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Bounds in time for the Klein-Gordon-Schrodinger
and the Zakharov system

Axel GRUNROCK and Hartmut PECHER
(Received May 10, 2004)

Abstract. It is shown that the spatial Sobolev norms of regular global solutions of
the (2 + 1), (3+ 1) and (4 + 1)-dimensional Klein-Gordon-Schrédinger system and the
(2+1) and (34 1)-dimensional Zakharov system grow at most polynomially with a bound
depending on the regularity class of the data. The proof uses the Fourier restriction norm
method.
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0. Introduction

Consider the Cauchy problem for the Klein-Gordon-Schrédinger system
(KGS) with Yukawa coupling in space dimension 2 < n < 4:

ity + A = —gp
b+ (—A+ 1) = || (1)
¥(0) =v0, ¢(0) =¢o, &:(0) =1

where 1 is the complex-valued nucleon field and ¢ the real-valued meson
field.

Local existence and uniqueness holds for data (v, ¢o, ¢1) € H*x H™ X
H™ 1 ifs>1,m>0and s —1 < m < s+ 2, and the life span depends
only on ||| g1, ||¢ollgs and ||¢1]|ge—1, where 6 = 0, if n < 3, and § >
0 arbitrarily small, if n = 4 (for details see Prop. 2.1 below). Cf. also
[13], Thm. 2.1. If we assume data with finite energy, i.e. s, m > 1, the
conservation laws imply that this local solution can be extended globally in
time, if n = 2 or n = 3, and, provided ||¢g|| 72 is small, if n = 4.

So the question arises whether a non-trivial bound in time for the
Sobolev norms of the solution can be given. We show in Theorem 2.1
below that for all s > 1 a polynomial bound can be given, and especially
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for s < m < s+ 1 we have the estimate

(O = + 1o @)z + [ Ge(E) [ prm—1 < e(1+ )"

To prove such a result we use the Fourier restriction norm method using
bilinear estimates in order to control the nonlinear terms and to get an
estimate of the form

ft) < f(r) +ef(m)'?

with 0 < § <1 on any interval ¢ € [1, T+ to] for a fixed to. Here f() is the
sum of the involved Sobolev norms of ¢, ¢ and ¢;. Bourgain [3] observed
that such an inequality implies the bound (cf. Lemma 2.1)

F(t) < e + ept'/?

and used it to prove polynomial bounds for Sobolev norms of solutions to
nonlinear Schrédinger and wave equations [3].

Staffilani [14], [15] improved these results in the case of the nonlinear
Schrédinger equation and considered moreover KdV-type equations.

Colliander, Delort, Kenig and Staffilani [6] improved the results for
the (2 + 1)-dimensional Schrédinger equation ju; + Au = |u|?u = 0 further
and were able to show the bound |u(t)||gs < c[t|?/36E-D+ (s > 1) for
global solutions by using sharp bilinear estimates, which also imply new
local-wellposedness results for rough data. Moreover in the case of blow-up
solutions upper and lower bounds for |u(t)||gs (s> 1) were given.

We also consider the Cauchy problem for the Zakharov system in space
dimension n = 2 and n = 3:

iy + A = ¢
bu — Ap = A([p]?) (2)
P(0) =0, ¢(0) =¢o, ¢:(0) =1

A general local existence and uniqueness result was proven by [8] improving
local (and global) wellposedness in energy space [4], [5].

Assuming ¢y € H®, ¢g € H™ and (—A)~'/2¢; € H™ with s > 1, m >
0, m+1 > s > m it is not difficult to see that their arguments imply that the
life span depends only on ||[¢o]| g1, [|follz2 and [[(=A)~Y2¢ |2 (cf. Prop.
3.1). This solution can be extended globally by using the mass and energy
conservation (cf. (18), (19), (20)), provided |[1o|| 12 is sufficiently small if n =
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2, and provided ||t g1 + |02 + ||(=A) 21 || 2 is sufficiently small if
n = 3. Again using the Fourier restriction norm method we show that in this
situation a polynomial bound for ||1()|| s + | () || g 4| (= A) =264 () ||
can be given for m+1 > s > m and s > 1 (Theorem 3.1). This bound
depends on s and m.

J. Colliander and G. Staffilani [7] considered the case n = 2 for the Za-
kharov system and proved the bound ||1(t)|| s < ¢(1+1)5~* for s > 1 and
data in the Schwarz class and ¢y € H~' ([7], Theorem 1). Their arguments
imply that in fact the Schwarz space here can be replaced by the assump-
tion (o, ¢o, ¢1) € H® x H® x H*"!, and also a bound for |¢(t)||zs—1 +
lloe(t)]| rs—2 can be given.

The necessary bilinear estimates for both problems are given in Section
1, the KGS system is considered in Section 2 and the Zakharov system in
Section 3.

For an equation of the form iu; — p(—iVy)u = 0 and ¢ measurable we
use the spaces X;’b which are the completion of the Schwarz space S with
respect to

1l = M€Y () (e %) f(a, 1) 2
=€) + o (€) F(€, Pz

For o(€) = £(¢) or £[¢| we use the notation X3 and for p(€) = |¢|? simply
X*® For a given time interval I we define

£l x5 00y = f‘l?:ff [ fllxs» and similarly HfHXib([)

We rely on [8] for the framework of the technique. For the method cf. also
Bourgain [1], [2], Klainerman and Machedon [11], [12], and Kenig, Ponce
and Vega [10].

Fundamental for our bilinear estimates are the following Strichartz type
estimates for the Schrédinger equation:

e oll a1, Ly (romy) < cllvoll 2z @mm

and

[ F Loz, pmnyy < cllfllxo.arme(n

x

if 0 <2/qg =n(1/2—-1/r) <1 (cf. [8], Lemma 2.4). The endpoint case
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(¢, r) = (2, 2n/(n — 2)) is also admissible if n > 3 (cf. [9], Cor. 1.4).

We use the notation (\) := (14 X?)'/2 for A € R and a+ (resp. a—) for
a number slightly larger (resp. smaller) than a. Finally, J® := F~1{¢)5F,
where F denotes the spatial Fourier transform.

1. Bilinear estimates

In this section we collect the estimates which are used to control the
nonlinear terms in KGS as well as the Zakharov system.
We start with the estimates from [8], Lemma 3.4 and 3.5.

Lemma 1.1 In space dimension 2 <n < 4 we have with § =0 forn = 2
orn =3 and § > 0 arbitrarily small for n = 4:

a)
[rd2ll s e < el armell¥allxe o

ifs>0,2s>m+140, s>m.
b)

192l 124 < elldtll a2+ 19 a2
ifm>6,0<s<m+1.

Using the Leibniz rule for fractional derivatives we get as an immediate
consequence the following

Lemma 1.2 In space dimension 2 < n < 4 the following estimates hold:
a) if m >3 and € > 0 arbitrarily small:

||¢1%HX1H, 172+ S|l xm-22e, a2+ (|2 x1-c /2
+ 11l x1-e ar2+ [[¥2ll xm—242e, a/20+)
b) ifs>1:
192l xe, 172+ Sclll @] o v ¥ s a2+
ot ll e a2+ 19lx1- ar2+)
with 6 > 0, and § > 0 arbitrarily small in the case n = 4.

These estimates are sufficient to give a local existence result in the
form we need it for our investigations, but in order to prove the desired
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polynomial growth for certain Sobolev norms of the solution we need another
bilinear estimate which will be deduced next.

Lemma 1.3 Let b > 1/2. Then for space dimension 2 < n < 4 the
following estimates hold true:

179l xo. o<l Fllxo.ellgll xo.0 (3)
HngLf(H;P)SC”fHX&bHQHXZOEb (4)
|79l x-1- el Fll 2, g 5)
I£glx-1- el flLxoo gl 0

Proof. Fix1/q=n/8,1/¢d =1—-(1/q),1/p=1—(n/4),1/r=1/2+1/n
and 1/G = n/4—1/2. From Strichartz’ estimates we obtain the embeddings

X00 c Li(LY) (7)
and
XOP Ly 8)

For n = 4 this follows from the endpoint case (g, ) = (2, 4) of the Strichartz
estimates. Now using the dual version of (7), Holder, again (7) as well as an
embedding in the time variable, we obtain the following chain of inequalities:

1£gllx0. o < cllfall o pasay S cllflloaceayllalicr zy < ell fllxo.e gl o0

This is (3). To see (4) we use Sobolev’s embedding theorem in the z-variable,
Holder, (8) and again a time embedding:

1F 9l 21—y =cllfollzwpy el Fll g o ol pezy el fllxo.e gl o0

Concerning (5) and (6) we start by using the dual version of (7) and Sobolev
in x:

HngX_l_v_b S C”ngLg’(H—I—A/:S) S C”ngLg,(L}C)
The latter is bounded by

el 12, Il oz, < el Fllzz, gl oo
which gives (5), as well as by

el Fll 2z 9l 2, < ell Fllxosllgllze,
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leading to (6). O
Lemma 1.4 Letb>1/2 and 0 < O < 1. Then the estimate

[uvllx -1, -0 < clluf x-e.ollv] xo-10
holds, provided the space dimension n fulfills 2 <n < 4.

Proof. We have

v x-1,-0 =

(r+ 167 /77(51, 71)0(&2, T2)dv

L2,

where dv = d¢1drm and (€, 7) = (& + &2, 71 + 72). We split the domain
of integration into the regions A and B, where in A we have [£;| < ¢[¢]
implying |£2] < ¢/¢]. So the contribution from this part is bounded by

C

(r o+l / (€0 O(Er, 71)(E)0 " B(E, )

L
= cl| (J7Pu) (T 0) [ x0. - < ellullx-e. v o1,

by (3). Next we consider the region B, where |£| < |&1] ~ |€]. This implies
(for € > 0 sufficiently small)

€11611° 160 < e((r + 1€ + (1 + &)’ + (r2 £ [€2])")
Thus we get three contributions from region B, the first of them being

o) o—
17 (T ) | pp(m-1-) < ellullx-e.o vl o0

by (4). Writing A’ = F~1{r +[£|?)°F the second contribution (correspond-
ing to the symbol (11 + |£1]2)?) is
AT )T o el ATl g 790 o

=cllullx-e.»[lv]l xo-1.»

where we used (5). Finally, a similar argument using (6) gives the same
bound for the third contribution (corresponding to (1 & |&[)?). O
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2. The Klein-Gordon-Schrédinger system

We consider the Cauchy problem for the KGS system (1) in space di-
mension 2 < n < 4. This system satisfies the conservation laws

(0 = M (9
and
Vo2 +5 (1420 B2+l 02 [ [o(o)Pott)do = B
(10)

where A := —A + 1.
By Gagliardo-Nirenberg we have for 6 > n > 3:
<Nl p2n /-2 11 2y 01172 "

‘ / 2 dde
Rn
< AV2] [V 2 6

If n = 3 this is easily estimated by (1/4)||AY2¢|12, +(1/2)| V|2, +cl[¥[[S,,
if n = 4 we have a bound by (1/4)[|AY2y[2, + (1/2)||V¥|2,, provided
lo||r2 is sufficiently small. Because the case n = 2 is easy to handle we
have by the conservation laws in the case 2 < n < 4 an a-priori bound

9@l + 6] + etz < const vt € RT

The equivalent first order system reads as follows:

1
ity + A¢=—§(¢+ + )y
idsr F AV 2pp=FAT2(jy]?) (11)
Y(0) = Yo, 6x(0)=¢o £iA™ ¢ =: por
where ¢4 = ¢ £ iA~Y2¢, or, conversely, ¢ = (1/2)(¢4 + ¢_), 201A"1/2¢;, =
b — P

Using the corresponding system of integral equations

V=20t i [ IR 1 (s) + 6o () 0(5)ds

0

b (=T g, & /0 FI=IAE A2 [y ) [2)ds (12)

and Lemma 1.2 combined with the energy bound above we get the following
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version of the existence theorem by standard arguments:

Proposition 2.1 Lets > 1, m > 0 satisfy s—1 < m < s+2. Assume )y €
H®, ¢por € H™. Then there exists T = T(||voll g1, |dox||gs) > 0, where § =
0, if 2 <n <3, and 6 > 0 arbitrarily small, if n = 4, such that system (11)
has a unique solution ¢» € X*W/2+ [0, T], ¢+ € X_fcn’(l/2)+[0, T] (especially
€ CU[0, T), H), ¢+ € CO([0, T], H™)). This solution satisfies:

1llxo. armepo, 2y + 10+l o a2 1y + 0=l o /204
< d(Ivoll e + lldo+ll e + G-Il me)

foro>1, p>0and o —1< p < o+ 2. This solution exists globally,
provided ||vo||r2 is sufficiently small in dimension n = 4.

Remark A global existence result for rougher data also holds true, namely
(to, pox) € H® x H™ with 1 > s, m > 7/10 and s +m > 3/2 (cf. [13]).
Our aim is to give a bound in time for |[¢(t)||gs and ||¢+(t)||gm for
s, m> 1.
The proof uses the following well-known elementary observation (used
by [3], e.g.).

Lemma 2.1 Assume f € C°(R*, R*). Moreover assume the existence
of to >0 s. th. V71, t € [T, T + o] the following estimate holds

f(t) < f(7) +ef(r)'™?
where 0 < § <1, ¢ > 0. Then there exist c1,co > 0 s. th.
F(t) < e f(0) + cat'/?
fort > 0.
Our main result for the KGS system is the following:

Theorem 2.1 Let s > 1 be an even integer, m > 3 and s+2 >m > s—1.
For 2 < n < 4 assume that (Yo, ¢o, ¢1) € H* x H™ x H™ 1 with |0l 12
sufficiently small in the case n = 4. Then the global solution of Prop. 2.1
for the KGS system (1) fulfills:

[ (@) s+ SO + |G| rmr < e(14+8)1/° (13)

where 1/6 = max((m —1)/(m —s+1),s =1, (s —1)/(s = m +2)). If in
addition s <m < s+ 1, we have 1/6 = s — 1.
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Proof. We use the KGS system (11) on any interval I where the local
existence theorem Prop. 2.1 applies. We assume w.l.o.g. I = [0, T1.
Estimate for the Schrodinger part:

6O~ ol = [ Zotrlfedr
:2R€A <1/Jt(T),¢(T)>HsdT
- 2Re(z’ [ v w<r>>HsdT)
el s t — A)$/? —A)S/2 odr
+2R(/D<<1 A)2(pg), (1 - A) wm)

The first term vanishes, since (A(7), ¥(7))gs € R, and the second one
can be estimated by

e X [IpmenDtee), (- Ay sl

|t |+ a2 <s, |az]<s

In this sum no |ag| = s-contribution occurs, since (¢(7), \(I—A)S/2¢|2>L% €
R. The || = s-contributions can be estimated by Lemma 1.4 with 6 = 0
and Prop. 2.1:

J 1), D otr) 1 = Ayl
<l xr ol T2 TP x -1, -b(r)
< C||¢||x1,b(1)(||<7371¢+ngbm + HJS*léf)—||Xg,b([))||¢||xs’b(1) (14)
< ce([[%ollmr + [[(Bo+5 Po-)Ila)(II(Pots do—) |l ms—1 + [0l gs—s+)
x (Ivollms + l(do+, do )l pra—1+)

(here [[(¢o+, Go—)lI3rs-1 = ll@o+ 71 + | Go-l3s—1). Proceeding similarly
with (3) instead of Lemma 1.4 we get the following bound for the remaining

terms:

c > (91l gientogpy + 18—l gleaton )

1| +|az|<s, |ai], |aal<s

X ”I/)HXIOQH’(I)Hl/}HXS’b(I)
< el lxe sy (104 sy + l6- s Wllxingy — (15)
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+ (H@Z)JrHX_ls_’b([) + quf||leb([))H@bHXS*Lb(I))
< c([[vollzs + [P0+, Go-)llms—1+)
X[([(@o+: o)l zrs=1 + 1wl grs—s+)([[Yollm + [[(¢o+, Po-)llm1)
+ ([ (ot do)lmr + [[Yollz) (Yol zs—1 + [[(do+s do-) [l ms—2+)]

Taking into account that ||¢o|| g1 + |[(¢o+, ¢o—)||mg1 < const we arrive at

Il ()11 — llvbollFs (16)
c(l(@o+, G0 )l == + 1Vl gs=2) (ol s + [[(¢o+, do-)llm)
c(ll(do+, do- )z + [0l 7="2) (1ol + | (Go, Go-) )
with ¥ = (m—s+1)/(m—1) (€ (0, 1], provided m > s —1 > 1) and with
P =1/(s—1).

Estimate for the Klein-Gordon part: a similar computation as above
shows that

145, S () B — [(Bor do)ll3m
t
- 2Re(z‘ [P, o - ¢_<T>>>Lgd7)
<ellllxr ey (T T b | x -1 -v(ry + 1T 0T b || x-1,-51)

< CHq/}HXm*?vb(])(||¢+HX_T7”([) + HQLHXTJ’(I))
< c(llvboll zrm—2 + (G0, do- )|l grm—s+)
% ([[(@o+> ¢o-)llm + l[voll rm—2+)
< c(lwolli" + 1 (@o+> do-) )
X ([[(do+, o)l m + [[oller) (17)
with ¥3 = (s = m +2)/(s — 1) and ¥4 = 3/(m — 1)+, where we now used

Lemma 1.4 with © = 1.
Conclusion: combining (16) and (17) we see that for

F(&) = [ + (94 (), o ()| Fm
the inequality
F(t) < J(0) +cf(0)' 7772

holds with ¥ = mini<;<3¥;, provided s +2 >m >3 and m >s—-12>1
(remark that 91 < 194). Lemma 2.1 gives f(t) < ¢(1 +t)?/%, where 1/5 =
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max((m —1)/(m—s+1),s—1,(s—1)/(s — m+ 2)). This implies the
claimed result. O
3. The Zakharov system

The Cauchy problem for the Zakharov system (2) is considered in space
dimension n = 2 and n = 3.
The conservation laws are the following:

6@)l.2 = M (18)
and
B 0= [ (I0P+ 5 16P+VE+oluf? ) do (19)

where divV = ¢;.
It is well-known (cf. [17], Proof of Thme. 1) that this implies a uniform
a-priori-bound

1ol 19 2 +1(=2) "2yl 2 < KVt e RY (20)

if ||¢o||z2 is sufficiently small for n = 2, and if
llsboll g2 + lldoll 2 + |[(—=A)~Y2¢1 || 12 is sufficiently small for n = 3.
The equivalent first order system is

W+ Dg=3(94 + )0
idsr F (—A)2pr=t(—A)"2(jp]?) (21)
$(0) = o, ¢+(0)=¢o £ i(—A)"2p; = ¢os
where ¢+ = ¢ £ i(—A)~2¢p; or, conversely,
b= 504 +90), 2A(-D) V0= 6 6.

The corresponding system of integral equations is

V=20 i [ AL G4 (s) + 6o (s)0(5)ds

0
¢i (t)zezFit(—A)l/z ¢0i

i /0 TN LAY (| (5) ) ds (22)
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Lemma 1.1 and 1.2 combined with the energy bound above implies the
following existence theorem by standard arguments:

Proposition 3.1 Letn = 2 orn = 3, s > 1, m > 0 satisfy m +
1 > s > m. Assume g € H®, ¢or € H™. Then there exists T =
T(||voll g, lpoxlz2) > 0 such that the system (21) has a unique solution
Y e X5W2A%0, T, ¢y € Xf’(l/Q)Jr[O, T). This solution satisfies

191l xo. ar2470, 77 + ||¢+||Xi’<1/2)+[07T] F o=l o v+ 1
< d([[vollme + ldo+ e + ldo-l120)

for1<o<s,0<p<mando>p>c—1. This solution ezists globally,
provided |||z is sufficiently small for n = 2, and provided ||1ol| g1 +
lbotllz + || Po—|lr2 is sufficiently small for n = 3.

Remark A more general local result for rougher data can also be given
(cf. [8]).

Our aim is to give a bound in time for ||[¢(t)|| s and ||¢+(t)||gm for
s, m > 1. The main result is the following

Theorem 3.1 Letn =2 orn =3, let s > 0 (an even integer) and m >
0 satisfy m+1 > s > m. Assume g € H®, ¢g € H™, (—=A)"12¢p; €
H™ with ||¢ol| 2 sufficiently small for n = 2, and with ||vo|| g1 + || @02 +
[(=A)"Y2¢1| 2 sufficiently small for n = 3. Then the global solution of
Prop. 3.1 for the Zakharov system fulfills

O + O rrm + (=) 23 [ 1rm < e(L+ )
where 1/6 = max(m(s —1)/(m — s+ 1), (s = 1)/(s = m)+).
Remark Especially, for m = s — 1/2 we have 1/§ = (s = 1)(2s — 1) =
0(2s?%), and for m = s — 1/s we have 1/§ = O(s?).

Proof. Estimate for the Schrédinger part: In the proof of Theorem
2.1 we have shown in (14) and (15):

[ (0)l1Fzs = llvoll
< (s oy (16 sy + 9=l om0)
1 lLc-neiny (194 oy + 100 lLxeo
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By use of Prop. 3.1 and (20) the latter is estimated by:

c[(lollzr + [[(@o+5 G0 o+ ) ([[(Do+, po- )| zrs—1 + lIvbol| grs—1+)
Yol == 4 [I(@o+, Go-)lmrs—2+)([[(P0+ o)1 + [P0l 1+ )]
< ([[Yoll s + [P0+, do-)|s—1+)
<e[(1+ @0+, o )Hm) (105 do- )55 + 1ol 52 2/ C70)
+ (ol 5527 + 11 (o, do-)ll 7™ ")
% ([I(bo- Go-) | o + Ilebo 1 %7 )](H@boHHs + [[(do+, do-) [l )
<c(ll(¢o+, do- )HS 1”"**+-uw I 2
+ ol = H(¢o+w S0l Yo+ + 1| (@o+, do-) zm)
<e([[(dots dom + %ol =" ) ([0l s + [ (Do, Po-) | rm) (23)
where ¥ = (m —s+1)/{m(s —1)}.
Estimate for the wave part: In the estimate for the Klein-Gordon part

in the proof of Theorem 2.1 we replace the term J~!(|¢)|?) by J='A(]¢|?)
and arrive at

1(@1-(8), d— (@) I7rm — (o, do—)|Frm
ScHwHXlwb(I)”wu){mvb(l)(”(b-&-uxf«b(]) + ol xmop)
<c([[Yollzr + I(@o+: do-)llzo+)(1vollam + [[(Po+, Po-)|zrm-1+)
X([[(@o+: do-)lam + |voll rm-+) (24)
<c(lvoll =" + 1o+ Sz ((Pos: do—)llzrm + ol m=) (25)

where we used (20) and Prop. 3.1. Now ¥J9 = (s —m)/(s — 1)— and ¥3 =
(1/m)—. Adding (23) and (25) we get:

1% ()12 — Il%boll 3= + | (Bors do)1Zm — (b0, Po—)|[3m
<c(|l(do+, o)t + 1ol =" + [lvhol 7272 + 1(bo+ bo)lI o)
(II(bo+» Po-)llzm + |[vol|ze)

Using Lemma 2.1 this implies the claimed estimate similarly as for the KGS
system. ([
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