get

Jeht, =0.
Then it follows that

hy, =0,

which shows the horizontal distribution is integrable.
It 4,*=0, we have from (5. 11)

212 =1, f8 — 1212 =0.

Transvecting ¢°*'¢., we have
(5.15) 1,2 =212+ 1,01 .
Substituting (5. 15) into (5. 10), we get
(5. 16) 310 frat LS =
Iﬁterchanging the indices 8 and 7 in (5.16) we have
(5.17) 3L +1.f,.=0.
From (5.16) and (5.17) we have
(5.18)  Lpfr+1,2f =0,
and from (5.16) and (5.18) we have

1,2 =

This means from Lemma 4.3 that M has isometric fibres. Then by means
of Lemma 4.2 M is locally the Riemannian product of M and .#p.

Conversely if we assume that 1,°=0, then clearly 4.,*=0, which com-
plete the proof.
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