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Notes on the greatest harmonic minorant

Yukio NAGASAKA
(Received October 25, 1985)

On the unit disk U : |z|<1 consider the line segments I,= [ax, bx]
(n=1,2,...) on the real line such that 0<b,,,<@,<b, and a, | 0. Let D=

U— @1 I,—{0'and D,=U —1I,. Join D with D, crosswise along each slit I,
(n=1,2,...). Denote by R=R,,, this infinite sheeted covering surface over

lz| <1. Consider #(z)=log on R. Then u is superharmonic on R.

R
|z |
Denote by H the greatest harmonic minorant of %, that is H (z) =max{s(z)
|heHP(R) and h=u on R}, where HP(R) is the set of nonnegative
harmonic functions on R. It is an open question whether H >0 or H =0 on

R. Our result is the following.

TueoreM A. (1) If z=0 is an irregular boundary point of D, then
H>0o0n R.

(i) There exists a sequence {I,} such that z=0 is a regular boundary
point of D and H=0 on R, .

Fix any sequences {a,} and {b,} such that0<, ,<a.<b,<1 (n=1,2,
...) and a,!0. Set I,=[an b.]. Let {k,} be any sequence of positive
integers. For each I, consider

In, = eimﬁn[n (071 — %[ :

D=U—- U IL»—1{0} and Dy n=U — I, m.

m=1,2,...,25)

Join D with D, . crosswise along each slit I,, (m=1,2,...,2%: n=
1,2,...). Denote by R, this covering surface over [z|<1. The relative
boundary 8R,,, of R, consists of D(|z|=D=DN(|z|=1)and D,n (|z|=
D=D,.N(lz|=1D (m=1,2,..., 2*; n=1,2,...). Let ¢(r) be a non

negative continuous function on (0, 1] such that lim¢ (»)=0o0 and ¢ (1) =0.
r—0

THEOREM B.  For any ¢, therve exists {k,} such that every nonnegative
harmonic function v on R, with v(z)<¢(|z|) on D reduces to constant

zero.
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RemarRk.  For any {k.;, comsider Martin compactification R* of R=
R,,.. Then there is always a point p ER*-R such that the Martin kernel K

(s, p) s positive harmonic with boundary values 0 on OR.
Consider # on U. Denote by u,=u¥ the regularized reduced function of

u relative to E= 8 L,U{0} in # ([2]). Then u; is superharmonic on U,
n=1

ug=wu on U u,=u on U I, and harmonic on U-E with boundary values «

n=1

on (U I)U(lz|=D.

LEmMmMA 1. 2=0 is a regular boundary point of D if and only if u=ug
on U.

Proor. Let G(z, z,) and 9(z, z,) be the Green functions of U and D
with pole z, €D respectively. Then g(z, z,) =G(z, 2,) — G(, 2,)g(z) on D.

Since g(z, z,)=0 on t._jl L.,

lim g(z,z,)=lim ¢(z, 2,) =G0, 2,) —lim G(e, 2,) z(2)
2D b 20

=G (20, 0)+ G (o, 20) (0.

Now let show G(+, 2) g(0)=GC(+, Dp(z,). Set Ey=U L. Then G(+, 2)g,

and G(-, 0), are Green potentials, that is G(+, z,) - (2)= / G(z, w) du, (w)
and G(e, O)Ew(z):fG(z, w)du,(w), where g, and u, are measures on E,.
Since every point of E, is a regular boundary point of D, G(-, z,) g =G(e, 2,)
on E, and G(+, 0).=G(+, 0) on E,. Hence '

G-, 205, (0= [ GO, w)du, (W)= [ G(w, 0) du, (w)
= [GC. 005 w)dn, (W)= [ G(w,2)duo(2, (w)
and so G(e, 2,) g (0)=G(-, 0) g (2,). Since {E,| is an increasing sequence

and F— @1 I,={0} is a polar set, it follows that G(s, 2,) c(0)=G(s, Of

(20) =uz(2,). Hence @ (2, 2,)=u(2,) —uy(2,). Since z=0 is a regular

zeD

boundary point of D if and only if lim ¢g(z, z,)=0 for any z, €D, this lemma
z—0
zeD

follows.
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LEMMA 2. Let z2=0 be a regular boundary point of D and let v be a
positive harmonic function of D such that v<u on D. If there exists a real

number 0< c <1 such that lTim v(z) < cu(§) for each CE U I,,, then v<cu on
z2—E&
D.

Proor. Let v, be harmonic on G,=(b,,,< |z|<1)—.Lj)l I; and
continuous on (b, ,<|z|<1) such that v,=u on (|z|=b,,)), v»=cu on
E,=U I and 2,=0 on (|z|=1) and let %, (n<m) be harmonic (bn.<

i=1

|z| <1)-E, and continuos on (b1 <|z|<1) such that #,»=# on E, and
Unm=0 on (|z2|=bm)U(Jz]=1). Then v=vm=cu+U—ttmm) on Gn.

Since  tnm<thmm<tg, Unn' g (m—00) and wug T uz(n—o0), it follows
that lim #,, n=%;. By [Lemma 1, #=u;. Hence lim (#— %, »)=0 and so

m—>00 m—C0

v<=cu on D.

Lemma 3. If I, satisfies

2" =oo, then z=0 is a regular
boundary point of D.

Proor. Fix a point 2z, with 6,<|z,|<1. Let g(z) be the Green function on
D with pole at z,. Then the Dirichlet integral Dy(g) of gon Q=DN(|z|<

b). Set M(r)=supig(2)||z|=7r|, M,=inf{M(r)|r&l,}and Q,=DN (an
<|z|<b,). By Schwart’s inequality,
ﬂ‘ >2
30 de) dr

Doos [ ) (g )y arans [T+ 5 ([T

Since g(r) =0 for every » €1,

2 . [ ag . .
I 0 > Yy 6 — 6
/{: 30 )| di= A 50 (re®)dl = g(re?)
for each # and so ‘ 34 —(re®)|d8 =M (r)=M,. Hence Dy, (g)>—1—M2
log bn and so
Da(@)2 3. Do ()25 31 M3 log™”
Since 2” =oo, this shows lim M,=0. Hence lirrol g(z) =0
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and so z=0 is regular.

Let 0<r<a<b<s<land I=[a, b]. Join S=(r<|z|<s)—1 and S'=
(lz|<1)—1I crosswise along the slit I, and denote by  this covering surface
over (|z|<1). Then 9Q consists of (|z|=7)U(|z|=s) on S and (]z|=
1) on S Let & be a harmonic function on Q with boundary values log—li |
on 9Q. Then h(z)=h(2) on each sheet.

7

LEmma 4. If réa% and s= b%, then h(z)é%g logﬁ for all z€1

Proor. Since h(z)=<log

H on Q, hélog—j; on S’ by the maximum

theorem. For each z in A=(r<|z|<s) let 2z, and z, be the points in S and
S’ over z respectively. Then ¢ (z2)=h(z)+ h(z,) is harmonic on A. Since

qS(z)élog%-Hog%(:a) on (|z|=r) and ¢ (2)<2 log%(:ﬁ) on (|z|=
s), it follows that

S a a
¢(2)§(a—ﬁ)——+/j’:( 2— log + log—
S S |z | S S
10g7 10g7 10g7

(=¢:1(2)) on A. Since h(z)z%q& (z)é—;—qh(z) on I and logTiT—glog%

on 1,

log—a— logi log—
hz) (e L 7r 1 "y S
log——l— 9 log——l——_ 2 log—>- 2 log~ log—l
|z| |z | 7 7 |z]

a S

log— log—-

gl—%— 4 b

log—j~ log—%—

on I Since »5<a and bT<s<1, £;<l)%><i>%and—s—g(i>%.
4 4 4 b b
Ch 11117
Hence gl_?’?'?_ﬁ on I.

OETIT
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THE Proor oF THEOREM A.
(i) Take {I,} such that z=0 is an irregular boundary point of D and
consider R=R,;.. For AC(]z|<1), denote by D(A) (resp. D,(A)) the

part of D*=(|z|<1)— U I,,(resp Dy»=(|z|=1)—1I,) over A. Let R, be
the subregion of R bounded by oR,=D(|z|=b,, ) UD(|z|=1DU <‘L—31D"( |z |

=1)). Let H, be harmonic on R, with boundary values uzlog'L on oR,.

z|
Then H,zu—wu; on Dand H,| H on R as n—. Since #xu; on D by

Lemma 1, it follows that H >0 on R.
2
(i) Let ¢,=0.3, bn:e%an and b,.i=a; (n=1,2,...) and consider R=

R, :L=[an b:], n=1, 2,.... For each n, let Q, be the subregion of R
bounded by 9Q,=D(|z|=b ) UD(z|=an-.)UD,(|z|=1). The H<log
1 ) 3

3 2
——on Q,. Since b,.i=a? and b3 =a,,, it follows from that H
|z |

(Z)éll—g log—|—1|— on I, for each n. Since logﬁ:—lﬁ,

n

z=0 is a regular boundary point of D by Lemma 3 Hence H(z)< 7log
I%’on D by Lemma 2. This shows that H(z)é( i; >’° log——— |1 TzTon D for

every positive integer £ Therefore H =0 on R.
By Schwarz’s inequality, we have and Lemma 6.

LEmMA 5. Let f be a C'-function onQ=(_|z|<1, Imz=0,a<Re z<b)
(0<a<b<l) with f=00om 20QN(|z|=1). Then

papz [ [T ( %)Z dy dxg/ﬁ [ 1 01 ax

LEMMA 6. Let f be a C'-function on Q= (a<|z|<b, 6,<arg z<6,)
(0<6,<6.<2z). For any a<r<b, denote by OSa(f:7) the oscilation of f
on {z€Q| |z|=r), that is Osy (f : v)=sup{|f(re®)— f(r")| 16,<8, 6'<
6,). Then

Dz [ (LY rdrdsz— o [*[ 05 (f: ) dr

LEmMMA 7. Let 0<7r<a<b<s<l and I=[a, b]. For any positive
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2

ok m=1,2..,25, S=(r<|z|<s)—

integer k consider In=e™I (=

2h
U In and Sp=|z|<1)—In. Join S with S, crosswise along every slit Iy
m=1

and denote Q, this covering surface. Then 8Q,=S(|z|=r)US(|z|=s)U

Zk

( U Sx(lz|=1) ) Let v, be a non negative harmonic function on Q. with
m=1

boundary values on 3Q., ve=1 on S(|z|=7r)US(|z|=s) and v.=0 on

EJlSm(IZIZD. Thenlim infbmax{vk.‘Qk(Ilet)}ZO where Q,(|z|=1)
m= —o0 a<t<

is the part of Q. over (|z|=1).

Proor. Let @ be harmonic on S(r<|z|<a)US(b<|z|<s) and
continuous on Q,U3Q, such that @=1on S(|z|=7)US(]z|=s) and @ =0
on Q;, where Q; is a subregion on Q, bounded by S(|z|=a)US(|z|=b0)U

2&
( QISm(IZ [=1) ) . Then D, (v.)<Dg, (@) (=A) by Dirichlet principle,
and A is not dependent on k.. Let Q, » be the subregion of Q, bounded by S
(|z|=7r ors, (m—%)ﬁéarg zé(m+%)0)us(aé |z| £ b, arg ZZ(mi%)

) USn(]z]=1). Since v,(z)=v,(z*) on each sheet S and S,, where |z|=
|z*|, arg z*=2m6f—arg z for each m,

Do, .(0) =D (00) S50 (—>00).

Fix any 0<e<1. Applying Lemma 6 to e™°Q on S, there exists a positive
integer k& with following property : for any 2=k there exists a subset /” of

I such that |I’|(=the length of I’)>%|Il and v,(z) <e for every z €™’

(0=2%; m=1,2...,2. Applying Lemma 7 to S;=S(a< |z <b, (m—1)
6 <arg z<m#@) and S,, there exists a positive integer %, with the following
property : for any k= k, there exists a subset /” of I such that |I”| >—§;—|I |
Oss.(vs s 7)<e and Osg (v, :7)<e. Hence for any k=max(k, k) there
exists a subset /* of I such that |[I*| >%|II and max{v, : Q.(|z|=1)} <2e
for any t&l*

THE ProorF oF THEOREM B.
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Let M,=max{¢ (»)|r€l,}. Fix0<e<l. For each n, take a positive
integer k, such that max{M, v, :Q,.(|z] =t)}<e for some t,EL,, where v,
is the HP function on Q,, stated in Lemma 7 (7= b1, a=an, b=0, and s=
an.-)). The covering surface R, over (|z|<1) is a required example.
Let » be an HP function on R, such that v(2)<¢(|z]) on R,,. Since
v< M,v, on Q for each n, v<e on R, and so v<e™ for any positive
integer m. This shows v=0on R,,,.
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