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A note on comparison principles for viscosity
solutions of fully nonlinear second order
partial differential equations
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Abstract. This note contains two comparison principles from the author’s thesis [4]
for viscosity sub- and supersolutions of fully nonlinear, second order, partial differential
equations. One of these comparison principles is based on a result by R. Jensen [7].
The other one is an application of an idea, mentioned in [11]. A new kind of structure
condition is introduced to prove the comparison result based on Theorem 3.1 in [7]. It
allows us to compare viscosity sub- and supersolutions of the equation F(u, Du, D?u) =0
in Q@ C RN, where F does not satisfy the usual monotonicity conditions as in [3], [5], [6],
(7], [9] or [11].
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1. Introduction

In this note we look at fully nonlinear second order elliptic partial dif-
ferential equations with Dirichlet boundary data of type

F(u(z), Du(x), D*u(z)) = 0 in Q

(1)

u(z) = f(x) on 0N
for some given function F € C(R x RN x S(N)) and a given function
f € C(09). Problems of this kind have also been investigated in [7]. Here
and in the sequel I will use the notation S(IN) for the space of symmetric
N x N matrices.

The goal of this note is to compare viscosity sub- and supersolutions
under new and weaker conditions than before. Various comparison princi-
ples for viscosity solutions of fully nonlinear second order partial differential
equations have been introduced for Dirichlet problems of type (1). To quote

some famous results, let me mention [3], [6], [7] and [9]. In [3], [6] and
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the authors even gave a comparison result for Dirichlet problems of type

F(z,u(z), Du(z), D*u(z)) = 0 in Q }

u(z) = f(z) on 09, @)

where the functions F and f are as in (1). All of these comparison results
for equations or systems of partial differential equations (see for example

[3], [5], [6], [9] or [T1]) require the existence of a positive constant v such

that for r,s € R with r > s
7(71_8)SF(T7P7X)_F(S,p)X)' (3)

In general operators satisfying inequality (3) are called decreasing. The
only ones I know, who did not use this condition up to now were N. Kutev

and B. Kawohl in and R. Jensen, who presented in the following
comparison principle:

Theorem 1 [7] Let u,v € C(Q) N WLH®(Q). Assume u is a viscosity

supersolution of (1) and v is a viscosity subsolution of (1). If either (i) or
(ii) holds:

(i) F(r,p,X) is degenerate elliptic and decreasing, or

(i) For allr,s € R with s < r and all pairs (p, X) € RN x S(N) the

inequality F(s,p, X) < F(r,p, X) holds and there exist constants co and c1,
such that

F(r,p,Y) — F(r,q,X) < co - trace(Y — X) + ¢, - [p— ¢
then

sup(u —v)* > sup(u — v)*.
onN Q2

Here and in the following the operator F is called degenerate elliptic,
if for all X,Y € S(N) with X <Y, the inequality

F(r,p,Y) < F(r,p, X) (4)

holds. The inequality X <Y means (X¢,¢) < (Y€, ¢) for all ¢ € RN, with
(-,+) denoting the scalar product in RY, Operators satisfying

F(s,p,X) < F(r,p,X), whenever s<r, (5)

are said to be proper. In Jensen did not look at generalized viscosity
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solutions of the Dirichlet problem as they are defined for example in [3],
but it is possible to relax his conditions and to prove a similar theorem for
generalized viscosity solutions. There has been a remark about this fact
made by Jensen et al. in [9]. So one goal is to introduce a comparison
principle for generalized viscosity sub- and supersolutions of problem (1)
with an operator F', which is not necessarily decreasing in the sense of
(3). This is possible, as it will be shown in the following, by imposing
assumptions on the ellipticity of the operator F'.

But let me explain the motivation why this note deals with problems
of type (1) and not of type (2). If we look at the comparison results for
generalized problems of type (2), we notice that one of the assumptions
usually made on the operator F' (see for example [3] and [9]) is the following;

There exists a monotone increasing function w : [0,00] — [0, 00] with
w(0+) = 0, such that for z,y € Q, r € R, p € RN and matrices X,Y € S(IV)
satisfying

I 0 X 0 I -1
-3 < < 3o
0 I 0 -Y -1 I
(with a constant a > 0), the inequality
F(y,r,p,Y) = F(z,r,p,X) < w(alz —y[* + |z — y|(Ip| + 1))  (6)
holds.

As it is also mentioned in [9] (see remark on assumption (8) in [9]), this
condition is quite restrictive, which can be seen by looking at the following
example.

Example 1. For O C RY we look at the equation —Au(z) — c(x, u(z)) =
0, with a function ¢ € C(2 x R).

The operator F' satisfies condition (6) only for special ¢(z, u(z)). For a
function c(z,u(z)) = g(z) - u(z) with nonconstant g € C(f2) this condition
is generally not fulfilled.

Furthermore in 1] the authors show that even for operators of the form
F(z,u(x), Du(z), D*u(x)) = G(u(z), Du(x), Du(x)) — f(z), (7)

with a Holder-continuous function f uniqueness cannot be expected and
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that comparison must fail. Therefore we look at the following example.

Example 2 [I]. Let B(0,R) C RN denote the ball with radius R > 0.
The Dirichlet problem

—Au(z) + |Du(z)|™ = v|z|T= in B(0,R) ®)
u(z) = const on 0B(0,R)

with ¥ > 0 and 0 < m < 1, has more than one solution, whose differences
are not equal to a constant. Thus, as mentioned above, comparison fails in
such a case.

This motivates not to look at problems of type (2), but to face again
problems of type (1) and to try to weaken the assumptions on the operator
F made so far.

Since the whole paper will only deal with viscosity solutions, from now
on these solutions will just be called solutions. So let us start with some
basic tools.

2. Basic information

For the reader’s convenience I repeat the definitions of a generalized
viscosity sub- and supersolution of problem (1) and the maximum principle
for semicontinuous functions introduced by Crandall and Ishii in [2].

Definition 1 Let £ C R" be open and bounded and let V denote a
neighbourhood of 09 with respect to Q. The function v € USC(Q) is
called a generalized viscosity subsolution of (1), if

(Y (z,0) € 2 x C*RM) with u < ¢ in Q and u(z) = p(z) :
F(u(z), Dp(z), D*p(z)) < 0

V(z,p) € VxC)RY) with u<¢ in V

and u(z) = ¢(x) for z € 090 :

\ min{u(z) — f(z), F(u(z), Dp(z), D*p(z))} < 0

.

The function v € LSC(Q) is called a generalized viscosity supersolution of
(1), if
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[V (z,9) € Qx C*(RY) with v >4 in Q and v(z) = (z) :
F(v(z), Dy(x), D*(x)) > 0
¢ V(z,9) €V xC*RN) with v>9 in V
and v(z) =¢(z) for z € 9N :
\ max{v(z) — f(z), F(v(z), Dy(z), D*p(z))} > 0

A function u € C(Q) is called a generalized viscosity solution of (1), if u is
a generalized viscosity sub- and supersolution.

The function ¢ (resp. 1) with the above properties is called testfunction
from above (resp. from below).

Many authors working with viscosity solutions define these solutions
by using the so-called super- and subjets. Statements about the equiva-
lence of this definition and the one given here, can be found for example in
. Readers who are familiar with the theory of viscosity solutions know
that proofs of comparison principles for these kind of viscosity solutions are
mostly based on the so-called maximum principle for semicontinuous
functions which is described very precisely in [2] and [3]. Jensen did not
use this principle, when he presented his comparison result in [7], thus he
assumed the viscosity sub- and supersolution to be in C(Q) N Whe°(Q),
but it is mentioned in “A uniqueness result for viscosity solutions of second
order fully nonlinear partial differential equations’ [9] that it is possible to
extend the results of 7] to only continuous viscosity solutions. However,
the following Theorem from [2] is necessary, for this extension:

Theorem 2 (2] Let 01,05 C RY be local compact and © = O1 x Os.
Let v € LSC(01) and v € USC(O3). The function ¢ shall be twice dif-
ferentiable in a neighbourhood of O. The function w is defined as w(x) :=
u(z1) — v(z2) with x = (x1,22) € O. Let & = (21, 13) € O be a local mazi-
mum of w — ¢ in O. Then for all € > 0 there ezists X; € S(N), (i = 1,2),
such that the set of testfunctions for u and v is not empty. To be more pre-
cise, F(&1,u(21), Dz, (&), X1) < 0, F(Z2,—v(22), Ds,(2), X2) < 0 and
for X1, Xy the inequality

1 X, 0 )
=+ |Al|) I < <A+eA
(2 -+ 1) _<0 Xz)_ ed?,
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where A = D%p(2) € S(2N) and
||A|| = sup {|A] | X is eigenvalue of A} = sup {|(A4¢&,&)| | |£| < 1},
15 satisfied.

Instead of repeating the proof of [Theorem 2 given in [2] I refer the
reader to [2] or [3]. Now having the necessary tools in hand, we can turn to
the comparison results promised in the first section.

3. Comparison principles for the generalized Dirichlet problem

First we look at a kind of generalization of the comparison principle
presented by Crandall, Ishii and Lions in applied to problems of type
(1).

Instead of a decreasing operator in the sense of (3) we assume here that
monotone increasing functions wy : [0, 00] = [0, 00] and wy : [0, 00] — [0, o0]
with w;(0+) = 0 (i = 1,2) exist, such that for all »,s € R with r > s,
p,q € RN and X € S(N):

0 <wi(r—s)<F(r,p,X)— F(s,p, X) (9)
and the inequality

|F(r,p, X) = F(r,q, X)| < wa(lp - gl) (10)
holds. Now we can formulate the following Theorem.

Theorem 3 Let Q be a compact C-submanifold with boundary of RN and
let F € C(RxRN xS(N)) be degenerate elliptic and satisfy assumptions (9)
and (10) mentioned above. Let u,v € C(Q) be a viscosity sub- respectively
supersolution of the generalized Dirichlet problem (1), then u < v on Q.

To prove this Theorem I adapt an idea from S. Koike [11]. Therefore I
need the following Lemma:

Lemma 1 [11] Let K be a compact subset of RY and H : K — R be an
upper semicontinuous function. Then, for almost all ¢ € RN the mapping
x> H(z)+ (g, z) has a unique mazimum point in K.

A proof of this Lemma can be found by the reader in “Viscosity So-
lutions of a System of Nonlinear Second-Order Elliptic PDE’s Arising in
Switching Games” by H. Ishii and S. Koike [6]. So let us turn to the proof
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of [I'heorem 3.

Proof of Theorem 3. Let us suppose that max_ g(u(z) — v(z)) = M > 0.
We choose a small § € (0, M/(4|z[*)), where |z|* := max{|z| | z € Q}.
Following there exists a number ¢ = ¢(§) € RN with |¢| < §,
such that u(z) — v(x) + (g,z) attends its maximum at the unique point
z = 2(8) € Q. Now set

My = max(u(z) — v(z) + (g, z)) > §4M,
Q

exactly as in [11] and consider the following two cases.

Case 1. z € 0.

I will only prove the case that v(z) < f(2) since the other case can be
treated in an analogous way. Therefore we look for @ > 1 and 0 < e < 1 at
the function

h(z,y) = u(@) = v(y) - ez — y) + en(2)* + (g, y),

where n(z) will denote the outward normal vector to Q2 in 2. Let (zq,ya) €
Q x Q be the maximum point of h. For sufficiently large o one can assume
that z — (¢/a)n(z) € Q. The inequality h(zq,ya) > h(z — (¢/a)n(z), 2)
implies:

(20 = ya) + en(2)|* < u(@a) = v(ya)
—u(z = (¢/)n(2)) + v(2) + (¢, ya — 2).

For 0 < e < 1 arbitrary, but fixed, we have z4,ya — 2 and o(zq — ya) +
en(z) — 0 as o — oo. This can easily be verified. Since a(zq — yo) remains
bounded as @ — co we can conclude by the assumption that a(zq—ya) — w
and for subsequences To,ya — Z as o — o0, that u(z) — v(z) + (g,2) <
u(z) — v(Z) + (g, Z), which implies Z = z by Lemma 1|, exactly as z, =
Yo — (en(2) +0(1))/a € Q and |a(Tq — Ya) + en(2)| = 0 as & = oo. The
inequality h(zqa,ya) > h(z, z) also implies
W(Ta) — v(Ya) > My — €% — M > M_ 2,
4 2
Now using [Theorem 2 for O := OxQ and ¢(z,y) = |a(z—y)+en(2)|*— (g, y)

one calculates

F(u(zq), 20(a(zq — yo) +€n(2)),X) <0
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F(v(ya), 20((Ta — ya) +€n(2)) +4,Y) > 0,

(§6" < < b« ,
0 I 0 -Y -1 T

Do(za) = 2a(a(za — ya) + n(2)),
—DY(ya) = 2a(a(za — Ya) +en(2)) + 4,
D*p(zo) = X and D*p(ya) =Y

where

with

for the testfunctions ¢ and 1, whose existence is guaranteed by [Theorem 2.
Now calculation preserves:

0 < F(v(¥a),20*(Ta — Ya) + aen(z) + ¢,Y)
— F(u(za), 20% (2o — Ya) + cen(z), X)
< —wi(u(za) = v(ya)) + wa(lql)

< —uw (% - 52) + ws(|6])

Sending § — 0 and € — 0 one gets a contradiction:

0 < F(v(Ya), —Dyd(Zas Ya), Y) — F(u(za), Dzp(Ta,Ya), X)
< —w (% - 52> +ws(|8]) = —wy (%) <0

The case that u(z) > f(z) is proved in an analogous way by looking at the
function

h(z,y) = u(z) —v(y) - a(z — y) — en(2)[* + (g, ).

Case 2:  z lies in the interior of .
For a > 1 we now look at the function

k(z,y) = u(z) = v(y) - Sl —yl* + (g, 3).

Similarly to the first case we can show for the maximum point (Zay Ya) Of
k(z,y) that a|ze — yo|? = 0 and 4, ya — z as @ — c0. We also know that

u(wa) = v(ya) > My — (M/4) > M2,
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For ¢(z,y) = $|z — y|> — (g, z) calculation shows that: D,¢(z,y) = ax —
y) — g and —Dy¢(z,y) = a(z — y). Using again [Theorem 2 we know that
there are testfunctions ¢ and % in z, respectively y, for the viscosity sub-

respectively viscosity supersolution, which fulfill the required inequalities
from [Theorem 2. Thus we have:

0< F(v(ya)7_Dy¢<maaya)’Y) - F(U(ZL‘Q),DI(b(:Ea, ya)’X)
< F(u(:z:a), —Dy¢($a, ya),Y) - F(U($a>’ _Dy¢(ma,ya)’X)
— wi(u(@a) — v(ya)) + w2(lgl)
<

—wy (%) + wz(|6])

Sending 4 — 0 we obtain a contradiction, which proves together with the
first case that

u<v on .
U

Remark 1. It seems, that it is not possible to prove a comparison result
by using assumption (5) with strict inequalities instead of assuming (9).
Thus the assumptions made in seem to be the weakest without
strengthening the ellipticity assumptions on F'.

Next I present a comparison result which requires a different assumption
on the operator F' than previously used. Let us assume that there exist a
strict monotone increasing function w : [0, 00) — [0, oo] satisfying w(0+) = 0
and constants ¢g > 0 and ¢; > 0, such that for all (r,p) € R x RV and
X,Y € S(N) with Y > X the following (11) and holds:

0 < w(cg-trace(Y — X)) < F(r,p,X) — F(r,p,Y), (11)
as well as for all (r, X) € R x S(N) and p,q € RY
|F(T‘,p,X) - F('l“, q7X)| < W(Cl ’ lp— QD (12)

This structure condition is stronger than assuming F' to be uniformly elliptic
as defined for example in [3]. Operators which have this property will be
called w-elliptic. This new structure condition is quite restrictive, but it is
necessary for the comparison result presented below.

Theorem 4 Let Q be a compact, strictly conver Cl-submanifold with
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boundary of RN. Let F € C(R x RN x S(N)) be proper and w-elliptic.

If u,v € C() are a viscosity sub- respectively a viscosity supersolution of
(1) then u(z) < v(zx) on 0.

Proof of Theorem 4. Let us assume that there exists a point z € ) such
that u(z) — v(z) > 0.
Case 1:  There is a point z € 99, such that

u(z) — v(z) = max(u(z) —v(z)) = M > 0.
xe)
We fix such a point z € 90 and look at the case u(z) > f(z) (The case
v(z) < f(z) is treated similarly.). By translation we can guarantee that
0 ¢ Q. Since () is strictly convex, a ball B(0, R) exists, such that

e QC B(0,R) and e 0B(0,R)NQ = {z}

For a > 1 and 0 < € < 1 we look at the function

h(z,y) = u(@) = v(y) - glaz ~ ) - en(2)P
+ [0z e1IEI*)/2)

on  x Q. For r(z) = [e0=1))/2 _ e(BI%)/2] we have

r(z) >0 for z ¢ B(0,R)
r(z) =0 for z € dB(0,R)
r(r) <0 for z € B(0,R)

for all ¥ > 0. Now let (za,ya) € 2 x Q) be a maximum point of h(z,y). It
is possible to show that za,ya — 2z and yo = 24 — (en(2) + 0(1))/a € Q
as a — oo. This can be proved very briefly. For sufficiently large o the
point z — (¢/a)n(z) lies in the interior of 2. Now the inequality h(zq, Ya) >
h(z,z — (¢/a)n(z)) implies:

1 |za? |R|
sla(@a —ya) —en(z) — |7 — ¥

en(z))

< u(Ta) —v(Ya) —u(z) +v (z -

Since (T4 — yo) remains bounded as o — 0o, we get under the assumption
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that a(zs — yo) = w and (for subsequences) x4, Yo — 2 as a — 0o:
0 < |w—en(2)|* - [e(7|2|2)/2 - e(V’Rlz)/Q} <0 for a— oo.

This implies 2 = z and yo = 24 — (en(2) + 0(1))/a € Q.
By the continuity of the subsolution we can assume that u(xy) > f(za).
Let us now choose

7 >0 :=max{1, c1fe|" /eo(|z]7)*}

arbitrary, but fixed, where |z|* := max{|z| | z € O} (< o) as in the proof
of [Theorem 3| and |z|~ := min{|z| | z € Q} (> 0, remember 0 ¢ Q).

Now applying the mazimum principle for semicontinuous functions for
O =0 xQ and ¢(z,y) = 3|a(z — y) —en(z)]* - [e0121)/2 _ e(VIRI2)/2) e
get:

Dod(Ta,Ya) = 0*(Ta = Ya) — aen(z) — y@ae w2,
“qub(maaya) = 052(513(1 — ya) — CL/STL(Z),

and the existence of X,Y € S(N) such that the following inequalities hold:

F(u(za), (o — ya) — aen(z) — »ywae(vlwalz)/?,X) <0,
F(’U(ya), a2($a - ya) - aen(z), Y) >0

X 0 9 I -1 —2a21 oI
< 3 +
0 -Y -1 I ol 0
; 1
D;?:ﬁb(mav ya) + E(Dggﬁ(ma, ya))2 *D§¢($a, ya)
——D?cqb(:zra,ya) 0

and

+

By multiplying this inequality from the left and from the right with a vector
(é) e R?N, we derive

(%~ (55 (D20t 1) ~ D26l ) ) 6,6 < (¥E,6)

Now we have to look at (D) = J5(D2¢(%a,Ya))? — D2¢(Ta,Ya). This
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matrix has the following structure:

D& = —72wage(7'|ma|2)/2 — yelleal®)/2 | (Sii/a?)
Dy = —72xaixaje(7|ma|2)/2 +(Sij/a?) for i+ j

(D) :{

where

Sii = 72"l (14 29,2 + V2202 |74[?) and

2
Sij = 73$ai$aj€7|m°‘| (2 + 71$a|2)-

Since (Si;/a?),(Sij/a?) — 0 as @ — oo calculation shows that for suffi-
ciently large o the matrix (Df}) is negative definite. So we calculate:

0 < F(v(Ya), @*(Ta — Ya) — aen(z),Y)

|za 2
- F(“(wa),aQ(fca ~ Ya) — aen(z) — 73;0(6%,)()

S O.)(Cl . '7$a6(7|$a|2)/2')
1
—w (co - trace (D§¢(wa,ya) - ‘J(ngs(xaaya)y))

N + 27|$a|2 + 72|$al4)
O[2

) ylzal?
Y|zal

:—w<cofye 2 (’y|3:0yl2+N——76 G

+ w(clfye(7|xa|2)/2 Imal)

Sending o@ — oo we get a contradiction by the strict monotonicity of w,
since

v|zal?
2

(N + 27|$a|2 + 72|37a|4)
2
(8%

ve

—0

and
w(eryeMe721z, 1) — w(cgre /2 (y|z4 2 + N)) < 0

by the choice of 7.
The case v(z) < f(2) is treated similarly by replacing the function h by
- 1
hz,y) = u(z) —v(y) = 5lalz —y) +en(2)]?
+ [eOlv)/2 eOMEF)/2),

Then we get the analogous results.
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Case 2:  There exists a point z € Q, such that for M > 0,

u(z) = v(2) = max(u(z) —v(z)) = M > max(u(z) - v(z)).

Let us look at the function
o o2
k(z,y) = u(z) — v(y) — e - Y2 + o 122

where we fix v > 7o (with o from Case 1) first and then choose 0 < p
sufficiently small and fixed, such that the maximum of u(z) —v(z)+ pel=l*/2
remains in an interior point of 2, where the difference of u and v is positive.
The constant g then depends on the fixed values M, ~, |z|* and |z|~. For the
maximum point (Za, Ya) € QXN of k(z,y) we have that (/2)|za—ya|> = 0
as a — 00. For proving this claim let 2 €  be the positive maximum of

g(z) = u(z) —v(z) + 0 e(lz?)/2
and set
k(z) =u(z)+ 0 e(z?)/2

The inequality k(zq, ya) > k(Z, 2) implies:

5(2) = 0(2) < K(2) = (&) + 5120 — val’ < Kl(za) = v(ya)

Since k and —v are bounded from above we get z,yo — Z and (a/2)|xe —
Yal? = 0 as o — o0o. By this choice of o it is guaranteed that lim,_,
SUP(, ) eix@ k(z,y) approximates a point in €, where the difference of the
sub- and the supersolution is strictly positive.

Using the well known strategy and applying one gets

F(u(xa)va(xa - ya) -0 37016(7'3:0'2)/2,)() <0
F(v(Ya), (2o — Ya),Y) > 0

and the inequalities

1 2 I 0 X 0
_(.(.5_+||D ¢(xa,ya)||)<0 I> = ( 0 *Y>,

X 0 < D2¢(zq,ya) —ol
0 -Y | — —al ol
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5 (D:%¢<$a7 ya))2 + OZQI ”—O-'D33¢("I"a> ya) - O‘QI
~aD2¢(zq, ya) — 21 2021 '

Setting § = %, the second inequality implies:

(% = (502000030 - Diplaa w)))6:€) < (V).

For sufficiently large o the matrix 2 (D2¢(Ta, Ya))? —D2d(2q, Yo ) is negative
definite (as can be proved similarly to the first case). This leads to the
following calculations:

0 < F(v(ya), ®(Ta = Ya),Y)
- F(U(CIJQ), a(wa - ya) -0 xae(fy|a:a|2)/2, X)
< w(erye e 2, )

—w (cog ye(r1zal?)/2 (7|:ca!2 + N — g)) < 0.

Sending o — oo we reach a contradiction, since S/a — 0 as a — oo, where

ylzal®
Si=pye 2~ (N+27|a:a|2+7 lélfaf )

This contradicts the assumption that there exists a positive maximum of
the difference between the sub- and the supersolution in the interior of 0.
This completes the proof of our Theorem. J

As a direct consequence of we can formulate the following
Corollary.

Corollary 1 Let Q C RN be open and bounded and let F € C(R x RN x
S(N)) be w-elliptic and proper. If uw € USC(Q) is a viscosity subsolution
and v € LSC(Q) a viscosity supersolution of F = 0 in Q with u < v on 9,
then u < v in Q.

Remark 2. Corollary 1] is a generalization of case (ii) of [Theorem 1 in [7].

Remark 3. For the proof of it is essential, that matrices XY,
W e S(N) exist, 9110h’rhatX+W<YandO<W

This is guaranteed by setting ¢(z, y) = 3la(z—y)—en(z)|*—le (lef*)/2 _
eOIRIM/2) pespectively o(z,y) = §lz—y* — oe (l=1*)/2 but it is not guaran-

teed when using ¢(z,y) = 3|a(z — y) — en(2)|® + 5|a: z|? as it has been
done in [3].
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4. Counterexamples

I will give three counterexamples where comparison fails and where the
operator F' does not fulfill the w—ellipticity structure condition.

Example 3.
a) First we look at the problem
—u'(z) — (1+ (@'(2))*)*? = 0 in (-1,1) (13)
u(—=1) = 0 and wu(1) = 0. (14)

This problem has the viscosity solution u(z) = /1 — 2. Every translate
Uc = u + ¢ with ¢ > 0 gives us a new generalized viscosity solution of
(13) and (14). To see this we notice that u. is a solution of (13) and a
supersolution of the boundary value problem since u.(—1) = uc(1) > 0.
But u, is also a subsolution, since there exist no testfunctions for u, at the
boundary of [-1,1].

b) Next we look at

5 :r“(u(,f’(i: 5+ (@) = 0 in (0,1

u(0) = u(l) = 0,

where f is defined as

2-p? p| <1
fo) =4 V3=38p2+pt P'=
1 Ip| > 1.

This problem has the solution u(z) = 2(z3/2 + (1 - 1)%/2) — 2. Again every
translate uc(x) = u(z) — ¢ (¢ > 0) is a generalized viscosity solution, since
F(uc(2), ue(x), ug(z)) = 0 in (0,1)
uc(0) = uc(1) = —c < 0,

and for every testfunction t from below ¢'(0) < —1 and v/(1) > 1, such
that f(¢'(0)) = f(¥'(1)) = 1. Since we have

¥"(0)/4/1+ (#"(0)2 > -1 and — 4" (1 1)/y/1+ ($"(1)2 > —1,
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one gets the two following inequalities

max{uc(()),F(uC(O),gb'(O),zp"(O))} Z 0

and

max{uc(1), F(uc(1), ' (1),"(1)} > 0.

So every translate u. is a generalized viscosity solution. Thus comparison
must fail again.

¢) For the last example I refer once more to where the following
problem is given:

~Au(z) 4+ |Du(z)|™ =0 in B(0,R)
u(x) =c on 0B(0,R)

where R > 0, 0 < m < 1 and ¢ € R. This problem has the two classical
solutions u;(z) = ¢ and wug(z) = k(k + N — 2)V/(m=U(RF _ |z|*) + ¢ for
r € B(0,R) with kK = (2—m)/(1 — m). Thus comparison fails, but as the
two operators in a) and b) above the given operator is not w-elliptic.

Remark 4. The examples a) and b) were given to me by N. Kutev. Using
a generalization of the structural conditions from of the present
manuscript, he and B. Kawohl derived related comparison principles in .

Acknowledgment The author thanks the referee for reading this manu-
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References

[1] Barles G., Diaz G. and Diaz J.I., Uniqueness conditions and estimates for the
solution of the Dirichlet problem. Comm. Partial Differential Equations 17 (5 &
6), (1992), 1037-1050.

[2] Crandall M.G. and Ishii H., The mazimum principle for semicontinuous functions.
Differential and Integral Equations 3 (6), (1990), 1001-1014.

[3] Crandall M.G., Ishii H. and Lions P.-L., User” s guide to viscosity solutions of
second order partial differential equations. Bull. Amer. Math. Soc. 27 (1), (1992),
1-67.

[4] Horstmann D., Vergleichssdtze fiir Viskosititslosungen partieller Differentialglei-
chungen. Diplomarbeit, 1996.

[5] Ishii H. and Koike S., Viscosity solutions of a system of nonlinear second-order
elliptic PDE’s arising in switching games. Funkcialaaj Ekvacioj 34 (1991), 143—
155.



Comparison principles for viscosity solutions 331

Ishii H. and Lions P.-L., Viscosity solutions of fully nonlinear second-order elliptic
partial differential equations. J. Differential Equations 83 (1990), 26-78.

Jensen R., The mazimum principle for viscosity solutions of fully nonlinear second
order partial differential equations. Arch. Rat. Mech. Anal. 101, (1988), 1-27.
Jensen R., Uniqueness criteria for viscosity solutions of fully monlinear elliptic
partial differential equations. Indiana Univ. Math. J. 38 (3), (1989), 629-667.
Jensen R., Lions P.-L. and Souganidis P.E., Uniqueness results for viscosity solu-
tions. Proc. Amer. Math. Soc. 102 (4), (1988), 975-978.

Kawohl B. and Kutev N., Strong mazimum principle for semicontinuous viscosity
solutions of nonlinear partial differential equations. Archiv der Mathematik, to
appear.

Koike S., Uniqueness of viscosity solutions for monotone systems of fully nonlinear
PDE’s under Dirichlet condition. Nonlinear Anal. Theory Methods Appl. 22 (4),
(1994), 519-532.

Mathematisches Institut der Universitat zu Koln
Weyertal 86-90, D-50923 Koln, Germany
E-mail: dhorst@mi.uni-koeln.de



	1. Introduction
	Theorem 1 ...

	2. Basic information
	Theorem 2 ...

	3. Comparison principles ...
	Theorem 3 ...
	Theorem 4 ...

	4. Counterexamples
	Example 3.
	References

