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Abstract. This paper is devoted to studying the growth and the oscillation of solu-
tions of the second order non-homogeneous linear differential equation

'+ AL(2)e" P+ Ag(2)e? P f = F,

where P(z), Q(z) are nonconstant polynomials such that deg P = deg@ = n and
Aj(z) (20) (j = 0,1), F £ 0 are entire functions with p(4;) < n (j = 0,1). We
also investigate the relationship between small functions and differential polynomials
gr(z) = daf" + dif’ + dof, where do(z), d1(z), d2(z) are entire functions that are
not all equal to zero with p(d;) < n (j = 0,1,2) generated by solutions of the above
equation.

Key words: linear differential equations, entire solutions, order of growth, exponent of
convergence of zeros, exponent of convergence of distinct zeros.

1. Introduction and statement of results

Throughout this paper, we assume that the reader is familiar with the
fundamental results and the standard notations of the Nevanlinna’s value
distribution theory (see [7], [10]). In addition, we will use A(f) and A(1/f)
to denote respectively the exponents of convergence of the zero-sequence
and the pole-sequence of a meromorphic function f, p(f) to denote the
order of growth of f, A(f) and A(1/f) to denote respectively the exponents
of convergence of the sequence of distinct zeros and distinct poles of f.
A meromorphic function ¢(z) is called a small function with respect to
f(z) if T(r,) = o(T(r, f)) as r — +oo, where T'(r, f) is the Nevanlinna
characteristic function of f.

To give the precise estimate of fixed points, we define:

Definition 1.1 ([3], [12], [13]) Let f be a meromorphic function and let
21,22,... (|zj| =7j,0 <71 <ry <---) be the sequence of the fixed points
of f, each point being repeated only once. The exponent of convergence of
the sequence of distinct fixed points of f(z) is defined by
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+oo
7(f) = inf {7’ >0: Z|Zj|_T < +oo}.

j=1

Clearly,

~ 1
log N(r, f_2>

1.1
logr ’ (1.1)

?(f) = lim, o

where N(r, %Z) is the counting function of distinct fixed points of f(z) in
{lzl <r}.

Consider the second order linear differential equation
"+ A(2)eP @ f 4 Ag(2)eRF) f =0, (1.2)

where P(z), Q(z) are nonconstant polynomials, A;(z), Ao(z) (£ 0) are
entire functions such that p(A;) < deg P(z), p(Ao) < deg Q(z). Gundersen
showed in [6, p.419] that if deg P(z) # degQ(z), then every nonconstant
solution of (1.2) is of infinite order. If deg P(z) = degQ(z), then (1.2)
may have nonconstant solutions of finite order. For instance f(z) = e* +1
satisfies f” +e*f' —e*f = 0.

In [9], Ki-Ho Kwon has investigated the hyper order of solutions of (1.2)
when deg P(z) = deg Q(z) and has proved the following:

Theorem A ([9]) Let P(z) = Y i ya;iz" and Q(z) = > iy biz" be non-
constant polynomials, where a;, b; (i = 0,1,...,n) are complex numbers,
anby, # 0, let Ai(z) and Ag(z) (# 0) be entire functions with p(A;) < n
(j = 0,1). If either arga,, # argb, or a, = cb, (0 < ¢ < 1), then every
nonconstant solution f of (1.2) has infinite order with pa(f) > n.

Many important results have been obtained on the fixed points of gen-
eral transcendental meromorphic functions for almost four decades (see [14]).
However, there are a few studies on the fixed points of solutions of differ-
ential equations. It was in year 2000 that Z. X. Chen first pointed out the
relation between the exponent of convergence of distinct fixed points and
the rate of growth of solutions of second order linear differential equations
with entire coefficients (see [3]). In [2], Z. X. Chen and K. H. Shon have
investigated the fixed points of solutions, their 1st and 2nd derivatives and
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the differential polynomials generated by solutions of second order linear
differential equations with meromorphic coefficients. In [13], Wang and Yi
investigated fixed points and hyper order of differential polynomials gener-
ated by solutions of some second order linear differential equations. In [11],
Laine and Rieppo gave improvement of the results of [13] by considering
fixed points and iterated order.

The first main purpose of this paper is to study the growth and the os-
cillation of solutions of the second order non-homogeneous linear differential
equation

"+ A(2)eP O f 4 Ag(2)eRF) f = F. (1.3)

We will prove the following results:

Theorem 1.1 Let P(z) = > ja;z* and Q(z) = Y i, b;2" be non-
constant polynomials where a;, b; (i = 0,1,...,n) are complex numbers,
anb, # 0 such that arg a,, # argb, ora, =cb, (0 <c<1). Let A;(z) (#0)
(7 =0,1) and F # 0 be entire functions with max{p(A;)(j =0,1),p(F)} <
n. Then every solution f of equation (1.3) has infinite order and satisfies

2f) = Af) = p(f) = oc. (1.4)

Remark 1.1 If p(F) > n, then equation (1.3) can posses solution of
finite order. For instance equation f” + e *f' + e*f = 1 + €2 satisfies
p(F) = p(1 + e?*) = 1 and has finite order solution f(z) = e* — 1.

Theorem 1.2 Let P(z), Q(z), Ai(z), Ao(z) satisfy the hypotheses of
Theorem 1.1, and let F' be an entire function such that p(F) > n. Then
every solution f of equation (1.3) satisfies (1.4) with at most one finite order
solution fy.

The second main purpose of this paper is to study the relation between
small functions and some differential polynomials generated by solutions of
second order linear differential equation (1.3). We obtain some estimates of
their distinct fixed points. Let us denote by

o] = d1 — d2A1€P, Qg — d() — dQA()eQ, (15)
B1 = deA1e*” — ((daAr) + P'daAr + diAr)er — daAge® + do + dj, (1.6)
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Bo = d2A0A1€P+Q — ((dQAO)/ + Q/dQAO + dle)eQ + dé), (17)
h = Ozlﬂ() - O[()ﬂl (18)
and

e ar (¢ — (doF)' —ath) — il — doF) (1.9)

Theorem 1.3 Let P(2), Q(z), A1(2), Ao(z), F satisfy the hypotheses of
Theorem 1.1. Let do(z), di(z), d2(2) be entire functions that are not all
equal to zero with p(d;) < n (j = 0,1,2), ¢(z) is an entire function with
finite order. If f(2) is a solution of (1.3), then the differential polynomial
gr(2) = daof” + dif' + dof satisfies MN(gs — ¢) = oo. In particularly the
differential polynomial g¢(z) = dof” + d1f + dof has infinitely many fized
points and satisfies N(gf — z) = T(g5) = oc.

Theorem 1.4 Let P(2), Q(z), A1(2), Ao(z), F satisfy the hypotheses of
Theorem 1.2. Let dy(z), di(z), d2(2) be entire functions that are not all
equal to zero with p(d;) < n (j = 0,1,2), ¢(z) is an entire function with
finite order such that (z) is not a solution of equation (1.3). If f(2) is a
solution of (1.3), then the differential polynomial gs(z) = dof” +dif +dof
satisfies X(gf — ) = oo with at most one finite order solution fy.

In the next, we investigate the relation between infinite order solutions
of a pair non-homogeneous linear differential equations and we obtain the
following result:

Theorem 1.5 Let P(z), Q(2), Ai(2), Ao(2), dj(z), (j = 0,1,2) satisfy
the hypotheses of Theorem 1.3. Let Fy Z 0 and Fy # 0 be entire functions
such that max{p(Fj):j =1,2} <n and F; — CFy # 0 for any constant C,
©(z) is an entire function with finite order. If f1 is a solution of equation

"4+ A (2)eP P f 4 Ag(2)e9E f = By (1.10)
and fa is a solution of equation
f 4+ A (2)eP D Ag(2)eR P f = By, (1.11)

then the differential polynomial gf, —c,(2) = do(f{' = CfY)+di(fi —Cf3)+
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do(f1 — C'f2) satisfies N(gf,—c, — @) = 0o for any constant C.

2. Preliminary Lemmas
We need the following lemmas in the proofs of our theorems.

Lemma 2.1 ([5]) Let f be a transcendental meromorphic function of finite
order p, letT' = {(k1,j1), (k2,42), .-, (km,Jm)} denote a finite set of distinct
pairs of integers that satisfy k; > j; >0 fori=1,...,m and lete >0 be a
given constant. Then, there exists a set By C [0,2m) that has linear measure
zero, such that if ¢ € [0,27) — E1, then there is a constant Ry = Ry(v) > 1
such that for all z satisfying argz = 1 and |z| > Ry and for all (k,j) € T,
we have

‘ 1)
()

Lemma 2.2 ([1]) Let P(z) = an2z™ + -+ ag, (ap, = a4+ i3 # 0) be a
polynomial with degree n > 1 and A(z) (# 0) be a meromorphic function with
p(A) < n. Set f(z) = A(2)eP’®), 2 = re??, 5(P,0) = acosnd — Bsinnd.
Then for any given € > 0, there exists a set Ey C [0,27) that has linear
measure zero, such that if 0 € [0,27)\(E2 U E3), where E5 = {6 € [0,27) :
0(P,0) =0} is a finite set, then for sufficiently large |z| = r, we have

(i) Ifé(P,0) >0, then

< |Z,(k—j)(p—1+6)' (2.1)

exp{(1 —€)é(P,0)r"} < [f(z)| <exp{(1+¢e)d(P0O)r"},  (2.2)
(ii) If6(P,0) <0, then

exp{(1+¢)0(P,0)r"} < |f(2)| < exp{(1 —e)d(P.O)r"}.  (2.3)
Lemma 2.3 ([4]) Let Ay, Ay,...,Ax—1, F # 0 be finite order mero-
morphic functions. If f is a meromorphic solution with p(f) = oo of the
equation

FO A R D L AV 4+ Aof = F, (2.4)

then X(f) = A(f) = plf) = .
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Lemma 2.4 ([1]) Let P(z) = >." ja;z" and Q(z) = Y., biz" be non-
constant polynomials where a;, b; (i = 0,1,...,n) are complex numbers,
anby, # 0 such that arga,, # argb, or a, = cb, (0 < ¢ < 1). We denote
index sets by

A& ::{07])}7
AQ ::{O)}1(972}1})+_69}

(i) IfH;(j € A1) and Hg # 0 are all meromorphic functions of orders that
are less than n, setting ¥1(z) = >_ H;(z)el, then Wy (z) + Hge® #
0.

(ii) IfH;(j € A2) and Haq # 0 are all meromorphic functions of orders that

are less than n, setting Wo(2) = 3, Hj(2)e?, then Uy (2)+Hage?? #
0.

JEAL

Lemma 2.5 Let P(z) =Y. ja;z" and Q(z) = Y1, biz" be nonconstant
polynomials where a;, b; (i = 0,1,...,n) are complex numbers, a,b, # 0
such that arga, # argb, or a, = cb, (0 < ¢ < 1). Let A;(z) (¥ 0)
( =0,1) be entire functions with p(A;) <n (j =0,1). We denote

Ly = f"+ A1 (2)eP @ f' + Ag(2)e?F) f. (2.5)

If f #0 is a finite order entire function, then p(L¢) > n.

Proof.  We suppose that p(Ly) < n and then we obtain a contradiction.

(i) If p(f) < n, then f” + A;(2)eP @ ' + Ag(2)e®Q*) f — Ly = 0 has the
form of Wy (2) + Hge® = f"+ A1(2)eP @) f' — L+ Ag(2)e?) f = 0 and
this is a contradiction by Lemma 2.4 (i).

(ii) If p(f) > n, we rewrite

Lff -7 Al(z)ep(2)§ + Ag(2)e?). (2.6)

Case 1 Suppose first that arga,, # argb,. Then arga,, argb,, arg(a, +
b,,) are three distinct arguments. Set p(L¢) = # < n. Then, for any given ¢
(0 < e <n—[3), we have for sufficiently large r

|Lf| < exp {r6+5}. (2.7)
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From Wiman-Valiron theory (see [8, p.344]), we know that there exists a
set E with finite logarithmic measure such that for a point z satisfying
|z| =r ¢ E and |f(2)| = M(r, f), we have

vr(r) < [log s (r)]?, (2.8)

where pf(r) is a maximum term of f. By Cauchy’s inequality, we have
pg(r) < M(r, f). This and (2.8) yield

v(r) < [log| ()% (r ¢ E). (2.9)

By f is transcendental function we know that vs(r) — oo. Then for suffi-
ciently large |z| = r we have |f(z)| = M(r, f) > 1, then

L
‘ff’ < |Ly| < exp{r?*}. (2.10)

Also, by Lemma 2.1, for the above ¢, there exists a set F; C [0, 27) that has
linear measure zero, such that if 8 € [0,27) — Ey, then there is a constant
Ry = Ry1(0) > 1 such that for all z satisfying argz = 6 and |z| > R;, we
have

P (2)

f(z)

By Lemma 2.2, there exists a ray argz = 0 € [0,27)\Fy U Ex U E3, E3 =
{6 € ]0,27) : §(P,0) = 0 or 6(Q,0) = 0} C [0,27), Ey U E5 having linear
measure zero, E3 being a finite set, such that §(P,0) < 0, 6(@,0) > 0 and
for any given € (0 < e < n — [3), we have for sufficiently large |z| = r

< | RPD=14e) (k= 1,2). (2.11)

| Aoe?] > exp{(1 - £)d(Q, 0)r"}, (2.12)

!/
“’;Alel’ < P71 oxp{(1 — €)3(P, 0)r"} < rP)—1e, (2.13)

By (2.6), (2.10)—(2.13), we have

exp{(1 — £)3(Q.0)r"} < [A0c?| < exp{r®Fe) 4 pPDT1HE 214,
(2.14)
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This is a contradiction by 8 + ¢ < n. Hence p(Ls) > n.

Case 2 Suppose now a,, = cb, (0 < ¢ < 1). Then for any ray argz = 6,
we have

5(P,0) = c5(Q,0).

Then, by Lemma 2.1 and Lemma 2.2, for any given ¢ (0 < & <
min(ﬁ,n — f3)), there exist E; C [0,27) (j = 1,2,3) such that Ey, F»
having linear measure zero and E3 being a finite set, where E1, Fs and Ej3
are defined as in the Case 1 respectively. We take the ray argz = 0 €
[0,27)\E1 U E2 U E5 such that §(Q, 0) > 0 and for sufficiently large |z| = r,
we have (2.11), (2.12) and

‘J;:Alep < PO =12 exp{(1 + €)ed(Q, 6)r™ ). (2.15)

By (2.6), (2.10)~(2.12) and (2.15)

exp{(1 —¢€)6(Q,0)r"} < |A06Q\

< exp{r?te} 4 rPO 71 oxp{(1 + £)ed(Q, 0)r™} + r2PN=1+e) - (2.16)
By e (O < € < min (ﬁ,n — B)), we have as r — 400

exp{r’*e} .
exp{(1 —£)0(Q, 0)r"}
pp(f)—1+e exp{(1 +¢)cd(Q, 0)r™}
exp{(1 —¢£)d(Q, 0)r"}
P20(f)~14<)
exp{(1 —£)0(Q, 0)r"} -

By (2.16)—(2.19), we get 1 < 0. This is a contradiction. Hence p(Lf) > n.

0, (2.17)

— 0, (2.18)

(2.19)

3. Proof of Theorem 1.1

Assume that f is a solution of equation (1.3). We prove that f is of
infinite order. We suppose the contrary p(f) < co. By Lemma 2.5, we have
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n < p(Ly) = p(F) < n and this is a contradiction. Hence, every solution
f of equation (1.3) is of infinite order. By Lemma 2.3, every solution f of
equation (1.3) satisfies (1.4).

4. Proof of Theorem 1.2

Assume that fj is a solution of (1.3) with p(fy) = p < o0. If f; is a
second finite order solution of (1.3), then p(f1 — fo) < oo, and f1 — fo is
a solution of the corresponding homogeneous equation (1.2) of (1.3), but
p(f1 — fo) = oo from Theorem A, this is a contradiction. Hence (1.3) has at
most one finite order solution fy and all other solutions f; of (1.3) satisfy
(1.4) by Lemma 2.3.

5. Proof of Theorem 1.3

We first prove p(gs) = p(dof” + dif' + dof) = 0o. Suppose that f is a
solution of equation (1.3). Then by Theorem 1.1, we have p(f) = oo. First
we suppose that dy # 0. Substituting f” = F — Aje?l f’ — Age@ f into gy,
we get

gf — do ' = (d1 — dgAleP)f' + (do — dQAer)f. (31)

Differentiating both sides of equation (3.1) and replacing f” with f” =
F — AP f' — Ape® f, we obtain

95 — (doF) — (dy — deAre") F
= [d2ATe?” — ((daA1) + P'daAy + diAr)e’ — doyAge® +do + di] f/
+ [doAgA1eP 19 — ((daAo) + Q'daAo + diAg)e® + dp) f. (3.2)
Then, by (1.5)—(1.7), (3.1) and (3.2), we have
arf' +aof = g5 — doF, (3.3)
Buf' + Bof = g7 — (doF) — (dy — d2Are”) F. (3.4)

Set



136 B. Belaidi and A. El Farissi

h = a1 — aofbr
= (d1 — d2A1e") [d2 Ao A1e7T9 — ((daAo) + Q'daAg + d1Ag)e? + df
— (do — daAge?) [daATe*” — ((d2 A1) + P'do Ay + diAr)e”
— dyAoe® +do +di]. (3.5)
Now check all the terms of h. Since the term d3A? Age?P*@ is eliminated,
by (3.5) we can write h = Wq(z) — d3A42e29, where Uy (2) is defined as in

Lemma 2.4 (ii). By d2 # 0, Ap # 0 and Lemma 2.4 (ii), we see that h # 0.
By (3.3), (3.4) and (3.5), we obtain

a1 (g} — (dgF)/ — alF) — ,Bl(gf — dQF)

f= ; . (3.6)

If p(gf) < oo, then by (3.6) we get p(f) < oo and this is a contradiction.
Hence p(gy) = oc.

Set w(z) = dof” + dif’ + dof — ¢. Then, by p(p) < oo, we have
p(w) = p(gs) = p(f) = co. In order to prove A(g; — ¢) = oo, we need to

prove only A(w) = oo. Using g5 = w + ¢, we get from (3.6)

o (w’ + ¢ — (doF) — alF) — f1(w+ ¢ — doF)

= - : (3.7)

So,

ozlw’ — ﬂlw

F= h

+ 9, (3.8)

where 1) is defined in (1.9). Substituting (3.8) into equation (1.3), we obtain

%w/1/+¢2wll+¢1wl+¢ow

=F — (¢ + A1(2)eP @y + Ag(2)e“Py) = A, (3.9)

where ¢; (j = 0,1,2) are meromorphic functions with p(¢;) < oo (j
0,1,2). Since p(¢) < oo, it follows that A # 0 by Theorem 1.1. By ay #
h # 0 and Lemma 2.3, we obtain A(w) = A\(w) = p(w) = o0, i.e., A(gf — )
00.

=

)
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Now suppose da = 0, dy Z 0 or do =0, dy = 0 and dy # 0. Using
a similar reasoning to that above we get A(w) = A(w) = p(w) = oo, i.e.,
AMgf — ) = o0. B

Setting now ¢(z) = z, we obtain that A(gy — 2) = 7(g¢) = oc.

6. Proof of Theorem 1.4

By hypothesis of Theorem 1.4, 1(z) is not a solution of equation (1.3).
Then

F— (9" 4+ Ai(2)eP @y + Ap(2)e?@y) £ 0.

By using Theorem 1.2 and similar reasoning to that in the proof of Theorem
1.3, we can prove Theorem 1.4.

7. Proof of Theorem 1.5

Suppose that f; is a solution of equation (1.10) and f> is a solution of
equation (1.11). Set w = f; — Cfa. Then w is a solution of equation

w” 4+ A1 (2)e" P’ + Ag(2)e?Pw = F| — CF,.

By p(Fy — CF3) < n, F; — CF; # 0 and Theorem 1.1, we have p(w) = oc.
Thus, by using Theorem 1.3, we obtain Theorem 1.5.
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