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On self-adjointness of Dirac operators in
Boson-Fermion Fock spaces
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Abstract: It is shown that a class of Dirac operators acting in the
abstract Boson-Fermion Fock space, which were introduced in a previous
paper (A. Arai, J. Funct. Anal. 105 (1992), 342-408), is essentially self-ad-
joint. The result is applied to the Wess-Zumino models of supersym-
metric quantum field theory to prove the essential self-adjointness of their
supercharges and Hamiltonians.
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I. Introduction

In the previous papers [1, 2] (cf. also [3, 6,9, 12]), the author developed
a new theory of analysis on the abstract Boson-Fermion Fock space
(BFFS), introducing operators of the de Rham and the Dirac types acting
there. Some fundamental properties of these operators were investigated.
In particular, index theorems for the Dirac operators have been estab-
lished in terms of functional integral representations. In deriving the
index theorems, however, the (essential) self-adjointness of the Dirac
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operators was assumed. In this paper we focus our attention on the self
-adjointness problem of the Dirac operators and give a partial solution to
it.

In Section II we review the fundamental framework of the theory
presented in [1], summarizing properties of the de Rham type operator da,
the free Dirac operator @ and the free Laplacian As acting in the
abstract BFFS with A a densely defined closed linear operator playing a
role of a “parameter”. In Section III we first describe a perturbation of
Q4. This is defined from a perturbation of da, which is given in terms of
a Hilbert space-valued function F on the probability space realizing the
abstract Boson Fock space under consideration. We then show by an
explicit construction that the perturbed Dirac operator, denoted by
Qa(F)(Qa(0)=@Q4), has at least two self-adjoint extensions if it is not
essentially self-adjoint. Section IV is devoted to a detailed calculation of
the perturbed Laplacian A4(F) :=Qa(F)*Qa(F), where Qa(F) is the clo-
sure of Qa(F). This is done for a class of F. In Section V we prove
that, for a more restricted class of F,As(F) and Qa(F) are essentially
self-adjoint on a domain included in D(Qa(F)?). The idea of the proof is
to apply a general theorem on essential self-adjointness of semibounded
operators [10,17]. In the last section we apply the abstract results in Sec-
tion V to the Wess-Zumino models of supersymmetric quantum field the-
ory (SSQFT) to prove that, for a class of interactions, the supercharges
and the Hamiltonians with ultraviolet cutoffs are essentially self-adjoint
on suitable domains. In Appendix we prove some elementary facts on
decomposable operators in a direct integral of Hilbert spaces with a con-
stant fibre, which are needed in the main text of the present paper.

II. Preliminaries-a review

In this section we describe the fundamental framework of the theory
presented in with some minor modifications in notations and
definitions, and give some additional results. Throughout the present
paper, we shall use the convention that the inner product (+,*) = of the
complex Hilbert space &2 is complex linear in the second variable.

2.1. Boson Fock space

Let # be a real separable Hilbert space and {¢(f)|f€#} be a family
of Gaussian random variables on a probability space (E, ., 1) such that
the mapping : f—@(¥) is linear, the Borel field . is generated by {#(/)|f
e#}, and
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few(f)dﬂ:e—llfllim, fe #
E

By abuse of notation, we also denote by ¢ an element of E.
We denote by P, the set of complex-valued polynomials in #» real
-variables (Po=C). For a linear operator 7 whose domain D(T) is a

subspace of #., the complexification of %, we define a subspace .#rC
LXE, du) by

Fr=L{Pd(f),, d(f))n=0, P,EP,, F,ED(T)N F, j=1,--, n},

where & {--) denotes the subspace spanned by vectors in the set {---}. If
D(T)N # is dense in #., then #r is dense in L%E, du). For the case
D(T)= #., we simply write .# r= .

Let # be a complex separable Hilbert space. We denote by L*E,
du; #) the Hilbert space of # -valued square integrable functions on (E,
w), which is identified with L*(E, du)® # (e.g.,[19,§11.4]). Let T : #.—
# be a densely defined closed linear operator such that D(7)N & is dense
in #. Then we can define an operator 7TV: LXE, du)—L*E,du; #)
with domain % r by

TVE= 2 P p(f1), -+, $(f)) TS

for vectors Y& .#r of the form

V="Pu($(f1), -+, $(fn) (2.1)

and by extending it by linearity to all Y& r, where 0;P» denotes the
partial derivative of the polynomial P, in the s-th variable.
We denote by J# the natural conjugation on #. and set

f=J=f, [fEx
LEMMA 2.1. Let T be as above. Then TV is well defined.

PROOF. For f=A+if,€ #(f;€ &, i=+/—1), we define ¢(f)=¢(f1)
+i4(f2). It is' well known or easily proven (cf.the proof of Theorem 6. 3.
1 in [15]) that for vectors ¥, ®<.# of the form (2.1) and all f€ #,

ﬁ (f, V), Ddpu=— A V(f, V®) ».du+ L ¢(f)¥ddy, (2.2)

which is an integration by parts formula with respect to (w.r.t.) the mea-
sure x. Let ¥, ¥, & #such that ¥i(@d)=Vx(¢) a.e. . Then we have
from (2.2) that
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[, TV c@du= [ (4, TV @y

for all uD(T*) and ®<.#. Since # and D(T*) are dense in L*(E, du)
and .#, respectively, and .# is separable, it follows that there exists a
subset N of E with ©(N)=0 such that for all u€D(T%*)

(u, TVV(P).e=(u, TV¥Ad)),, SEE\N.

Hecne, TV (¢)=TV¥¢) a.e. ¢, which means the well-definedness of
TV as an operator from LXE, du) to L*(E, du; # ). ]

In the case where # = %#. and T=1 (ideptity), we simply write IV=
V. For each fE %., we define an operator V, in L E, dp) with domain
Z by

6_)”‘1,‘:(](, V‘I’)gﬂ” ve 7.

Note that Vs is complex antilinear in f.
For two vector spaces 7" and %', 7" ® # denotes their algebraic ten-
sor product.

LEMMA 2.2. Let T be as in Lemma 2.1 and fE #c. Then, Vs and
TV are closable and the following relations hold :

FcD(VY), 7 @ D(T*)CD(TV)¥), (2. 3)
T, U =(TV)*(Wu)=—V, ¥+ ¢ T*u)¥, ¥E 7 uED(T).
(2.4)

PROOF. Using (2.2), we can prove (2.3) and (2.4). In particular,
(2.3) implies that D(V¥) and D((TV)*) are dense in L*(E, du) and L*E,
du; # ), respectively. Hence V, and TV are closable. n

We denote the closures of 7V and V, by the same symbols, respec-
tively.

The Hilbert space L*E, dut) admits the orthogonal decomposition

[XE, dy)= n@)m(%),

where T'o(#)=C and T'»(#)(n=1) is the closed subspace generated by the
Wick products: ¢(fA)¢(fa) : (FE€ &, j=1,,n) w.r.t. p [22]. Tt is
well known that L E, du) is isomorphic to the Boson Fock space over ¢
in a natural way [22].

Given a self-adjoint operator S in #, one can define the second quant-
ization dT's(S) of S as the self-adjoint operator in L*(E, dr) which is
reduced by each Tx(#) with the reduced part dT$’(S)=dTs(S)IT(#)
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being of the form
dT$(S)=0,
dT$S) 1 pA)-d(f): =2+ A~ H(SH)~¢(fa):  HED(S).

2.2. Fermion Fock space

We next recall Fermion Fock space. Let % be a real separable Hil-
bert space and A?( #:) be the p-fold antisymmetric tensor product of %%
(p=0, N%(#:) :=C). For u,& *., j=1, -, p, we define the exterior prod-
uct A AupeE NP(Fe) by

1
ul/\"'/\up:F 62@ e(0) sy ®** ® Us(p)
. 0 b
=Ap(11®- ® up)

where ©, is the symmetric group of order p, (o) the sign of the permuta-

tion o0, and Ap,= %0&(0)/p! is the antisymmetrization operator on the
cEG,

p-fold tensor product of #~.
The Fermion Fock space A(%#:) over ¥: is defined as the Hilbert
space given by

A= @ A7)

(e.g., [19, § II. 4]).

For a self-adjoint operator T in %, the second quantization dT'/(T)
of T is defined as the self-adjoint operator in A( .%:) which is reduced by
each A?( %) with the reduced part dT'¥(T)=dT(T)! AN?( %) being of
the form

dTP(T)=0,
D

dTP(T)=21®- Q[ T®[®--®1.
h=1>——— S —

k—1 times p—k times

Let b(u), uE #., be the annihilation operators on the Fermion Fock
space N( %), i.e., b(u) is a bounded linear operator on A(.%#%) such that
b(u) : N°( %)— AP #.) with

b(u)t N #e)=0,

b
b(z;)ztl/\---/\m;:%plz:1

=1, urE %, (2.5)

(=1 Yu, us) mata N Nidx A ANy,
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where #. indicates the omission of .. The adjoint #(«)*, called the cre-
ation operator, maps A?( %) intoA?*'( . #:) acting as

b(w)*u N ANup=vVp+TuNwui AN up. (2.6)

Moreover, the following canonical anticommutation relations (CARs)
hold :

{b(w), b(v)*}=(u, v),  {b(w), b(V)}=0, u,vE 7,
where {A, B}=AB+ BA. The CARs imply that
lo(e)*|=lul s, wE .

For later use, we introduce operators quadratic in &(+)* (cf. [14]).
Let #:(%.) be the set of Hilbert-Schmidt operators on %. and T €&
# o #e). Then there exist two orthonrmal systems {¢n}3¥-1, {$n}3=1 (N<

N
+00) and positive numbers A, such that 21/1;21<00 and
n=

T= 2 inldn, ) 561 (2.7)
(e.g., [19, Theorem VI 17]). We define

<BHT16* > = 2 Anb($0)*B(F), (2.8)

<BITIb>= 3 Aub(F2)b(g), (2.9)

<BHTIb>= 3 Aub($n)* b4, (2.10)

One can show that, in the case N=+0c0, the operator on the right hand
side of (2.8) [resp. (2.9), (2.10)] converges strongly on the dense subspace

AA ) =T =T} A7) e
EANF® - ® F.), TP=(
for all but finitely many p}

and these limits are independent of the choice of the representation of 7T
given by (2.7). We denote by <5*|T|b" > any of these three quadratic
operators with domain A f( %).

LEMMA 2.3. We have
AA F)CTD(< b*| T)b8 >*)

and
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<X T|b*>*=<b|T*|b>,
<X T|b>*=<b*|THb> on NA 7).

In particular, each <b*|T|b%> is closable.
PROOF.  See [1,2]. .

We denote the closure of <&*|T|b" > by the same symbol.
The following lemma also will be used later.

LEMMA 2.4. For every ¢ % c® K¢, there exists a unique operator
AN)e I ) such that for all u, vE ¥

(u, A(P)0)»=(u® 7, §) 7.0 .. (2.11)
Moreover, we have
IA(D=¢l} . ® 5., (2.12)

where | T2 denotes the Hilbert-Schmidt norm of T. The Hilbert space
Fe® K is isomorphic to 5 o % c) under the linear trvamsformation A :
He® He— I He).

PROOF. The existence of A(¢) can be proven by using the Riesz
lemma. The uniqueness is obvious by (2.11). It is an easy exercise to
prove (2.12). To prove the surjectivity of A, let T€ #,( %.), so that it is
represented as (2.7). It is easy to show that

N _
(/’T :ngl/bﬂsn@ ¢n, (2 13)
strongly converges in % ® %, and
Algr)=T. (2.14)
Thus A is surjective. u

We denote by r the transposition on #.® %, i.e., r is the unitary
operator on .%.® %, such that for all », ve %.

(u®v)=v®u.
For ¢€ %.® %, we set
b=J»®J .
LEMMA 2.5. For all € % . %,
A(P)*=A(79). (2.15)
PROOF. Let 4, v&E %.. Then we have
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(u, A(P)*v) 5.=(¢, v® @) .
=(z¢, Z?@_?f_)ﬁn@fc
=(u® 17,_T¢)m®7/c
=(u, A(7¢)v) 5.

Hence (2. 15) follows. m

LEMMA 2.6. (i) Let ¢ %:® ¥ and u;E e, j=1,--,p. Then
(<BIADNb>ur N Aup)®?
2

s BV @G f) e
Xur Ao N e N NN Nty
for all p=2 and
(<BIADNE>ur A ANup)' =0,  gFp—2.
(ii) For all TE 7 %),
<b¥|T|b>=dT(T). (2.16)

PROOF. Part (i) follows from a direct computation using (2.5),
(2.9), (2.13) and (2.14). As for part (ii), using (2.5), (2.6) and (2. 10),
one first proves (2.16) on A,(%c) and then, by a limiting argument,
extends it as an operator equality. u

2.3. BFFS, operators of the de Rham type, and free Dirac operators
The BFFS we are concerned with is defined by

N#, X)=L E, du)® N(F¢)
=LXE, du; N(Xxe)).

We have
A, %)=§0AP(%, x),

where
N, 7)=LXE, du, N (x)=LXE, du)® NP( %)

Let A: #.— %. be a densely defined closed linear operator such that
the nonnegative self-adjoint operator A*A is reduced by #. We intro-
duce a subspace Da,r of AN?(#, %) by

@A,P:g{Pn(ﬁb(fl), tty ¢(fn))u1/\"'/\up|”20, P,ePy, ijD(A)ﬂ x,
ukE '%/C,jzly 27 Ty n; k:]-a 2’ ot 71)}
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Since D(A*A) is dense in # and D(A*A)N#CD(A)N#, it follows that
Dap is dense in AP(F, K).

For each p>0, we define an operator dap: A(F, % )—> NP H# F)
with domain Da,» by

das¥=VDFT OPNSR), -, BUENALNw ANty

for vectors ¥&9a4,» of the form

‘I’:Pn((ﬁ(fl),"', ¢(fn))u1/\"‘/\up (2 17)

and extending it by linearity to all vectors W&®4,,. In the same way as
in the proof of Lemma 2.1, one can show that the operator d. is well
~defined (i.e., if ¥, ®EDs,, Y= a.e., then dap Y=dap ® a.e.).

LEMMA 2.7. (i) For all p=0,
da,pDa,pCDa,pt1
and
dap+1dap=0.

Moveover, da,p is closable.
(ii) Let
@j,p:g{sz(¢(fl), A ¢(fn))u1/\~-/\up+1|n20, P.eP,, e,
ursD(A*), j=1,2, ,m; k=12, -, p+1}.

Then, for all p =0,

DE,CD(dk )
and
p ~ ~ ~
d £ w:-};};(—nk-l(ﬂA*uk)Pn—v,,A*m B A A GuA- Ay
for vectors WEDE -1 of the form (2.17), where Po=Pu($(£1), -+, ¢(fa)).
PROOF.  See [1] -

We denote the closure of da,» by the same symbol. One can define
from the sequence {da,»}3-0 of operators a de Rham type operator da act-
ing in A(#,.%") by

D(da)={T={¥P)50& N(#, 7 )| TPE D(da), 20||a’A,p‘If“’)HZ<OO},
(da?) =0, (daW)P=dap-1 T* P, p=1, ¥ED(d).
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Let

Da={T={TP)5..E A(F, 7)) TP EDsp ND¥a,p_1, TP'=(
for all but finitely many p}.

LEMMA 2.8. (i) The operator da is densely defined with
DaC D(d,)
and closed. Moreover
di=0.
(ii) The adjoint d¥ is given by

D(dx)={w={¥P}3. 0 N(#, % )I¥**VED(dL»), Igolldﬁ",p‘l"" P< o0},
(dx¥)P=d}, ¥ p>0, vED(d¥).
PROOF.  See [1] .
We define
Qu=da+d}

with D(Q4)=D(da)ND(¥). We call Q4 a free Dirac-Ki#hler operator or
simply a free Dirac operator.

The free Laplacian associated with the de Rham operator da is
defined by

AA - dﬁde + dAdjlk

with D(A4)=D(d¥da) N\ D(dsd¥). The following theorem has been proven
in (cf. also [2]).

THEOREM 2.9. (i) The free Laplacian A4 is a nonnegative self -ad-
joint opevator and the opervator equality

AA:de(A*A) QI+I® de(AA*)

holds.

(ii) The free Dirac operator Qa is self -adjoint and essentially self
-adjoint on every cove for Aa. Moreover, the operator equality

As= Qi
holds.

REMARK. Let {ex}35-1 be a complete orthonormal system (C.0O.N.S.)
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of #. with e.€D(A*), n>1, such that g}lllA*enIIz;fKOO. Then we can
show that for all ¥&9,

dA‘I’ ==

uMS

I?A*en ® b(en)*\l,,

n

d;lk‘\I’: ?j*en® b(en)\lf

M

in the sense of strong convergence. Putting

_V,+V¥
Q(f)_ ﬁ ’ fE %C)
Yan1=b(en)+ b(en)*, voan=1(b(en)*—b(en)),
__A¥en oo 1A*e,
2n—-1 ﬁ y 2n ﬁ y

we have
QA: rglq)(hn) ® Yn

on P4 in the strong topology. Note that 7. is a bounded self-adjoint oper-
ator with

{771, Ym}zzamn, m, nZI,

which means that {7.}5-1 is a self-adjoint representation of an infinite
dimensional Clifford algebra [13] Thus Q. is a generalization of the
Dirac type operator Z, given in Example 2 in Section IV of [13]; If A*e.
and A*en are orthogonal for all m=+#, then Q. is of the form of 2, and,
in this case, Theorem 4.7 in gives another proof of the self-adjoint-
ness of Qa.

The BFFS A(%,.% ) admits the orthogonal decomposition
NF, V=N (F, %) N(F, %), (2.18)
with

/\+(%y'%/):p@o/\2p(%y%)y A_(%’L%):@O/\ZP*'I(%’%)-

The spaces A(#,% ) and A_(#,% ) may be regarded as a space of
“even forms” and of “odd forms” on E, respectively [1, 2,5, 6].

Let P. be the orthogonal projections onto A+(#,.%), respectively,
and define
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P:P+—P—.
Then T" satisifies
=], I'*=r,

i.e, I' is a grading operator on A(#, % ). The following proposition has
been proven in [1].

PROPOSITION 2. 10.

I'D(Q4)=D(Qa)

and
QAT +TQa=0 on D(Q.).

REMARKS. (i) [Proposition 2.10 and Theroem 2.9 imply that the
quadruple {A(#, %), Aa, Q4, T} defines a supersymmetric quantum theory
[3, 4, 8, 12, 16, 23].

(ii) More detailed properties of @4 and A are given in [1].

(iii) Decomposition theorems of the de Rham-Hodge-Kodaira type
for the “de Rham complex ” {da»}5-0 and related aspects have been dis-
cussed in [5, 11].

(iv) For a generalization of the above formalism to the case where
the measure z is not necessarily Gaussian, see [5, 6, 9].

III. Perturbation of the free Dirac operator and self-adjoint
extensions

In this section we consider a perturbation of the free Dirac perator Qa
introduced in the last section. Let F be a .%.-valued measurable function
on (E, ). Then we define an operator (F) acting in the BFFS with the
identification

/\(%,%)zf/\(ﬁ”c)du(qﬁ)

~ (]

5(F)= [ b(F($)du(®. (3.1)
(For the notation, see Appendix.) The following lemma can be proven by
applying Propositions A.1 and A. 2 in Appendix A.

LEMMA 3.1. Let FEL(E, du; %) with some v >2. Then the fol-
lowing (1 )-(ii) hold ;
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(i) The operator b(F) is densely defined with

D4CD(b(F))
and closed.
(ii) We have
DaCD(b(F)*)
and
b(FY = [ b(F($))*du($). (3.2)

In what follows, we assume that FEL'(E, dy; %) for some » >2.
We introduce a perturbed de Rham operator da(F) by

da(F)=da+ b(F)*

with D(da(F))=D(da)ND(b(F)*). By Lemma 3.1, we have
DaCD(da(F)*?)

and
da(F)*=d}f+ b(F) on D(dX)ND(b(F)).

In particular, da(F) is closable.
We now define a perturbed Dirac operator by

QA(F)=di(F)+di(F)*

with D(Q4(F))=D(Q4)ND(b(F))ND(b(F)*). Tt is obvious that Q.(F) is
a symmetric operator. We denote the closure of Q4(F) by Qu(F). We
are concerned with the self-adjointness of Q4(F). We first show that
Q4(F) has self-adjoint extensions. A key fact for that is given by the
following proposition.

PROPOSITION 3. 2.
T D(Q4(F))=D(Qa(F))
and
{Qa(F), T}=0 on D(Qa(F)).

PROOF. It is sufficient to prove these facts for Qu(F) replaced by
Qi(F). Let v={¥®}3_,&D(b(F)*). Then we have

(Cw)P=(=1)*T?  p>0. (3.3)
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Hence

16(F (N TEN N ro=Nb(F($))*T($)(xo,

which implies that TWED(5(F)*). Thus TD(5(F)*)CD(b(F)*). Since
'?=1, it follows that D(b6(F)*)CT'D(b6(F)*). Thus we obtain

TD(b(F)*)=D(b(F)*). (3.4)
Moreover, we have by (3.3) and (2. 6)

(b (FPT¥)P(¢)=(—1)"p F($) NT* (),
(T o (Fy*¥)P(g)=(—1)*Vp F($) NTP(8).

Hence

{6(F)* T}=0 on D(b(F)*). (3.5)
Similarly we can show that

T D(b(F)=D(b(F)) (3.6)
and

{6(F), T}=0 on D(b(F)). (3.7)
[Proposition 2. 10 and (3. 4)-(3.7) imply the desired result. L]

Jorgensen introduecd a notion of abstract Dirac operator: Let &
be a complex Hilbert space and y be a grading operator on %, i.e.,, 7 is a
self-adjoint operator on 2 such that y*=I (y#+=x1I). A closed symmetric
operator T in #is called an abstract Dirac operator w.r.t. v if 7 leaves
D(T) invariant and

{7, T}=0 on D(T).

In terms of this notion, Proposition 3.7 is rephrased as follows: The oper-
ator Q4(F) is an abstract Dirac operator w.r.t.T.

It has been shown in that every abstract Dirac operator has a
self-adjoint extension which is also an abstract Dirac operator. Here we
explicitly construct two self-adjoint extensions of Q4(F) by employing an
idea used in [6, 7].

By (2.18), every W& A(#, %) can be represented as

\P:($+>, V. EN(H, 7).

Then every linear operator in A(%#, %) is given by a 2X2 matrix with
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entries being linear operators. For example, we have

F=<é _0[> (3.8)

It follows from [Proposition 3.2 that there exists a unique densely defined
closed linear operator Qa(F):(resp. Qa(F)-) from A.(F#, % )(resp. A_(#,
X)) to A(F, %) (resp. A+(#, %) such that

@(F)z( QA(OF)+ Q"(OF )‘>. (3.9)
The symmetricity of @4(F) implies that

Qa(F)+C Qa(F)-*. (3.10)
Let

(g, “)
and

fo’(F)=< QA(?:)_* Q‘“(OF )‘>. (3.12)

PROPOSITION 3.3. FEach QY(F) is a self-adjoint extension of Qa(F)
and an abstract Divac operator w. v. t. T.

PROOF. It is easy to see that QX)(F ) is self-adjoint. By (3.9) and
(3.10), QY(F) is an extension of Qa(F). Using (3.8), one can easily
check that Q% is an abstract Dirac operator w.r.t. T. L]

IV. The Laplacian associated with the perturbed Dirac operator
By von Neumann’s theorem (e. g., [20, Theorem X. 25]), the operator
AA(F) = Q_A(F)*Q_A(F)

is self-adjoint and nonnegative. We call this operator the Laplacian as-
sociated with the perturbed Dirac operator Q4(F) or simply the perturbed
Laplacian. The essential self-adjointness of Qa(F) is closely related to
that of A4(F) as is shown in the following lemma.

LEMMA 4.1. Let ® be a core for Aa(F) such that DCD(Qa(F)?).
Then Qu(F) is essentially self -adjoino on 9.

follows from an application of a general fact given in the
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following lemma.

LEMMA 4.2. Let T be a symmetric operator in a Hilbert space 7.
Suppose that theve exists a dense subspace D such that D CD(T?) and T? is
essentially self -adjoint on D. Then T is essentially self -adjoint on D.

PROOF. The fact stated in this lemma should be more or less
well-known (cf. [20, Chapter X, Problem 28]), but, for the sake of com-
pleteness, we give a proof. Let T be the closure of 7. Then, by von
Neumann’s theorem, the operator

L=(TY*T=T*T

is self-adjoint and nonnegative. Since 7T is symmetric, we have T?CL.
Hence it follows that D is a core for L. We can easily show that for all
fED,

1
| Tflléﬁil(LH)fll-

Moreover, for all fE€D,
0=|(Tf, (L+1)/)—(L+1)f, THI<I(L+1)"*1.

Thus, by applying a variant of Nelson’s commutator theorem (e. g., [20,
Theorem X. 37]), we obtain the desired result. m

PROOF OF LEMMA 4. 1.
Apply with 2 =A(#, %) and T =Qa(F). =

Employing [Lemma 4.1, we shall prove, for a class of F, the essential
self-adjointness of Q4(F) by proving that of A4(F) on a domain included
in D(Q4(F)?). For this purpose, we need to know an explicit form of
Qa(F)? on a suitable domain. The rest of this section is devoted to the
computaion of Qa(F)>.

We introduce a class of #.-valued measurable functions on E. Let
1<7, s<oo and define a norm ||*||,.s on .# 4® D(A*) by

|l 7.s =Dl (&, du; 5+ ”z‘_l_V ® I®|| & du; .0 72
+| AV ® I®| Lk a; 7.0 70,

where
A=]+AJ .
We denote by # 7%( %.) the completion of # 4® D(A*) in the norm |-|, s.
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DEFINITION 4.3. We say that a #.-valued function ® on E is in the
set F7* if ®=D((AV)*)N7 »*(¥.) and, for all fED(A)NZ, (®, Af)=, is
a real-valued function on E.

Let G be a % .® % .-valued measurable function on E. Then, for a.e.
¢=E, we can define three kinds of quadraic operators < b*|A(G(#))|6% >
(see Section 2.2). These operators can be extended to operators in A( %,
%) as decomposable operators :

< BTGB = [ < b*|AG(#))Ib" > du()

We introduce

@%):g{Pn(¢(f1), ) ¢(f7l))u1/\'”/\uplny pzoy PnEPn, f?ED(A*A)m%a
ukED(AA*), ]Zly 27 L, Ny kzly 2’ ) p}v

which is dense in A(#,%"). We denote the closures of the operators AV,
AV : LYE,dy)— L E,dy; %.) with domain % . by the same symbols.
The main result of this section is the following.

THEOREM 4.4. Let F €F%° with v >4 and s > 2. Then, DPC
D(QA(F)*) and

Aa(F)=Qa(F)
=Aa+(AV*F+|F|%.+ < 5*|A(AVS IF)| b >
+< b¥AAVRIF)*| b >+ < b*|A(AVS IF)| b*>
+ < b|A(AV® IF)*| b > (4.1)

on DY,

Formula (4.1) has been derived in with a different notation for
the quadratic operators in 5*(+) and under slightly different conditions,
although the details of the derivation of (4.1) was not given there. The
present formulation gives a refinement of the corresponding result in
and may be a most general one to obtain such an explicit form of Aa(F)
as (4.1). For these reasons and for the sake of completeness, here we
present, by a series of lemmas, a detailed proof of (4.1).

In what follows, we often omit the subscript #° in the inner product
(+,*)= of the Hilbert space & if there is no danger of confusion.

Let T be a densely defined closed linear operator from #. to % ¢ such
that D(T)N # is dense in #.

LEMMA 4.5. Let GELS(E,dy; %.)ND(TV)*) with some s>2.
Suppose that theve exist sequences {Gnln-1C .7 and {en}n-1CD(T*) such
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that 25_1 Gnen— G in L5(E, du; #%:) as N—oo. Then, for all Y& Fr,
(TV)*G, \I’)Lz(E,d#):gl(_ﬁjg/T*en Gnt+ d(T*en)Gn, W)i2e,an). (4.2)

PROOF. Let ¥&.#r;. Then we have
(TV)*G,¥)=(G, TVY)
il(Gn, ?T*en \If)

n

(? T*e, Gn, \I,).

Ms

1
Then, using Lemma 2.2, we obtain (4. 2). ]

~ For each function GEL*(E, du; %) with s>2, we define an operator
VT,G in LZ(E, d/l) by

D(?T,G):ﬁT,
Vrc ‘I"-_—(G, TV‘I’)%, Yve #r.

n

By Holder’s inequality, one can easily show that Vr,c¥E L E, dp).
LEMMA 4.6. Let G be as in Lemma 4.5. Then, Vr.c is closable with
D(V$6) D7 1 (4.3)
and
VicU=U(TV)*G-Vrc¥, YE7 1. (4.4)
PROOF. Let ¥, &€ # 7. Then

(Vr.00, W)= [(TVO($), G($))+¥($)d
=3 (V1®, Gu¥)

3@, V- Ga)).

Then, using and 4.5, we see that (4.3) and (4. 4) hold. »

LEMMA 4.7. Let FEZ 2° with r>2 and s >2. Then the following
(1)-(iv) hold ;

(i) DuCD(dab(F)*)ND(H(F)*ds) and
{da, b(F)*}=< b¥*A(AQIF)| b* > (4.5)

on Da.
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(ii) DaCD(dib(F))ND(b(F)dX) and
{d¥, b(F)}=< b|AA®IF)* b > (4.6)
on Da.
(iii) DaCD(dab(F))ND(b(F)ds) and
{da, B(F)}=< b*A(AV®IF)| b >+Var (4.7)
on Da.
(iv) D.CDEO(F)*)ND(b(F)*d}) and
(d¥, B(F)*)=< b¥A(AV®IF)*| b >—V i r+(AV)*F (4.8)
on Da.

PROOF. It is easy to see that D4CD(b(F)*). It is sufficient to prove
(4.5)-(4. 8) for vectors of the form

¥={0, --,0, TP 0, - }EDa4 (4.9)
with

VO =Pn(p(f1), =+, (fu))ta A= Ay,
,€EDANZ, ursD(A*), j=1,-,m, k=1, b.

Throughout the proof, we set
Prn=Pu($(f1), ", ¢ (fu)).
(i) For ¥ given by (4.9), (5(F)*¥)*=0 for k+p+1 and
(B(F*®)**($)=ypF1 PuF($) Nrx N+ N up. (4.10)
By the assumption on F, there exist sequences {F.}7-1C #4 and {en)5=1C
D(A*) such that F ::né Fren satisfies

"F(N)—F“L'(E, du; ch)_’O, (4 11)
|AV ® IF™ — AV ® IF || 14k, du; 500 50, (4.12)
IAV ® IFY) — AV ® IF || e, d; 390 5.0, (4.13)

as N—oo. By (4.10) and Holder’s inequality, we have
|5 (Fye— B(F)l=] B(F— ™) el
<C [ dulBal |F—F* L.,
E

<c( [adPale) ([P ~FI3) "
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with a constant C>0, where 1/g+1/r=1/2. Hence, by (4.11), we obtain
b(FM)Y* o — b(F)*¥

as N — oo, Since F,€.# 4, it follows that 6(F®)*¥&D(da) and
(dab(FMY w2 =J/(p+1)(p+2) {78 + 7},

where
771(v”=ﬁl&ijAfj/\F‘N’/\ul/\---/\up
N o
U;?):’Z:lpmAVFn/\en/\?/{l/\“'/\up
:ﬁmAp+2((AV®[F(N))® U1 up).

All the other components of dad(F™)*¥ are zero. As in the preceding
case, we have

Ea

OiPn AL NEM N A A up.

1

(1)

m
TN = &

J

Simlarly, using (4.12), we have
77&2) - ﬁmApn((Av@[F) QU1® - ® up).
Since dy is closed, we conclude that &(F)*¥<D(d,s) and

(dab (F)*(®)*?=/(p+1)(p+2) {ﬁl PrAfNF A A Nup
+ ﬁmAp+1((AV® IF) U1V & up)}

On the other hand, it is easy to see that ¥&D(b(F)*ds) and

TN

(b (F)*daw)** V= (p+1)(p+2) éaijF/\Afj/\ UL\ A Up.

Using the antisymmetry of wedge product, we obtain

{da, 5(F)¥ W) *2=/(p+1)(p+2) PrAp:2( AVRIF ® 11 ® - ® up).
We have

5 B(AVE) blea) us A Aty
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=/(p+1)(p+2) Ap+2(AVIF™) @1, ® -+ @ up).

Hence
((da, BRI =lim 3 (AVE)*ble*us A Aup  (4.14)

in AP*%(#, % ). There exists a subsequene {N.} such that (4.14) with
N=N., holds a.e. in the strong topology of A(%#.). Hence we have for
all vve %, k=1, -, pt2,

(0L A=+ A vpaz, ({da, B(F)¥)E)**2)
—lim 3} (b(en)B(AVE) 1A+ A gz, ¥)
:%2 1 (_1)i+j
=V p1(p+2)
><11m2((v AT;, 8n® AVED)DIA AT A A DA AVpsa, TP)

k-ooon=1

=(< b|A(AV®IF) lb >0 A Vps, TP)
:(Ul/\°"/\1)p+z, (< b*|A(AV®[F)| b*>\1,)(p+2))’

where, in the third equality, we have used Lemmas and 2.6. Therefore
we obtain

({da, b(F)*}W)*+D=(< p*|A(AV® IF)|b* >¥)**? a.e.

Thus (4.5) follows. 3 3
(ii) We need only to show that Y€ D(d¥ b(F))ND(b(F)dX). Then

(4.6) follows from taking the adjoint of (4.5) on Da. It is easy to see
that Y=D(b(F)d*). We have

(E(F)\If)(p—”=%pé(—1)j’115m(F, UNUL N N TN N Up.

Hence, in the same way as in the proof of part (i), we can show that
B(F"Y — b(F)¥

in A(#,.%) as N — oo. Obviously b(F™)Y¥eD(d}). Moreover, we
have

(df b(F™)yw)*=2

— -1 k=17 A*u,.ﬁm F(N), ;
m;( D7 B (= DUV Pa(FY, )

_V_JZ’A* me(F(N)’ uk) -
+ Po(AVF™ 24, ® u;)— Pn(AVF™Y) 14;® us)
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— ¢(A*u) Pu(F®, u;)+ ¢(A*u;) Pu(F™, un))
Xuyg NN\ t?k/\z?,/\up

By (4.11) and~(4. 12), the right hand side converges in NP2, %) as N
— o0, Thus b(F)¥eD(d)),i. e, YeD(dfb(F)).
(iii) We have

- p . -
(dab(FOY®) P =2 (— 1 H{EY, u)(AVPm) Ner A+l N+ Nty
N
+ 23 Pr(en, uNAVED) N A v @A\ A} (4.15)
In general, we have for all u», u», uE #%: and N=1
N N _
| 25 (e, 2)vall <[ 2 02 ® 22 [ ]
Hence
N —
| 35 (en, u) AVFH| . <I AV ® IF™| 5.0 5 ],

Using this estimate and (4.13), we see that the right hand side of (4.15)
converges in A?(#,%). Thus Y€D(dsb(F)). As in part (ii), we can
show that

(dab(F)E)®
ﬁ!( 1) "UF, w,(AVPR) Nr A+ i A+ A
+}_3,,,(< X ACAVOIF)| b > w A s A Aup) .
On the other hand, it is easy to see that Y€ D(5(F)d,s) and
(b(F)ds®)?=(F, AVP)ui A= N up
~ B (=1 E, AV A s A A A,

Thus (4.7) follows.

(iv) In the same way as in the preceding cases, we can show that
e D(dFb(FY*)ND(b(F)*df). Then, taking the adjoint of (4.7) on Da,
we obtain (4. 8). m

_LEMMA 4.8 Let FeEL™(E, dy; w%.) with vr>4. Then ©:C
D(b(F)* b(F)*) and

{(6(F), b(F)*}=IFI,., {6(F), b(F)}=0, {6(F)*, b(F)*}=0 (4.16)

on 9.
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PROOF. Let ¥&®,. Then, by Holder’s inequality, we have

16(F)* 6(F) < [ IR I rodie(4)
<(LIF2au®)”( [l i)
<00,

where 4/r+2/g=1. Hence D,CD(b(F)*5(F)*). Formula (4.16) follows
from the CARs of 5*(-). ]

PROOF OF THEOREM 4. 4.

We have D CD(dfds) N D(dad})CTDa. Hence the domain properties
stated in Lemmas[. 7 and 4.8 imply that D2 CD(Q4(F)?) and we have

Qa(F)*=Qi+{da, b(F)}+{da, b(F)*)+{d¥, b(F)}+(d%, b(F)*)
+(b6(F)+ b(F)*)

on Y. Then (4.5)-(4.8) and (4. 16) yield (4.1). (]
As a corollary of Lemma 4.7, we have
PROPOSITION 4.9.  Let FEY 2° with v >2 and s>2. Then
da(F)¥=0 on Da
if and only if
AV IF(P)E N(F ) ae.db. (4.17)
PROOF. By part (i) of Lemma 4.7, we have
da(F)*={da, b(F)*}=< b*|A(AV®IF)|b*>

on Da. By the proof of part (i) of Lemma 4.7, < 5*|A(AV® IF)|b* > =0
on D, if and only if (4.17) holds. Thus the desired result follows. m

Proposition 4.9 gives a necessary and sufficient condition for d.(F) to
be nilpotent on D4. Under condition (4.17), the last two terms on the
right hand side of (4.1) vanish, so that the form of A4(F) becomes sim-
pler.

V. Essential self-adjointness of the perturbed Laplacian
and the perturbed Dirac operator

In this section we prove that for a class of F, A4(F) and Qa(F) are
essentially self-adjoint on a suitable domain.
Let



342 A. Arai

::g{P"(¢(f1)) T ¢(fn))u1/\“'/\uplny pzo; PnEPn, fiecw(A*A))
ur€C(AA¥), j=1,",n; k=1, p},
where C>(T):= fle(T")(T: a linear operator in a Hilbert space). We

denote by N, the number operator on the Boson Fock space LXE, du); Ne
=dTs(I),i.e., No is the self-adjoint operator such that N,IT«(#)=n.
We prove the following theorem.

THEOREM 5.1. Let FEFYS with » >4 and s>2. Suppose that FE
M
@f&%)@%o for some M <oo and there exists constant C>0 such that

M F1% -l 2, a0 < CU(No +1)* ¥ 25,00, (F.1)
I(AV)* F®|| 2,00 < CI(No + 1) 22, a0, (F.2)
WAV ® IF .o 2 ¥ll2e,am < CI(Ns + 12| L2z, am, (F.3)
AV ® IF I . 5 @lle.am < CI(No+ 12| L2z, am, (F.4)

for all ¥ED(N2). Then Au(F) is essentially self-adjoint on D3.
As a corollary of [Theorem 5.1, we have the following result.

THEOREM 5.2. Under the assumption of Theorem 5.1, Qu(F) is
essentially self -adjoint on DZ.

PROOF. This follows from Theorems 4.4, 5.1, and an application of
with D=D3CDL?. =

The rest of this section is devoted to the proof of [Theorem 5.1. The
basic idea for that is to employ the following theorem.

THEOREM 5.3 ([10] cf.also [17]). Let .#», n=0, be Hilbert spaces
and

/:@jn
n=0

be the infinite dircet sum of { M n}n-o. Let
D o={f ={fP)z0E A|f =0 for all but finitely many n}.

Let N be the self-adjoint operator such that N wn=n (the degree opera-
tor on #). Let T be a self-adjoint operator in A which is reduced by
each # » and S be a symmetric operator in # which satisfies the following
conditions (i) and (ii):

(1) 2.CD(S) and there exists a constant C >0 such that
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ISFI<CIN+1771, ez

(i) There exists an integer p=0 such that for all fE2, and for
lm—n|>p+1,

(7™, SF?)=0.

Suppose that T +S is bounded from below on oND(T). Then T+S is
essentially self -adjoint on 2N\ D(T).

REMARK.  Condition (1) is a special case of the condition (Bl) of
Theorem 2.1 in [10], i. e., the case L=1 with the notation there.

We prepare some lemmas. Let
F =L {: $(f)d(fa)  |1,E€ F,j=1, -+, n}CTu(F), n=0.
Note that &, L . #,, for n+m.

M
LEMMA 5.4. Let GE@Oﬁ’j for some M < and ®nS.% » and V,=
Fn. Then the following (i) and (ii) hold :

(i) Iflm—nl>M, then
(@, G¥1) 28,0 =0.
(ii) Iflm—nl>M—1, then
(®@m, (V,G)¥n) 125,00 =0
for all f€ ..

M+n
PROOF. We need only to note that G V¥ ,= kG_—)O Z » and (V,G)¥ ,€
M-1+n
P Z.. u
k=0
We can write
N, H )= n@ofn
with
Fn= @ Tu(F)®N(F0).
Each element ¥'"& 7, is written as

Y= S pim)

m+p=n
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with WP ET(#)® AP(H ). Let

Fan=2{: p(f)d(fo) : |;,€ C(A*A), j=1, -, n}, n=0.
Then the subspace

Tni= B Fin®ANC(AA)® & C°(AAY))

m+p=n

is dense in . ».

M
LEMMA 5.5. Let FEFQ’sﬂ[ﬁlFm(%)®ﬁfC] with r>4,s>2 and M

<o, Let ®"E D, ¥"E D .. Then the following (i)-(v) hold :
(i) Ifln—m|>2M, then

(@7, | FI &™) nar, 0 =0. (5.1
(ii) Ifln—m|>M+1, then

(@™ (AV)*FY'™) n (2, n=0.
(iii) Ifln—m|>M—1, then

(@™, < b*|A(AV S IF)*| b >¥™) 5, 5 =0. (5.2)
(iv) Ifln—m—2|>M—1, then
(@7, < B¥|A(AV® IF)| b* >¥™) (2 .4)=0. (5.3)

(v) Ifln—m+2|>M—1, then
(@™, < B|A(AV® IF)*| b >¥'™) \(# 2)=0.

PROOF. (i) Let FV be as in the proof of Lemma 4.7 Then we
have

(@™, |FI% ™) =1im(@™, [F* 5w ™)

N
=lim 2 (ek, ez)(CID‘”), F;Fz‘l’(m)).

N-owo k,l=1
N
=lim X (e, e1) (@, FEFYG?).
Noowo kil=1 s+p=n r+p=m

M 2M
Since F.E€ ”@OFm(%) for all &, it follows that F¥F.€ @OF(% ). Hence, by
Lemma 5. 4( i),
(@ F¥FYG?)=0

if |s—7|=|n—m|>2M. Thus (5.1) follows.
(ii) It is sufficient to show that, if |[s—»|>M+1, then
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(Ps, (AV)*F)Q-)=0 (5. 4)
for all Bs€.73%s, Q<. #%,. We have by

(P, (AV)*FQ)=lim (P, (—Vy. e Fut (A5)FIQ),

which, together with (ii), implies (5. 4).
(iii) By the proof of (iii), we have

~ _ N
(@™, < b¥A(AVRIF)| b >\If‘””)=11vi£n ZJI(@"), b(AJ+VE.)*b(en)¥™).
Since b(u)*b(v) maps A?( #%¢) into itself, it turns out that we need only to
show that, if |s—#|>M —1, then
(Ps, (u, AJ#VF) #.Qr)=0

for all Ps&€ 73, Qr&Far, uc #%: and k=1. This follows from Lemma 5.
4 (ii). Thus (5.2) follows.
(iv) By the proof of (ii), we have

~ ~ N
(@™, < b*|A(AV® IF)) b*>\I""”)=}Vi£n kZ:‘.I(CD‘"), b(AVF)*b(en)*¥™).
Since b(u)*b(v)* maps A?(¥:) into AP*? it turns out that we need only
to show that, if |s—#|>M —1, then
(P37 (u7 AVFk)ﬂ/cQT):O

for all Ps€ 7%, Q<. 7%, us %. and k=1. This follows from Lemma 5.
4 (ii). Thus (5.3) follows.

(v) Similar to the proof of (iv) or consider the adjoint relation of
(5.3). =

We denote by N; the number operator in A(%¢): Ny=d T's(I), i.e.,
Ny is the selfadjoint operator in A(.%%) such that N;t A?(%.)=p.

LEMMA 5.6. Let TE 7 %.). Then, for all ¥=D(N}?),

| <o*| T16 >l <[ Tl N>, (5.5)
| <ol T1o>w|<| T|IN}*¥l, (5.6)
I<o*| T16* > | <| TlLI(N, +2) " ]. (5.7)

PROOF. Let T be as in (2.7). Let ®=A(%:) and YE A A 7).
Then
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(@, <b¥|T|6>)|< 2|l [(6($n)®, b(¢n)W)]

|l [@Nl6(¢n) )]

M=

1

IA
M=

<(Zak) " (Z1oenrer) ol
We have
2 =T
and

2o ¥l = 2 (T, b(4a)*b(4)®)

<(¥, N;¥)
=[Ny,

Hence we obtain

(@, <b*|TI16>)|<| TIN*wll@l,

which implies (5.5) with Y€ A(.%.). Since As( %c), is a core for Ny, a
limiting argument gives (5.5) with ¥&D(N}?). Similarly we can prove

(5. 6).

To prove (5.7), we recall that, if T€ .7 %%), then T*<E.s »(%%) and
I Tll=1T*|. (e.g., [18, § VI.6]) and note that (5.6) implies that K :=
<b|T*6>(Ns+€) " is bounded for all €>0 with |K|<|T*|.=|T]..
Hence its adjoint is bounded with |[K*|<| T|l.. On the other hand,

K*=(N;+¢€) V2<b*| T|6*> on A Fe).
Hence, for all Y& A A F%),

I(N;+ €)™ <b* T1o* >¥|<| T||wl.
Note that

(Nf+€)—1/2 <b*|T|b*>q,:<b*lle*>(Nf+2+€)_1/2 T,

Thus we obtain

|<o*| T|o* >|<| T[I(Ny+2+€)"* .
Taking the limit e—0, we have

| <o* T\o* >¥| <| T[I(Ny+2)"* .
Thus (5.7) follows.
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We are now ready to prove [lheorem 5. 1
PROOF OF THEOREM 5. 1.

Let
H1:||F[[2%C, HZZ(AV)iF, _
H;=< Q*IA(/TV@IF)I 13 > Hi=< bf[(A(ﬁV@IF}*|§>,
H:=< b*|A(AVQIF)|b*>, He=<b|(A(AVRIF)*|b>,
and
6
UF:]§1Hj

so that, by [lheorem 4. 4,
AA(F)=Qu(FY=A4s+Ur on DP.
Let
N=N,®I+1® N;.
Then we have
NI Fp=mn.
By and (2.12), we have

|Hl, \E? < ATV @ RN vy di($),
|Hwl, | Howl< [ LAV @ IF(GFIN, +2) TS crodi($),

for all ¥ such that the right hand sides are finite. Let G be a function on
E such that

|G*¥|| 2 ,am < CI|(No+1)*¥|| L2z, am.
Then, for all ¢>0 and €>0, we have

JIG@PIN,+ ) w(B)Erodix($)
< [IGAL DNl (N + VBB nrodin(9)

<e [N+ VBB o)+ [ I GBI odu(9)

— (N, ® I+ )W+ NGO TP )

4e
< Ci|(N+ 1|2 )

with a constant Ci>0. Hence, using the conditions (F.1)-(F.4), we obtain
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| Hi¥lrxr, < DIN+ 1)@ rcw, 0, YEDN?),j=1,+++,6, (5.8)

with a constant D >0. implies that, for all @™ 9, ¥™e
D n with |n—m|>max {2M, M +1},

((I)(n), Hj\p.(m))/\(;‘{”, }’):0, ]:1, cet, 6. (5 9)

Since 9, is a core for N? and we have (5.8), we can extend (5.9) to all
odPe5 , and ¥"™e< ¥ ,. Hence if follows that

(@™, UsW'™) (2. 5=0, ®PEF, ¥ 5,
We also have from (5. 8)
1QA(F)?¥| < Cl(Aa+ N>+ 1), TED3, (5.10)

with a constant C>0. It is not so difficult to show that ©% is a core for Aa
+N? (e. g., apply Theorem VIIIL 11 in [19]). Hence we can extend (5. 10)
to all ¥&€D(A4)ND(N?), at the same time, obtaining

D(A4) N D(N*)C D(Qa(F)?)

and
As(F)=Qa(F)*=As+ Ur on D(As)ND(N?).

By these results, we can can apply Theorem 5. 3 to the present case with
M= NH,X), M= Fn, N=N, T=A4s, S=Usr

to conclude that A4(F)=Qa(F)? is essentially self-adjoint on D(A4) Do
with Do={T={T?}s_ = A(#, F)|T"PeE 5, ¥'"”=0 for all but finitely
many #}.

Finally we show that ©% is a core for A4 F)=Qa(F)?. Let ¥ =
{FmYe s D(A)NDo. Then there exists an M <o such that ¥™=0 for
all m>M. Let ¥'™W= >3 ¥ with ¥SPels(#)® AP(#:). Since Aa

is reduced by each 3+P—m
F s =0s(F)® NP(H )
and
Dsp: = %:® Ap(C(AA*)® - ® C*(AA*))CDE
is a core for Aal s, there exists a sequence {¥5’(#)}7-1C 2 s, such that

WP () > TSP
AT E () > A TSP,
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as n — ©o. Hence, putting

Vn)=3 5 wE(n)EDi,

n=0 s+p=
we have

V(n) — ¥,
As¥(n) — AT, (5.11)

as n — . Since N*¥5?=m?¥5?, it follows that
N*¥(n) > N

as n — oo. Hence, by (5.8),
Ur¥(n) — Ur¥

as n — oo, which, together with (5.11), gives
A(F)¥(n) — Au(F)¥

as n — co. Thus D(A4)NDy is included in the domain of the closure of
A4(F) restricted to D% This result and the essential self-adjointness of
AA(F) on D(A4)NDo imply that Au(F) is essentially self-adjoint on 3. =

VI. Application to models of SSQFT

In the author showed that some models of SSQFT are given as
concrete realizations of the abstract theory described in Sections II-IV.
In each of those models, the Dirac operator Q4(F) and the Laplacian
A4(F) correspond to a supercharge and the supersymmetric Hamiltonian,
respectively. Hence we can apply the results obtained in the present
paper to those SSQFT models to prove the essential self-adjointness of
their supercharges and supersymmetric Hamiltonians. Here we only state
the results on the N=1 and the N=2 Wess-Zumino (WZ) models. For
the details of these models, see [1,16]. We follow the notations of Sec-
tion VII in [1].

6.1. The N=1 WZ model

The Hilbert space of state vectors of this model is the BFFS
LA 2(T!), duw)® N(L*(T#))(the case where E=2(T}), %.=LT})) and
a supercharge of the model is given by

Q= Qut 5 [ (s + 9@ s el b)) i,
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where a and b are real constants. Applying Theorems 5.1 and B.2, we
can show that Q. and Q7 (the supersymmetric Hamiltonian of the model)
are essentially self-adjoint on the subspace

g{Pn(¢(f1), T, ¢(f”))u1/\.“/\up|PEPﬂy f:i, ukecm(Tll)yjzlr Tty n
k=1, p; n, p=0}.

6.2. The N=2 WZ model

The BFFS for this model in L 2(T})'X 2(Ti), due® due) ®
ANLHTH® LA T/))). A supercharge of the model is given by

Qe=Q——= f {41() P(@e(x)) + o) P(@(2))* + 1 (x)* P(®1(x))*
V2 /n
+ o x)* P(®,(x))} dx,
where
P(z)=Az*+pz, z<C,

with constants g, ASC. Applying Theorems B.1 and b.2, we can prove
that Q. and Q? are essentially self-adjoint on the subspace

P 1® 1), -+, d(fn® gn)) (w1 @ v:1) A+ A2p @ 0p)|PLE P,
f-j) Giy Uk, vkecw(Tll)7j:17 Y k:]-) T, p; n, pzo}

REMARK. The above results can be extended to the case where the
one-torus 7/ is replaced by R and a space-cutoff function with suitale
regularities is introduced in the interaction term of Q. (resp. Q).

Appendix. Some facts on decomposable operators

Let (M, 1) be a measure space and # be a separable Hilbert space.
We say that an operator A in the Hilbert space

LAM, du; #)= A " du(m)

is decomposable if for a.e. m&EM, there exists an operator A(m) in #
such that

D(A)={fe L M, du; #)|f(m)D(A(m)) a.e. mEM, A(m)f(m) is
measurable,

JAAGm)F(m)l die<o0),

and, for all f€D(A),
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(Af)(m)=A(m)f(m) a.e. m.

In this case we write

A= A ® Alm)dum).

The A(m) are called fibres of A (cf. [21, § XIII. 16]).

PROPOSITION A.1. Let A be a decomposable operator in L* (M, du;
#) such that each fibve A(m) is closed. Then A is closed.

PROOF. Let fnD(A) such that Afn—g9<L?* (M, dr; #) and fn—
feL?* (M,duy; #) as n— . Then it follows that there exists a subse-
quence {7:}%-1 such that for a.e. m

fum) — f(m),  A(m)fu(m) — g(m),

as k—oo in the norm of #. The closedness of A(m) implies that f(m)E
D(A(m)) and g(m)=A(m)f(m). Hence fED(A) and Af=g. Thus A is
closed. =

We denote by L?(M, du)® # the algebraic tensor product of L?(M,
du) and #.

PROPOSITION A.2. Let (M, 1) be a probability measure space. Let A
be a decomposable operator in L*(M, du; ) such that each fibre A(m) is
bounded on % and |ACI|ESL?(M, du) for some p>2. Let r=2p/(p—2).
Then A is densely defined with

D(A)DL™(M, du)® # (A.1)
and A* is given by

A¥= A ® A(m)* du(m). (A.2)

PROOF. Since A(m) is bounded, D(A(m))= # so that for all uE
LA M, dy) and f€ #, we have u(m)feD(A(m)). Let ucsL™(M, dy).
Then, by Holder’s inequality, we have

LAy um)fedp< [1u(mPLAGPI e
<( [lutmrrae)"( [1AGmlPda) 11t <o

Hence u()feD(A). Thus (A.1) follows. Since the subspace L"(M, du)
® # is dense in LA M, du; %), it follows that D(A) is dense in L*(M, du;
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).
Let f€D(A*) and A*f=g. Then, for all h€ # and u<=L"(M, dp),

we have
[wu(m)*v(m)a’ﬂ= 0, (A.3)

where 7(m)=(A(m)h, f(m))=—(h, g(m))». Let s=2p/(p+2), so that 1/r
+1/s=1. Then, by Holder’s inequality, we have

LAAGDI = [ AGIPd
x( LN om)I,

Hence (A( )k, f(+))» €EL*(M, dyr). Similarly we have (f, g(*))»E L3(M,
dp). Therefore 7€ LM, dy). Since L5(M,dy) is the dual space of
L™(M, du), (A.3) implies that 7(m)=0 a.e.m. Hence (A(m)h, f(m))»=
(h, g(m))» a.e. m. Since # is separable, it follows that A(m)*f(m)=
g(m) a.e. m. Hence we obtain

)2/(P+2)

PI(b+2)
<o,

D(A*)CD( [ ®A(m)*d;u(m)> . (A. 4)

It is easy to see that the converse inclusion relation of (A.4) holds. Thus

(A.2) follows. L]
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