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DISAPPEARING SOLUTIONS FOR
DISSIPATIVE HYPERBOLIC SYSTEMS OF CONSTANT
MULTIPLICITY

V. GEORGIEV
(Received May 29, 1985, Revised December 25, 1985)

1. Introduction

Let #>3 and Q be an open domain in R* with a bounded Complement and
boundary 9Q assumed real analytic and connected. Consider the mixed
problem

(8,— é A8 u=0 on (0,0)XQ,
1.D A u=0 on (0, 0) X 3Q,
u(0,x)=f(x).

where A;, A(x) are (X r) matrices, A(x) is real analytic and f(x) €L?
(Q ; C". We shall assume the following conditions fulfilled

(H,) A, are constant Hermittian matrices,

the eigenvalues of the matrix A(&)= i‘,Aﬂfj
(Hy) |

have constant multiplicity for & €R"*\{0}.

The above conditions show that the dimension g of the positive eigenspace of
the matrix A(&) is equal to the dimension of the negative eigenspace. The
boundary condition will be assumed maximal dissipative one, i. e.
a) <AWwx)u, u> <0 for ucKerA(x), x €34,
(Hy) { b) KerA(x) is the maximal subspace in (7,
satisfying the condition a).

Here v(x) is the unit normal at x €0Q pointed into K =R"\Q, < , > isthe
inner product in C. Moreover, we shall assume the boundary condition
coercive (see [5]-[7], for the precise definition). It is well known
(see [12],[15], [18]) that the above conditions are valid for a wide class
important physical problems such as the Maxwell’s equations, accoustic
wave equation, Pauli, Dirac’s equations etc.

In this work we study the disappearing solutions (D.S.) to the problem
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(1.1). A solution #(¢ x) to (1.1) is called disappearing if f+0 and there
exists T,>0 such that »(¢ x)=0 for t=>T,.

There are at least three important reasons to study the disappearing
solutions for dissipative boundary value problems.

First, the disappearing solutions are closely connected with the outgoing
and incoming spaces D%, D? playing a central role in the abstract approach
to scattering theory developed by P. Lax and R. Phillips [14], [16]- More
precisely, the solution to the problem (1.1) can be represented in the form
u(t, x)=V(t)f, where {V(¢#);¢+>=0) is a semigroup of contraction
operators acting in the Hilbert space# = L?(Q, C"). The inner product in &
is defined by

(f, 9q= ,/;<f(x), g9(x) > dx.

To state our first result, we denote by #* the orthogonal complement of
the linear space 5 spaned by the eigenvectors of the generator G of V (#)
with eigenvalues on the imaginary axis.

THEOREM 1. Let f € #"and n be odd. Then the following conditions
are equivalent :

a) there exists p>0, such that V(t)f L (D24 D*)for t=>0,
b) there exists p>0, such that f LD’ and lim V(t)f=0,

t—o0

¢) Vf is a disappearing solution to (1.1).

The above-theorem enables one to prove the existence of solutions V (¢)
f such that V(#)f L (D% +D*) for any t>0. The solutions satisfying the
condition a) allow one to introduce the notion of the controllability of the
scattering operator [17].

The second reason to deal with D. S. is connected with the images of the
wave operators W., defined as follows

W_g=lim V(£)/U,(—1)g,

t—oo

Wog=lim V*(£)LUs,(Hg

{—o0

for g€#,.(Gy). Here U,(t) is the unperturbed group connected with the
Cauchy problem
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{ (at_ ﬁ AjaxJ,)M:O in Rn+l’
7=1
u(0,x)=g,

where g&#,=L?*(R"; C"). The operator G, is the generator of U,(¢) and J,
is the orthogonal projection from #, onto #C%#,. The problem for descrip-
tion of the images of the wave operators for dissipative systems has been
suggested by B. Simon [24], who proved the inclusions Im W.C%#; . The
complete characterization of the closures Im W. was obtained in [5]-[7].

(1.2) Im W.=24"0Xs, Im W.=2"0Xx,

where

FHo=\f€X ;lim V() f=0],

t—o0

Fi={fexst ; lim V() f=0.
t—00
The relations (1.2) arise the question when the spaces # % are nontrivial
ones. The answer to this question is closely connected with the existence of
disappearing solutions in view of the following

THEOREM 2.  Suppose that n is odd. Then the following conditions are
equivalent

i) fLIm W_and fE# D",

i) V(t)f is a disappearing solution to (1.1).

This theorem shows that the appearence of D. S. could change the
images of the wave operators for dissipative hyperbolic systems.

The third reason to study the D. S. is connected with some inverse
scattering problems. More precisely, let us consider the problem to recover
the convex hull of the obstacle K =R"\Q) from the leading singularity of the
kernel of the scattering operator. Recall that the kernel of the scattering

operator is a matrix-valued distribution {S’*(s, 6, )| q , where (s, 6, @)
j, k=1

€ RxS™'x S™!'. For back-scattering data, i. e. = —w, the leading
singularity of the kernel of the scattering operator was investigated by
Petkov [22]. He proved that the convex hull of the obstacle can be
recovered from the leading singularity of the back-scattering kernel provided
the condition

(1.3) N (x)Z KerA(x) for any x€9Q

holds. Here N (x) is the negative eigenspace of the matrix A(v(x)) forx&
9Q. The crucual role of the condition (1.3) is connected with the fact that
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the leading singularity of the back-scattering kernel is nonzero if and only if
(1.3) holds (see [22]). On the other hand, the scattering operator is a
composition of the wave operators. says that the existence of D.
S. can perturbe the image of the wave operators. Consequently, the
existence of D. S. changes the kernel of the scattering operator and may
influence the solvability of the inverse scattering problem. We shall discuss
more completely the relation between the existence of D. S. and the inverse
scattering problem in a forthcoming paper.

Those were the reasons that led us to study disappearing solutions for
dissipative hyperbolic systems.

The existence of D. S. depends essentially on that which of the following
three cases appears

(A) N&x)NKerA(x)=1{0} for any x &9Q,

(B) N&NKerA(x)+1{0} for some x<oQ and (1.3) holds,

(C) Nx)CKerA(x) for at least one x €91Q2.
In this work we shall treat only the cases (A) and (C), while the case (B)
will be analyzed in a forthcoming paper.

Our first goal is to study the existence of D. S. in the case (A).

THEOREM 3.  Suppose the condition (A) holds. Then there is wno
disappearing solution to (1.1).

Our second goal is to find sufficient condition for the existence of D. S. in
the case (C). We consider only Maxwell’s equations, which are an
important example of mathematical physics. More precisely, assuming the
obstacle K=R"\Q to be a strictly convex neighbourhood of the origin 0,
introduce the condition

1.4 N(—x/|x|)CKerA(x) for any x €2Q.

If the boundary 9 is a sphere then v(x) =—x/|x| and it is obvious that (1.
4) implies the case (C) is valid. For general strictly convex obstacles K
the property (1.4) is also a stronger version of the condition (C) (see
lemma 4.1 below). Then we have the following

THEOREM 4.  Suppose the condition (1.4) holds. Then there exists a D.
S. to the mixed problem (1.1) associated with Maxwell’s equations.

The theorem shows that the boundary conditions, satisfying (1.4),
form an important class of boundary conditions, which enable one to
construct D. S. A similar construction of D. S. can be used for other
physical problems such as the wave equation, Dirac’s and Pauli equations
etc., provided the same property (1.4) fulfilled.
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Our third goal is to obtain some information about the first instant when
the D. S. becomes zero, i. e. we wish to estimate the quantity 7 (f)=inf {¢;
u(t, x)=0} provided u(t, x)=V()f is a D. S. Denote by M(R) the
maximal length in Q between the points on the boundary 9Q and the sphere
{x:;|x|=R!, where R=max {|x|;xEsupp f| (see section 7 for the precise
definition of the maximal length in Q). In the case when the obstacle K =R"
\Q is a strictly convex neighbourhood of the origin 0 the maximal length in
Q between the points on 9 and the sphere {x; |x|=Rj is

M(R)=max R— |x|, x&oQ

Let ¢un be the infimum of the nonzero positive eigenvalues of the matrix A
(&) for £&S™ .
Then we have the following estimate

THEOREM 5. T (FH)S<M(R)/cmin.

ReEMARK. The example from and our construction described in
section 4 show that T(f) =M (R)=M(R)/cmn for wide class disappearing
solutions V (¢)f.

is an extention of the result obtained in [II], [17]. The
novelty in the proof of theorem 1, compared with [11], is connected
with the application of the wave operator

W =s—1lim Uy,(—)JV (t)
t—00
The existence of W is proved in [5]-[7] by the use of Enss method.
Moreover, constructing suitable approximation of any element f &€ %" by

elements in #" ﬂNﬂ (GY) we succeed to weaken the assumptions intro-
=1

duced in [II]. The result of theorem 2 is new even for the wave equation
and enables one to find sufficient conditions connected only with the initial
data f, which guarantee that V (¢)f is a D. S.

The proof of theorem 3 follows the idea introduced in and the
construction of Duff [2], [3]. This construction will be used in another
work, where disappearing solutions with jumps will be discussed. Follow-
ing the construction of Duff it is natural to expect that one can find a D. S.
in the case (C). Working on this problem we met some essential difficulties
which forced us to consider a stronger version of the condition (C) that is
sufficient condition for the existence of D. S. The condition (1.4) issuch a
sufficient condition.

Finally, theorem 5 to our knowledge is the first result concerning the first
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instant 7(f) when D. S. V(#)f becomes zero. The main tool for the
proof of this theorem is the Holmgren’s uniqueness theorem in the form
obtained in [8]. The author is gratefull to the referee for his suggestion to
study the quantity 7 (f) and obtain some information about it.

We shall sketch the plan of the work. In section 2 we consider the link
among D. S. outgoing (incoming) spaces and the images of the wave
operators. Some preliminary lemmas are proved in section 3. The con-
struction of D. S. for the Maxwell’s equation is given in section 4. The
proof of theorem 3 is discussed in sections 5, 6. An important part in the
proof of this theorem is the establishment of the convergence of the con-
structed series. Section 6 is devoted to this problem. Finally, in section 7
we consider the first instant when the disappearing solution becomes zero and
obtain an estimate of this quantity.

Acknowledgements are due to Vesselin Petkov for his support and
advice during the preparation of this work. The author is gratefull also to
the referee for his critical notes stimulating the improvment of the work.

2. Link among disappearing solutions, outgoing (incoming) spaces
and the image of the wave operators

The solution to the mixed problem (1.1) can be represented by a
semigroup { V(#), =0} provided the assumptions (H,)-(H,) fulfilled (see
[15], [16]). The semigroup V (¢) acts in the Hilbert space #=L%*Q : C"
and represents the solution to (1.1) by the equality «(¢ x)=V(#)f In
order to simplify the proofs in this section we shall assume that

the matrix A(&) =3 A,&; is an invertible

(Ho { one for £ER™\{0}.

In order to introduce the wave and scattering operators one compares the
actions of the perturbed group V (¢) and the unperturbed group U,(#). The
latter acts in the Hilbert space #,=L?*(R"*;C"). An important role in the
scattering theory is played by the spaces D, and D_ having the properties

i ) Uo(t>D+CD+C%o, Uo("‘t)D_CD_C%o fOI' tZO,
(2.1) ii) O Uo(t)D+: OUO(DD_ZO,

iii) tliin P.U,(t)f=0 for f ,.

The precise definition of the outgoing D, and incoming D. spaces is given in

[14], [16], [22]. P. is the orthogonal projection on the orthogonal com-
plement of D,.. The outgoing and incoming spaces for the perturbed system
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can be defined by the equalities D% = U,(p)D,, D?=U,(—p)D_, where the
number p >0 is choosen so large that

K=R'\QCi{x; |x|<p}.
After this preparation work we can turn to the

Proof of theovem 1: a)=b): According to the results in [5]-[7]
given any f €%", there exists g&#,, so that

@.2)  lim V@S~ UDgle,=0.
Recall that J is the inclusion map J : #—#. It is easy to check the
property
(2.3) gLlD?.
Indeed, given any hED” we have Uy(t)heD?% according to (2.1). The
equalities

(g ) =1im (Un(=DJV (D, W, =lim GV DS, U ),

together with the condition a) yield the equality (g, #) =0 and show that
(2.3) is valid. In the same manner we get U,(t)gL D% for t=0. Then we

use the property (2.1) iii) and obtain lim U,(¢)g=0. From this equality

}—oo

and (2.2) we find lim V (¢)f=0. This proves b).
t—oo

b)=¢): Let e >0 be fixed and the condition b) holds. We shall find an
element

0. €740 N TGV,

such that |@.—fll » <e, . LD’ and lim V(#)p,=0. For the purpose

t—»c0
define inductively a sequence f, fi, 2, .... More precisely, set fo=/1.
Suppose that £, £, ..., f, (vw=0) are defined so that ;€2 (G’ for j=1,...,

v. Set fooi=(1/e,1) fo V() fdr. Then f, ,€2(G**) and

Gf,.1= /e, 10 [ Vie,sDf— 1 } .

Choosing ¢, ;>0 sufficiently small we can arrange the properties
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{ a) £v+1<£/2a
b)) (G*, 11— G*, |#<e/2""! for k=0,1,..., v.

Utilyzing the above estimate we obtain the property

{ given any integers N >0, v=N and ¢ =0 we have
IG™ = Gl =< /2".

Since GV are closed operators, on can find an element
p=9.€ N 9(G"),
N=1

such that lim GYf,=G"p for each N=0. Moreover our choice of the

v—00

sequence f,, fi, ... guarantees that o LD’ , @ € %"
On the other hand, it is easy to obtain the equality

2.4 }im V(t)e=0.

Indeed, given any number ¢ >0, there exists v=v(d) such that | —f, [|+=
0/2. Then we have the inequalities

2.5) { IVDele=IVe—VIOLI++ VLI
' <¢/24+ V(DL .

To complete the proof of (2.4) it is sufficient to check that (2.6) lim V (¢)

{—o0

£,=0 for any integer v=0. This property follows from the condition b),
when v=0. Moreover, we have

IV()fle< ma

= X
t<r<t+e,

V@

Utilyzing this estimate we obtain inductively (2.6). From (2.5) and (2.6)
we derive (2.4).

The choice of the element @, enables us to apply theorem 1 from
and conclude that V (#)g, isa D. S., thatis V(#)e.=0for t=7,. Accord-
ing to remark 2 in the number 7;>0 depends on p and the matrices A,,
..., A,, but T, is independent of ¢,. Taking e—0, we finish the proof of

c).

¢)=a) : One can directly apply the result from [II]. This completes
the proof of theorem 1.
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Proof of theovem 2: Suppose that fes ©O(UmW_+D?). Then the
equalities (1.2) lead to the inclusion f €#.. This inclusion and theorem 1
show that V(#)f isa D. S. to (1.1).

Suppose that V(#)f isa D. S. Denote by #; the closure of the linear
space %; , described in the introduction. First, we shall verify the property

Q2.1 1 V(tgle=lgls for any g7 .

The above equality is fulfilled when g is an eigenvector of the generator G
with eigenvalue on the imaginary axis. On the other hand, the linear space
Ker(G—21) coincides with Ker(G*—1) according to lemma 9.1 from [24].
This fact leads to the equality (g, #)»=0 provided Gg=1iA1g, Gh=1iuh, A +p,
1, u €R. Using this property, we can verify (2.7) when g is represented

by the linear combination g:kzy) argr, Ggr=1Argr, ArERand A,+ 1, for b+
=1

s. Consequently, (2.7) is valid for g&2#%". Since the linear space #; is
dense in #" and V (¢) are contraction operators, we obtain (2.7) for any
QE%.

Let f=f+/,, where f, L %% and £, E€%; . According to lemma 9.1 from
the linear space %" is invariant by V(¢). The same is valid for % .
The fact that V (¢)f is D. S. implies that [V (Of z=lv(Ofl »+
[V {t)f | > vanishes when t—oo. The property (2.7) shows that =0 and

fe#;. Applying the equality (1.2) again, we are going to the property
fL1Im W_. Finally, from the fact that V(¢#)f isa D. S. and theorem 1
we derive that f 1. D?”.

This proves the theorem.

3. Some preliminary lemmas.
Consider the equation
(3.1)  det [zI+A(&)]=0,
where A(&)=31A4,;&,. The assumption (H,) implies that

(3.2 det [l +A@]=1I (r-m(E)7,

where 7;(&)+0 for £€R*\{0}. The matrix A(&) is a Hermittian one and
the nonzero rooths of (3.1) can be ordered

(3.3) (8> 1(E)> ... >mn(8).
Moreover, we have the properties (see )
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a) m is even,

b) =;(&) are real analytic functions on R*\{0} and
(3.4) they are homogeneous of degree 1 with respect to &,

c) n&)=1(-8&), /=m—j+],

d) sgn(rk(f))zsgn(m/Z-l—%—k).

Here sgn(x) denotes the sign of the real number x. The properties (3.2)
and (3.3) enable one to define the projectors

3.5  m@=@Y__ GI+AE@) s

(&)=

where 7=0, 1,..., m, 7,(&)=0 and the number & >0 is chosen so small that
the unique eigenvalue of A(—&) in the ball {z&€C; |z—17;(&) | <&} is 7;(&).
We need the following properties of these projectors (see [13])

i) Im#z(&)=Ker (;(E)I+A(E)),
i ) _20 ﬂj(f) - [,
iz
i) z3(&)==;(&),
iv) (&) mp(&)=30m;(&),
where d;, is 1 if j=F% and 0 for j+£4.
Next, we shall introduce the characteristic surfaces of the operator 9,—

G. These surfaces are determined by the equality ¢t=¥,(x), where the
functions ¥,(x) are solutions to the Cauchy problem

(3.6)

det(I/+A(V¥,))=0 in U,
3.7 V¥.(0)=v(x)/7t:(v(x)) on 9Q,
¥, (x)=0 on 9Q.

The existence of the function ¥,(x) is guaranteed by

LeEmMA 3. 1.  Let 1<k<m be fixed. Then there exists a neighbourhood
U of the boundary 9%, such that the problem (3.7) has a unique real
analytic solution ¥ ,(x).

Proor: We shall discuss only the case 2> m/2, since the case k<m/
2 can be considered in a similar way. The factorization (3.2) shows that it
is sufficient to solve the problem '

Tm-rr1 (VW) =1 in U,
(3.8) { VV¥.=v/7:(v) on 24,
¥,(x)=0 ‘ on Q.
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Let x°caQ be fixed. The boundary aQ is real analytic and we can change
the variables near x° so that the boundary is determined by x,=0 near x°,
while the domain Q is described by x,>0. Then the vector v(x) takes the
form (0,0,..., 0, —1) in the new variables. Moreover, the first equation in
(3.8) becomes Tm_ra(x, V¥,) =1, where Zn..-.(x, &) is a real analytic
function homogeneous of degree 1 with respect to & and #p-x+1(%, 0,..., 0,
—D=7pa(v(x)) for x€0Q. Consider the equation

(39) %m—k+1<x, g/; «fn)Zl, ‘5,: (‘El, ceey gn—l)

The Euler’s equality implies that 8, %m-xn (%, 0,..., 0, =D =—Fnrn(x, 0, ...,
0, —1)=—7mr:(v)#+0 for x€3Q. Applying the implicit function theorem,
we find a real analytic function &,(x, &) defined in a small conical
neighbourhood of (x, &) =(x° 0) which satisfies the equation (3.9) and the
condition &,(x, 0)=—1/7,(v(x)) for x€aQ. Consider the Cauchy problem

{aan,:(fn(x, Vx/‘I’), x'= (xl, ceey xn_l),
¥ (x)=0 for x,=0.

The Cauchy-Kovalewska theorem ([20]) yields the existence and
uniqueness of the solution to this problem in a small neighbourhood of x°.
Combining this fact with the choice of £,(x, &), we obtain 9,¥(x)=0, j=
1,..., n—1, 8, ¥=8&,(x,0)=—1/7,(v) when x,=0. Consequently, the
problem (3.8) has a solution in a small neighbourhood of the point x°€9Q.
Since the boundary 8Q is a compact set, applying Holmgren’s uniqueness
theorem ([20]) we complete the proof of the lemma.

Let the nonzero eigenvalues of the matrix A(—<VW¥,) be ordered as
follows

(3.10) A >A2%(x0)> ... >Ax(x)

and 1%(x)=0. The corresponding projectors can be determined similarly to
(3.5)

BAD  Hw=Qad |, (GI+ATE)

where 7=0, 1, ..., m and & >0 is a sufficiently small number. The functions
A%x) and ¢%(x) are real analytic in U. They have the properties similar
to (3.4)



368 V. Georgiev

i) Img%x)=Ker(A*(x)I+A(V¥,),
i) 3 $in=1

iii) i) *=¢ix),

iv) @s(x)d5(x)=05¢%x).

LEmMA 3.2, A((x)=1 for k<m/2 and 1% ... (x)=1 for k> m/2.

(3.12)

Proor: We shall consider only the case £>m /2. The first equation in
(3.7) implies that the number 1 is an eigenvalue of A(—<¥,). The
number 7,(v) is negative one and the property (3.3) leads to the following
arrangement of the eigenvalues of the matrix A(—v/7,(v))

(W /() > ... > W/t (w)> ... >0 () /n.(v).

Utilyzing (3.10) we get 1 4(x) =7n_ ;11 (v)/7.(v) for xE3Q and 1%_,.,(x) =
1 for x&U. This proves the lemma.

Let N(x) be the negative eigenspace of the matrix A(v(x)) and P(x)
be the positive one.

LemMA 3.3.  Suppose that N (x)CKerA(x) for x€0Q and A(x)
satisfies the assumption (H;). Then KerA(x)=[P(x)]*.

Proor: Let x€0Q be fixed. Since the boundary condition v €KerA
(x) is maximally dissipative one, we have Ker A(v(x)) CKerA(x). This
inclusion and the assumptions of the lemma lead to the property Ker A(v
(x))+ N (x)CKerA(x). On the other hand, any vector u is orthogonal to
the linear space Ker A(v(x))+ N (x) if and only if #€P(x). Consequently,
[P(x)]*=Ker A(v(x))+ N (x)CKerA(x). Since the boundary condition is
maximal dissipative one, we have the equality dim KerA(x)=7»—g=dim P
(x).

This proves the lemma.

LEmMA 3.4.  Suppose that N (x) NKerA(x)=1{0! for x€0Q. Given
any real analytic vectorvalued function f(x) theve exists a unique couple (f.
(%), f-(x)) of real analytic vectorvalued functions, such that

i) fo=A+L£0),
i) f€PX), LLAWKerA(x).

Proor:  Our assumptions imply that
(3.13) N +KerA(x)=C".

It is easy to see that
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(3.14) P N[AW)KerA(x)]*=1{0!.

Indeed, any vector g€P(x) N[A(v)KerA(x)]* can be represented in the
form g=¢:+g., €N (x), g.EKerA(x) according to (3.13). From g&P
(x) we get <AWw)g, g.>=0. Moreover the assumption g1 A(v)KerA(x)
gives <A(v)g, g.>=0. Hence, <A(v)g, g>=0for g&P(x). This proves
the equality ¢=0 and the property (3.14) is verified.

On the other hand, one can find a local basis in P(x) (respectively in [A
(v)KerA(x)]*) formed by real analytic vectorvalued functions e{(x), ...,
et(x) (respectively ei1(x), ez(x), ..., erq(x)). Taking advantage of (3.
14) we see that the vectors ef, ..., e%, e1,..., erq form a basis in C".
Thus any real analytic vector-valued function f(x) on 9Q has the form

f=3 fr@etn+ T Fi@eto,

q
where f%, f* are real analytic vectorvalued functions. Setting f,= 2} f%ei,
k=1

r—q
f= kZ f*en, we complete the proof of the lemma.
=1

Finally, we turn our attention to the linear spaces

N(x)z}’;ﬁ Im ®4(x), Bo= 3 Im @k pn(x).

k=m/2+1

Lemma 3.5.  Suppose the condition N (x) NKerA(x)=1{0} holds and x°
€9Q be fixed. Then there exists a neighbourhood V of x° and a basis et{(x)
s, 50, e(x), ..., erq(x) in C” formed by real analytic vectorvalued
Sfunctions in V, such that

i) given any integer j, j<gq, there exists an integer k;,>m/2, such that
A(V\I’k)ej:_ej mn V:

ii) the vectors

et(x)+e(x), ..., es(x)+te(x), egi(x), ..., er-q(x)
form a basis in KerA(x) for x&€V NoQ.

Proor: Since Ker A(v)CKerA(x), we can choose a basis
<3 15) eq+1<x>, cees er—q(x>
in Ker A(v) and complete the above basis with vectors

(3.16) et +a), ..., es()+e(x), es€ln), 6N,
such that the vectors (3.15) and (3.16) form a basis in KerA(x). The
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assumption N (x) N KerA(x)={0} shows that et,..., ¢ s are linear
independent vectors, while the assumption (H,) implies the same for the
vectors e, ..., ¢;.. Taking suitable linear combinations of the vectors

(3.16) we see that ef, ..., e} can be chosen as eigenvectors of the projectors
@ %m-x+1, 1. €. the property i) is fulfilled. This proves the lemma.

4. Sufficient conditions for existence of disappearing solutions
to Maxwell’s equations.

Maxwell’s equations in an exterior domain QC R® have the form

4.1 {atE:rotH in Q,

0:H=—rot E in Q,

where E=(FE,, E;, E5) and H=(H,, H,, H,) are the vectors of the electric
and magnetic fields. The equations (4.1) can be written down as follows Os
u= Gu, where

0 rot
@ G={ ") and u=(E H.
Our goal is to construct D. S. to the mixed problem
(:—Gu=0 in (0,00)XQ,
4.3 {A(x)uZO on (0, o) X 8Q,
u(0, x)=f(x).

Throughout this section we suppose the obstacle K =R*\Q is strictly
convex. Without lose of generality we can assume the origin 0 of the
coordinate system lies in the interior of the obstacle K. The following
assumption concerning the boundary condition in (4.3) will play a crucual
role in our considerations

4.4 N(—x/|x|)CKerA(x) for x<aQ.

Here N (&), £&S? is the negative eigenspace of the principle symbol A(é’;’ )
of the operator i~!G, which is the matrix

0 D(&)
—D(& 0

Here D(&) denotes a (3x3) matrix acting on any vector v €R? according
to the equality

(4.6) D(&)v=¢&Xu.

We mentioned in the introduction it is natural to expect that D. S. exist

(4.5) A& =
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when
4.7 N (x)CKerA(x) for some x €9Q.

The first step in this section is to prove that the condition (4. 4) does
lead to the condition (4.7), which plays an important role in the
investigation of the inverse seattering problem (see [4], [22]D

LeMMa 4.1, Suppose that K =R*\Q is strictly convex and (4.4) holds.
Then the condition (4.7) holds.

ProoF: Since K is strictly convex and the origin 0 lies in the interior
of K, the map x €8Q——x/|x| €S?is a diffeomorphism of 80 onto Sz, On
the other hand, the Euler’s characteristic x(S?) of the sphere S* is equal to
2 (see &11in [19]). Applying corollary 9.7, &9 in [19], we conclude that

for any tangential vector field v(x) on 9} one

(4.8) {can find x°€aQ, such that v(x®) =0.

We denote by z(x) the projection of x/|x| on the tangential plane at x 901).
The property (4.8) guarantees that there exists x° €94, such that #(x%) =
0. But the equality z(x°) =0 implies that v(x®)=—x°/|x°|. Hence, we are
going to the property N (—x°/|x°])= N(w(x%). Using (4.4) we get
N (v(x®)CKerA(x®). This proves the lemma.

The second step in this section is the following

Proof of theovem 4: Since the origin 0 lies in the interior of K and K
is strictly convex, we can introduce polar coordinates in Q @ x= rsinf cose,
y=7 sind sing, z=7 cosd, where § €[0, 7], @ €[0,27), »>0.

The first equation in (4.3) takes the form

(4.9) om—A(e)d,u—r'(A(f)du+ A(g)9,u/sind) =0,
where

¢=(sinf cose, sinf sing, cosh),

(4 . 10) {f — aﬁe’
g=109,e/sind,

We shall look for a solution to (4.3) of the following type
(4.11) u=¥( r) Y6, @),

where W (¢, 7) is a real valued function, while Y (6, @) is a vectorvalued
function.
Our next goal is to determine the function Y (6, @) by using the
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projectors of the matrix A(&), £€S% Taking into account the equalities
(4.9), (4.6), we find det (A(&)+7l)=7%(z2—|& |22, Consequently, the
nonzero eigenvalues of the matrix A(—¢&) are 1=|&|>—1=— |&| for &£
S?. Then the projectors on the positive, negative and null eigenspaces of the
matrix A(&) can be determined as follows

(&) D& [ I==(&) 0
D& 2 | m=["% 1—z<5>]‘

Here D(&) is a (3x3) matrix defined according to (4.6) and #(&)=—D
(&)D(&). The fact that #z,(&), z_(&) and z,(&) are the projectors on the
eigenspaces of the matrix A(&) follows directly from the equalities

(4.13) A 7(&)==%r.(&), A(&)m(&)=0 for £ €S2

Next we shall find a function Y (x/|x|) defined on S? and satisfying the
properties

412 &=

a) Y&/lxD€lm n.(x/|x|),

(4.10) {b> A9, Y +A(9)3,Y /sing=Y.

Since x/|x|=e, a direct calculation shows that the image of =, (x/|x|)=
m.(e) is spaned by the vectors (g, f) and (f —g), where e, f, g are defined
in (4.10). Set Y(x/|x]D=u(8, @) (g, ), where #(8,9) is an unknown
function. Substituting the above representation of Y into (4.14) b) and
using (4.10) we are going to the following equation for yr

(sdn@) oy + (cos@) u =0.
Choosing u =1/sinf we obtain that the function
(4.15) Y =(g/sind, f/sind)

is a solution to (4.14). The function (4.15) leads simply to the
construction of D. S. of the form (4.11). Substituting the equality (4.11)
into (4.9) and exploiting (4.14), we find

oV —o ¥V —r "=,

This equation is satisfied if we choose ¥=¢ (t+7)/7, where ¢ (s) is an
arbitrary function on R. Especially, given any 7>0 we introduce the
function @¢(s)=¢ (s)=s—T if s<T and ¢(s)=0 if s>T The above
observation shows that u=¢ (¢+7) (# sind)~'(g, f) is a solution to the first
equation in (4.3). On the boundary aQ the solution u( x) belongs to Im
m(x/|x|)CN(—x/|x]). Applying the assumption (4.4), we conclude that
u(t, x) €KerA(x) for x €9Q and the boundary condition in (4.3) is fulfilled.
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Moreover, the initial data w«(0,x)=®(») (r sinf) '(g,f) is nonzero
provided ¢,(|x|)#0 for some x€9Q. The condition ¢,(|x|) *0 is fulfilled
when the number 7 is chosen sufficiently large and x €0Q.

Finally, our choice of the function ¢ (s) guarantees that #(¢, x) =0 for ¢

>7T and it is clear that #(¢, x) is a D. S. to (4.3). This proves the
theorem.

5. Sufficient conditions for nonexistence of disappearing solutions.

In this section we turn again our attention to the general case of first
order dissipative hyperbolic systems of type (1.1). Our goal is to prove
theorem 3, i. e. there isno D. S. to (1.1) provided

(5.1 KerA(x) NN (x)=1{0} for x €91Q.

In order to do this consider the mixed problem

(8:— Z‘ A0, )u=0 on (0,e&)XQ,
(5.2 (u— h)J_A(v)KerA(x) on (0, &) xaQ,
u(0,x)=0,

where ¢>0 and h({ x) is a real analytic vectorvalued function on 9Q
satisfying the compatibility condition £(0, x)=0.
First, we shall define more precisely the solutions to (5.2) (see [12],

[15], [Z3]

DEerINITION 5.1. We shall say that the function v (¢, x) €C([0, ] ;#*
Q;CHHNCHO, &) ;#°Q; C) is a solution to (5.2) if the boundary and
initial conditions in (5.2) are fulfilled and the following equality

[ <ot o, <at—_z:"1 A8 w(t x)>dx dt
2

:j;)<v(e, X)), wie, x>>dx—foe£0<,4(v>v, w>dS, di

holds for any smooth function w(t, x) EC3(R™!;C").

Set

(5.3) D,=C(0,e];#'Q;CH)YNC'((0, &) ;#°Q; CN).

Let us suppose that the mixed problem (5.2) has a solution for &>0

sufficiently small and any reall analytic vectorvalued function k(¢ x)
satisfying the compatibility condition

(5.4) h(0, x) =0 for xE2Q.



374 V. Georgiev

After this preparation we can start the

Proof of theorem 3: Let u(t,x) bea D.S.to (1.1) and T =inf{¢>0;
u(t, x)=0!. Given any real analytic vectorvalued function ¢ (f, x) on RX
o0 we set h(t,x)=tp(t x). Then the function k(¢ x) satisfies the
compatibility condition (5.4). We suppose that (5.2) has a solution
v(t,x)ED,, when &£>0 is sufficiently small. It is easy to see that the
equality in definition 5.1 is fulfilled when w(¢, x) =u(t+ T —e, x). Indeed,
the solution #(¢, x) can be approximated by functions us(¢, x) €Cz(R"**; C")
, s=1, 2,..., such that

max us(t, 1) = u(t, 2] 050,

(5.5) max [[AGw) (us(t, 1) = u(t, ) la-2c00,=0,
max [ (3.~ 2} A;9,) us(t, ) | 12qy—0
0=t<T j=1

as s tends to +co (see &4 in [15], [2I]. Setting ws(t, x) =us(t + T —¢, x),
ws=(9,— 2A,9,) ws and utilyzing the equality in definition 5.1 we obtain

fo j(;<”<t’ x), Ws(t, x)>dx dt

= [[<vle, 0, wle, >di— [ [ <AWIv, w>dS; at.
Choosing s—+oo, from (5.5) we derive

<vle, ), (T, D>di=[ [ <AWID, u(t+T—e 1)>dS, di.
Since #(¢, x) isa D. S. and «(7T, x)=0 we are going to

[ [<Aw ot 0, u(t+T—e, x> dS; dt=0.
The boundary conditions in (5.2), (1.1) lead to the equality

[[] t<ott ), utt+T—e > dS dt=0.

On the other hand, @ (¢ x) is an arbitrary real analytic function on RXoQ
and hence u(t+T—¢,x)=0 for t &(0,¢e), x €0Q. Using standart
integration by parts (see [14]) for the solution to (8;—2A4,9,) #=0 in the
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domain (0, &) XQ we conclude that #(¢, x)=0for T—e<t<T, x€Q. This
contradicts to our choice 7T =inf{#>0;u(t, x)=0]. The contradiction
shows that there is no D. S.

In order to complete the proof of theorem 3 we have to establish

PropPoSITION 5.1.  Suppose h(t, x) is a real analytic vectorvalued
function satisfying the compatibility condition ((5.4). Then there exists &>
0, such that the mixed problem (5.2) has a solution v(t, x) €D, for 0<e <e,.

Proof of proposition 5.1. Given any integer £k, 1+m/2<k<m,
consider the characteristic surface t=%¥,(x), where the function ¥,(x) is
defined according to lemma 3.1 in a small neighbourhood U of 9.

4

A

e/

2L

K=R'\2, /}=wx(x)

LS

Fig.1

Following the approach of Duff [2], [3], we shall determine the solution to
the problem (5.2) in the form

5.6) vto= 3 0.t

k=1+m/2

The vectorvalued functions v,(¢, x) will be defined in the region ¢t =¥ ,.(x) by
the series

6.7 ultn=3 wiOU-Tux),

where wji(x) are suitably chosen vectorvalued functions. Extending the
functions v,(¢, x) as 0 for t<¥,(x) we shall obtain the needed result (see
1D

We start with the construction of the series (5.7). The proof of the
convergence of this series will be discussed in the next section. The
substitution of the series (5.7) into the first equation in (5.2) gives the
equalities

{ U+AVYL))wi=0,

(5.8) P+DUT+AVY D) wh—G(wp) =0,
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where p=1, 2,..., G=2 A,;0,. Let the nonzero eigenvalues of the matrix
J

A(—<¥,) be ordered as follows
(5.9 A >80 > ..o > AR

and ®f(x), ..., ®%(x) be the corresponding orthogonal projectors, defined
in (3.7). shows that 1% ,.,(x)=1 and the linear space Ker
(I+A(V¥,)) coincides with Im ®% ,..(x). This fact leads to the
following representation of the solutions to (5. 8)

wi(x) =@ hop1 (X f (%)
Wi (X)) = hra OO+ P+ 1D H.G(wh),

where p=1, 2,..., f {(x) are vectorvalued real analytic functions.
Moreover, H,=H,(x) is a linear operator in C” defined by

.10 |

(5.1 H.(v)= g}o Q4(x)v/(1—2%x)) for veEC”.
JEm—k+1

and the inequalities (5.9) guarantees that 1%(x)+1 for j+ m—
k+1, x€U and the equality (5.11) defines correctly the linear operator H,.
From (5.10) we obtain inductively

(5.12)  wh) =3 1 (G by 1s COFA)

b\

for p=1, 2,... Consider the following first order differential operator

(513) Qk:¢§z—k+1 G¢$n—k+1-

Applying the operator ®%_,.,(x) to the both sides of (5.8) and using (5.12)
we get

Q1) =01in U
(5.14) =8 . -

Qk(fi) = g "T ¢fn—k+1G<HkG>p_J¢ fn—k+1ffz in U,
for p=2, 3,... Our next goal is to choose the boundary values of 72(x) on 9Q
for p=1, 2,... Having in view the form of v,(¢ x), it is natural to exploit the

[ee)

series expansion h(t x)=2) t?h,(x) for x €90Q. Notice that the

assumption (5.4) implies that %,(x) =0 and

(5.15)  h(t, =5 t7h,(0).
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Then the boundary condition in (5.2) will be fulfilled if

6516 |, 3wk | LAG) @) Ker A,

14+m/2

This condition for p=1 is equivalent to the property

| 2 45—k | LAGG) Ker A

k=14+m/2

for x€0Q. Applying lemma 3.4 we conclude that the unknown functions
F2(x) o0, k=1+m/2,..., m, can be determined from this requirement. Set
@r(X)=f1(x)|s9. In a similar manner combining (5.12), (5.16) and
lemma 3. 4 we obtain that the functions @ 2(x) =f2(x) |8Q can be determined
inductively from (5.16). Thus we are going to the following Cauchy
problemr for the functions fi(x), fi(x), ...

QU1(0))=01in U,
(5.17) {fi(x>:¢i(x> on 9,

Qk(f@ =—- 2 L p 1 1 ¢m k+1 G(HkG>p_j¢ fn—kﬂfi in U,

(5.17)» {
i) =9} (x) on 9Q,

where p=1, 2, ... In order to apply the Cauchy-Kowalevska theorem we must
verify the condition

(5.18) det Q.(W(x))+0 for ¥(x)=0,

where ¥ (x) =0 represents the boundary 3Q in a small neighbourhood of a
fixed point x°€9Q. In order to check the property (5.18) we choose a basis
a(x), ..., e,(x) of the linear space Im ®%_,,,(x) formed by real analytic
vectorvalued functions. Given any point x €9Q near x° we have V¥ =
cv(x), where ¢+0. Using this fact and the representation formula (5.13)
of the differential operator ., we obtain that the matrix Q,(¥(x)) in the
basis e, ..., e, has the form

IC<A(V)81, eJ>Iz j= 1—_ka(v>{<ez’ eJ>Iz j=1-

This matrix is invertible, since e, ..., e, are linear independent vectors.
Consequently, the boundary 9Q is noncharacteristic with respect to the
operator @, for x€0Q near x°. Applying the local Cauchy-Kowalevska
theorem we can solve the equations (5.17) in a small neighbourhood
of x°. Since the boundary 9Q is a compact set, we can choose a finite
number of open sets, covering the boundary, in which the equations (5.17)
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can be solved. Holmgren’s uniqueness theorem implies that the
solutions to these problems can be determined in a small neighbourhood U of
the boundary 9Q. Thus we can find the functions f, f%, ... Utilyzing (5.12)
we determine the vectorvalued functions w#(x) and the series (5.7).

In the following section we shall discuss the convergence of the series (5.7)
and complete the proof of proposition 5. 1.

6. Convergence of the series (5.7)

Let (y°, t° €2Q xR be fixed point and 9Q be given near y° by the
equation x,=g(x), x’=(x, ..., %x-1), Then we make the change of the

variables y'=x’, y,=x,—¢g(x). In the new variables the problem (5.2)
takes the form

(0~ 4x(»)8,~ . A2,)v=0,
6.1 {(v—h)_L'A(v)KerA(y) for y,=0,
v(0, y)=0,

n—1
where A4,(y)=A,— 21 A;8,9(). guarantees that there exists
J:

an orthogonal basis e1(y), ..., e;(¥), e(¥), ..., erq(y) in C” formed by
real analytic vectorvalued functions, such that

i) given any integer i<gq there exists an integer
k;>m/2, such that A(VW¥,)ei=—e7,

iiD the vectors eg1 (), ..., ere(¥), et +ea(y), ...,
et (y)+e,(y) form a basis in [A(v)KerA(y)]* for y,=0.

(6.2)

An important role in our proof of the convergence will play the following
characteristic functions

(6.3) o:=t—Y,(y),

where the map i—k; is defined according to (6.2)i) and ¥, is the
characteristic function determined according to lemma 3.1. Having in view

our construction of solution to (5.2) we shall look for the solution to (6.1)
in the form

(6.4) vzé‘.l v;(0;, y)é?(y)+g S‘é v;s(os, ¥ e (y).

Substituting (6.4) into the first equation of (6.1) and using (6.2) we are
going to the following equations '
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¥—q
aynvi:bi(di’ y, ay') vz+ 21 bji<6i) y) ay') vji;
j=

O Uri= bri(0:, ¥, Oy) Ui+r_iq b}:(o:, 3, 9y) vy,
(6.5) 7=1

001, 1) =hilt, )+ 2 vis(as, ) for 3,=0,
v;(0, ¥) =vr:(0;, ¥) =0 for ¢,<0.

Here i=1,..., q, k=1,..., r—q, b;(0:, 3 9,), bi:(c:, 5 3,), b%(0:, 3,
are differential operators of first order whose coefficients are real analytic for
|ly—3°|+lo:|<R. Now we can use the main idea of the proof of
Cauchy-Kovalewska theorem (see theorem 4.1 in [20].

Let 2 ¢,(¥(y—»9* and 2} C,(y—»")“ be the series expansions of the

real analytic functions f(y) and F(y) near y°. We shall say that f(y) is
majorated by F(y) if |¢,|<C, for any a &Z7.

The construction of the previous section shows that the series (5.6) can
be represented in the form (6.4) with respect to the basis e{(y), ..., et(y),
e(¥), ..., er_,(y) so that

oo

(6.6) v;(0:, )= 20 wi(y)oe?, vw(o:, y>:p§1 wkof.

The construction of section 5 guarantees that the above series expansions
satisfy formally (6.5). More precisely, if we substitute the series (6.6)
into (6.5) we obtain that the coefficients in front of ¢?in the both sides of the
equations in (6.5) are equal to each other for any p>1.

In order to prove the convergence of the series (6.6) we consider the
following problem, which “ majorates” (6.5)

r—gq
ay,,‘/vi:Bi(o'i) y) ay') I/l+ 21 Bji<6i) y) ay') %i}
]:
r—q
9o, Vri=Bi(04, ¥, 3,) Vi+ 21 B}i(o:, 3, 0,) Vi,
j=

6.7
Viow, y) > Hi(t, y)+ i!l Vis(as, y) for y,=0,

I/i(Gi) y)>0y Vki(di; y>>0-

Here 1=1,..., q, k=1, ..., »—q, H;(t, ) majorates h;(t y"), the coeffients
of the operators B;, B;;, B% majorate the corresponding coefficients of &;,
bi;, b%. Moreover F > f means that the series expansion of F majorates the
series expansion of £ The crucual role in our considerations is played by the
following
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LemMa 6.1, Suppose Vi(o:, v), V(o ¥), i=1,...,q, k=1,..., v—gq,
are real analytic functions satisfying (6.7) and (6.8) Vi(o:, y)= %0 Wts?,
p:

Vii(os, y) = Z‘,O We.ct. Then W2(y) majorates w?(y) and Wh; majorvates
p=
wt; for any p=1.
Proor: Substitution of the series (6.6) into (6.5) leads to the
equations

a) a w"—Z d (y,a >ws+2 2 d (y;a )w.]z,
b) wkl——O

G o) Qrpur=3 i aowi+ 3 awo, a0 us,
s=1 j=1
d) wiy)=hi)+ 21 w%; for y,=0.
=
Here i=1,..., q, k=1,..., r—q, and p=1. In a similar manner the

substitution of (6.8) into (6.7) leads to the equations

a) 8,Wi=3% Dy 9) Wit 3 S DEGLI,) W,
b) Wi>0,
¢) (p+DWEI=3 DiG, ) Wi+ 3 S D¥(r 00 W,

s=0 j=1

(6.10)

d) W?(y)>H€-’(y9+21 W for y,=0.
Fm

The equalities (6.9)b) and (6.10)b) show that Wi,>wi,=0 for k=1, ...,
r—q, i=1,..., q. Since w}and W! for i<q can be compared from (6. 9
a)d) and (6.10)a)d) by using the Cauchy-Kovalewska calculation, we
obtain that w! is majorated by W}. Then from (6.9)c) and (6.10)c) we
conclude that W2, majorates w3;. Again utilyzing (6.9)a)d) and (6.10)a)
d) and the Cauchy-Kovalewska calculation we derive that W% majorates w?
etc. Repeating the above procedure many times, we obtain that wh; 1s
majorated by W2%;, while w? is majorated by W#%. This proves the lemma.

In order to complete the proof of the convergence of the series expansion
(5.7) it is sufficient to construct a real analytic solution to (6.7) and then
apply lemma 6.1. Choosing M >0 sufficiently large and R >0 sufficiently
small, we can assume that H;(# y) and the coefficients of the operators B,
B,;, B% have the form M/(1—z), where z;=(+...t Y1t pyutpc:)/R.
Here p >0 will be chosen later. We snall look for the solution to (6.7) in
the following form
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V= V(z) for k<r—gq, 1<gq,
Vi=p 2qV(z)+M/(1—2)+ V(z)

Then the problem (6.7) can be reduced to the following system of ordinary
differential equations with respect to U=(V, V)

(6.11) (I—Zi]—I‘l(/JD%j=F2(P)U(2i)+gs(p),

where I';(p), T',(p) are (2X2) matrices and lim I';(p)=0. Choosing p >0

p—»oo
sufficiently large, we conclude that there exists a real analytic solution to (6.
11) satisfying the initial condition V (0)>0, V(0)>0. Applying lemma 6.1
we complete the proof of the convergence of the series (5.7).
Finally, we shall verify that v(f, x) is a solution to the problem (5. 2)
(see definition 1 in section 5). Since the set K(t)=QN Fn) (Wo(x)<t] is

k=14+m/2
a compact set we conclude that v({, x) €D, (see the equality (5.3) for the

definition of the space D,). Let w(f x) be a smooth function with a
compact support in R*!. Then the Green’s equality leads to the relation

jo. /;2< v, <at_j§1 Ajax,->w>dx dt'

__$ [f [ <(a=31 4,800, w>dx dt

j=1+m/2

+f9< v;(e, x), w(e, x)>dx—j;< v;(0, x), w0, x)>dx
—fef<A(u)vj, w>dSy dt
0 =19)

where K;(t)={x;W¥,;(x)<t;. Our construction of the solution v(¢, x) in the
region K;(¢) implies that (at—g‘. A0, )v;,=01in K;(t), v;(t, x)=0for t=Y;

(x) and v(0,x)=0. Having in view these properties, we are going to the
equality

[ [<v a—% Ad)w>dx dt
0o JO k=1 '
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= [i<vten, we, w>ai— [T [ <AWwv, w>dS, dt

This completes the proof of the proposition 5. 1.

7. The first moment when disappearing solution vanishes

Given any D. S. u(¢{ x)=V()f it is important to obtain some
information about the first moment 7 (f)=inf {¢; V(#)f=0! when D. S.
vanishes. Our goal is to estimate 7 (f) provided the obstacle K =R*\Q and
the support of the initial data supp f contain in the ball B,={x; [x|<R].

Set Q,=QNBg, Sy=1{x;|x|=R}. First step in this section is to define the
maximal distance in Q, between the points x €9Q and the sphere S,. Any
two points x €E9Q, y €S, can be connected by a broken path P(x, y) in Q,
determined by the points % =%, 6 EQy, . EQ,, ..., An_1EQp, xy=2, such
that the open segments (x;, x;4,) lie in Q, for {=0, 1,..., N—1. Such a
path exists, since the boundary 8Q and the domain Q are connected. Any
broken path P(x, y) determined as above has a length |P(x, y)|=

N—-1

ZE) |x:s1—x:]. The distance in Q, between x €2Q, y &S, is d(x, y) =

min|P(x, ¥)|, where the minimum is taken over all paths in Q, connecting
P

x and y. Now we can define the distance in Q between any point x €0Q and
Sk by the equality 4(x, S,) =min d(x, ). Finally, the maximal distance
yESp

in Q between the points x €9Q and the sphere S is

(7.0 M(R)=max d(x, Sp).

x€2Q

To simplify our considerations we shall assume that

the matrix A(&) =2 A,§; is an invertible one

<H“>{ for £€R\{0}. '’

After this preparation work we can turn to the

Proof of theorem 5: The first tool in the proof is the finite propagation
speed arguments for hyperbolic problem

(7.2) (8= ﬁ!l A u=0in {(x O); [t—t| <5, |x—2"|<e},
1= max

where ¢ >0, (x° ) €ER*"X R and
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tmax=max {|7;(&)];1<j<m, §ES™].
More precisely, we need the following

LEmMMA 7.1.  (see [14], chapter VI) Suppose that u(t, x) is a solution
to (7.2) and u(ty, x)=0 for |x—x°|<e. Then u(t, x)=0 for |x—x°|<e—
Cmaxlt_tol.

The above lemma shows that there exists a compact set QCR", such
that

(7.3 suppx#(t, x) CQ for t=0.

The second lemma we use is the following form of the Holmgren’s
uniqueness theorem, obtained in

LemMMA 7.2. (see theovem 1.1 in [8]) Suppose that € >0, &,>0, u(t, x)

is a solution to the problem
(0:— 2 A0, )u=0 for |x—x°|<e+te, t=h
7

and u(t x)=0 for |x—x°|<e, t=t,. Then u(t,x)=0 for |x—x°|<e+e,
t>ty+ &1 \Cmin.

Combining lemma 7.1 and 7.2 one can check the property
(7.4 u(t, x)=0 for |x|=R.

Indeed, setting
(7.5) R,=max | |x|;xEsuppxu(t, x), t=0]

and assuming R,>R, one can choose ¢, 0<e<R,—R, and x°E{x; |x|=
R,+¢&!. Our choice of R, and x° leads to the property u«(¢, x) =0 for |x—x°]
<g, t=0. Applying lemma 7.2 we get

(7.6) u(t, x)=0 for |x—x°|<2¢, t>& \Guin.

Since x° is an arbitrary point on the sphere {x; |x|=R,+¢&| the property (7.
6) implies that

(7.7 u(t, x)=0for |x|>Ri—e, t>€ \Cnin.
On the other hand, lemma 7.1 and the inclusion supp f C By guarantee that

given any ¢>0, x Esupp,u(f, x) with |x|>R, we have

(78> {u(t’ x):()fOr |x|>R+tCmax~
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Any point (x, ) E((x, t) ; Ri—e<|x| <R+ ftcmax) lies in {(x, t); |x|>Ri—
g, 1>€ \cun provided R, >R and e >0 is a sufficiently small number. This
fact together with the properties (7.7), (7.8) yield u(¢, x)=0 for |x|> R, —
e, t=0. But this condition contradicts to (7.5) The contradiction shows
that R, =R and the property (7.4) is verified.

The proof of the theorem will be complete if we verify the property

(7.9 u(t, x)=0for x€Q,, t=M(R) \Guin.

Let e >0 and x" €Q,, be fixed. The equality (7.1) enables us to find y" &
Sp and a broken path P(x", ") in Qj such that

(7.100  |P&x™, vy | >M(R)—e.

Let the segments (x;, x:+1) CQp, =0, 1,..., N, form the path P(x ", y ")
and %=y", 2., =x". Without lose of generality we can assume that
Hx—x: | <ri+74CQ and 7,<e, where i=0,..., N and 7».=|x;—xi1].
The property (7.4) and the inequality 7 <e guarantee that u#(f, x) =0 for
|x—x| <7, t>0. Applying lemma 7.2 we get u(f, x)=0for |x—x|<r+nr,
t>7n\cmin. Hence, we have the property u(f, x)=0 for |x—x|<n,
t>7 \Gun. Then applying lemma 7.2 we obtain inductively #(¢, x) =0 for
lx—x:| <7;+ 7, t>n+...4+ 711 \emn. for i=1,..., N. Choosing =N
and using the inclusion

X |x—ay | <ry+ 7y Cla; [x—x" [ <7y, CQ,
we are going to the property
u(t, x)=0for |x—x"|<7y, 1, t>n+...+7y) \Cnin-

Combining the above property and (7.10) we obtain the property (7.9).
This completes the proof of the theorem.
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