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Abstract. We shall consider the Cauchy problem for weakly hyperbolic equations of
4th order with coefficients depending on time. Using the suitable energy of 4th order
equations, we derive the energy inequality which shows exactly the derivative loss of the
solution.
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1. Introduction

F. Colombini, E. De Giorgi, E. Jannelli and S. Spagnolo showed the
Gevrey wellposedness for the hyperbolic equations of second order with
coefficients depending only on time and H\"older continuous (see [1], [2] and
see also [3], [12] for the hyperbolic equations of third order). Later on their
results were generalized by T. Nishitani [14] and P. D’Ancona [6] for the
second order equations whose coefficients depend also on space variables,
and by Y. Ohya and S. Tarama [16] for the hyperbolic equations of higher
order. In this paper we restrict to hyperbolic equations of 4th order with
less smooth coefficients in time, and show the Gevrey wellposedness, using
the suitable energy for the equation of 4th order.

We shall consider the Cauchy problem in [0, T] \cross R_{x}^{n}

\{\begin{array}{l}\partial_{t}^{4}u-\Sigma a_{\omega}(t)\partial_{x}^{\omega}\partial_{t}^{2}u+\Sigma b_{\omega}(t)\partial_{x}^{\omega}u=0,|\omega|=2 |\omega|=4\partial_{t}^{h}u(0,x)=u_{h}(x) (h=0,1,2,3),\end{array} (1)

where a_{\omega}(t) and b_{\omega}(t)(\omega\in N^{n}) are real coefficients satisfying, for some
\alpha\in(0,1] ,
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\{\sum_{|\omega|=2}a_{\omega}(t)\xi^{\omega}\}^{2}\in C^{\alpha}([0, T]) ,

\sum b_{\omega}(t)\xi^{\omega}\in C^{\alpha}([0, T]) for \xi\in R_{\xi}^{n} . (2)
|\omega|=4

We remark that the condition (2) is more relaxed condition than

\sum_{|\omega|=2}a_{\omega}(t)\xi^{\omega}\in C^{\alpha}([0, T])
,

\sum b_{\omega}(t)\xi^{\omega}\in C^{\alpha}([0, T]) for \xi\in R_{\xi}^{n} . (3)
|\omega|=4

Obviously if a_{\omega}(t) and b_{\omega}(t) satisfy (3), they also satisfy (2). Conversely,
supposing n=1 , we define

a_{2}(t)=\{
2t \sin^{2}\frac{1}{t} for t \in(0, T]

0 for t =0 ,

b_{4}(t)=\{
t^{2} \sin^{4}\frac{1}{t} for t\in(0, T]

0 for l =0 .

The condition (3) with \alpha=1 excludes a_{2}(t) . In fact, if we put t_{j}= \frac{1}{j\pi} ,

t_{j}’= \frac{1}{\frac{\pi}{4}+j\pi}(j\in N) , then we find that \frac{4}{\pi}|t_{j}-t_{j}’|=\frac{1}{j\pi(\frac{\pi}{4}+j\pi)} and |a_{2}(t_{j})-

a_{2}(t_{j}’)|=|2t_{j} \sin^{2}\frac{1}{t_{j}}-2t_{j}’\sin^{2}\frac{1}{t_{j}}, |=|-t_{j}’|= \frac{1}{\frac{\pi}{4}+j\pi} . Hence noting that

\frac{1}{j\pi(\frac{\pi}{4}+j\pi)}\geq\frac{1}{(\frac{\pi}{4}+j\pi)^{2}}\geq\frac{4}{5}\frac{1}{j\pi(\frac{\pi}{4}+j\pi)} , we get

\frac{2}{\sqrt{\pi}}|t_{j}-t_{j}’|^{\frac{1}{2}}\geq|a_{2}(t_{j})-a_{2}(t_{j}’)|\geq\frac{4}{\sqrt{5\pi}}|t_{j}-t_{j}’|^{\frac{1}{2}} for j\in N .

This means that the condition (3) with \alpha\leq\frac{1}{2} holds for a_{2}(t) . In the same
way the condition (2) with \alpha=1 holds for a_{2}(t) and b_{4}(t) .

Remark 1 More generally, if \sum_{|\omega|=2}a_{\omega}(t)\xi^{\omega}
-\nearrow\backslash 0 , then (2) implies

\sum_{|\omega|=2}a_{\omega}(t)\xi^{\omega}\in C^{\frac{\alpha}{2}}([0, T]) ; on the other hand, if \sum_{|\omega|=2}a_{\omega}(t)\xi^{\omega}\geq\delta|\xi|^{2}

(^{\exists}\delta>0) , then (2) implies (3), that is \sum_{|\omega|=2}a_{\omega}(t)\xi^{\omega}\in C^{\alpha}([0, T]) .

Now we shall assume three types of weakly hyperbolic conditions for
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the 4th order equation (1)

(I)
\sum_{|\omega|=2}a_{\omega}(t)\xi^{\omega}\geq 0

,
\sum_{|\omega|=4}b_{\omega}(t)\xi^{\omega}\geq 0

,

\{\sum_{|\omega|=2}a_{\omega}(t)\xi^{\omega}\}^{2}-4\sum_{|\omega|=4}b_{\omega}(t)\xi^{\omega}\underline{>}0 ,

(II)
\sum_{|\omega|=2}a_{\omega}(t)\xi^{\omega}\geq 0

,
\sum_{|\omega|=4}b_{\omega}(t)\xi^{\omega}\geq 0

,

\{\sum_{|\omega|=2}a_{\omega}(t)\xi^{\omega}\}^{2}-4\sum_{|\omega|=4}b_{\omega}(t)\xi^{\omega}\geq\delta_{0}|\xi|^{4} .

(III)
\sum_{|\omega|=2}a_{\omega}(t)\xi^{\omega}\geq 0

,
\sum_{|\omega|=4}b_{\omega}(t)\xi^{\omega}\geq\delta_{0}|\xi|^{4}

,

\{\sum_{|\omega|=2}a_{\omega}(t)\xi^{\omega}\}^{2}-4\sum_{|\omega|=4}b_{\omega}(t)\xi^{\omega}\geq 0 ,

for t \in[0, T] , \xi\in R_{\xi}^{n} with some \delta_{0}>0 . We find that under these con-
ditions there always exist two non-negative characteristic roots and two
non-positive ones. Particularly under the condition (I) the multiplicity of
the characteristic roots is four. While under the conditions (II) or (III) the
multiplicity is at most two.

Remark 2 In the case (II) we have really \sum_{|\omega|=2}a_{\omega}(t)\xi^{\omega}\geq\sqrt{\delta}0|\xi|^{2} ,

while in the case (III) \sum_{|\omega|=2}a_{\omega}(t)\xi^{\omega}\geq 2\sqrt{\delta}0|\xi|^{2} .

Then we can prove the following theorems.

Theorem 1 (multiplicity 4) Let T>0 , \rho_{0}>0 . The coefficients satisfy
(2) and (I). Then for any u_{h}\in\gamma^{s}(R_{x}^{n})(h=0,1,2,3) , the Cauchy problem
(1) has a unique (global) solution u\in C^{4}([0, T], \gamma^{s}(R_{x}^{n})) , provided

1 \leq s<1+\frac{\alpha}{4} , (4)

and moreover when u_{h}\in\gamma_{0}^{s}(R_{x}^{n})(s>1) , there exists a positive function
\rho(t) satisfying \rho(0)=\rho_{0} , such that for \xi\in R_{\xi}^{n}
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e^{\rho(t)\langle\xi\rangle^{\frac{1}{s}}}\{\langle\xi\rangle^{\frac{12}{4+\alpha}}|\hat{u}|+\langle\xi\rangle^{\frac{8}{4+\alpha}}|\partial_{t}\hat{u}|+\langle\xi\rangle^{\frac{4-\alpha}{4+\alpha}}|\partial_{t}^{2}\hat{u}|+\langle\xi\rangle^{\frac{-2\alpha}{4+\alpha}}|\partial_{t}^{3}\hat{u}|+\langle\xi\rangle^{\frac{-4-4\alpha}{4+\alpha}}|\partial_{t}^{4}\hat{u}|\}

\leq C\exists\sum_{h=0}^{3}e^{\rho 0\langle\xi\rangle s}\langle\xi\rangle^{3-h}|\hat{u}_{h}|\perp . (5)_{I}

Remark 3 The critical assumption (4) coincides with the result of Y
Ohya and S. Tarama [16] under the condition (3) instead of the condition
(2). Under the condition (2) (see Remark 1), it follows by [16] the well-
posedness in \gamma^{s} for 1 \leq s<1+\frac{\alpha}{8} .

Theorem 2 (multiplicity 2) Let T>0 , \rho_{0}>0 . The coefficients satisfy
(2) and (II) (resp. (III)). Then for any u_{h}\in\gamma^{s}(R_{x}^{n})(h=0,1,2,3) , the
Cauchy problem (1) has a unique (global) solution u\in C^{4}([0, T], \gamma^{s}(R_{x}^{n})) ,
provided

1 \leq s<1+\frac{\alpha}{2} , (6)

and moreover when u_{h}\in\gamma_{0}^{s}(R_{x}^{n})(s>1) , there existe a positive function
\rho(t) satisfying \rho(0)=\rho_{0} , such that for \xi\in R_{\xi}^{n}

e^{\rho(t)\langle\xi\rangle s}\perp\{\langle\xi\rangle^{\frac{6+2\alpha}{2+\alpha}}|\hat{u}|+\langle\xi\rangle^{2}|\partial_{t}\hat{u}|+\langle\xi\rangle|\partial_{t}^{2}\hat{u}|+|\partial_{t}^{3}\hat{u}|+\langle\xi\rangle^{\frac{-2-2\alpha}{2+\alpha}}|\partial_{t}^{4}\hat{u}|\}

\leq C\exists\sum_{h=0}^{3}e^{\rho 0\langle\xi\rangle^{\frac{1}{s}}}\langle\xi\rangle^{3-h}|\hat{u}_{h}| , (7)_{II}

(resp. \sum_{h=0}^{4}e^{\rho(t)\langle\xi\rangle^{1}}\langle s\xi\rangle^{\frac{5+3\alpha}{2+\alpha}-h}|\partial_{t}^{h}\hat{u}|\leq C\exists\sum_{h=0}^{3}e^{\rho 0\langle\xi\rangle^{\frac{1}{s}}}\langle\xi\rangle^{3-h}|\hat{u}_{h}|) . (8)_{III}

Remark 4 The condition (2) is equivalent to the condition (3) under
the condition (II) or (III) (see Remark 1 and Remark 2). Therefore the
wellposedness result of Theorem 2 follows by [16]. So we shall particularly
show how to obtain the estimates (7)_{II} and (8)_{III} which will be useful when
one considers nonlinear equations of 4th order (see [7], [9] and [17]).

Remark 5 It is interesting to notice that, in Theorem 2, we obtain in the
case (II) a better estimate than in the case (III). This is related to the fol-
lowing fact (see [4] where the general case of operators of order m is treated).
When the characteristic roots degenerate of finite order and the coefficients
a_{\omega} and b_{\omega} are sufficiently regular (say C^{5} ), under the condition (II) the
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operator L given in (1) is strongly hyperbolic (the Cauchy problem (1) is
C^{\infty} -wellposed), while under the condition (III), if really \{\sum_{|\omega|=2}a_{\omega}\xi^{\omega}\}^{2}-

4 \sum_{|\omega|=4}b_{\omega}\xi^{\omega}=0 for some \xi\in R_{\xi}^{n} , surely L is not strongly hyperbolic.
The vibrating beam is described by the equation

(\partial_{t}^{2}-A(t, \partial_{x}))(\partial_{t}^{2}-B(t, \partial_{x}))u=0 , (9)

where A(t, \xi)=\sum_{|\omega|=2}p_{\omega}(t)\xi^{\omega}\geq\delta|\xi|^{2} , B(t, \xi)=\sum_{|\omega|=2}q_{\omega}(t)\xi^{\omega}\geq\delta|\xi|^{2}

for t \in[0, T] , \xi\in R_{\xi}^{n} with some \delta>0 and A(t, \xi) , B(t, \xi)\in C^{2}([0, T]) for
\xi\in R_{\xi}^{n} . If \sum_{|\omega|=2}a_{\omega}(t)\partial_{x}^{\omega}=A(t, \partial_{x})+B(t, \partial_{x}) and \sum_{|\omega|=4}b_{\omega}(t)\partial_{x}^{\omega}=

A(t, \partial_{x})B(t, \partial_{x}) , the equation (1) with lower term -2 \{\partial_{t}B(t, \partial_{x})\}\partial_{t}\hat{u} -

\{\partial_{t}^{2}B(t, \partial_{x})\}u can be written by the equation (9). By Fourier transform
we change the equation (9) into (\partial_{t}^{2}+A(t, \xi))(\partial_{t}^{2}+B(t, \xi)) \^u=0 which can
be regarded as the following equation whose solution is (\partial_{t}^{2}+B(t, \xi)) \^u.

\partial_{t}^{2}\{(\partial_{t}^{2}+B(t, \xi))\text{\^{u}}\} +A(t, \xi ) \{(\partial_{t}^{2}+B(t, \xi))\hat{u}\}=0 .

Then we define the energy for the second order equation

E^{(1)}(t, \xi)^{2}=|\partial_{t}(\partial_{t}^{2}+B(t, \xi))\hat{u}|^{2}+A(t, \xi)|(\partial_{t}^{2}+B(t, \xi))\hat{u}|^{2}

(=|(\partial_{t}^{2}+B(t, \xi))\partial_{t}\hat{u}+\{\partial_{t}B(t, \xi)\}\hat{u}|^{2}+A(t, \xi)|(\partial_{t}^{2}+B(t, \xi))\hat{u}|^{2}) .

Here we remark that the term \{\partial_{t}B(t, \xi)\} \^u appears in the energy due to
the lower terms. According to the method of the second order equations, we
obtain the energy inequality E^{(1)}(t, \xi)^{2}\leq E^{(1)}(0, \xi)^{2} for t \in[0, T] . Hence
we find that

(\partial_{t}^{2}-B(t, \partial_{x}))u=f(t, x)\in C^{2}([0, T], C^{\infty}(R_{x}^{n})) . (10)

Furthermore solving (10), we obtain that u(t, x)\in C^{2}([0, T], C^{\infty}(R_{x}^{n})) .
While the equation (1) with lower terms -2 \{\partial_{t}A(t, \partial_{x})\}\partial_{t}u -

\{\partial_{t}^{2}A(t, \partial_{x})\}u can be also written by

(\partial_{t}^{2}-B(t, \partial_{x}))(\partial_{t}^{2}-A(t, \partial_{x}))u=0 .

Similarly defining the energy for the second order equation

E^{(2)}(t, \xi)^{2}=|\partial_{t}(\partial_{t}^{2}+A(t, \xi))\hat{u}|^{2}+B(t, \xi)|(\partial_{t}^{2}+A(t, \xi))\hat{u}|^{2}

(=|(\partial_{t}^{2}+A(t, \xi))\partial_{t}\hat{u}+\{\partial_{t}A(t, \xi)\}\hat{u}|^{2}+B(t, \xi)|(\partial_{t}^{2}+A(t, \xi))\hat{u}|^{2}) ,

we obtain u(t, x)\in C^{2}([0, T], C^{\infty}(R_{x}^{n})) .
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Remark 6 If A(t, \xi)\geq 0 , B(t, \xi)\geq 0 for t \in[0, T] , \xi\in R_{\xi}^{n} and A(t, \xi) ,
B(t, \xi)\in C^{\alpha}([0, T]) for \xi\in R_{\xi}^{n} , applying the result of [2], we obtain the
solution of the equation (9) or (10), in \gamma^{s}(R_{x}^{n}) , provided 1 \leq s<1+\frac{\alpha}{2} .

Since our equation (1) does not include the lower terms, we shall com-
bine E^{(1)}(t, \xi)^{2} and E^{(2)}(t, \xi)^{2} and exclude the terms \{\partial_{t}B(t, \xi)\} \^u and
\{\partial_{t}A(t, \xi)\} \^u to define the energy for (1) with suitably modified coefficients
(see the definition of the partial energy (23)). However it seems very difficult
to treat the order 2m similarly as the order 4, unless under more restricted
assumptions (see [5]). In [5] we consider the equations of higher order (not
only 2m order).

Notations

\langle\xi\rangle_{\nu}=(|\xi|^{2}+\nu^{2})^{\frac{1}{2}}(\nu\geq 1) , \langle\xi\rangle=(|\xi|^{2}+1)^{\frac{1}{2}}(=\langle\xi\rangle_{1}) ,

\hat{f}(\xi)=\int e^{-ix\cdot\xi}f(x)dx .

C^{\alpha}([0, T])(0\leq\alpha\leq 1) is the space of H\"older continuous functions with
exponent \alpha on [0, T] .

\gamma^{s}(R_{x}^{n})(s\geq 1) is the space of Gevrey functions f(x) satisfying for any
compact set K\subset R^{n} , \sup_{x\in K}|\partial_{x}^{\alpha}f(x)|\leq C_{K\rho_{K}}^{|\alpha|}|\alpha|!^{s} for \alpha\in N^{n} .

\gamma_{0}^{s}(R_{x}^{n})(s>1) is the space of Gevrey functions f(x) of the order s
having compact support.

2. Proof of the Theorems

When s=1 , the problem (1) is well-posed in \gamma^{1} which is the topological
vector space of analytic functions on R^{n} (see [8] and [10]). Therefore we may
suppose s>1 for the proof. Our main task is to investigate the regularity
of the solution, namely, to derive the energy inequality (5)_{I} , (7)_{II} and (8)_{III} .

By Fourier transform the Cauchy problem (1) is changed into

\{

v_{tttt}+\{A(t, \xi)+B(t, \xi)\}v_{tt}+A(t, \xi)B(t, \xi)v=0 ,
\partial_{t}^{h}v(0, \xi)=v_{h}(\xi) (h=0,1,2,3) ,

(1)

where v=\^u, and v_{h}=\hat{u}_{h}(h=0,1,2,3) and A(t, \xi) , B(t, \xi)(A(t, \xi)\geq

B(t, \xi)) are two roots of the algebraic equation \Lambda^{2}-\sum_{|\omega|=2}a_{\omega}(t)\xi^{\omega}\Lambda+

\sum_{|\omega|=4}b_{\omega}(t)\xi^{\omega}=0 .
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Using A(t, \xi) and B(t, \xi) , we also change the weakly hyperbolic condi-
tions (I), (II) and (III) into

“A(t, \xi) and B(t, \xi) are real valued” &

A(t, \xi)\geq 0 , B(t, \xi)\geq 0 , (12)_{I}

A(t, \xi)\geq 0 , B(t, \xi)\geq 0 , A(t, \xi)-B(t, \xi)\geq\delta_{1}|\xi|^{2}

(and so A(t , \xi)\geq\delta_{1}|\xi|^{2} ), (13)_{II}

A(t, \xi)\geq 0 , B(t, \xi)\geq\delta_{1}|\xi|^{2} ( and so A(t , \xi)\geq\delta_{1}|\xi|^{2} ), (14)_{III}

for t \in[0, T] , \xi\in R_{\xi}^{n} with some \delta_{1}>0 .
Now we must separate the proof of Theorems into three parts according

to the weakly hyperbolic conditions (12)_{I} , (13)_{II} and (14)_{III} .

2.1. Case of (12)_{I} (Theorem 1)
We first treat the case of (12)_{I} which implies that the multiplicity of

the characteristic roots is four. In order to define the energy based on the
distinct and smooth characteristic roots, we regularize the coefficient as
follows.

H_{\xi j}(t, \xi)=\frac{1}{\epsilon}\int_{-\infty}^{\infty}(A(\tau, \xi)+B(\tau, \xi))^{2}\varphi(\frac{t-\tau}{\epsilon})d\tau+5\epsilon^{\alpha}|\xi|^{4} . (15)

G_{\epsilon}(t, \xi)=\frac{1}{\epsilon}\int_{-\infty}^{\infty}A(\tau, \xi)B(\tau, \xi)\varphi(\frac{t-\tau}{\epsilon})d\tau+\epsilon^{\alpha}|\xi|^{4} . (16)

(0<\epsilon<1) , where \varphi(t)\in C_{0}^{\infty}(R_{t}^{1}) satisfies \varphi(t)\geq 0 and \int_{-\infty}^{\infty}\varphi(t)dt =1 .
Using H_{\epsilon}(t, \xi) and G_{\epsilon}(t, \xi) , we define that A_{\epsilon}(t, \xi) and B_{\epsilon}(t, \xi)(A_{\epsilon}(t, \xi)\geq

B_{\epsilon}(t, \xi)) are two roots of the algebraic equation \Lambda^{2}-\sqrt{H_{\epsilon}(t,\xi)}\Lambda+G_{\epsilon}(t, \xi)=

0 .
Then since A(t, \xi)+B(t, \xi)=\sum_{|\omega|=2}a_{\omega}(t)\xi^{\omega} and A(t, \xi)B(t, \xi)=

\sum_{|\omega|=4}b_{\omega}(t)\xi^{\omega} , by (2) there exists M>0 such that for \xi\in R_{n}^{\xi}

|(A_{\epsilon}(t, \xi)+B_{\epsilon}(t, \xi))^{2}-(A(t, \xi)+B(t, \xi))^{2}|\leq M\epsilon^{\alpha}|\xi|^{4}7 (17)

|A_{\epsilon i}(t, \xi)B_{\in}(t, \xi)-A(t, \xi)B(t, \xi)|\leq M\epsilon^{\alpha}|\xi|^{4} . (18)
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| \frac{\partial}{\partial t}(A_{\epsilon}(t, \xi)+B_{\epsilon}(t, \xi))^{2}|\leq M\epsilon^{\alpha-1}|\xi|^{4} ,
(19)

| \frac{\partial}{\partial t}(A_{\epsilon}(t, \xi)B_{\epsilon}(t, \xi))|\leq M\epsilon^{\alpha-1}|\xi|^{4} .

For a proof refer to [1] and [18]. We remark that by (15) and (16)
A_{\epsilon}(t, \xi) , B_{\epsilon}(t, \xi) have not been defined yet.

Lemma 1 Define that C_{\epsilon}(t, \xi)=A_{\epsilon}(t, \xi)-B_{\epsilon}(t, \xi) . Then it holds that
for \xi\in R_{\xi}^{n}

(A_{\epsilon}(t, \xi)+B_{\epsilon}(t, \xi))^{2}\geq 5\epsilon^{\alpha}|\xi|^{4} , A_{\epsilon}(t, \xi)B_{\epsilon}(t, \xi)\geq\epsilon^{\alpha}|\xi|^{4}

(20)
C_{\epsilon}(t, \xi)^{2}\geq\epsilon^{\alpha}|\xi|^{4} ,

and

\frac{(A_{\epsilon}(t,\xi)+B_{\epsilon}(t,\xi))^{2}}{A_{\epsilon}(t,\xi)B_{\epsilon}(t,\xi)C_{\epsilon}(t,\xi)^{2}}\leq 5\epsilon^{-\alpha}|\xi|^{-4} . (21)

Proof. From (15), (16) and (12)_{I} we can easily see that

(A_{\epsilon}(t, \xi)+B_{\epsilon}(t, \xi))^{2}\geq 5\epsilon^{\alpha}|\xi|^{4} , A_{\epsilon}(t, \xi)B_{\epsilon}(t, \xi)\geq\epsilon^{\alpha}|\xi|_{:}^{4}

and

C_{\epsilon}(t, \xi)^{2}=(A_{\epsilon}(t, \xi)+B_{\epsilon}(t, \xi))^{2}-4A_{\epsilon}(t, \xi)B_{\epsilon}(t, \xi)

= \frac{1}{\epsilon}\int_{-\infty}^{\infty}\{(A(\tau, \xi)+B(\tau, \xi))^{2}-4A(\tau, \xi)B(\tau, \xi)\}\varphi(\frac{t-\tau}{\epsilon})d\tau

+(5\epsilon^{\alpha}-4\epsilon^{\alpha})|\xi|^{4}

= \frac{1}{\epsilon}\int_{-\infty}^{\infty}(A(\tau, \xi)-B(\tau, \xi))^{2}\varphi(\frac{t-\tau}{\epsilon})d\tau+\epsilon^{\alpha}|\xi|^{4}

\geq\epsilon^{\alpha}|\xi|^{4} .

Hence we also get

\frac{((A_{\epsilon}(t,\xi)+B_{\epsilon}(t,\xi))^{2}}{A_{\epsilon}(t,\xi)B_{\epsilon}(t,\xi)C_{\epsilon}(t,\xi)^{2}}=\frac{C_{\epsilon}(t,\xi)^{2}+4A_{\epsilon}(t,\xi)B_{\epsilon}(t,\xi)}{A_{\epsilon}(t,\xi)B_{\epsilon}(t,\xi)C_{\epsilon}(t,\xi)^{2}}

= \frac{1}{A_{\epsilon}(t,\xi)B_{\epsilon}(t,\xi)}+\frac{4}{C_{\epsilon}(t,\xi)^{2}}\leq\frac{1}{\epsilon^{\alpha}|\xi|^{4}}+\frac{4}{\epsilon^{\alpha}|\xi|^{4}}

=5\epsilon^{-\alpha}|\xi|^{-4}\wedge

\square
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With the modified coefficients A_{\epsilon}(t, \xi) , B_{\epsilon}(t, \xi) we shall define the en-
ergy

E_{\epsilon}(t, \xi)^{2}=e^{2\rho(t)\langle\xi\rangle_{\nu}^{\kappa}}\{|v_{ttt}+B_{\epsilon}v_{t}|^{2}+|v_{ttt}+A_{\epsilon}v_{t}|^{2}+A_{\epsilon}|v_{tt}+B_{\epsilon}v|^{2}

+B_{\epsilon}|v_{tt}+A_{\epsilon}v|^{2}\}

\equiv e^{2\rho(t)\langle\xi\rangle_{\nu}^{\kappa}}\{|k_{1}|^{2}+|l_{1}|^{2}+A_{\epsilon}|k_{2}|^{2}+B_{\epsilon}|l_{2}|^{2}\}

\equiv e^{2\rho(t)\langle\xi\rangle_{\nu}^{\kappa}}F_{\epsilon}(t, \xi)^{2} , (22)

where k_{1}=v_{ttt}+B_{\epsilon}v_{t} , l_{1}=v_{ttt}+A_{\epsilon}v_{t} , k_{2}=v_{tt}+B_{\epsilon}v , l_{2}=v_{tt}+A_{\epsilon}v and

F_{\epsilon}(t, \xi)^{2}=|k_{1}|^{2}+|l_{1}|^{2}+A_{\in}|k_{2}|^{2}+B_{\epsilon}|l_{2}|^{2} (23)

and \rho(t) is positive and determined later.
Paying attention to F_{\epsilon}(t, \xi)^{2} only, we can find from the following lemma

that F_{\epsilon}(t, \xi)^{2} is bounded from below by |v|^{2} , |v_{t}|^{2} , |v_{tt}|^{2} and |v_{ttt}|^{2} .

Lemma 2 It holds that

|v|^{2} \leq\frac{A_{\epsilon}+B_{\epsilon}}{A_{\epsilon}B_{\epsilon}C_{\epsilon}^{2}}F_{\epsilon:}^{2} |v_{t}|^{2} \leq\frac{2}{C_{\epsilon}^{2}}F_{\epsilon}^{2} ,

(24)
|v_{tt}|^{2} \leq\frac{A_{\epsilon}+B_{\Xi}}{C_{\epsilon}^{2}}F_{\epsilon}^{2} , |v_{ttt}|^{2} \leq\frac{A_{\epsilon}^{2}+B_{\epsilon}^{2}}{C_{\epsilon}^{2}}F_{\epsilon}^{2} .

Moreover there exist \delta>0 and L>0 such that

\delta max \{\epsilon^{\frac{3\alpha}{2}}|\xi|^{6}|v|^{2} , \epsilon^{\alpha}|\xi|^{4}|v_{t}|^{2} , \epsilon^{\alpha}|\xi|^{2}|v_{tt}|^{2} , \epsilon^{\alpha}|v_{ttt}|^{2}\}

\leq F_{\epsilon}(t, \xi)^{2}\leq L(|\xi|^{6}|v|^{2}+|\xi|^{4}|v_{t}|^{2}+|\xi|^{2}|v_{tt}|^{2}+|v_{ttt}|^{2}) . (25)

Proof. Since F_{\epsilon}(t, \xi)^{2}\geq|k_{1}|^{2}+|l_{1}|^{2} , by (20) we get

F_{\epsilon}(t, \xi)^{2}\geq|v_{ttt}+B_{\epsilon}v_{t}|^{2}+|v_{ttt}+A_{\epsilon}v_{t}|^{2}

=2|v_{ttt}|^{2}+2(A_{\epsilon}+B-)\Re(v_{ttt}, v_{t})+(A_{\epsilon}^{2}+B_{\epsilon}^{2})|v_{t}|^{2}

=\{\begin{array}{l}\frac{(A_{\epsilon}-B_{\epsilon})^{2}}{A_{\epsilon}^{2}+B_{\epsilon}^{2}}|v_{ttt}|^{2}+|\frac{A_{6}+B_{\epsilon}}{\sqrt{A_{\epsilon}^{2}+B_{\epsilon}^{2}}}v_{ttt}+\sqrt{A_{\epsilon}^{2}+B_{\epsilon}^{2}}v_{t}|^{2}|\sqrt{2}v_{ttt}+\frac{A_{\epsilon}+B_{\epsilon}}{\sqrt{2}}v_{t}|^{2}+\frac{(A_{\epsilon}-B_{\epsilon})^{2}}{2}|v_{t}|^{2}\end{array}
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\geq\{\begin{array}{l}\frac{C_{\epsilon}^{2}}{A_{\epsilon}^{2}+B_{\epsilon}^{2}}|v_{ttt}|^{2}\frac{C_{\epsilon}^{2}}{2}|v_{t}|^{2}\end{array} \geq\{

\delta\epsilon^{\alpha}|v_{ttt}|^{2}

(^{\exists}\delta>0) .
\delta\epsilon^{\alpha}|\xi|^{4}|v_{t}|^{2}

Hence we also get the second and fourth inequalities in (24).
Similarly since F_{\epsilon}(t, \xi)^{2}\geq A_{\epsilon}|k_{2}|^{2}+B_{\epsilon}|l_{2}|^{2} , by (20) we get

F_{\epsilon}(t, \xi)^{2}\geq A_{\in}|v_{tt}+B_{\epsilon i}v|^{2}+B_{\xi j}|v_{tt}+A_{\in}v|^{2}

=(A_{\epsilon}+B_{\epsilon})|v_{tt}|^{2}+4A_{\epsilon}B_{\xi j}\Re(v_{tt}, v)+A_{\epsilon i}B_{\xi j}(A_{\epsilon}+B_{\epsilon})|v|^{2}

=\{\begin{array}{l}\frac{(A_{\epsilon}-B_{\epsilon})^{2}}{A_{\epsilon}+B_{\epsilon}}|v_{tt}|^{2}+|\sqrt{\frac{4A_{\epsilon}B_{\epsilon}}{A_{\epsilon}+B_{\in}}}v_{tt}+\sqrt{A_{\epsilon}B_{\epsilon}(A_{\epsilon}+B_{\in})}v|^{2}|\sqrt{A_{\epsilon i}+B_{\Xi}}v_{tt}+\frac{2A_{\epsilon}B_{\epsilon}}{\sqrt{A_{\epsilon}+B_{\epsilon i}}}v|^{2}+\frac{A_{\epsilon}B_{\epsilon}(A_{\epsilon}-B_{\in})^{2}}{A_{\epsilon}+B_{\epsilon}}|v|^{2}\end{array}

\geq\{\frac{}{A_{\epsilon}+B_{\epsilon}’}|v|^{2}\frac{C_{\epsilon}^{2}}{A_{\epsilon}+B_{\epsilon},A_{\epsilon}B_{\epsilon}C_{\epsilon}^{2}}|v_{tt}|^{2}\geq\{

\delta\epsilon^{\alpha}|\xi|^{2}|v_{tt}|^{2}

\delta\epsilon^{\frac{3\alpha}{2}}|\xi|^{6}|v|^{2}

(^{\exists}\delta>0) ,

here we used by (20) and (21)

\frac{A_{\epsilon}B_{\epsilon}C_{\epsilon}^{2}}{A_{\epsilon}+B_{\epsilon}}=(A_{\epsilon}+B_{\epsilon})\{\frac{(A_{\epsilon}+B_{\epsilon})^{2}}{A_{\epsilon}B_{\epsilon}C_{\epsilon}^{2}}\}^{-1}\geq\delta\epsilon^{\frac{3\alpha}{2}}|\xi|^{6}

Hence we also get the first and third inequalities in (24).
While we can easily get the right side of (25) as follows.

F_{\epsilon}(t, \xi)^{2}=|k_{1}|^{2}+|l_{1}|^{2}+A_{\epsilon}|k_{2}|^{2}+B_{\epsilon}|l_{2}|^{2}

\leq 2|v_{ttt}|^{2}+2B_{\epsilon}^{2}|v_{t}|^{2}+2|v_{ttt}|^{2}+2A_{\epsilon}^{2}|v_{t}|^{2}

+2A_{\epsilon}|v_{tt}|^{2}+2A_{\epsilon}B_{\epsilon}^{2}|v|^{2}+2B_{\epsilon}|v_{tt}|^{2}+2A_{\epsilon}^{2}B_{\epsilon}|v|^{2}

\leq L(|\xi|^{6}|v|^{2}+|\xi|^{4}|v_{t}|^{2}+|\xi|^{2}|v_{tt}|^{2}+|v_{ttt}|^{2}) .

\square

Secondly differentiating F_{\epsilon}(t, \xi)^{2} in t , by (11) we have

(F_{\epsilon}(t, \xi)^{2})’

=2\Re(v_{tttt}+B_{\epsilon}v_{tt}+B_{\epsilon}’v_{t}, k_{1})+2\Re(v_{tttt}+A_{\epsilon}v_{tt}+A_{\epsilon}’v_{t}, l_{1})
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+A_{\epsilon}’|k_{2}|^{2}+B_{\epsilon}’|l_{2}|^{2}+2A_{\epsilon}\Re(v_{ttt}+B_{\epsilon}v_{t}+B_{\epsilon}’v, k_{2})

+2B_{\epsilon}\Re(v_{ttt}+A_{\epsilon}v_{t}+A_{\epsilon}’v, l_{2})

=2\Re(-(A+B)v_{tt}-ABv+B_{\epsilon}v_{tt}+B_{\epsilon}’v_{t}, k_{1})

+2\Re(-(A+B)v_{tt}-ABv+A_{\epsilon}v_{tt}+A_{\epsilon}’v_{t}, l_{1})

+A_{\epsilon}’|k_{2}|^{2}+B_{\epsilon}’|l_{2}|^{2}+2A_{\epsilon}\Re(k_{1}, k_{2})+2A_{\epsilon}\Re(B_{\epsilon}’v, k_{2})

+2B_{\epsilon}\Re(l_{1}, l_{2})+2B_{\epsilon}\Re(A_{\epsilon}’v, l_{2})

=2\Re(-(A+B)v_{tt}-ABv+B_{\epsilon}v_{tt}+A_{\epsilon}v_{tt}+A_{\epsilon}B_{\epsilon}v, k_{1})+2\Re(B_{\epsilon}’v_{t}, k_{1})

+2\Re(-(A+B)v_{tt}-ABv+A_{\epsilon}v_{tt}+B_{\epsilon}v_{tt}+A_{\epsilon}B_{\epsilon}v, l_{1})

+2\Re(A_{\epsilon}’v_{t}, l_{1})+A_{\epsilon}’|k_{2}|^{2}+B_{\epsilon}’|l_{2}|^{2}+2A_{\epsilon}\Re(B_{\epsilon}’v, k_{2})+2B_{\epsilon}\Re(A_{\epsilon}’v, l_{2})

=2\{(A_{\epsilon}+B_{\epsilon})-(A+B)\}\Re(v_{tt}, k_{1}+l_{1})+2(A_{\epsilon}B_{\epsilon}-AB)\Re(v, k_{1}+l_{1})

+2 \{B_{\epsilon}’\Re(v_{t}, k_{1})+A_{\epsilon}’\Re(v_{t}, l_{1})\}+\{A_{\epsilon}’|k_{2}|^{2}+B_{\epsilon}’|l_{2}|^{2}\}

+2 \{A_{\epsilon}B_{\epsilon}’\Re(v, k_{2})+A_{\epsilon}’B_{\epsilon}\Re(v, l_{2})\}

\equiv I_{1}+I_{2}+I_{3}+I_{4}+I_{5} ,

here we used 2A_{\epsilon}\Re(k_{1}, k_{2})=2A_{\epsilon}\Re(k_{2}, k_{1})=2\Re(A_{\epsilon}v_{tt}+A_{\epsilon}B_{\epsilon}v, k_{1}) and
2B_{\epsilon}\Re(l_{1}, l_{2})=2B_{\epsilon}\Re(l_{2}, l_{1})=2\Re(B_{\epsilon}v_{tt}+A_{\epsilon}B_{\epsilon}v, k_{1}) .

We shall pick up each term I_{k} (k=0,1, . ’ 5) in order to estimate
(F_{\epsilon}(t, \xi)^{2})’

In the following C and C’ will denote the constants not depending \epsilon ,
possibly having different values in different lines.

(i) Estimate for I_{1}

I_{1}=2\{(A_{\epsilon}+B_{\epsilon})-(A+B)\}\Re(\epsilon^{\eta}v_{tt}, \epsilon^{-\eta}(k_{1}+l_{1}))

\leq|(A_{\epsilon}+B_{\epsilon})-(A+B)|\epsilon^{2\eta}|v_{tt}|^{2}

+|(A_{\epsilon}+B_{\epsilon})-(A+B)|\epsilon^{-2\eta}|k_{1}+l_{1}|^{2}

\leq|(A_{\epsilon}+B_{\epsilon})-(A+B)|\epsilon^{2\eta}\frac{(A_{\epsilon}+B_{\epsilon})+(A+B)}{C_{\epsilon}^{2}}F_{\epsilon}^{2}

+2|(A_{\epsilon}+B_{\epsilon})-(A+B)| \epsilon^{-2\eta}\frac{(A_{\epsilon}+B_{\epsilon})+(A+B)}{\sqrt{5}\epsilon^{\frac{\alpha}{2}}|\xi|^{2}}F_{\epsilon}^{2}

=|(A_{\epsilon}+B_{\epsilon})^{2}-(A+B)^{2}| \frac{\epsilon^{2\eta}}{C_{\epsilon}^{2}}F_{\epsilon}^{2}

+ \frac{2}{\sqrt{5}}|(A_{\epsilon}+B_{\epsilon})^{2}-(A+B)^{2}|\epsilon^{-2\eta-\frac{\alpha}{2}}|\xi|^{-2}F_{\epsilon}^{2} .
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here we used by (24)

|v_{tt}|^{2} \leq\frac{A_{\epsilon}+B_{\epsilon}}{C_{\epsilon}^{2}}F_{\epsilon}^{2}\leq\frac{(A_{\epsilon}+B_{\epsilon})+(A+B)}{C_{\epsilon}^{2}}F_{\epsilon}^{2} ,

|k_{1}+l_{1}|^{2} \leq 2|k_{1}|^{2}+2|l_{1}|^{2}\leq 2F_{\epsilon}^{2}\leq 2\frac{(A_{\epsilon}+B_{\epsilon})+(A+B)}{\sqrt{5}\epsilon^{\frac{\alpha}{2}}|\xi|^{2}}F_{\epsilon}^{2} .

Taking \eta=-\frac{1}{2} , by (17) and (20) we get

I_{1} \leq M\epsilon^{2\eta}F_{\epsilon}^{2}+\frac{2}{\sqrt{5}}M\epsilon^{\frac{\alpha}{2}-2\eta}|\xi|^{2}F_{\epsilon}^{2}=C\epsilon^{-1}F_{\epsilon}^{2}+C’\epsilon^{\frac{\alpha}{2}+1}|\xi|^{2}F_{\epsilon}^{2} .

(26)

(ii) Estimate for I_{2}

Taking \zeta=\frac{\alpha}{4}-\frac{1}{2} , by (17) and the left side of (25) we get

I_{2}=2(A_{\epsilon}B_{\epsilon}-AB)\Re(\epsilon^{\zeta}|\xi|v, \epsilon^{-\zeta}|\xi|^{-1}(k_{1}+l_{1}))

\leq|A_{\epsilon}B_{\epsilon}-AB|\epsilon^{2\zeta}|\xi|^{2}|v|^{2}+|A_{\epsilon}B_{\epsilon}-AB|\epsilon^{-2\zeta}|\xi|^{-2}|k_{1}+l_{1}|^{2}

\leq|A_{\epsilon}B_{\epsilon}-AB|\delta^{-1}\epsilon^{2\zeta-\frac{3\alpha}{2}}|\xi|^{-4}F_{\epsilon}^{2}+2|A_{\epsilon}B_{\epsilon}-AB|\epsilon^{-2\zeta}|\xi|^{-2}F_{\epsilon}^{2}

\leq M\delta^{-1}\epsilon^{2\zeta-\frac{\alpha}{2}}F_{\epsilon}^{2}+2M\epsilon^{\alpha-2\zeta}|\xi|^{2}F_{\epsilon}^{2}

=C\epsilon^{-1}F_{\epsilon}^{2}+C’\epsilon^{\frac{\alpha}{2}+1}|\xi|^{2}F_{\epsilon}^{2} . (27)

(iii) Estimate for I3
I_{3}=2\{B_{\epsilon}’\Re(v_{t}, v_{ttt}+B_{\epsilon}v_{t})+A_{\epsilon}’\Re(v_{t}, v_{ttt}+A_{\epsilon}v)\}

=2(A_{\epsilon}+B_{\epsilon})’\Re(v_{t}, v_{ttt})+\{(A_{\epsilon}^{2})’+(B_{\epsilon}^{2})’\}|v_{t}|^{2}

=2(A_{\epsilon}+B_{\epsilon})’ \Re((\frac{2}{C_{\epsilon}^{2}})^{-\frac{1}{4}}(\frac{A_{\epsilon}^{2}+B_{\epsilon}^{2}}{C_{\epsilon}^{2}})^{\frac{1}{4}}v_{t} ,

( \frac{2}{C_{\epsilon}^{2}})^{\frac{1}{4}}(\frac{A_{\epsilon}^{2}+B_{\epsilon}^{2}}{C_{\epsilon}^{2}})^{-\frac{1}{4}}v_{ttt})

+(A_{\epsilon}^{2}+2A_{\epsilon}B_{\epsilon}+B_{\epsilon}^{2})’|v_{t}|^{2}-2(A_{\epsilon}B_{\epsilon})’|v_{t}|^{2}

\leq|(A_{\epsilon}+B_{\epsilon})’|(\frac{2}{C_{\epsilon}^{2}})^{\frac{1}{2}}(\frac{A_{\epsilon}^{2}+B_{\epsilon}^{2}}{C_{\epsilon}^{2}})\frac{1}{2}

\cross\{(\frac{2}{C_{\epsilon}^{2}})^{-1}|v_{t}|^{2}+(\frac{A_{\epsilon}^{2}+B_{\epsilon}^{2}}{C_{\epsilon}^{2}})^{-1}|v_{ttt}|^{2}\}

+|\{(A_{\epsilon}+B_{\epsilon})^{2}\}’||v_{t}|^{2}+2|(A_{\epsilon}B_{\epsilon})’||v_{t}|^{2} .
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Noting that

|(A_{\epsilon}+B_{\epsilon})’|(A_{\epsilon}^{2}+B_{\epsilon}^{2})^{\frac{1}{2}}\leq|(A_{\epsilon}+B_{\epsilon})’|(A_{\epsilon}+B_{\epsilon})

= \frac{1}{2}|\{(A_{\epsilon}+B_{\epsilon})^{2}\}’| ,

by (19), (20) and (24) we get

I_{3} \leq|(A_{\epsilon}+B_{\epsilon})’|\frac{2\sqrt{2}(A_{\epsilon}^{2}+B_{\epsilon}^{2})^{\frac{1}{2}}}{C_{\epsilon}^{2}}F_{\epsilon}^{2}

+| \{(A_{\epsilon}+B_{\epsilon})^{2}\}’|\frac{2}{C_{\epsilon}^{2}}F_{\epsilon}^{2}+2|(A_{\epsilon}B_{\epsilon})’|\frac{2}{C_{\epsilon}^{2}}F_{\epsilon}^{2}

\leq|\{(A_{\epsilon}+B_{\epsilon})^{2}\}’|\frac{\sqrt{2}+2}{C_{\epsilon}^{2}}F_{\epsilon}^{2}+2|(A_{\epsilon}B_{\epsilon})’|\frac{2}{C_{\epsilon}^{2}}F_{\epsilon}^{2}

\leq(\sqrt{2}+2)M\epsilon^{-1}F_{\epsilon}^{2}+4M\epsilon^{-1}F_{\epsilon}^{2}

=C\epsilon^{-1}F_{\epsilon}^{2} . (28)

(iv) Estimate for I_{4}

I_{4}=A_{\epsilon}’|v_{tt}+B_{\epsilon}v|^{2}+B_{\epsilon}’|v_{tt}+A_{\epsilon}v|^{2}

=(A_{6}+B_{\epsilon})’|v_{tt}|^{2}+(A_{\epsilon}’B_{\epsilon}^{2}+A_{\epsilon}^{2}B_{\epsilon}’)|v|^{2}

+2 (A_{\epsilon}’B_{\epsilon}+A_{\epsilon}B_{\epsilon}’)\Re(v, v_{tt})

\leq|(A_{\mathcal{E}}+B_{\epsilon})’||v_{tt}|^{2}+|\frac{A_{\epsilon}’B_{\epsilon}}{A_{\epsilon}}+\frac{A_{\epsilon}B_{\epsilon}’}{B_{\epsilon}}|A_{\epsilon}B_{\epsilon}|v|^{2}

+2|(A_{\epsilon}B_{\epsilon})’ \Re((\frac{A_{\epsilon}+B_{\epsilon}}{A_{\epsilon}B_{\epsilon}C_{\epsilon}^{2}})^{-\frac{1}{4}}(\frac{A_{\epsilon}+B_{\epsilon}}{C_{\epsilon}^{2}})^{\frac{1}{4}}v ,

( \frac{A_{\epsilon}+B_{\epsilon}}{A_{\epsilon}B_{\epsilon}C_{\epsilon}^{2}})^{\frac{1}{4}}(\frac{A_{\epsilon}+B_{\epsilon}}{C_{\epsilon}^{2}})^{-\frac{1}{4}}v_{tt})|

\leq|\{(A_{\epsilon}+B_{\xi j})^{2}\}’|\frac{1}{2(A_{\epsilon}+B_{\epsilon})}|v_{tt}|^{2}

+|( \frac{A_{\epsilon}’}{A_{\epsilon}}+\frac{B_{\epsilon}’}{B_{\epsilon}})(A_{\epsilon}+B_{\epsilon})-(A_{\in}+B_{\epsilon})’|A_{\epsilon}B_{\epsilon}|v|^{2}

+2|(A_{\epsilon}B_{\epsilon})’|( \frac{A_{\epsilon}+B_{\epsilon}}{A_{\epsilon}B_{\epsilon}C_{\epsilon}^{2}})\frac{1}{2}(\frac{A_{\epsilon}+B_{6}}{C_{\epsilon}^{2}})^{\frac{1}{2}}

\cross\{(\frac{A_{\epsilon}+B_{\epsilon}}{A_{\epsilon}B_{\epsilon}C_{\epsilon}^{2}})^{-1}|v|^{2}+(\frac{A_{\epsilon}+B_{\epsilon}}{C_{\epsilon}^{2}})^{-1}|v_{tt}|^{2}\} .
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Noting that A_{E}’ \overline{A}_{\epsilon}+\frac{B}{B}\acute{\in}\epsilon=\frac{(A_{\epsilon}B_{\epsilon})’}{A_{\epsilon}B_{\epsilon}} , by (19)-(21) and (24) we get

I_{4} \leq|\{(A_{\epsilon}+B_{\epsilon})^{2}\}’|\frac{1}{2C_{\epsilon}^{2}}F_{\epsilon}^{2}+|(A_{\epsilon}B_{\xi j})’|\frac{(A_{\epsilon}+B_{\epsilon})^{2}}{A_{\epsilon}B_{\epsilon}C_{\epsilon}^{2}}F_{\epsilon}^{2}

+| \{(A_{\epsilon}+B_{\epsilon})^{2}\}’|\frac{1}{2C_{\epsilon}^{2}}F_{\epsilon}^{2}+4|(A_{\epsilon}B_{\epsilon})’|\frac{1}{C_{\epsilon}}\{\frac{(A_{\epsilon}+B_{\epsilon})^{2}}{A_{\epsilon}B_{\epsilon}C_{\epsilon}^{2}}\}^{\frac{1}{2}}F_{\epsilon}^{2}

\leq\frac{M}{2}\epsilon^{-1}F_{\epsilon}^{2}+5M\epsilon^{-1}F_{\epsilon}^{2}+\frac{M}{2}\epsilon^{-1}F_{\epsilon}^{2}+2\sqrt{5}M\epsilon^{-1}F_{\epsilon}^{2}

=C\epsilon^{-1}F_{\epsilon}^{2} . (29)

(v) Estimate for I5
By (19)-(21) and (24) we get

I_{5}=2\{A_{\epsilon}B_{\epsilon}’\Re(v, v_{tt}+B_{\epsilon}v)+A_{\epsilon}’B_{\epsilon}\Re(v, v_{tt}+A_{\epsilon}v)\}

=2(A_{\epsilon}B_{\epsilon})’\Re(v, v_{tt})+2A_{\epsilon}B_{\epsilon}(A_{6}+B_{\epsilon})’|v|^{2}

=2(A_{\epsilon}B_{\epsilon})’ \Re((\frac{A_{\epsilon}+B_{\epsilon}}{A_{\epsilon}B_{\epsilon}C_{\epsilon}^{2}})^{-\frac{1}{4}}(\frac{A_{\epsilon}+B_{\epsilon}}{C_{\epsilon}^{2}})\frac{1}{4}v ,

( \frac{A_{\epsilon}+B_{\epsilon}}{A_{\epsilon}B_{\epsilon}C_{\epsilon}^{2}})\frac{1}{4}(\frac{A_{\epsilon}+B_{\epsilon}}{C_{\epsilon}^{2}})^{-\frac{1}{4}}v_{tt})

+2A_{\epsilon}B_{\mathcal{E}}|(A_{\epsilon}+B_{\epsilon})’||v|^{2}

\leq|(A_{\epsilon}B_{\epsilon})’|(\frac{Ae+Be}{A_{\epsilon}B_{\epsilon}C_{\epsilon}^{2}})^{\frac{1}{2}}(\frac{A_{\epsilon}+B_{\epsilon}}{C_{\epsilon}^{2}})^{\frac{1}{2}}

\cross\{(\frac{A_{\epsilon}+B_{\epsilon}}{A_{\epsilon}B_{\epsilon}C_{\epsilon}^{2}})^{-1}|v|^{2}+(\frac{A_{\epsilon}+B_{\epsilon}}{C_{\epsilon}^{2}})^{-1}|v_{tt}|^{2}\}

+2|(A_{\epsilon}+B_{\in})’|( \frac{A_{\epsilon}+B_{\epsilon}}{C_{\epsilon}^{2}})(\frac{A_{\epsilon}+B_{\mathcal{E}}}{A_{\epsilon}B_{\epsilon}C_{\in}^{2}})^{-1}|v|^{2} .

\leq|(A_{\epsilon}B_{\epsilon})’|\{\frac{(A_{\epsilon}+B_{\epsilon})^{2}}{A_{\epsilon}B_{\epsilon}C_{\epsilon}^{2}}\}^{\frac{1}{2}}\frac{2}{C_{\epsilon}}F_{\epsilon}^{2}+\frac{|\{(A_{\epsilon}+B_{\epsilon})^{2}\}’|}{C_{\epsilon}^{2}}F_{\epsilon}^{2}

\leq 2\sqrt{5}M\epsilon^{-1}F_{\epsilon}^{2}+M\epsilon^{-1}F_{\epsilon}^{2}=C\epsilon^{-1}F_{\epsilon}^{2} . (30)

Thus, summing up the right sides of (26)-(30), consequently we have

(F_{\epsilon}(t, \xi)^{2})’\leq C\epsilon^{-1}F_{\epsilon}^{2}+C’\epsilon^{\frac{\alpha}{2}+1}|\xi|^{2}F_{\epsilon}^{2}(\leq C\epsilon^{-1}F_{\epsilon}^{2}+C’\epsilon^{\frac{\alpha}{2}+1}\langle\xi\rangle_{\nu}^{2}F_{\epsilon}^{2}) .

Moreover choosing
\epsilon=\langle\xi\rangle_{\nu}^{1}-\mp_{\overline{4}}^{1} , we can get (F_{\epsilon}(t, \xi)^{2})’\leq C\langle\xi\rangle_{\nu}^{1}F_{\epsilon}(t, \xi)^{2}\mp_{\overline{4}}^{1} .
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Hence we can also get

(E_{\epsilon}(t, \xi)^{2})’=2\rho(\prime t)e^{2\rho(t)\langle\xi\rangle_{\nu}^{\kappa}}\langle\xi\rangle_{\nu}^{\kappa}F_{\epsilon}(t, \xi)^{2}+e^{2\rho(t)\langle\xi\rangle_{\nu}^{\kappa}}(F_{\epsilon}(t, \xi)^{2})’

\leq 2\rho’(t)e^{2\rho(t)\langle\xi\rangle_{\nu}^{\kappa}}\langle\xi\rangle_{\nu}^{\kappa}F_{\epsilon}(t, \xi)^{2}+Ce^{2\rho(t)\langle\xi\rangle_{\nu}^{\kappa}}\langle\xi\rangle_{\nu}^{1}F_{\epsilon}(t, \xi)^{2}-\mp_{T^{\Gamma}}^{1}

From the assumption (4) we find that \frac{1}{1+\frac{\alpha}{4}}<\frac{1}{s}\leq 1 . Therefore putting

\kappa=\frac{1}{s} and noting that \langle\xi\rangle^{\frac{1}{\nu 1\dagger_{T}^{\alpha}}}=\langle\xi\rangle^{\frac{1}{\nu 1+\#}-\frac{1}{s}}\langle\xi\rangle^{\frac{1}{\nu s}}\leq\nu^{\frac{1}{1+}}\tau^{r-\frac{1}{s}}\langle\xi\rangle^{\frac{1}{\nu s}}

, we obtain

(E_{\epsilon}(t, \xi)^{2})’\leq(2\rho(\prime t)+C\nu^{\frac{1}{1+}\varpi^{-\frac{1}{s}}}\tau)e^{2\rho(t)\langle\xi\rangle_{\nu}^{\kappa}}\langle\xi\rangle^{\frac{1}{\nu s}}F_{\in}(t, \xi)^{2} . (31)

At last, taking large enough \nu=\nu(T)>0 to a given positive T such
that \rho_{0}-\frac{T}{2}C\nu^{\overline{1}+_{T}^{R^{-\frac{1}{s}}}}1>0 , we define the positive function \rho(t)=\rho_{0} -

\frac{t}{2}C\nu^{\frac{1}{1+_{T}^{\alpha}}-\frac{1}{s}} Then by (31) we have (E_{\epsilon}(t, \xi)^{2})’\leq 0 which gives the energy
inequality

E_{\epsilon}(t, \xi)^{2}\leq E_{\epsilon}(0, \xi)^{2} for t \in[0, T] . (32)

By (25) and (32) we also have the following energy inequality based on
v , v_{t} , v_{tt} and v_{ttt} .

\delta e^{2\rho(t)\langle\xi\rangle^{\frac{1}{\nu s}}}\max\{\epsilon^{\frac{3\alpha}{2}}|\xi|^{6}|v|^{2}, \epsilon^{\alpha}|\xi|^{4}|v_{t}|^{2}, \epsilon^{\alpha}|\xi|^{2}|v_{tt}|^{2}, \epsilon^{\alpha}|v_{ttt}|^{2}\}

\leq L(e^{2\rho 0\langle\xi\rangle^{\frac{1}{\nu s}}}|\xi|^{6}|v_{0}|^{2}+|\xi|^{4}|v_{1}|^{2}+|\xi|^{2}|v_{2}|^{2}+|v_{3}|^{2}) . (33)

Furthermore there exist C_{\nu}>0 and \delta_{\nu}>0 such that

e^{\langle\xi\rangle^{\frac{1}{s}}}\leq e^{\langle\xi\rangle^{\frac{1}{\nu^{S}}}}=e^{\{(|\xi|^{2}+1)+(\nu^{2}-1)\}^{\frac{1}{2s}}}\leq e^{(|\xi|^{2}+1)^{\frac{1}{2s}}+(\nu^{2}-1)^{\frac{1}{2s}}}=C_{\nu}e^{\langle\xi\rangle^{\frac{1}{s}}}

and

\epsilon=\langle\xi\rangle_{\nu}^{1}-\mp_{\overline{4}}^{1}=\{\langle\xi\rangle_{\nu}^{-2}\}^{\overline{2+}_{\mathcal{T}}^{R}}1=\{\frac{|\xi|^{2}+1}{|\xi|^{2}+\nu^{2}}\}^{\frac{1}{2+}r}z\{\langle\xi\rangle^{-2}\}^{\frac{1}{2+\not\in}}

\geq\delta_{\nu}\langle\xi\rangle^{-\frac{1}{1+}}\frac{\varpi}{4}

Hence we can change (33) into

\sum_{h=0}^{3}e^{2\rho(t)\langle\xi\rangle^{\frac{1}{s}}}\langle\xi\rangle^{2qh}|\partial_{t}^{h}v|^{2}\leq C\sum_{h=0}^{3}e^{2\rho 0\langle\xi\rangle^{\frac{1}{s}}}\langle\xi\rangle^{2(3-h)}|v_{h}|^{2} , (34)
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whereq_{0}=\frac{12}{4+\alpha,the},’ q_{1}=\frac{8}{4+\alpha,at},’ q_{2}=\frac{4-\alpha}{4+\alpha,t4\hat{u}},’ q_{3}=remarkthatinformionfor\partial in(5)_{1}\frac{-2\alpha}{fo14+\alpha},q_{4}=\frac{-4-4\alpha}{edi4+\alpha}.Fina11ywe1owsimmate1yfromthe

equation (11) and obtain (5)_{I} . If we integrate both sides of (34) over R_{\xi}^{n} ,
we also get

\sum_{h=0}^{4}||e^{\rho(t)\langle\xi\rangle^{\frac{1}{s}}}\langle\xi\rangle^{qh}\partial_{t}^{h}v||\leq C\sum_{h=0}^{3}||e^{\rho 0\langle\xi\rangle^{\frac{1}{s}}}\langle\xi\rangle^{3-h}v_{h}|| , (35)

where || || denotes L^{2}-norm.
To prove the existence and uniqueness, the energy inequality plays an

important role. Following the argument in L^{2} of [14], we shall give a rapid
sketch of the proof. For the simple notation we suppose that the spatial

dimension n=1 , and put U=e^{\rho(t)\langle D\rangle^{\frac{1}{s}}}
{}^{t}(u, \partial_{t}u, \partial_{t}^{2}u, \partial_{t}^{3}u) and U_{0}=

e^{\rho 0\langle D\rangle^{l}}s

{}^{t}(u_{0}, u_{1}, u_{2}, u_{3}) . Then the Cauchy problem (1) can be written in
the following form in [0, T] \cross R_{x}^{1} :

\{

\partial_{t}U=P(t, D)U,
U(0, x)=U_{0}(x) ,

where P(t, D_{x})= (\begin{array}{llll}\rho^{/}(t)\langle D\rangle^{\frac{1}{s}} 1 0 00 \rho’(t)\langle D\rangle^{\frac{1}{s}} 1 00 0 \rho’(t)\langle D\rangle^{\frac{1}{s}} 1-b_{4}(t)D^{4} 0 -a_{2}(t)D^{2} \rho’(t)\langle D\rangle^{\frac{1}{s}}\end{array}) (36)

Now we approximate the differential operator P(t, D) by a sequence of
operators P_{k}(t, D)=P(t, (k(D)) , where \zeta_{k}(\xi)=k sin (_{k}^{\xi})(k\geq 1) satisfies
|\zeta_{k}(\xi)|\leq|\xi| and \zeta_{k}(\xi) - \xi(k -\infty) uniformly on any compact set. We
shall find the solution U(t) of (36) as the weak limit of the solutions U_{k}(t)

(=e^{\rho(t)\langle\zeta_{k}(D)\rangle^{1}}s.{}^{t}(u, \partial_{t}u, \partial_{t}^{2}u, \partial_{t}^{3}u)) of the Cauchy problem

\{

\partial_{t}U_{k}=P_{k}(t, D)U_{k} ,
U_{k}(0, x)=e^{\rho 0\langle\zeta_{k}(D)\rangle^{1}}s

{}^{t}(u_{0}, u_{1}, u_{2}, u_{3}) .
(k\geq 1)

Since P_{k}(t, D) is a bounded operator for any fixed k\geq 1 , U_{k}(t) is uniquely
determined by successive approximations as the solution of the integral
equation

U_{k}(t)=U_{0}+ \int_{0}^{t}P_{k}(\tau)U_{k}(\tau)d\tau . (37)
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We can replace \xi by \zeta_{k}(\xi) in (35) with C>0 independent of k . There-
fore there exist C>0 and C’>0 independent of k such that

||\Lambda_{1}(\zeta_{k}(\xi))\hat{U}_{k}(t)||\leq C||\Lambda_{0}(\zeta_{k}(\xi))\hat{U}_{k}(0)||\leq C||\Lambda_{0}(\xi)\hat{U}_{0}|| (38)

||\Lambda_{2}(\zeta_{k}(\xi))\hat{U}_{k}(t)-\Lambda_{2}((_{k}(\xi))\hat{U}_{k}(t’)||

\leq||\int_{t’}^{t}\partial_{\tau}\{\Lambda_{2}(\zeta_{k}(\xi))\hat{U}_{k}(\tau)\}d\tau||\leq C’|t-t’|||\Lambda_{0}(\zeta_{k}(\xi))\hat{U}_{k}(0)||

\leq C’|t-t’|||\Lambda_{0}(\xi)\hat{U}_{0}|| , (39)

where \Lambda_{0}(\xi)=diag\{\langle\xi\rangle^{3}, \langle\xi\rangle^{2}, \langle\xi\rangle, 1\} , \Lambda_{1}(\xi)=diag\{\langle\xi\rangle^{q0}, \langle\xi\rangle^{q1}, \langle\xi\rangle^{q2}, \langle\xi\rangle^{q3}\} ,
\Lambda_{2}(\xi)=diag\{\langle\xi\rangle^{q1}, \langle\xi\rangle^{q2}, \langle\xi\rangle^{q3}, \langle\xi\rangle^{q4}\} . Then, using the Ascoli-Arzela the-
orem, by (38) and (39) we find that the sequence \{\Lambda_{1}(\zeta_{k}(\xi))\hat{U}_{k}(t)\}_{k=1}^{\infty} is
bounded in L_{2} and has the weak limit \Lambda_{1}(\xi)\hat{U}(t) which also satisfies

||\Lambda_{2}(\xi)\hat{U}(t)-\Lambda_{2}(\xi)\hat{U}(t’)||\leq C|t-t’|||\Lambda_{0}(\xi)\hat{U}_{0}||^{2} .

Considering \int_{0}^{T}\int_{R}U_{k}(t, x)\psi(t, x)dt dx for \psi(t, x)=\psi_{1}(t)\psi_{2}(x) \in

C_{0}^{\infty}((0, T)\cross R) , we see that the limit of (37) is U(t)=U_{0}+ \int_{0}^{t}P(\tau)U(\tau)d\tau

and U(t)\in C^{1}([0, T], L^{2}(R)) . This means that u\in C^{4}([0, T], \gamma^{s}(R)) .

2.2. Case of (13)_{II} (Theorem 2)
We next treat the case of (13)_{II} which implies that the multiplicity of

the characteristic roots is at most two. In this case the definitions of the
regularized coefficients A_{\epsilon} and B_{\epsilon} are quite same as the previous case.

But paying attention to (13)_{II} , we find that (20) in Lemma 1 becomes

(A_{\epsilon}(t, \xi)+B_{\epsilon}(t, \xi))^{2}\geq\delta_{1}^{2}|\xi|^{4} , A_{\epsilon}(t, \xi)B_{\epsilon}(t, \xi)\geq\epsilon^{\alpha}|\xi|^{4}

C_{\epsilon}(t, \xi)^{2}\geq\delta_{1}^{2}|\xi|^{4} ,

and (25) in Lemma 2 becomes

\delta\max\{\epsilon^{\alpha}|\xi|^{6}|v|^{2}, |\xi|^{4}|v_{t}|^{2}, |\xi|^{2}|v_{tt}|^{2}, |v_{ttt}|^{2}\}

\leq F_{\epsilon}(t, \xi)^{2}\leq L(|\xi|^{6}|v|^{2}+|\xi|^{4}|v_{t}|^{2}+|\xi|^{2}|v_{tt}|^{2}+|v_{ttt}|^{2}) . (40)

Hence taking \eta=-\frac{\alpha}{2}-\frac{1}{2} and \zeta=-\frac{1}{2} , we get the followings instead of
(26) and (27).
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I_{1} \leq M\epsilon^{\alpha+2\eta}F_{\epsilon}^{2}+\frac{2}{\sqrt{5}}M\epsilon^{\alpha-2\eta}|\xi|^{2}F_{\epsilon}^{2}=M\epsilon^{-1}F_{\epsilon}^{2}+\frac{2}{\sqrt{5}}M\epsilon^{2\alpha+1}|\xi|^{2}F_{\epsilon}^{2}

\leq C\epsilon^{-1}F_{\epsilon}^{2}+C’\epsilon^{\alpha+1}|\xi|^{2}F_{\epsilon}^{2} ,

I_{2}\leq M\delta^{-1}\epsilon^{2\zeta}F_{\epsilon}^{2}+2M\epsilon^{\alpha-2\zeta}|\xi|^{2}F_{\epsilon}^{2}=C\epsilon^{-1}F_{\epsilon}^{2}+C’\epsilon^{\alpha+1}|\xi|^{2}F_{\epsilon}^{2} . (41)

Consequently we have (F_{\epsilon}(t, \xi)^{2})’\leq C\epsilon^{-1}F_{\epsilon}(t, \xi)^{2}+C’\epsilon^{\alpha+1}\langle\xi\rangle_{\nu}^{2}F_{\epsilon}(t, \xi)^{2} .

Similarly choosing
\epsilon=\langle\xi\rangle_{\nu}-\frac{1}{1+_{2}^{\alpha}}

and using the assumption (6), we also have
the energy inequality E_{\epsilon}(t, \xi)^{2}\leq E_{\epsilon}(0, \xi)^{2} for t \in[0, T] . Finally by (40) we
have the following energy inequality based on \partial_{t}^{h}v(h=0,1,2,3,4) .

\sum_{h=0}^{4}e^{2\rho(t)\langle\xi\rangle^{\frac{1}{s}}}\langle\xi\rangle^{2qh}|\partial_{t}^{h}v|^{2}\leq C\sum_{h=0}^{3}e^{2\rho 0\langle\xi\rangle^{\frac{1}{s}}}\langle\xi\rangle^{2(3-h)}|v_{h}|^{2} ,

where q_{0}= \frac{6+2\alpha}{2+\alpha} , q_{1}=2 , q_{2}=1 , q_{3}=0 , q_{4}= \frac{-2-2\alpha}{2+\alpha} . This is equivalent to
(7)_{II} .

2.3. Case of (14)_{III} (Theorem 2)
We next treat the case of (14)_{III} which also implies that the multiplic-

ity of the characteristic roots is at most two. But in this case the defini-
tions of the regularized coefficients A_{\mathcal{E}} and B_{\Xi} are replaced by A_{\epsilon}(t, \xi)=

\max\{\Lambda_{1\epsilon}(t, \xi), \Lambda_{2\epsilon}(t, \xi)\} and B_{\epsilon}(t, \xi)=\min\{\Lambda_{1\epsilon}(t, \xi), \Lambda_{2\epsilon}(t, \xi)\} , where
\Lambda_{1\epsilon}(t, \xi) , \Lambda_{2\epsilon}(t, \xi) are two roots of the algebraic equation \Lambda^{2}-\tilde{H}_{\epsilon}(t, \xi)\Lambda+

G_{\epsilon}(t, \xi)=0 with

\tilde{H}_{\epsilon}(t, \xi)(=A_{\epsilon}(t, \xi)+B_{\epsilon}(t, \xi))

= \frac{1}{\epsilon}\int_{-\infty}^{\infty}(A(\tau, \xi)+B(\tau, \xi))\varphi(\frac{t-\tau}{\epsilon})d\tau (42)

G_{\epsilon j}(t, \xi)(=A_{\epsilon}(t, \xi)B_{\epsilon}(t, \xi))

= \frac{1}{\epsilon}\int_{-\infty}^{\infty}A(\tau, \xi)B(\tau, \xi)\varphi(\frac{t-\tau}{\epsilon})d\tau-K\epsilon^{\alpha}|\xi|^{4}’.

(0<\epsilon<1, K>0) . (43)

We can use the condition (3) instead of the condition (2) (see Remark 4).
Then by (3) there exists M>0 such that for \xi\in R_{\xi}^{n}

|(A_{\epsilon}(t, \xi)+B_{\epsilon}(t, \xi))-(A(t, \xi)+B(t, \xi))|\leq M\epsilon^{\alpha}|\xi|^{2} , (44)
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|A_{\epsilon}(t, \xi)B_{\epsilon}(t, \xi)-A(t, \xi)B(t, \xi)|\leq M\epsilon^{\alpha}|\xi|^{4} , (45)

| \frac{\partial}{\partial t}(A_{\epsilon}(t, \xi)+B_{\epsilon}(t, \xi))|\leq M\epsilon^{\alpha-1}|\xi|^{2} ,
(46)

| \frac{\partial}{\partial t}(A_{\epsilon}(t, \xi)B_{\epsilon}(t, \xi))|\leq M\epsilon^{\alpha-1}|\xi|^{4} ,

and we get the following lemma.

Lemma 3 Let
\epsilon=\langle\xi\rangle_{\nu}^{\frac{r}{2}}-\frac{1}{1+}

Then there ezisi \nu>0 and K>0 such that
for \xi\in R_{\xi}^{n}

A_{\epsilon}(t, \xi)+B_{\epsilon}(t, \xi)\geq 2\delta_{1}|\xi|^{2} , A_{\xi j}(t, \xi)B_{\epsilon}(t, \xi)\geq\frac{\delta_{1}^{2}}{2}|\xi|^{4}

C_{\epsilon}(t, \xi)^{2}\geq\epsilon^{\alpha}|\xi|^{4} , (47)

where \delta_{1}>0 is given by (14)_{III} .

Proof. Noting (44) and that
|(A(t)+B(t))^{2}- \frac{1}{\epsilon}\int_{-\infty}^{\infty}(A(\tau)+B(\tau))^{2}\varphi(\frac{t-\tau}{\epsilon})d\tau|\leq C\epsilon^{\alpha}|\xi|^{4} , we find that

C_{\epsilon}(t, \xi)^{2}=(A_{\epsilon}+B_{\epsilon})^{2}-4A_{\epsilon}B_{\epsilon}

=(A_{\mathcal{E}}+B_{\epsilon})^{2}-(A_{\epsilon}+B_{\epsilon})(A+B)+(A_{\Xi}+B_{\epsilon})(A+B)

-(A+B)^{2}+(A+B)^{2}- \frac{1}{\epsilon}\int_{-\infty}^{\infty}(A(\tau)+B(\tau))^{2}\varphi(\frac{t-\tau}{\epsilon})d\tau

+ \frac{1}{\epsilon}\int_{-\infty}^{\infty}(A(\tau)+B(\tau))^{2}\varphi(\frac{t-\tau}{\epsilon})d\tau-4A_{\epsilon}B_{\Xi}

=(A_{6}+B_{\epsilon})\{(A_{\epsilon}+B_{\epsilon})-(A+B)\}

+(A+B)\{(A_{\epsilon}+B_{\epsilon})-(A+B)\}

+ \{(A+B)^{2}-\frac{1}{\epsilon}\int_{-\infty}^{\infty}(A(\tau)+B(\tau))^{2}\varphi(\frac{t-\tau}{\epsilon})d\tau\}

+ \{\frac{1}{\epsilon}\int_{-\infty}^{\infty}(A(\tau)+B(\tau))^{2}\varphi(\frac{t-\tau}{\epsilon})d\tau

- \frac{1}{\epsilon}\int_{-\infty}^{\infty}4A(\tau)B(\tau)\varphi(\frac{t-\tau}{\epsilon})d\tau\}+4K\epsilon^{\alpha}|\xi|^{4}
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\geq-C\epsilon^{\alpha}|\xi|^{4}-C\epsilon^{\alpha}|\xi|^{4}-C\epsilon^{\alpha}|\xi|^{4}

+ \frac{1}{\epsilon}\int_{-\infty}^{\infty}(A(\tau, \xi)-B(\tau, \xi))^{2}\varphi(\frac{t-\tau}{\epsilon})d\tau+4K\epsilon^{\alpha}|\xi|^{4}

\geq(4L-3C)\epsilon^{\alpha}|\xi|^{4} .

Therefore if we take K>0 large enough, we can obtain C_{\epsilon}(t, \xi)^{2}\geq\epsilon^{\alpha}|\xi|^{4} .
Paying attention to (14)_{III} , from (42) and (43) we also find that

A_{\epsilon}(t, \xi)+B_{\epsilon}(t, \xi)\geq 2\delta_{1}|\xi|^{2}

and taking \nu>0 such that \delta_{1}^{2}-K\nu^{\frac{-2\alpha}{2+\alpha}}\geq\frac{\delta_{1}^{2}}{2} ,

A_{\epsilon}(t, \xi)B_{\epsilon}(t, \xi)\geq\{\delta_{1}^{2}-K\epsilon^{\alpha}\}|\xi|^{4}=\{\delta_{1}^{2}-K\langle\xi\rangle^{\frac{-2\alpha}{\mathcal{U}2+\alpha}}\}|\xi|^{4}

\geq\{\delta_{1}^{2}-K\nu^{\frac{-2\alpha}{2+\alpha}}\}|\xi|^{4}\geq\frac{\delta_{1}^{2}}{2}|\xi|^{4} .

\square

Moreover we remark that (25) in Lemma 2 becomes

\delta\max\{\epsilon^{\alpha}|\xi|^{6}|v|^{2}, \epsilon^{\alpha}|\xi|^{4}|v_{t}|^{2}, \epsilon^{\alpha}|\xi|^{2}|v_{tt}|^{2}, \epsilon^{\alpha}|v_{ttt}|^{2}\}

\leq F_{\epsilon}(t, \xi)^{2}\leq L(|\xi|^{6}|v|^{2}+|\xi|^{4}|v_{t}|^{2}+|\xi|^{2}|v_{tt}|^{2}+|v_{ttt}|^{2}) . (48)

Hence taking \eta=-\frac{1}{2} , by (44) we get the following instead of (26).

I_{1}=2\{(A_{\epsilon}+B_{\epsilon})-(A+B)\}\Re(\epsilon^{\eta}v_{tt}, \epsilon^{-\eta}(k_{1}+l_{1}))

\leq|(A_{\epsilon}+B_{\epsilon})-(A+B)|\epsilon^{2\eta}|v_{tt}|^{2}

+|(A_{\epsilon}+B_{\epsilon})-(A+B)|\epsilon^{-2\eta}|k_{1}+l_{1}|^{2}

\leq C\epsilon^{2\eta}F_{\epsilon}^{2}+C’\epsilon^{\alpha-2\eta}|\xi|^{2}F_{\epsilon}^{2}=C\epsilon^{-1}F_{\epsilon}^{2}+C’\epsilon^{\alpha+1}|\xi|^{2}F_{\epsilon}^{2}

Concerned with I_{2} , we also get (41) instead of (27).
Consequently we have (F_{\epsilon}(t, \xi)^{2})’\leq C\epsilon^{-1}F_{\epsilon}(t, \xi)^{2}+C’\epsilon^{\alpha+1}\langle\xi\rangle_{\nu}^{2}F_{\epsilon}(t, \xi)^{2} .

Similarly choosing
\epsilon=\langle\xi\rangle_{\nu}^{Z}-\frac{1}{1+}\varpi

and using the assumption (6), we also have
the energy inequality E_{\epsilon}(t, \xi)^{2}\leq E_{\epsilon}(0, \xi)^{2} for t \in[0, T] . Finally by (48) we
have the following energy inequality based on \partial_{t}^{h}v(h=0,1,2,3,4) .

\sum_{h=0}^{4}e^{2\rho(t)\langle\xi\rangle^{\frac{1}{s}}}\langle\xi\rangle^{\frac{10+6\alpha}{2+\alpha}-2h}|\partial_{t}^{h}v|^{2}\leq C\sum_{h=0}^{3}e^{2\rho 0\langle\xi\rangle^{\frac{1}{s}}}\langle\xi\rangle^{2(3-h)}|v_{h}|^{2}-

This is equivalent to (8)_{III} .
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