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§1. Introduction

Let E, F and G be real Banach spaces. Let A be a cylindrical measure
on E of type p ([4]), and w : E—G a continuous linear operator. Then,
for 1<p<oco, w is p-Radonifying (i.e. w(1) is a Radon probability on G of
order p) if and only if it is p-summing (cf. [10], Theorem 1.1). It is well
known that p-left-nuclear operators w : E—G are p-Radonifying even in the
case 0<p=<1 (cf. [10], Proposition 2.6).

Let « beanormon E® F. Denote by E® ,F the normed space (E®F,
a) and by E é)aF its completion. The Radonification problem for the class
of F-cylindrical probabilities on the tensor product E ® F was considered by
B. Maurey in [5]. He introduced (p, F)-Radonifying operators, which
map every F-cylindrical probability on E® F of type (p, F) into a Radon
probability of order p on some completion Gé)aF . It is shown that (p, F)
-summing operators of the form w®l.: E®F —>G® J° are (p, F)
-Radonifying, for reflexive F, 1<p<co and under certain natural assump-
tions on the norm & (the conditions (1) and (2) in §2). As an example,
the operator w®1,. : E®F—-G® F is (p, F)-summing, whenever w : E—
G is p-summing. Here e denotes the least reasonable norm. We refer to
for definitions and properties of all tensor norms used here.

In this paper it is proved that #-nuclear operators W : E® F—G are
(p, F)-Radonifying, for reflexive F, 1<p<oco and the same assumptions on
the norm « as in [5]. 7,-nuclear operators generalise classical p-left-nuclear
operators, in a natural way, to operators which are defined on the tensor
product of two Banach spaces (without any prescribed topology on this
space) and such that an operator of the form w ® 1. may belong to this class.
See § 3 for definition and for more details. Furthermore, 7,-nuclear
operators are (p, F')-Radonifying from E® F into a third Banach space G
which is not necessarily the completion of some tensor product. In the case
when this space is actually the completion of some tensor product, we give
some examples of (p, F')-Radonifying operators into the completion under a
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stronger norm than the e norm. Namely, every 7,-nuclear operator is (p,
F)-summing. Thus, starting from p-left-nuclear operator w : E—~G we
obtain an 7,-nuclear operator w® 1, : E®F —>G® oF (cf. [2], Theorem 4),
hence also a (p, F)-summing operator. The case p=1 is not covered in
Maurey’s theorem and represents one of the main aims of this paper. The
importance of this case lies in the fact that the space L, ® +F can be identified
with the space L,(F), a result which is no longer true for the space L,® oF,
p>1.

§ 2. F-cylindrical probabilities on EQF

L(E, ) denotes the space of all continuous linear operators from E into
G. For weL(E G), w: EQF—->G®F denotes the operator w®l,
defined by (w®1,)(x®y): =wx®y.

Let us recall that F-cylindrical probability A on the tensor product £ ®
F is a projective system {1,, #y} of Radon probabilities on (E/N)®F,
where N runs over the family FC(E) of all closed subspaces of E of the
finite codimension, and z, : E—E/N is the natural projection. M S(E®F)
denotes the space of all F-cylindrical probabilities.

A topology 7 on ME(E®F) is defined as the coarsest topology for
which the mappings -7y (1) =21, from ME(E®F) into M(E/N®F) are
continuous. The second space of all Radon probabilities on E/N®F is
equipped with the topology of the weak convergence of measures. This
topology 7 is called the topology of F-cylindrical convergence.

Let  : E® ,F—L(E’, F) be the canonical embedding. We suppose
that « satisfies the condition

v : E®,F—L(E’, F) is continuous and |¢[<1 (1

Then there exists the extension {5 of this mapping to the completion £ ® F.
Let ¢ be a Radon probability on E ® F. Then A, : =#%y(u) defines a
cylindrical probability A on E® F (cf [5]). We denote this connection by
A=z.
We say that a cylindrical probability A on E® F' is Radon on E ® F if
there exists a Radon probability 4 on E ® F for which it holds A =g. Such
measure need not be unique. However, if « satisfies

J: E® F-L(E', F) is one to one (2)

then yu, if it exists, is unique ([5].
It is well known that every reasonable crossnorm « satisfies (1). If E
or F has the metric approximation property, then such norm satisfies (2).
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The F-cylindrical topology on M&(E® F) induces on the space M (E &®
«F) the notion of convergence as follows: g, —g if and only if M,
F-cylindrically. Such topology on M (E® ,F) is weaker than the topology
of the weak convergence of measures.

Let A\eMG(E®F). For w&L(E, G) and M €FC(G) the following
diagram commutes :

w
E®F > GOF
iw"(M) 7;M
| !
(E/w'(M)®F — (G/M)®F
wy ®lyg

Since w,, is continuous and w '(M)EFC(E), we can define the F-
cylindrical probability @(1) on G® F by

1]’)(,1>M c = (?,UM® 1F> (lw-‘(M))

For a linear mapping W : E® F—»G, W (1) cannot be defined to be a
cylindrical measure on G. Namely, for M €FC(G), (EQF)/W (M)
need not be of the form (E/N)®F, so Aw-y, may not have a sense.

However, the notion “ W (1) is a Radon probability on G ” has a sense
through the following :

DeriNiTION. W (1) is a Radon probability on G if W has a factoriza-
tion of the form

/4
E®F - G

&
<

E® F

for some Banach space E, and a norm « which satisfies (1), (2) ; where w,
v are continuous and @(1) is a Radon probability on Elé),,F.
A Radon probability z on a Banach space G is of order p( [4]) if

e Ml :{./G- 127 du(z) }VP< o
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Let A be a F-cylindrical probability on E® F. For each x’€E’ the image
A, : =X(1) represents a Radon probability on R® F ~F. We say that A is
of type (p, F), p>0, if A, is of order p for all x’€E" and

AL, 72 =sup Ay l,<oo

el <1

W : E® F—G is said to be (p, F)-Radonifying if it maps every F-
cylindrical probability on E® F of type (p, F) into a Radon probability on
G of order p.

§3. (p, F)-summing and f,-nuclear operators
W : E® F—G is (p, F)-summing ([5]) if there exists C >0 such that
for every finite {#;} CE ® F one has

(I W ) 174 C sup (S [w, #7117 ®

where [#, x’] denotes the canonical action of an element u €E ® F' on the
vectors in E’. The norm of W is defined by #, (W) : =inf {C : C

satisfies (3)}.
The following theorem is due by B. Maurey in :

TueoreM 1. Let F be reflexive, 1<p<oo, wEL(E, G) and LM%
(EQF) of type (p, F). If a satisfies (1) and (2), and if w: E®F—
G & F is (p, F)-summing, then W(A) is a Radon probability on G® F and

|, <7, (@ 215 r

We shall prove a strengthening of this result for a smaller class of 7-
nuclear operators. Let us recall that W : E® F—G is 7,-nuclear if it has a
representation

W= f‘,l X® v; @
2

such that for {x;}CE’ and {v,}CL(F, G) it holds
7,(W) o =inf {(Z[xiI7""
sup (X|fv,2/[PHV*} <o (1< p< o)

z’ll=1

or

A(W) : =inf{ Z|xjll-supll‘v;|} <oo,
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where the infimum is taken over all representations of the form @, v : G

—F' is the adjoint operator, and p’ is defined by i+—17: 1. For ueE®F,

p P
W (u) is defined by
W(u)zg v, ([, ] (5)

Every #,-nuclear operator W : E® F—G is (p, F)-summing, with T,
(W)H<#(W) (see [3], Prop. 5). Further, if w : E5>G is p-left-nuclear
then #: E F>G® ,F is 7ynuclear and 7,(i0) <g»(w) holds (cf.
Theorem 4). By Proposition 2 of (Expose II) it follows

»

’

ProrosITION 1. Let w : E—G be p-left-nuclear, 1<p<co, and let u be
a Radon probability on E @eF of type (p, F). Then

1w o< gpCw) e I;, (6)
We are ready now to prove the main result :

THEOREM 2. Let F be reflexive and 1<p<co. If W : E® F—>G is
7p-nuclear and A F-cylindrical probability on E®F of type (p, F), then
W (1) is a Radon probability on G of order p and

W QO =<7(W)IAI; £ D
Proor.  The operator W has a factorization of the form
W
E®F > G
v €))
l.®F - —  [,(F)
d

where w, v are continuous and d : L.—I, is the diagonal operator of the
multiplication by an element {d;} €/,. Denote by ¢;=(0,...,0,1,0,...) (1lis
on the j-th place). The linear mapping d is defined by

C?OC@J’): ={di&y}, x=(&) El., yEF

ie. J(u):{dj[u, e;]}, u€l.®F (cf. [2], Theorem 8). Further, d is 7.
nuclear, hence also (p, F)-summing.

Denote by A, the norm on /,® F induced from the space [,(F). Then
Iy é’A,,F ~[,(F). On [,®F the following relation holds: dp<A,<g,(see

’
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Théoréme 5 or [8], Théoréme 2). Since /, has the metric approximation
property, the norms d, and g, satisfy (1) and (2) on the space [,®F.
Hence, A, has the properties (1) and (2) on /,®F.

Suppose now p>1. @w(1) is a F-cylindrical probability on L. ® F of type
(p, F), since it holds

@7 p=lwl 1215 F 9

By Theorem 1, (di)(A) is a Radon probability on [,® s F=0L,(F). Thus,
W)= d @) (1) is Radon on G and

| W D <llvll 1(d @A),
<|vl %, (DIBA)I;, r
<|vl go,(d) lwl 121} ¢
<FHW)+mI1; r

since 7( W)=inf{|v| g»(d) |wl}, the infimum is taken over all factoriza-
tions of the form (8), and » >0 being given in advance (cf. [2], Theorem 8)
Thus, (7) follows.

Suppose now p=1. Take the representation (4) of W for which it
holds |wl=1, [vl=sup |vlI=1, |dI=2|d;|=Zlxl=A(W)+5 We can
7

write the sequence {d,} €l in the form d;= b;+¢;, where {b;} €l and {¢;} Ec
are chosen such that it holds

6| <DNd; |+ <An(W)+2y, |c]<1 (10)

The diagonal operators & : l.—/ and ¢ : ,—/ defined by these sequences
are nuclear and compact, respectively, with the norms [c[=<1 and ¢g,(b)=
> |b;| (cf. [6], Satz D). '

Since (L))’ has the metric approximation property, @w(1) is the F-
cylindrical limit of a net {1,y €'} of Radon probabilities on & ® F (each
A, is concentrated on some spaces of the form (L./N)®F, where N erc
(l.)), of order 1, see [5], Expose II, Théoréme 1. Further,

1A, 05 p< @O r= 1A 15 7

The mapping & : l.—/ is nuclear and so b: LOF —>11®le is 7-nuclear. It
is well known that [, ® . F is isometrically isomorphic to /;(F) (the norm d,
coincides with the projective norm 7). Let {e;} be defined as before.
Define a linear mapping ¢ : L&® JF—L(F) by i(u): ={[u, ej]} and ¢ :
L (F)—L(F) by ({3 ={cy;}. Then it holds [i|<1, llc|<1 and d=¢i b.

Denote y, : =(i 5)(1,). u, are Radon probabilities on 4, (F) for which
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it holds, by Proposition 1 and

ley i< 21 16D 1
<ag:(b) |Ily||I,F
=16 D 14,15
<(R(WH+2p A1 £

Let j be the canonical embedding of [,(F) into ,(F)”. Then [j|<1. The
measures g, are Radon on ¢(L(F), LL(F)"), so, j(u,) are Radon probabili-
ties on L(F)",: =c(L(F)”, L(F)") for which it holds

17 Ce ) <M1 My h =7 (WO A £

Hence, {j(u,)} is compact in the topology of the weak convergence of
measures ([4], Prop.4), and hence F-cylindrically compact. There exists
a Radon probability ¢ on [, (F)”, which lies in the closure of {j(x,)}. We
may suppose that g =1lim j(#,). Since {A1,} converges F-cylindrically to
W (1) and F-cylindrical convergence is preserved by continuous mappings,
it follows g =lim (Gi HA)=G i b (D).

Y

Since the space F is reflexive and ¢ : /,—/, is compact, it follows from
Eberlein-Smulian theorem (with the help of the usual diagonal procedure)
that ¢ : L(F)—L(F) is weakly compact. Hence, “¢(L(F)")CL(F) and
it holds #¢ j=¢ Thus, the following diagram is commutative :

d
L.®F > L(F)
b o} tE
L®,F —— L (F) : >L(F)”
) J

We conclude that “¢(u)="G i b A)=(Ci b)) (A)=(d @A) is
concentrated on sets which are relatively compact in ¢(,(F), ,(F)"), and
represents, by Phillips theorem ([9], Theorem 3, p.162) a Radon probabili-
ty on ,(F). Thus, W (1) is a Radon probability on G and

W@ <lvl I(d® @) L<A(W)ILI F
which proves the theorem.

COROLLARY 1. Let F be reflexive, 1<p<oo and a<d, a reasonable
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norm on GOF. If w: E—G is p-left-nuclear and A a F-cylindrical
probability on E®F of type (p, F), then w(d) is a Radon probability on
G®_F of order p and

() [ p<gp(w) |2 ”p F

Finally the author wishes to express his thanks to the referee for his
valuable remarks.
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