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Strongly almost (V, A)(A”)-summable sequences
defined by Orlicz functions
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Abstract. The purpose of this paper is to introduce the space of sequences that are
strongly almost (V, A)(A”)-summable with respect to an Orlicz function. We give some
relations related to these sequence spaces. We also show that the space [V, A, MJ(A™)N
£so(A™) may be represented as a §x (A”") N loo (A”) space.
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1. Introduction

Let w be the set of all sequences of real or complex numbers and £, ¢
and ¢ be respectively the Banach spaces of bounded, convergent and null
sequences = (z) with the usual norm ||z| = sup |zg|, where k € N =
{1, 2, ...}, the set of positive integers. The difference sequence spaces was
introduced by Kizmaz [10] and the concept was generalized by Et and Colak
[4] as follows:

X(A") ={r e w: A"z € X},

for X = lo, c and ¢y, where r € N, A2 = o, Az = (2 — 2p41), A2 =
(A" 1tz — A" tpp, ), and so ATz = ZZZO(—l)U(:})I‘kJﬂj. These sequence
spaces are BK-spaces with the norm ||z]|a = > 7_; |z + | A2 co-

A sequence x € /o, is said to be almost convergent if all its Banach
limits coincide and the set of all almost convergent sequences is denoted by
¢. Lorentz [14] proved that x € ¢ if and only if lim,(1/n) >~} _| @4 exists
uniformly in m.

Several authors including Duran [2], King [9], Nanda [19], Et and
Basarir [3], Malkowsky and Savas [17] and Altmok et al. [1] have stud-
ied almost convergent sequences. Maddox [15], [16] has defined = to be
strongly almost convergent to a number £ if
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R . :
hrrln - ; |Zktm — €] =0, uniformly in m.
By [¢] we denote the space of all strongly almost convergent sequences.
It is easy to see that ¢ C [¢] C ¢ C V.
Orlicz [22] used the idea of Orlicz function to construct the space (LM).
Subsequently Lindenstrauss and Tzafriri [13] defined the sequence space £y
as follows:

KM:{mew: ZM(MPH><OO, forsomep>0}.

k=1

The space £ is a Banach space with the norm

||| = inf {p > 0: iM ("Z’“) < 1}

k=1

and this space is called an Orlicz sequence space. Lindenstrauss and Tzafriri
proved that every Orlicz sequence space ¢ contains a subspace isomorphic
to £, for some p > 1. For M(t) = t?, 1 < p < oo, the spaces ¢j; coincide
with the classical sequence space £,,.

An Orlicz function is a function M : [0, co) — [0, co), which is contin-
uous, non-decreasing and convex with M (0) = 0, M(x) > 0 for z > 0 and
M(x) — o0 as x — 0.

An Orlicz function M is said to satisfy As-condition for all values of
u, if there exists a constant K > 0 such that M (2u) < KM (u), u > 0 (for
further details see Krasnoselskii and Rutitsky [11], Orlicz [21]).

It is well known that if M is a convex function and M (0) = 0, then
M(Ax) < AM (z) for all A with 0 < A < 1.

Definition 1 Any two Orlicz functions M; and My are said to be equiv-
alent if there are positive constants « and 3, and xg such that Mj(ax) <
Ms(x) < M;(fz) for all x with 0 < z < x (see Kamthan and Gupta [8]).
Orlicz sequence spaces have been studied by Nung and Lee [20], Glingor
and Et [7], Tripathy et al. [25] and many others.
Let x € w and X, Y C w. Then we shall write

EX,Y)= ﬂ ' xY ={a€w:ar €Y forall z € X} [26].
reX

The set X = E(X, ¢;) is called Kothe-Toeplitz dual space or a-dual
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of X.
Let X be a sequence space. Then X is called
i) Solid (or normal), if (axzy) € X whenever (z;) € X for all sequences
(a) of scalar with |oy| < 1.
ii) Monotone provided X contains the canonical preimages of all its step-
space.
iii) Perfect X = X
iv) Symmetric if (zx) € X implies (z,(x)) € X, where 7(k) is a permuta-
tion of N.
v) A sequence algebra if (zy), (yx) € X implies (zxyr) € X.

Remark It is well known that ” X is perfect = X is normal =— X is
monotone”.

The generalized de la Vallée-Pousin mean is defined by

where A = (\y,) is a non-decreasing sequence of positive numbers such that
A1 <M+, A =1\ —2o0asn—ooand I, = [n— A\, + 1, n].

A sequence x = () is said to be (V, A)-summable to a number ¢ [12]
if t,,(x) — € as n — oo. (V, A)-summability reduces to (C, 1) summability
when A\, = n for all n.

The following inequality will be used throughout this paper. Let p =
(pk) be a sequence of positive real numbers with 0 < pp < suppy, = G and
let D = max(1, 2¢71). For ay, b € C, the set of complex numbers, we have

ax + bul? < D{Jax]P + o[}, (1

2. Some new sequence spaces defined by an Orlicz function

In this section we introduce the concept of strongly almost (V, \)(A")-
summable sequences with respect to an Orlicz function and examine some
properties of the space of strongly almost (V, A)(A")-summable sequences
with respect to an Orlicz function.

Definition 2 Let M be an Orlicz function and p = (pg) be any sequence
of strictly positive real numbers. We define the following sets of sequences.
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[V, A, M, pl(A7)

1 Ar _g Pk
hm*Z [M <|$k+m|>} -0
o= T G 7

uniformly in m, for some ¢ and p > 0

ol 2 (5]

umformly in m, for some p > 0

1 A?" m Pk
sup = 37 [M <|$k+|>] ‘o
== () o 5 z

for some p > 0

9

We denote [V, A, M, p|(A"), [V, X\, M, plo(A”) and [V, \, M, ple(A7) by

[V, A, M](A"), [V, X\, M]o(A") and [V, A, M]s(A"), respectively, when
— 1 for all k. If z € [V, A\, M](A") then we say that x is strongly

almost (V, A)(A")-summable with respect to the Orlicz function M.

Theorem 2.1 Let M be an Orlicz function. Then [V, A, M, plo(A”) C
[V, A, M, p](A") C [V, A\, M, ploo(A") and the inclusions are strict.

Proof. The inclusion [V, A, M, plo(A™) C [V, A, M, p](A") is obvious.
Now let x € [V, A\, M, p|(A"). Then there exists some positive number
p1 such that

1 AT —¢ Pk
lim — Z {M (|$k+m’>] — 0, uniformly in m.
n AT P1

Define p = 2p;. Since M is non decreasing and convex, we have

1 ’Arkarm‘ Pk
MZW<
kel,

p

(2 ()]

ZT
S (a2 3 ()

" kel,

VAN
y‘b >/‘
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r o Pk G
<D [M (|Afck+m€|>] \ Dmaxd1, [M (”)} 7
A”k p1 p1

eln

by (1). Thus z € [V, A\, M, ploo(A”). To show the inclusions are strict
consider the following example. O

Example 1 Let M(x) =z, pp = 1 for all kK € N and A, = n for all n €
N. Then the sequence x = (k") belongs to [V, A\, M, p|(A") but does not
belong to [V, A, M, plo(A").

Theorem 2.2 For any Orlicz function M and a bounded sequence p =
(pr) of strictly positive real numbers, [V, X\, M, p](A"), [V, A\, M, plo(A")
and [V, A, M, ploo(A") are linear space over the field of complex numbers.

Proof. We shall prove only for [f/, A, M, plo(A"). The other cases can be
proved similarly. Let x, y € [V, A\, M, p]o(A") and «, 8 € C. Then there
exist positive numbers p; and po such that

Ep ()

and
A"
i Z[ <| yk+m|>} — 0, uniformly in m.
kel,

Define p3 = max(2|a|p1, 2|8|p2). Since M is non-decreasing and convex
and A" linear

1 3 [M<\A"(axk+m+ﬂyk+m)!>r’“

nopel P3
r r Pk
< )\i 3 [M (’@A Tktm] n |BA yk+m|>:|
”keln P3 P3
r r Pk
< )\i 3 2% [M <\A xk‘+m’> M <\A yk+m|>:|
”keln P1 P2
r Pk r Pk
)\n kel P1 )\n kel P2

as n — oo uniformly in m. This proves that [V, A, M, p|o(A”) is linear
space. [l
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Theorem 2.3 For any Orlicz function M and a bounded sequence p =
(pr) of strictly positive real numbers, [V, X\, M, plo(A") is paranormed space
(not necessarily total paranormed) with

n A" Thim
g(z) = inf {pl}lz sup M <|:Ek+’> < 1, uniformly in m}
p>0 k P
n>1
where H = max(1, supy, pg).
Proof. Clearly g(z) = g(—x). Since M(0) = 0, we get inf{pPr/H} =0
for x = 0. Now let z, y € [V, A\, M, p|]o(A") and let us choose p; > 0 and
p2 > 0 such that

AT’
sup M (MW) <1, uniformly in m
k P1
and
AT
sup M (!yM) <1, uniformly in m.
k P2
Let p = p1 + p2. Then we get
’AT(xk:+m + yk+m)|>
p

AT A"
< supM ( xk+m| + | yk+m|>
k p1+ p2 P1+ p2

AT‘
pLtp2) & p1+ p2

A’I"
+ (P2) sup M <|yk+m|> <1, uniformly in m.
pPLtp2) & pP1+ p2

sup M (
k

Therefore g(z +y) < g(x) + g(y).
For the continuity of scalar multiplication let I # 0 be any complex
number. Then by the definition we have

g (lz)=inf {pp"/H: sup M (MM) < 1, uniformly in m}
k p

=inf {(\l\s)p"/H: sup M <’Amk+m|> < 1, uniformly in m}
k S
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where s = p/|l|. Since |I|P» < max(1, |I|7), we have
g(lw)<max(L, |I")
X inf {sp”/H: s%pM <]ATmsk+m\> <1, uniformly in m}
=max(1, |[[")g()

and therefore g(rz) converges to zero when g(x) converges to zero in
[V, A\, M, plo(A"). A

Now let = be a fixed element in [V, A\, M, p|o(A”). Then there exists
p > 0 such that

AT‘
g(z) = inf {pp"/H: sup M <‘$k+m’> <1, uniformly in m} .
k P
Now
g(lx)
‘ZATxk+m|
<
—1nf ppn/H SupM< p —17p>0 _)0
uniformly in m
as | — 0. This completes the proof. ([

Theorem 2.4 Let My, My be Orlicz functions Then we have

1) [‘2’ A, My, p]O(AT) n L‘A/v A, M, p]O(AT) CA[Va A, My + Mo, p]O(Ar)z
i) [V, A, My, pl(A) (1 [V, A, Ma, pl(AT) C [V, A, My + My, pl(A7),
i) [V, A, M1, plec(A")N[V, A, My, pleo(AT) C [V, A, M1+ Ma, pleo(A").

Proof. Omitted. O
The proof of the following result is a routine work.
Proposition 2.5 Let M be an Orlicz function. Then we have
[V, A, M, pl(A™1) C [V, A, M, plo(A").

Theorem 2.6 Let My and Ms be two Orlicz functions. If My and Ms are
equivalent then
i) [V, A Mi, plo(A7) = [V, A, Ma, plo(A7),
i) [V, A, My, pl(A7) = [V, A, My, pl(A"),
i) [V, A, M1, ploo(A") = [V, A, M2, plec(A7).
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Proof. Proof follows from Definition 1. O

Theorem 2.7 Let 0 < py <t for each k and (ty,/pr) be bounded, then
i) [‘A/, A, M, tlo(A™) C LV, A, M, plo(A”),

i) [V, A\ M, t](A") C [V, A\, M, p|(A"),

i) [V, A\, M, t]oo(A") C [V, A\, M, ploo(AT).

Proof. 'We prove it for (i) and the other cases will follow on applying similar
technique. Let z € [V, A, M, t]o(A"). Write wy m = [M(|A Zprm|/p)]t
and pg = pr/tk, so that 0 < p < py < 1 for each k.

We define the sequences (ug, ) and (vg,m) as follows:

Let ug,m = wg,m and vg,, = 0 if wg ,, > 1, and let ug ., = 0 and
Vk,m = Wk, m if Wi, < 1. Then it is clear that for all £ € N, we have
Wg,m = Uk,m + Uk, m, wg’“m = ufi’“m + vgkm. Now it follows that “ka <
Uk, m < Wk, m and v,‘:”“m < v,‘;m Therefore ’

-1 pe _y—1 HEk Mk
At D W = D (gt k)

kel kely
-1 -1 p
<A\, E Wk, m + A, E Uk -
keln kely

Since p < 1 so that 1/p > 1, for each n

D k=D O e m) A

kel, kel,
W 1-p
<(Z 0 o) (ot wpen)
keI, kel,
I
= (Anl Z Uk7m>
kel,

by Hoélder’s inequality, and thus
I
Al <t (Y )
keln keln kel,
Hence z € [V, A\, M, plo(A"). O

Theorem 2.8 Let X stands for [V, A, M, plo or [V, A, M, p| or
[V, A\, M, ploo. Then the inclusions X (A1) C X(A") are strict. In gen-
eral X(AY) C X(A"), fori=1,2,...,7—1.
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Proof. We give the proof for [V, A, M, ploo only. The other cases can be
proved in a similar way. Let z € [V, A\, M, p|~, then we have

Arfl m Pk
sup - Z[ <\xk+!ﬂ ‘o

keln P

for some p > 0. Since M is non-decreasing and convex function we have

1 [PANE A N b
An 2 [M < 2p
kel

_ i |:M <‘AT_11’k+m ;Ar_lxk+m+1‘>:|pk
P

<D FMCNﬂ%mU]
2
keln
D Y pmar |\ 17
s 3 [ (B
Arflxk+m’
v (B
keln

D A" gy |\ ]
23 | v (o ]
i [ < p
kEln

Thus [V, X, M, plao(A™"1) C [V, A, M, plao(A7).

The inclusion is strict. In fact the sequence x = (k"1), for example,
belongs to [V, A, M, plo(A”), but does not belong to [V, A, M, plo(AT1)
for M(x) =2, \y =nforalln € Nand p;, = 1 forall k € N. (If z = (k" 1),
then A"z = 0 and A"tz = (—=1)""(r — 1)! for all k € N). O

|
>
s

| /\

Theorem 2.9 (i) The sequence spaces [V, A, M, plo and [V, A, M, ploo
are solid and hence are monotone.

(ii) The space [V, A, M, p] is not monotone and as such is neither
solid nor perfect.

Proof. We give the proof for [V, A, M, plo. Let x € [V, A, M, plo and (ax)
be sequences of scalars such that |a| < 1 for all £ € N. Then we have

e RTC I

kely kel,
(n — o0), uniformly in m.
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Hence ax € [V, X, M, p|o for all sequences of scalars (cy) with |oy| < 1 for
all k € N, whenever x € [V, A\, M, plo. The spaces are monotone follows
from the Remark. O

ii) The space [V, A, M, p| is not monotone follows from the following
example.

Example 2 Let pp =1 and A\, = 1, for all k € N and M (z) = P, for some
p > 1. Consider the sequence (xy) defined as x; = 1 for all k£ € N. Consider
the J* step space Ej for a sequence space E defined as, for (z3) € E, (yz)
is the J™ canonical preimage of (z}) i.e. (yx) € E; implies y, = xy, if k is
odd and y;, = 0, otherwise. Then (y;) ¢ E. Hence the space [V, X, M, p] is
not monotone. The rest follows from the Remark.

Theorem 2.10 [V, M, ploo(A”) = loo(M, p)(A7)
where loo (M, p)(A”) = {z: sup,[M(|A"zk|/p)|P* < c0}.

Proof. Write

[ ()] =0 S ()
tom = — M [ = == M| == :
() =2 2 [ (5

=m+1

sup tnm = sup

Ar Pk
o e ()] e
p Z 1

n’m " " k=m+1
AT Pk
= sup [M(‘ xk|>} ”
k p
and
AT Pm+1

Sup tpm = suptym = su [M (MMH 5)

n,m m m p
The result follows from (4) and (5). O

In the following theorem, we consider the case when A"x, — £ implies
T — Z[V, A, M, p](A") and the uniqueness of a strongly almost difference
limit of x with respect to an Orlicz function M. To prove the next theorem
we need the following Lemma.
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Lemma Let pi > 0 and g > 0. If liminfg(pg/qx) > 0 then co(q)(A™) C
co(p)(A") (see Et and Basarir [2]).

Theorem 2.11 If liminfg pp > 0, then ATxp — £ implies
xp — LV, A, M, p](A") uniquely.

Proof. Let liminfypr, = s > 0 and A"z — £. Then from above lemma
follows that zj, — £[V, X, M, p](A").

Now we show that the limit is unique. Let zy — £[V, A, M, p](A”) and
z — [V, A, M, p|(A"). Then there exist p; and py such that

r T _ Pk
" kel, - P1

and

1 [ ‘AT:IZ]H_m —€1| P
™ Z M ( -0,

n kel, - p2

as n — oo. Let p = max2(p1, p2). Then we have

w5
S [M(MM)T+5 3 [M(lﬁmm—ﬁlﬂ”

" keln P1 keln P2

— 0, as n — oo.
Hence [¢ — ¢1] = 0.
= /(= 51.
Thus the limit is unique. O

3. Af-Statistical convergence

The idea of statistical convergence was introduced by Fast [5] and stud-
ied by various authors ([6], [18], [23], [24]).

In this section we define almost A'\-statistically convergent sequences
and give some inclusion relations between A!\-statistically convergent se-
quences and strongly almost (V, A)(A”")-summable sequences with respect
to an Orlicz function.



208 M. Et, L.P. Yee and B.C. Tripathy

Definition 3 A sequence z = (z},) is said to be almost Al-statistically
convergent to the number £ if for every € > 0,

1
lim )\—\{k €Il |A"zpym — € > e} =0, uniformly in m.
nAn

In this case we write §)(A”") —limz = £ or z; — £(5x(A")).
In the special case A\, = n, for all n € N we shall write $§(A") instead of
Sx(A").

Definition 4 A sequence x = () is said to be strongly almost A% -
convergent to the number ¢ if for every € > 0,

1
lim — E A" — £]P = 0, uniformly in m.
noAn
kely

In this case we write [¢(A} )] —limz = £ or z;, — £[¢(A},)] and

1
lim — Y |ATagpm — £ =0,
A = e =(zr): ™ Mg
uniformly in m

In the case p = 1 we shall write [¢(A})] and for the case A, = n for all
n € N and p = 1 we shall write [¢(A")].

Theorem 3.1 Let A = (\,) be the same as above, then
i)z — Le(AY)] = xk — B3A(AT)),

i) Ifx € loo(AT) and x — L(8\(AT)), then xj — E[é(Agp)],

i)  S3(A") Nleo(AT) = [6(A%,)] N loo(AT).

Proof. i) Let e >0 and xy — ([¢(A})]. Since

YRR o R
kel, kely
|AT g —C| >e

>eP{k € I,: |A"xppm — L] > €}

Therefore z — £(5x(A7)).
ii) Suppose that z; — ((5A(A")) and x € (o (A"), say that |A"zg i, —
¢ < K. Let € > 0 be given and N, such that

1 , e\1/p €
: > (= <
A {k € In: |ATwpim — 1] > (2) }

— 2KP
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for all n > N, and set Ly, = {k € L,: | A" Ty — £ > (5/2)1/7’}.
Now for all n > N, we have

1
)\7 Z ‘Ar$k+m — g‘P

" kel,
1 1
=1 > A T — P+ " > A — P
" k€Lnm " k¢ Lom

1 [ Ane 1. ¢
< — = L
= <2KP) KP+ g =e
Hence xj, — £[e(Af,)].
iii) This immediately follows from (i) and (ii).

209

0

It can be shown that §(A") C §)\(A") if and only if liminf, A\, /n > 0

and §)(A") C §(A") for all A, since \,,/n is bounded.

Theorem 3.2 Let M be an Orlicz function. Then [V, A, M, p](A™) C

(A7),

Proof. Let z € [V, A\, M, p|(A"). Then there exists p > 0 such that
1 A" — N\
72 M 1A Tk ym — 4] 0, asn— oo
An keI, p

Then given any € > 0 we can write

1 |AT T — £\ 17
=% | (B
An [ < p

kel

2 by

" kel,
|A™ 2y —]>e

s ()

" kel,
|ATZ gy —L|<e

RG]

n kel,
|Arxk+m—£|28

1
= A, Z [M(e1)P*, where e1 = €
" keln P

v
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Z — Z min{[M (e1)]™P%, [M(e1)]}

kEIn

v

Tn‘{k € Int [AT2ppy — €] > e} min{[M(ex)[ 7%, [M(e1)]}.

Hence x € §,(A"). O

Theorem 3.3 Let M be an Orlicz function. Then [V, X, M](A™)Nls (A7)
= 5 (A7) N Lo (A7),

Proof. By Theorem 3.2, we need only show that $)\(A") N ls(A") C
[V, A, MI(A") N loo(AT). Let zgpm = (A"Zpgm — £) — 0(8y). Since x €
lo(AT), there exists an integer K > 0 such that M (|zx4m|/p) < K. Then

for a given € > 0 and for each n, we have

/\ Z <|Zk+m’>

kel,

S X (e s (B

" keln, |2k +m | <€ P k€ln, |zk4m|>€ p

1 € 1
< )\n/\*M (p) + )\anHk € Iy |2ktm| > €p}l.

Hence z € [V, A, M|(A”) N Lo (AT). O

Theorem 3.4 The spaces [V, A, M, plo(A7), [V, A, M, p](A7),
[V, A, M, ploo(A"), $x(A") and Sox(A") are not solid for r > 0.

Proof. To show that the spaces are not solid in general, consider the fol-
lowing example. ([l

Example 3 Let M(z) =z, A, =n for each n € N and p, =1 for all k €
N. Then z = (k") € [V, A\, M, p](A"), [V, A, M, ploo(A”) and 35(A"). Let
ap = (—1)F for all k € N, then az ¢ [V, A, M, p|(A7), [V, A, M, plo (A7)
and 3)(A7). Hence [V, \, M, p](A"), [V, A, M, ploo(A”) and 35(A") are
not solid for » > 0. To show that [V, A, M, plo(A”) and §px(A") are not
solid, consider the sequence (x3) = (k"~1) and a3, = (—=1)* for all k € N.

Theorem 3.5 The spaces [V, A, M, plo(A"), [V, \, M, p|(A"),
[V, A\, M, ploo (A7), 8x(A") and Sox(A") are not symmetric for r > 0.
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Proof. To show that the spaces are not symmetric, consider the following
example. O

Example 4 Let M(z) = z, A\, = n for each n € N and p; = 1 for all
k € N. Then the sequence x = (k") € [V, \, M, p](A"), [V, A\, M, ploc(A")
and §)(A"). Let

(yk) = {5517 L2, Tq, L3, L9, L5, L16, L6, L25, L7, L36, L8, L49, L10; - - }

Then y ¢ [V, X, M, p)(A"), [V, A, M, plos(A") and §,(A").
Now let us consider the sequence x = (xj) defined by

o 1, if (20 —-1)2<k<(20)?% i=1,2,...
k= 4, otherwise.

and let (yi) be the same as above. Then z € 505 (A) but y & Spx(A).

Theorem 3.6 The sequence spaces [V, N, M, plo(A”), [V, X, M, p](A"),
[V, A\, M, ploc(A"), 52(A") and 50x(A") are not sequence algebra for r > 0.

Proof. Under the restriction on M, A and p as in the Example 4, consider
r=(k""Yandy = (k""!), thenz, y € [V, A, M, plo(A"), [V, A, M, p](A"),
[V, A, M, ploc (A7), 8x(A") and 80x(A"), but z.y & [V, A, M, plo(A"),

[V, A\, M, p](A"), [V, A, M, ploo(AT), $x(A7) and 8oy (A"). O

From Theorem 3.5 and the Remark we may give the following corollary.

Corollary 3.7 The sequence spaces [V, X, M, plo(A"), [V, X, M, p](A"),
[V, A\, M, ploo(A"), $x(A") and 5ox(A") are not perfect for r > 0.
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