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Polycyclic groups of diffeomorphisms on the half-line
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Introduction

Groups of diffeomorphisms of one-dimensional manifolds are con-
nected with codimension one foliations and present interesting facts.
Polycyclic groups of diffeomorphisms of the real line are studied by J. F.
Plante [P1], [P3]. Their results are applied to codimension one foliations
on manifolds with solvable fundamental groups (see S. Matsumoto
and [P3]). We are interested in the case where the groups have fixed
points. This case reduces to the groups of diffeomorphisms of the half-
line. For these groups in case where they are abelian, several facts are
already known. We are concerned with both abelian and non-abelian
cases in this paper. Partial results for polycyclic groups of
diffeomorphisms of the half-line are obtained by Plante [P2], Plante and
Thurston [P-T]. Our results describe the classification of such polycyclic
groups, that is, polycyclic groups of the diffeomorphisms on the half-line
can be essentially classified into two types. The main result is the follow-
ing.

THEOREM. Let T be a polycyclic subgroup of Diff’[0,0), N
the wilradical of T and let r=2,..,. Assume that Fix(T)
(={x<[0, )| f(x)=x for any fET})={0}. Then the following hold.

(i) If Fix(N)={0}, then T is C" conjugate to a subgroup of the
group Aff*(R) of the orientation preserving affine maps of the real line.

(i) If Fix(N)#{0}, then there exists a contraction fEDIff’[0, %) such
that T is isomorphic to a semi-dirvect product NXA Z; of N and Z; where
Z; denotes the infinite cyclic group genmerated by f.

For the detailed definitions, see Sections 1, 5 and 6. The proof of the
theorem is in Section 6. Examples of the polycyclic groups are given in-
Section b.

The author would like to express his hearty thanks to Professor
Haruo Suzuki and Professor Toshiyuki Nishimori for helpful conversa-
tions and valuable comments.
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1. Preliminary

1.A. Polycyclic groups.
A group T is said to be polycyclic if there is a finite sequence of sub-
groups

=02 D - D={e}

such that for each /=1, -, n, T'; is normal in I';-; and T";-1/T"; is (finite or
infinite) cyclic. In particular, if each I';-i/T: is infinite cyclic, T' is said to
be strongly polycyclic. It follows immediately that every subgroup of a
polycyclic group is again polycyclic. Clearly a polycyclic group is finitely
generated. We quote from several results for polycyclic groups
which we need in this paper.

Let T" be a polycyclic group.

(1. 1) PROPOSITION. T adwmits a unique maximal non-trivial normal
nilpotent subgroup.
(cf. Corollary 2 to Lemma 4.7 of [Ra])

The normal subgroup of I" in the above proposition is called the
nilvadical of T' and we denote it by N.

(1.2) PROPOSITION. Let TV be a normal subgroup of T such that
I"ON and let N’ be the nilradical of TV. Then N'=N.

(cf. Remark 4.9 of [Ra])

Remark that the nilradical N of I" does not necessarily contain the
commutator subgroup [I",T'] of T, that is, I'/N is not necessarily abelian.

(1.3) PROPOSITION. T admits a normal subgroup To of finite index
such that ToON and ND[T, To) (that is, To/N is abelian).

(cf. Corollary 4.11 of [Ra])

1.B. Diffeomorphisms of the half-line.

Denote by Diff”[0, ) the group of C” diffeomorphisms of the half-line
[0, c0) where » is a positive integer or c©. Let I' be a subgroup of
Diff"[0, c©). Then T' acts naturally on [0, o) by the map (g, x)—g(x).
For a diffeomorphism g, we define Fix(g) to be the set {x<[0, o0)|g(x)=x}
and call it the fixed point set of g. Also for a subgroup I'CDiff"[0, o), we
define Fix(T)={x<[0, )|g(x)=x for every g&T} and call it the fixed
point set of . We say that a subset S of [0, ) is g-invariant if g(S)(=
{g(x)lxeS})=S. And we say that S is T'-invariant if g(S)=S for every
gE€Tl. If Ty is a normal subgroup of T, then Fix(I'y) is I'-invariant. The
following lemma is an immediate consequence of a lemma of Kopell
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(cf. Lemma 1 of [Ko]).

(1.4) LEMMA. Assume that T is an abelian subgroup of Diff’[0, )

and r=2. If Fix(g)N(0,c0)*=0 for some g €T with g =+ identity, then
Fix(T) N (0, o) +4.

A map f of [0, o) into itself is said to be a contraction if Lifnf"(x)zo

for any x€[0, ). It follows obviously that if f is a continuous map of
[0, c0) and f(x)<x for any x&(0, o), then f is a contraction. We denote
by f. the k-times iteration of f, instead of the usual f* in this paper. Fix
a contraction f and a point a€(0,) and let av=a and a;=f{a). We
obtain the following three lemmas from (cf. also [Sa]).

(1.5) LEMMA. Assume that fEDIff’[0,00) is a contraction and
y>2. Then, for any x<[a1, a)

—¢c A;j—Aj+1 a; — Aj+1
e c, Wi J+ Sf;(x)gec‘ J J+
ao— a1 ao— a1

where c=a-sup{|f”(x)/f (x)||x<€[0, al}.

This lemma follows from Lemma(2.6) of [C-C] and the mean value
theorem. Next is an immediate consequence of the above lemma.

(1.6) LEMMA. Under the same assumption as the lemma above, the
sequence {f}} converges uniformly to 0 on a1, ao).

Take g=Diff’[0, ) such that Fix(g)D{a,lj=0} and let hn=/f-n°g°/x
for n>0 (where fn=/7"). Then a generalized Kopell lemma (Theorem
(2.8) of [C-C]) implies the following.

(1.7) LEMMA. Under the same assumption as Lemma (1.5) and the
notation above, the sequence {h»} converges umiformly to the identity on
[dl, do].

We shall need a more general version of Lemma(l.5). Take i€
Diff[0, ) (=1, ..., m) and let gp=hpohp-1°°M (p=1,...,m). Fix a
compact subinterval J of [0, a]. Write Jo=g,(J), Jo=J and denote by |/l
the length of J,. We assume that each J, is subinterval of [0, a] and does
not meet the interior of other J: (i#p). Put

6 =sup{|hs(x)/ hsx)||x €10, al, p=1, ..., m} (>0)
Then, in the same way as (1.5), we have the following lemma.

(1.8) LEMMA. Under the above assumption and notation, if zE/J,
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then

e—ao |]m| Sg;n(z)geaa I]ml

7l 71

Moreover we fix numbers A and v such that A>1 and

|/|logA
0<y< 2000

Then, by induction, it is proved that if x,<J and |lw—x0|< v, then
gi(w) < Agi(xo)

(cf. [Sa, p.83]). Combining this fact and Lemmal(1. 8), we get the follow-
ing fact.

(1.9) LEMMA. Let J. be a v-neighborhood of J. Then, under the
above assumption and notation,

L —aéb I]ml ’ ad I]m’

Z:f Ze]u.
We remark that v depends only on «, 6, |J| and A.
2. The function defined by a contraction.

Let fEDiff"[0, ) be a contraction and »>2. We define

=8

—k
for £>1 where fr,= fo---of and

H(x)=£ifg H:(x).

The aim of this section is to prove the following fact. This fact and
Corollary (2.6) are needed in next two sections.

(2.1) PROPOSITION.  H is a well-defined C™? function of (0, o),

In the sequel, we fix ¢&(0, ) and a.=f:(a), and let fx=F(x). For
the proof, it suffices to show that {H{”} converges uniformly on [ai, ao]
for each p (0<p<r»—2), where H{” is the p-th derivative of H,. We
need the following lemma.

(2.2) LEMMA. HP(x) is expressed in the following polynomials of
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two types :
(i) We have

1 () =L S Py()

1 (p+1)
wherve Pp.x(x)’s are polynomials in fZ((jcC)) SELEIN f—kfm()x—) and for fixed p they

have the same expression as polynomials.

(ii) We have

QPJ( )
HP W)= B

where Qui(x) is a polynomial in f(fx), -, f**P(fix) and fi(x), -
F#(x) such that for fixed p Qpix)’s have same expressions and the
degree of each term with respect to Fi(x), -, fi2*V(x) is greater than one.
(For j=0, we consider that folx)=x.)

ProOF. We fix £ and prove these assertion by induction on p.
(i) When p=0, the assertion is clearly true. Assume that the asser-
tion is true for an integer p=0. Then we have

HE ) (x)=(H (%))
f(p+3)<x) f“’*z’(x)-fé’(x) —}—(Pp,k(x))’

Fi(x) {filx))?
_ (%)
= fk() +Pp+1,k(x).
Since we can easily see that (Ppx(x)) is a polynomial in ]ZZ((;C)),,

fEE2(x) ..
) the assertion is true for p+1.

. k—1
(ii) This is certainly true for p=0. Indeed, since fé(x)=I=IOf’(f,-x)

we obtain

HO(x)=H(x)=(log fi(x))'= glog )y = :f”(?ﬁ&;‘i(x)

Assume that the assertion is true for an integer p=>0. We have

( Qp.5(x) )_ Qb (x) - £ (fix) = (p+ 1) Qp ()« £ (fix) £i(x)
{F(fix)}?* {F(fm)}r*

— Qp+1,j(x)
BRTACC
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Clearly Q. (x) is a polynomial in f(fx), -, f**®(fix) and fi(x), -,
F2+9(x). It follows immediately that the assertion is true for p+1. [ |

We shall prove Proposition (2.1) by induction on p and need the fol-
lowing definition.

DEFINITION. By assertions (A») and (B») we mean the following :

(Ap)—{H®} converges uniformly on [ai, ao).

(Bp)—There exists a number C»,=>0 which does not depend on % such
that |fP+2(x)| < Cofilx) for all xE[a, ao) and k=1.

(2.3) LEMMA. The assertion (Ao) is wvalid, that is, {Hx} converges
uniformly on [a:, aol.

PrROOF. From the equation in the proof of (ii) of (2.2), we
have

B P () f(x)
| Hyeix) = Hu0)l=| 2 7073

<M B 15w
(where M =max{|/"(x)/f(x)||x €10, ao]})

HFEai—ain
SM@ Jge ao— a1
(by (1.5))
Me*

ao— a1

<

*Ar

for any x€[a), ao] and />1. Since f is a contraction, the sequence {a:}
converges to 0. Therefore we see that {H:} converges uniformly on

[a1, (lo]. [ |

(2.4) LEMMA. If assertions (Bo), -, (Bo-1) and (Ap) are wvalid,
then (Bp) is valid.

PROOF. For p=0, clearly (A) implies (Bo). Next fix p=1. (We
will use (1) of (2.2).) From (Bo), **, (Bs-1), it follows that there
exists a number D.>( such that

179G/ A< De (1=2, -+, p+1)

F(x)
flx)

for all xE[ay, @] and £=1. Since Ppx(x) is a polynomial in

f(P+1)(x)
—k—fm—, there exists a number Ds;>1 such that
k
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|Pp,k(9€)| <D’

for all xE[a, ao) and £=1. On the other hand, by (A,), we see that
there exists a number D;=0 such that

|HP(x)| <D

for all x€[ay, @] and £>1. Therefore, from (i) of (2.2), it fol-
lows that there exists a number C,>0 such that |A?*?(x)/fi(x)|<Cp for
all x€[a, ao] and £=0. [

(2.5) LEMMA. Assume that assertions (Bo), -, (Bp-1) ave valid for
p=1. Then also (Ap) is valid.

PrROOF. Fix p=1. From (ii) of Lemma (2.2), we have

)~ HP <3 [ Rl

(where Q,,, is a polynomial in f'(fix), -+, f**?(fx) and fi{(x), -, fi#*"(x)).
We estimate @p.;(x). Clearly there exists a number D; such that

|fOfx)| <Dy (i=1, -+, p+2)

for all x<[0, @] and j=0 because fi(x)<ao for x€[0, a]. From the
assumption of the lemma, it follows that there exists a number D; such
that

SPI< Defix) (=2, -+, p+1)

for all x€[ai, ao] and 7=0. By (1.6), we can choose a sufficiently
large integer L such that if ;=L then |f/(x)|<1 for all x&[ai, a]. There-
fore, if j=L and ¢=1, then we have {f{(x)}?<fi{(x) for all xE[a, ad].
Hence, there exists a number Ds such that if j=L, then

|Qp,;(x)| < Dsfi(x)

for all x<[ai, ao). Let m=min{f(x)|x€[0, ao]}). Clearly m>0. Then if
k, k+1>L, we have for all xE[a, ao]

k+1-1
|HIZ(0)—~ HP (0l <555 2 fix)
Ds- e B+1-1

2 (Clj—dj+1)

“ mP N av—a)) <k
(by (1.5))

<D-a
(where D=Ds-e/m** (ao—a1)).
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We see that this implies that {H{”(x)} converges uniformly on [ai, o]
because Li_rnak=0. n

Now we prove the proposition.

PROOF OF PROPOSITON (2.1). From lemmas (2.3), (2.4) and (2.5), by
induction, we conclude that assertions (A,) and (Bp) (0<p<r—2) are
valid. In particular, for each p (0<p<r—2), H®(x) exists on (0, o)
and is continuous there. Therefore H(x) is a C"~? function of (0, ). W

The following is the assertion (Bp).

(2.6) COROLLARY. Let f€ Diff [0, ) (r=2) be a contraction.
Then for each p 2<p<r) there exists a number C, such that

2 (x)| < Cofilx)
for all xE[a1, ao] and k>1.

REMARK. In addition to the assumption of Proposition (2.1), sup-
pose that f(0)#1. Then H(0) exists and H(x) is a C"? function of
[0, 00). This fact is described in in somewhat different fashion.

3. Abelian groups of the diffeomorphisms

Let T' be an abelian subgroup of Diff’[0, o) (»=2, -+, o) such that
Fix(T')={0}. From (1.4), it follows that Fix(f)={0} for any fET
with f=+identity. Therefore either f or /™' is a contraction if f=identity.

Suppose that f(0)#1 for some fET. Then a theorem of Sternberg
(cf. [St]) says that f is C” conjugate to the linear map xHax where a=
f/(0). Therefore we easily see that there exists a C” flow ¢:RX
[0, 00)—[0, ) such that I" is contained in the group {¢:/tER}.

In case where f(0)=1 for all fET and »=o0, from results in [Se],
and [Ko], it follows there exists a C' flow ¢ such that ¢ is of class
C~ on (0,0) and T is contained in the group {¢:}. Also for finite », we
obtain the following result.

(3.1) THEOREM. Let T be an abelian subgroup of Diff"[0, ) (»=2,
-+, 00) such that Fix(T')={0}. Then there exists a C' flow ¢ on [0, )
which is of class C” on (0, ) such that T is contained in the group
{op:tERY.  Furthermore ¢ is unique up to parameter change.

For finite », we don’t know whether this result follows from results in
[Se], and [Ko]. We give here a detailed proof because we need this
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result in the proof of the main theorem.

We prove the theorem in case where f(0)=1 for all f€T. In the
sequel we assume that f(0)=1 for all fET. We need several lemmas for
the proof.

Fix a contraction f€T. Since T is abelian, frog=geofr for any g&r'.
Differentiating both sides of this equation, we have fi(gx)g'(x)=
g (fux)fi(x), namely

g'(x)=g (fux)- é’z(gxx))

We define formally the function H(x, y) by

i) L)
HGe D =lim 70y =1 r )

Taking the limit as k—o0 on the above equation, we have g¢'(x)=
g'(0)H(g(x), x), hence

g (x)=H(g(x), x)

by the assumption ¢’(0)=1. So we can think of g€TI as the solution of
this differential equation (cf. and [Se]).

Now we investigate H(x, y). Let D.={(x, ¥)E[0, o)X [0, 00)|fn(x)<
y<F (%)} for n>0.

(3.2) LEMMA. H(x, v) exists on each D, and it is continuous and
positive on there. Moveover H(x, v) is of class C'™' on int D, (wheve
int Dx denotes the intevior of D.). Therefore H(x, y) is a C™™' function
on (0, ) x(0, o).

PrROOF. Define Hi(x, y)= ;kg; ﬁ:;lgﬁyg for x, v=0 and let
Bi(x, v)=log Hx(x,v). Then "
Bi(x, y)=log fi(y)—log fi(x)
=J,§)(log f'(fiv)—log f'(fx)).

First we show that the sequence {B:(x, ¥)}ten converges uniformly on
D.(a)=D.N[0, a]X[0, a] for any ¢>0. From the mean value theorem, it
follows that for p=0,

—1

llog #'(fiv)—log f'(fix)|

L)1)

k+

&

|Bk+p(9C, y)_Bk(X, 3/)[ <

k+p—1

Mé M

j=k
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where &, is some value between fi(x) and fi(y). Therefore, letting M=
sup{l/"(x)/ F'(x)||0<x<a}, we have for (x, v)ED,(a)

k+p—1

|Brio(x, v)—Br(x, v)|<M = 1 £:(y) — fi(x)]

<{M2(fj(x)—ﬁ-+n(x)) (if x>y)
B Mz(fj(y)—fjm(y)) (ifny)

<M max{" % (o)~ frenlw))|o=2, y}
<M max{kglfj(v)—k;?i;lﬁm(v)’i):% y}
(where u=k+p—n)

<M max{kglﬁ-(v)‘v=x, y}
<M max{n-fu(v)|lv=x, v}

SAM?’lfae(Cl)

(where p=>0). Since f is a contraction, for any &>0, there exists
sufficiently large L such that if £>L then |f.(a)|<e/Mn. Therefore, if
k, =L, then |Bx(x, v)—Bx, v)|<e for all (x, v)€D.(a). Thus
{Bi(x, ¥)} converges uniformly on D.(a). Let

B(x, y)ﬂj{g Bi(x, y)

for (x, y)€(0, )X (0, ) or (x, v)=(0,0). Then B(x,y)is a continuous
function.

Next we show that B(x, y) is of,class C"™* on (0, )X (0, ). By the
definition in Section 2, we have

a_i Bulx, y):a—i(log fil(y)—log fi(x))

_ Sfi(x)
filx)
- Hk(X)

and

5 B, )= Hi().

From the arguments in Section 2, it follows that the sequences {0B:/dx}
and {0B:/0dy} converge uniformly on any compact domain in (0, c0)X
(0, 00). Therefore the partial derivatives of B exist and

0B _ 0B _

o —H(x), a—y—H(y)-
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Hence, by Proposition (2. 1), we see that B is a C"™" function on (0, )X
(0, c0). Tt follows that also H=expB is C"™* function on (0, ©0) X (0, o). W

By this lemma, we can conclude the following lemma.

(3.3) LEMMA. If g¢€Diff’[0,0) commutes f (that is, feg=g°f),
then the function y=g(x) is the solution of the differential equation

a

(&) dx

=H(y, x).

Let y=g(x) be the solution of the equation (A) such that its domain
of definition is maximal and define g at 0 by ¢(0)=0. Remark that the
function y=fx(x) is the solution of this equation. We obtain the following
lemma.

(3.4) LEMMA. The map g is a C' diffeomorphism of [0, ) which
is of class C™ on (0, o).

PROOF. Fix a=(0, ) and let b=g(a). If there is an integer m such
that 5=fn(a), then, from the uniqueness of solutions on initial conditions,
it follows that g(x)=fn(x). Therefore, in this case, the lemma follows
clearly. Next we assume that fu(a)<b<fm-1(a) for some m. Let ¢ and
8 (a<B) be the end points of the domain of definition of g. Since fn-i
and . are the solutions, we see that fn(x)<g(x)<fu-i(x) for xE(a, B).
Therefore, by the fact that H(y, x) >0, we can easily see that ¢=0, f=00
and i{rp()g(x)ZO (by the standard argument on the domain of definition of

the solution of an ordinary differential equation). Thus ¢ is a continuous
function of [0, 90) and clearly g is of class C” on (0, ) because H is of
class C™7! on (0, 0)%(0, ). Moreover, since H is continuous on Dn, we
have

limg'(x)=1im H(g(x), x)=H(0, 0)=1

x-+0 xX-+0
Therefore g is of class C' at 0. Thus, since g'(x)>0 for all xE[0, ), ¢ is
a C! diffeomorphism of [0, ). |

Let a, b R*=(0, ) and let g.,» be the solution of the equation (A)
such that gus(a)=b. Define the map ¥:R*XR*X[0, c0)—[0, ) by
W(a, b, x)=gas(x). From the theorems in ordinary differential equations
on the dependence of solutions on initial conditions, it follows that ¥ is of
class C"! on R*X R*x(0,o0). Furthermore ¥ is continuous on R* X R*X
[0, ). Let G be the set of all solutions of (A). Define the map
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¢: G—R* by ¢(9)=g(1). From the uniqueness of solutions on initial con-
ditions, it follows that ¢ is bijective and ¢ (¢)=g¢... We define the C*®
structure of G by the map ¢. Then clearly G is diffeomorphic to R.

(3.5) LEMMA. G is a group under composition of maps. Moreover
G s a Lie group and isomorphic to R.

PROOF. For g, &G we have

(goh) (x)=g' (hx)-h'(x)
=H(g(hx), h(x))- H(h(x), x)
_ L)) L)
=0 f'(fi(gehx)) 3o f'(fi(hx))
_5 fUx)
=0 f'(f{gehx))
=H(g°h(x), x)

and

RN 1
(g )(x)-m

1
-~ H(g(g7'(x)), g7'(x))
& fx)
i=o f'(fi(g7'x))
=H(g7'(x), x).

It follows that gok, ¢go'€G, that is, G is a group. Let p: GXG—G be
the group operation and 7y:G—G the inversion. Then, for
(¢, s)ER*X R*, we have

$popo(p X ¢7)(¢, s)=¢(g1e°91s)

:Ql,t(gl,s(l))
=W(1,t,s)
and
goyod™H(t)=¢(gi})
=¢(gt,1)
=¥(¢,1,1).

Therefore o and y are C"™' maps. It follows that G is a topological
group. Since G is a C” manifold, by the theorems on Lie groups (cf.
[M-Z]), we see that G is a Lie group. Hence G is isomorphic to R as a
Lie group. |
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PROOF OF THEOREM (3.1). Let ¢: R—G be the isomorphism of Lie
groups such that ¢(1)=7. Define the map ¢: R X [0, ©)—[0, ) by ¢(¢, x)=
(¢(#))(x). Since

eo((¢tog ) X id)(s, x)=g1,s(x)=T(1, s, x)

(where id denotes the identity map), we see that ¢ is a C° flow on [0, o).
Moreover, by the theorems on Lie groups (cf. [M-Z]), we see that ¢ is of
class C! on RX[0, ) because each ¢; is of class C' on [0, ). Similarly
¢ is of class C” on RX(0, %) because each ¢: is of class C” on (0, ).
Clearly T is contained in G={¢:}. This completes the proof. [ ]

REMARK. Also in case where 7(0)#1 for some fET', we can prove
the theorem in the similar way. But it is much simpler to use a theorem
of Sternberg.

4. The quasi-invariant vector fields on the half-line

Let f€Diff"*[0, ) (»=0) and let ¢ be a positive number. We say
that a vector field X on [0, ) is (f, a)-quasi-invariant if f«X=aX. Fix-
ing @ with 0<a@<1 and a contraction f such that f(0)=1, we shall show
that there exist many (f,1/a)-quasi-invariant C” vector fields on [0, ).
We shall need such vector fields in order to describe an example of polycy-
clic subgroups of Diff’[0, c0). For the construction of these vector fields,
we need the following fact.

(4.1) PROPOSITION. Let fEDiff" 0, ) (=1, --+, ) be a contrac-
tion and let X be a (f, 1/a)-quasi-invariant C° vector field on [0, o)
where 0<a<l1. If X is of class C" on (0, ) and f'(0)=1, then X is of
class CT at 0, thevefore X is C" vector field on [0, ).

In the sequel we assume that f is a contraction and X is a (f, 1/a)-
quasi-invariant C° vector field on [0, ) which is of class C” on (0, ©°)
and 0<a<1. Let

()9
X(x)=F(x) e
Then clearly F(x) is of class C” on (0, o). For the proof of Proposition

(4.1) it suffices to show that F(x) is of class C” at 0. First we calculate
F?(f.x). By the assumption on X, we easily see that

fiox)+ Fx) =—F (fux).
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Therefore,

F(fux)=a"fi(x)F(x).
This implies that

F () =) F )+ i) F (),

(4.2) LEMMA. We have

F “”(ka)z—{ﬁ(—f;}zT-Qp,k(x) for any x<(0, )

where Qp.p(x) is a polynomial in fi(x), ..., 2 (x) and F(x), ..., F®(x)
such that the expression of Qpx(x) does not depend on k and each its term
contains at least one fi”(x) (for some i=1, ..., p+1).

PrOOF. We prove the lemma by induction on p. When p=1, this is
the observation above. For some p we assume that the equation is true.
Then we have

p+1 _a (1—21)).7[1;,(95), __1— ’
F! )(ka)_f'(x){ AN Qp.x(x)+ {f;;(x)}zp_l Qp,k(x)]
= {f( )}2p+1 {(1 20) 1% (x) Qp,1(x) + filx) Qp,(x)}

{f (x)}2P+1 QP+1 k( )

By the assumption of induction, we see immediately that @p+1,2(x) has
the desired property. This completes the proof. [ |

(4.3) LEMMA. Fix a<(0, ) and a positive integer q. Assume that
f(0)=1. Then the sequence {a*/{fu(x)}%}ren converges uniformly to 0 on
the closed interval [0, a.

PrROOF. From the assumption of the lemma, it follows that for any
€>0 there exists & such that f(x)=>1—¢ for all x<[0, 8]. Since f is a
contraction, there exists a sufficiently large integer L such that if 2>L
then f.(a)<§8. Therefore, if A#>L, then f(fix)=1—e for all x<|[0, al.
Thus we have

)= F (feorx) - (frx) [/ (froax) - f'(x)
>(1—e)* ICt
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for all x€[0, a] where C=min{f(x)|x<€[0, a]}. It follows that

a* a”

R ) Kl (e e
_(A=a"( a }k
c* 1(1—-¢)) -

Now we choose ¢ sufficiently small such that O<(T_%)—,;,—<1 for 0<a<l.

And for this € we choose such 6 and L as above. Then, by the inequality
above, we see that {e*/{fi(x)}?} converges uniformly to 0 on [0, a]. [ |

PROOF OF PROPOSITION (4.1). By (4.2), we have
() a*
F (ka)_WQP,k(x)-

Fix p and a=(0, ). By the property of Qp:(x) and (2.6), we
see that there exists Cp such that

| Qo1 (%)< Cofix)

for all x€[a1, ao] and £>L, where L is chosen so that if £#>L then
fx)<1 for all xEla, ao]. It follows that

Cpa’k

{fila) o0

for all x€[ai, ao]. Therefore, from (4.3), the sequence of func-
tions {F®(fux)}ren converges uniformly to 0 on [ai, a0]. This implies that

lim F®(x)=0
x-+0

|[FP(fux)l <

for each p (p=1, -+, »). By using de I'Hopital’s theorem, we see that
F(x) is of class C" at 0. This completes the proof. [ |

From Proposition (4.1) we obtain the following result, which is the
purpose of this section.

(4.4) THEOREM. Let fEDiff"*'[0, ) (r=1,2,...,90) be a contrac-
tion such that f(0)=1 and let 0<a<l. Then there exist non-trivial
(. 1/ @)-quasi-invariant CT vector fields on [0, o).

PROOF. There exists a C” function F on (0, o) such that

£+ Fx)=—F(fx).
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Indeed, fixing a<(0, o0), we can take a function Fy on [a1, ao] (where a;=
f(a), ao=a) such that Fy(a:)=af(a0)Fo(a,). Then define F by F(x)=
" filf ' x) Fo(fi'x) for xE[ans, ax] (where ar=ru(a0)). It follows easily
that F is well-defined and satisfies the equation above. Reforming Fp in
neighborhoods of @: and s, we can make the function F of class C’. We
see that F'(x) extends a continuous function on [0, ) by defining F(0)=0.
Define X(x)=F(x)-9/dx. Then, clearly X is (¥, 1/a)-quasi-invariant
vector field on [0, ) and from Proposition (4.1) it follows that X is of
class C” on [0, o). [

REMARK. We must mention whether the vector field X in the above
proof is complete or not, for we need a complete one to construct an
example of polycyclic groups in the next section. It is sufficient for our
purpose to notice that if X(x)=0 for some x<(0, o), then X is complete.

5. Examples of polycyclic groups of diffeomorphisms

We describe examples of different two types of polycyclic groups of
diffeomorphisms on the half-line. First one is quoted from [P2]. Second
one needs the result in the previous section.

EXAMPLE 1.  Denote by Aff*(R) the subgroup of Diff*(R) consisting
of orientation preserving affine maps (x—ax+ b for some ¢>0 and bER).
Then Aff*(R) admits Lie group structure of dimension 2 and the natural
action ¥: Aff*(R)X R—R is real-analytic. We denote this Lie group by
. Let ¢: R>R*(=(0, ) be a C= diffeomorphism such that

ﬁ (—oo< t<0)
#(t)= some smooth function (0<¢<2)
¢ (2<t<0),

Then there is the action ® of % on R* which is induced from W by .
Moreover this induced action ® extends on [0, ) by defining ®(g, 0)=0
for g& & It follows immediately that ® is a C* action on [0,0). We
denote by 7y the diffeomorphism of [0, %) defined by x—®(g, x). Define
the subgroup G of Diff[0, ©) by G={T,lg=#}. Clearly G is isomorphic
to &. Since % has many polycyclic subgroups, so does G. We notice
the following fact.

(5.1) LEMMA. Let T be a polycyclic subgroup of G. Then the fol-
lowing hold.

(1) T is isomonphic to a semi-divect product Z"XZ* of Z" and Z*
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for some n, k.
(ii) The orbit of the natural action of T on [0, ) at xE(0, ) s
dense in [0, ) if n>1.

EXAMPLE 2. Let AESL(n, Z) and let 0<a<1. Assume that ¢ is an
eigenvalue of ‘A (the transposed matrix of A) and take a corresponding
eigenvector “(ay, ...,an) where a,€R (i=1,...,n). Let f& Diff "*'[0, o)
(=2, ...,) be a contraction such that f(0)=1. Then, from
(4. 4), we can take a non-trivial (f, 1/a@)-quasi-invariant C” vector field X
such that X(x)=0 for some x<(0,c0). Since X is complete, we have the
C" flow ®@:RX[0,c0)—[0, ) associated by X. Clearly fo®.of '=®L,,
that is,

f‘lo@tof:¢at_

From these data A, e, (a, ..., an), f and ®, we construct a polycyclic
subgroup I's of Diff"[0, o©) as follows.

Let A=(m:;), mi;<Z and let gi= ®,, for i=1, ..., n. Since
‘(ay, ..., an) is an eigenvector of ‘A in respect to eigenvalue a, we have

n
D ma;=aa;.
=]

Therefore
f_l°gi°f:(13aa,~
=®smjia;
:glmlio oo og}nﬁo e og;ln"i'

Denote by N the subgroup generated by g, ..., 9. and let I"'s be the sub-
group generated by gi, ..., g» and f. Clearly N is a free abelian group and
the normal subgroup of T'a. It follows that T'4 is a polycyclic subgroup of
rank<#+1 and N is the nilradical of T'4a. We notice the following fact.

(5.2) LEMMA. (1) T'a is isomorphic to a semi-direct product
Z"XZ for some m.

(ii) Let pE(0, ) be a point such that X(p)=0. Then the orbit
through p of the natural action of T'a on [0, o) is discrete in (0, ).

Lemmas (5.1) and (5.2) show the difference between Example 1 and
Example 2.
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6. Main theorem

Let T be a polycyclic subgroup of Diff’[0, o0) (»=2,...,00) and let N
be the nilradical of I". It is well known that N is a free abelian group
(e.g., cf. [P-T]). Define T's=T0wm={fl0=EDiff’ (0, ) fET}. We say
that I'x is C° conjugate to a subgroup of Aff*(R) (s<) if there exists a C®

diffeomorphism 7% : (0, ©©)—=R such that ATxh '={hofoh 'EDIff*(R)|fET 4}
is contained in Aff*(R). It has been shown in that if Fix(N)={0},
then T'x is C° conjugate to a subgroup of Aff'(R). In this section, we
prove the following theorem, which is the purpose of this paper.

(6.1) THEOREM. Let T' be a polycyclic subgroup of Diff[0, ) and
let ¥=2,...,0. Assume that Fix(I')={0}. Then the following hold.

(i) If Fix(N)={0}, then Tlow is C” conjugate to a subgroup of
Aff*(R).

(i) If Fix(N)={0}, then there exists a contraction fEDiff’[0, ) such
that T is isomorphic to a semi-direct product NXZ; of N and Z; where
Zs denotes the infinite cyclic group genervated by f.

PROOF OF (i). Assume that Fix(N)={0). Since N is abelian, from
Theorem (3.1), it follows that there exists a C' flow ¢ on [0, ) which is
of class C” on (0, ) such that NC{¢:}. We define the map % :(0, ©)—R
by 47'(¢)=¢(t,1). Since the flow ¢ has no fixed point in (0,), % is a
well-defined C” diffeomorphism. Denote by 7, the translation of R by &
(t—t+b). Then, since for any gEN there exists b such that g=¢,, we
obtain that

hogoh ™ (8)=heps(o(t,1))=b+t=r,(2).

That is, for any g&N, the map hegeh™ is a translation of R. If
rank(NV)=1, it follows easily that '=N. Then the assertion (i) of the
theorem follows clearly.

Next we assume that rank(N)=2. Let N=AiNxh™' and let B=
{(bER|7EN). 1t is well known that B is a dense subset of R. For
fET\N, let f=hefoh™. Since N is a normal subgroup of ATsh™", for
any ,EN, there exists &N such that for,=1c f. Differentiating the
both sides of the equation above, we have fF'(t+b)=7"(¢t). Applying
t=0, we obtain f'(5)=7'(0) for any bEB. Since B is dense in R and
f’ is continuous, f'(¢) is identically equal to 7’(0). That is, f is an
affine map. This completes the proof of (i) of the theorem. N

For the proof of (ii) of the theorem, we assume that Fix(N)={0} in
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the sequel. By Proposition (1.3), we can take a normal subgroup I'o of
finite index in T" such that NCT and [Ty, To]©N. From Propositon (1.2),
it follows that N is also the nilradical of I's. Notice that for each f&T
the subset Fix(N) is f-invariant. First we shall prove (ii) for T'c and
next we shall prove (ii) for I

The preliminary step of the proof of (ii) for I'o is to show that
Fix(f)={0} for each fET\\N.

Fix f€T.\N and let p=Fix(f). Then the following three cases are
considered :

Case(a) pEFix(N) and there exists a sequence {p»} converging to p
such that p,€Fix(N) and p.%Fix(f).

Case(b) pEFix(N) but there exist no such sequences as in Case(a).

Case(c) pEFix(N).
We shall show that Fix(f)={0}. To prove this fact, we prepare the fol-
lowing lemmas.

(6.2) LEMMA. Let pEFix(f) in Case(a). Then pEFix(g) for any
gEFo\N.

PROOF. Suppose on the contrary that p&Fix(g). There exists an
interval (g, ¢) containing p such that g€ Fix(g), (g, ¢1)N Fix(g)=0 and
¢1€Fix(g) or ¢1=o. We assume that ¢ is a contraction of lg, av)
because we may replace g with g' if necessary. Then clearly lim gn(p)=q

(where g is the n-times iteration of g). Since p& Fix(N)N Fix(f) and
To/N is abelian, it follows easily that g.(p)EFix(N)NFix(f). Therefore
we see that ¢EFix(N)NFix(f) because Fix(N)NFix(f) is a closed set.
For each positive integer #, there exists 4Z,EN such that gn'cf 'egn=
fYoh, We consider ¢ and f~' to be restricted on the interval [q, ¢1).
Then, applying (1.7) to p and g, f'<Diff’[q, q1), we see that the
sequence {f 'ohn}nen converges uniformly to id on [pi, p] (where pi=
g(p)). In other words, {k.} converges uniformly to f on [p1, p]. On the
other hand, from the assumption of the lemma, there exists a point
p'E[p, p] such that p’EFix(N) but p'é&Fix(f). Therefore {k.} (CN) can
not converge to f at ». This is a contradiction. Hence pEFix(g). [

(6.2) implies the next lemma.

(6.3) LEMMA. If there exists p=Fix(f) in Case(a), then p=0 and
Fix(f)={0}.

PrROOF. From (6. 2) it follows that p< Fix(I"o). Since
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Fix(I")={0}, clearly Fix(T'0)={0}. Thus we have p=0.

Fix a point ¢gEFix(N) such that go#0 and ¢&Fix(f). This qo exists
clearly from the assumption of the lemma. Let py=max{xEFix(/)[0<x < go}
and pn=min{xEFix(f)|x >q}. Now we assume that Fix(f)#{0}. Then
either pu or pn» exists. First suppose that pu exists. Clearly 0<pu<qo
and (pu, @] NFix(f)=0. Furthermore {f+(qo)}.cz is contained in Fix(N)
and Eziglfn(qO)sz or nlin}ofn(qO)ZpM. That is, pu is such a point as in

Case(a). Therefore, by the first assertion of this lemma, we see that
pu=0. This contradicts px>0. Similarly, supposing that p» exists leads
to a contradiction. Hence Fix(f)={0}. [ |

(6.4) LEMMA. Let pEFix(f) in Case(c), that is, pEFix(N). Then
p<int Fix(¥).

PROOF. Suppose that p & int Fix(f). From the assumption of the
lemma, p#0. Therefore there exists an open interval (g, go) containing p
such that (g, go)N Fix(N)=@, ¢< Fix(N) and g€ Fix(N) or go=00.
Notice that ¢€Fix(f). In fact, if ¢&Fix(f), then {f:(q)lnEZ}N(q, g0)*0.
Since {f2(q)}CFix(N), we see that (g, o) NFix(N)=+@. This contradicts
the choice of (g, go). Hence g=Fix(f). Moreover we have the following
fact.

CLAIM. g<Fix(g) for any g&T\N.

PROOF. Suppose that ¢&Fix(g). Then neither ¢ '(¢) nor ¢g(g) can
be contained in (g, go) because g *(q), g(qg)EFix(N). Since go<g '(g)<oo
or go<g(g)<oo, we have go<cc and ¢<Fix(N). Therefore, by the same
argument as above, we see that go=Fix(f). And there exists the interval
(#, v) which contains [gq, go] such that («, v)N Fix(¢)=0, u< Fix(g) and
vEFix(g) or v=c0. Without loss of generality, we assume that g is a
contraction of [«, v). Then, in the same way as in the proof of
(6.2), (applying (1.7) to these g, f and qo), we see that there
exists a sequence {/#.}CN such that {/.} converges uniformly to f on
[9(q0), @o]. Remarking that g(go)<gq, we see that {%.} converges uniformly
to f on [q, g). Restrict N on [q, q). Since (g, o) NFix(N)=§, we can
apply the proof of (i) of (6.1) to N. By this observation, we
see that N is conjugate to a subgroup of translation group of R. There-
fore f=1im %, must be the identity on [g¢, go) because §+Fix(f)N(q, g)=>p.
That is, p=(q, go)CFix(f). This contradicts our assumption that p &
int Fix(f). Therefore ¢=Fix(g). This completes the proof of Claim.

The above claim implies that ¢&Fix(I). Since Fix(I)={0}, it fol-
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lows that ¢=0. Therefore, we see that go<oo and ¢g,&Fix(N) by the
assumption Fix(N)#{0} and the choice of (g, go). Moreover g.<Fix(g)
for any gE€T0\N. Indeed, if go&Fix(g), then #+{g.(q0)|lnEZ}N(q, q)C
Fix(N)N(q, go). This contradicts the choice of (g, ¢o). Thus g.<=Fix(g)
for any gET'0\NN. Therefore go=Fix(I0)={0}. This contradicts the choice
of go. Hence we conclude that p<int Fix(f). [ |

Now we can show the following.
(6.5) LEMMA. Fix(¥)={0} for any fFET\N.

PROOF.  Suppose that Fix(f)#{0} for fEIZ\N. By (6.3)
and (6. 4), we observe that if p€Fix(f)\{0} and p & int Fix(f), then p is a
point in Case(b), that is, pEFix(N) and there is no sequence such as {p.}
where limp,=p, p»EFix(N) but p.&Fix(f). Let J=(a, b) be a compo-
nent of (0, °)\Fix(f). Then the above observation implies that ¢<=Fix(f)
and ¢€ Fix(N), and if 5<oo, then b< Fix(f) and »< Fix(N). And JN
Fix(N)=§. In fact, if ¢g=JNFix(N)=+0, then ¢ and b (if b<) are
adherent points of the set {fx(¢)ln=Z} (C Fix(N)). That is, ¢ and b (if
b<oco) are points in Case(a). Therefore, from (6.3), it follows
that =0 and b=o0, contradicting the assumption that Fix(f)+{0}. Thus
we see that JNFix(N)=#. Now we have the following.

CLAIM. For any &N, feh=hf on J.

PROOF.  Denote by T's the subgroup of I'y generated by f and N. We
restrict Ty to [a, b), and denote by T'} the restriction of T'; to (a, b).
Since Fix(N)N[a, b)=a and clearly Fix(I's)N[a, b)={a}, by applying (i)
of the theorem, we see that '} is C” conjugate to a subgroup of Aff'(R).
The conjugation maps N into the translation group since N is abelian and
Fix(N)N(a, b)=@. Furthermore flw,» is also conjugate to a translation
because Fix(f)N(a, b)=0. Therefore I'f must be conjugate to a subgroup
of the translation group. It follows that I'f is abelian. This completes
the proof of Claim.

This implies that feh=hef on [0, ) for any #£N. That is, I's is an
abelian group. And Ty is a normal subgroup of Iy because T'yDND
[T, To]. This contradicts the maximality of N. Therefore Fix(¥)={0}. W

The following lemma completes the proof of (ii) for ..

(6.6) LEMMA. To/N is a free abelian group of rank 1 and has a
Zgenerator which is vepresented by a contraction.

PROOF. On the contrary, assume that I'o/N is of rank = 2. Then
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there exist contractions f, g&TI' such that the subgroup of I's/N generated
by the elements which are represented by f and g is of rank 2. Let A be
the subgroup of T, generated by f and g¢g. Notice that Fix(NV) is un-
bounded since Fix(N) is f-invariant and Fix(N)=+{0}. Notice that
Fix(N)=[0, 00). (Otherwise N={id} and T'v=To/N is abelian, which con-
tradicts the maximality of N.) Let a=Fix(N) (a#0) be the upper end-
point of a certain component of [0, ©)\Fix(N). We consider the orbit
through @ of the natural action of A on [0, ). Denote this orbit by &
and denote its closure by Z. Since ZCFix(N), there exists c€ & such
that (¢, a)N Z2=@. Letting J=l[c, a], we see that if &, hEA and (a)+
ho(a), then int(Z(J)Nhe(J))=@. Furthermore we see that ¢ <. Indeed,
if c€¢ and c=h(a) for some hEA, then ¢ ={h™(a)|lnEZ}= 7 N(0, ).
It follows that f(a)=h'(a) for some i€Z. Since h ‘cf(a)=a=+0, by
Lemma (6.5), we have that 2 "cfEN. In a similar way, we obtain that
h™7og&N for some j. These imply that the subgroup of T'o/N generated
by the elements which are represented by f and ¢ is generated by the
element which is represented by %. This contradicts the choice of f and
g. Therefore, we have c& 7.

It follows that there exists a strictly increasing sequence {an}C &
such that an<c and liman=c. For each m, there exist m., m.EZ such

that am=_/fm°gm.(a). Since an<a, we see that mi >0 or m»>0. Replacing
{an} with its subsequence if necessary, we can assume that m,>0 without
loss of generality. Let An=/fn.°gn. and Jn="hn(J). Since the points an=
hn(a) are distinct, the intervals #4»(J) are disjoint. Applying
(1.9), we see that there exist @, v>0 such that

0< hn(2) < al[n|

for all z&J (where |Jn| denotes the length of J. and J denotes the
v-neighborhood of J). Since }nifnllmIZO, for sufficiently large m, hu(z)

can be made arbitrarily small uniformly for all z& J. Therefore, since
liman=c and c€ J, for sufficiently large m we have

m—oo

hn(J)CT .

It follows that /4 has a fixed point in J (cf.[Sa, p.83]). By (6.5)
we see that An=fmo°ogn,=N. This contradicts the choice of f and g.
Thus we conclude that T'o/N is of rank 1.

Next we show that T'o/N is free abelian. Since Fix(f)={0} for any
fETO\N and Fix(f,)=Fix(f), we see that Fix(f»)={0} for all »nEZ.
Therefore /&N for any fET0\N and #EZ. It follows I's/N has no ele-
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ment of finite order. Thus I's/N is free abelian of rank 1 and therefore, is
generated by only one generater which is represented by some f such that
Fix()={0}. Since f or /! is clearly a contraction, the lemma follows. H

PROOF OF (ii) OF THEOREM (6.1). We show that the same assertion
as the lemma above holds for I'/N. Since I'/T is polycyclic and of finite
order, there exists a sequence of subgroups

r=r*>r*15---or'°=r,

such that for each 7=1, ...,k T'"! is normal in ' and T"//T"! is a finite
cyclic group. By induction, we show that the same assertion as
(6.6) for each I'* is valid. For i=0, this is (6.6). Assume that
the assertion is valid for some 7. That is, I''/N is infinite cyclic group
and generated by an element ¢ which is represented by a contraction g.
Since T !//N is normal in T ‘*!'/N, it follows that for each f & T ‘*!/N,
fogef'=g or g '. But each fEDIff’[0, ) preserves the order of
points in [0,0). Therefore fogef'=g for each f&T*'/N, which
means that I'**'/N is abelian. By Proposition (1.3) we see that N is also
the nilradical of I'"**'. Since we can apply the same argument as T' to
' by (6.6), we conclude that the assertion for I''*! is valid.
This completes the proof. n

REMARK. By (5.1) and (6.1), we notice that every
polycyclic subgroup of Diff”[0, o) (»>2) is strongly polycyclic.
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