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An Extension Theorem for
Real Kihler Submanifolds in Codimension 4
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1. Introduction

Submanifold theory, and especially the study of Riemannian submanifolds in
Euclidean spaces, are a classic subarea in differential geometry. The Nash em-
bedding theorem [18] guarantees that any complete Riemannian manifold can be
isometrically embedded into a Euclidean space. There are many important devel-
opments in submanifold theory, of which we mention just two. One is the work
of Hongwei Xu and his collaborators [20; 21; 22] generalizing the differentiable
sphere theorem of Brendle and Schoen [1; 2] to the submanifold case in order to ob-
tain the optimal pinching constant. The other development we mention here is the
work of Marques and Neves [ | 7] in solving the long-standing Willmore conjecture.

Yet in the special case when the submanifold happens to be Kihler, the research
is relatively sparse and sporadic, and we believe that the state of knowledge is still
rather primitive. In this paper, we shall refer to a Kdhler manifold that is isometri-
cally embedded in a real Euclidean space as a real Kdiihler Euclidean submanifold,
or real Kdhler submanifold for short. That is, we have an isometric embedding
f: M" — R>*P from a Kihler manifold M" of complex dimension 7 into the
real Euclidean space.

Because M" is equipped with a complex structure, it would be ideal for the em-
bedding f to be both isometric and holomorphic. However, the thesis of Calabi [3]
established that very few Kihler metrics can be isometrically and holomorphically
embedded in a complex Euclidean space or in other complex space forms. In fact,
Calabi precisely characterized all such metrics. So to study generic Kéihler mani-
folds in the extrinsic setting, one must abandon the holomorphicity assumption on
the embedding and assume only that it is isometric.

For a real Kéhler submanifold f: M" — R27+P_ the Kihlerness of M" im-
poses strong restrictions and makes M" extremely sensitive to its codimension.
For instance, when p =1 (i.e., when M" is a hypersurface) a result of Florit and
Zhang [15] states that, if M" is also assumed to be complete, then f must be the
product of g and the identity map of C"~!; here g: ¥ — R? is the isometric em-
bedding of a complete surface, which is always Kihler. In other words, surfaces
in R3 are essentially the only real Kihler submanifolds in codimension 1. In con-
trast, there are all kinds of real hypersurfaces in Euclidean spaces.
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In codimension 2, the situation is also well studied and fully understood. The
minimal case was analyzed in detail by Dajczer and Gromoll (see [8] and [10]
and the references therein); the nonminimal case was classified by Florit and
Zhang [16]. In codimension 3, Dajczer and Gromoll [9] showed that, unless the
submanifold M" is a holomorphic hypersurface of a real Kédhler submanifold of
codimension 1, its rank must be less than or equal to 3 (the codimension of M").

Recall that the rank of a real Kihler submanifold f: M" — R>"*P atx e M
is defined as n — v for v( the complex dimension of Ay = A N JA, which is the
J-invariant part of the kernel A of the second fundamental form of f. Of course,
these spaces may not have constant dimensions on M. But if we let U be the open
subset where A takes the minimum (and thus constant) dimension, then r will
be constant in U. Outside the closure of U, M will be a real Kéhler submanifold
with smaller rank. In general, by restricting to an open dense subset U’ of M we
can always assume that, in each connected component U of U’, A and A take
constant dimensions and form distributions. Note that the leaves of A (Ag) are
totally geodesic (complex) submanifolds in M"; they are actually open subsets
of (parallel translations of) linear subspaces in the ambient Euclidean space. We
might later need to reduce U’ further, but the conclusions we will draw will always
be valid in each connected component of an open dense subset of M.

The main purpose of this paper is to show that the result of Dajczer and Gro-
moll in [9] can be extended to the codimension-4 case. In particular, we prove the
following result.

MAIN THEOREM. Let f: M" — R*"** be a real Kihler submanifold with rank
r > 4 everywhere. Then there exists an open dense subset U' C M such that, for
each connected component U of U’, the restriction f|y has a Kiihler extension;
namely, there exist a real Kéhler submanifold h: Q"T' — R?>"** of codimen-
sion 2 and a holomorphic embedding o: U — Q"' such that fly = hoo.
Furthermore, when f is minimal, one can choose h to be minimal as well.

Note that if 4 is minimal then f must be minimal. In general, the extension &
might not be unique. But as we shall see from the proof, there is always a “canon-
ical” extension unless f itself is a holomorphic isometric embedding into C"*+2,

This result can be regarded as an extension of a phenomenon discovered by
Dajczer [4] and Dajczer and Gromoll [9] in codimensions 2 and 3, respectively. In
[4] Dajczer proved that, for any codimension-2 real Kédhler submanifold of rank >
2, in any connected component U of an open dense subset of M, the restriction
flu is a holomorphic embedding into R***2 = C"*!. This is an important dis-
covery. In codimension 3, Dajczer and Gromoll [9] proved that if a real Kéhler
submanifold of dimension 3 has rank > 3 then there exists an open dense sub-
set U" € M such that, in each connected component U of U’, f|y has a Kihler
extension into a real Kihler submanifold Q"' of codimension 1.

Note that these results in [4] and [9] employed assumptions about the relative
nullity v—namely, the (real) dimension of the kernel A of the second fundamen-
tal form af. Since Ag € A, we have 2vg < v and so v > 2n — 2r, where r is the
rank. In [4] it was assumed that v < 2n — 4, which implies » > 2; in [9] it was
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assumed that v < 2n — 6, which implies » > 3. Even though these assumptions
are slightly stronger than those employed here, it is easy to see that the arguments
in [4] and [9] can be extended to cases where assumptions are made on the ranks.

We suspect that similar phenomenon will persist in higher codimensions as well.
That is, the rank r should be controlled by the codimension p in a certain way
unless the manifold is a complex submanifold of another real Kéhler submani-
fold of a smaller codimension. We will explore the higher-codimensional cases
elsewhere; in this paper we will merely conjecture that, for p < 11, the words
“controlled by” in the preceding sentence should be interpreted as the rank being
no greater than the codimension (i.e., r < p).

CONJECTURE. Let f: M" — R*"*P be a real Kéihler submanifold with rankr > p
everywhere. If p < 11 then there exists an open dense subset U' C M such that,
for each connected component U of U’, the restriction f |y has a Kiihler extension;
namely, there exist a real Kéhler submanifold h: Q"+ — R*"*P of codimension
p—2s < p and a holomorphic embedding o : U — Q"% such that |y = hoo.

Observe that the main theorem, together with results of [4] and [9], confirms the
conjecture for p < 4. (When p =1, one always has r < 1.)
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research environment for mathematicians, and in particular Hongwei Xu for his
warm hospitality and numerous stimulating conversations. Finally, we are very
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2. Preliminaries

In this section we collect some known results in the literature that will be needed
in the proof of our theorem. We will also fix some notation and terminology that
will be used.

Unless specified otherwise, we will always assume that M is a real Kéhler sub-
manifold of complex dimension n and codimension p, where f is the isometric
embedding from M into R*"*P. At any x € M, let A be the kernel of the second
fundamental form oy of f and let Ay = AN JA be the J-invariant part of A. The
rank r is defined as n — v for 2v the real dimension of A(. We always have v >
2n — 2r, where v = dim(A) is the relative nullity.

The results in this paper are local in nature, and from time to time we will reduce
from M into an open dense subset of it; in this way we create various subspaces
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in the tangent or normal bundle while taking constant dimensions and forming
subbundles.

For x € M, we denote by T = R?” the real tangent space Ty M,by N = T, M+ =
R? the normal space, and by V = C” the space of all type-(1,0) complex tan-
gent vectors at x (viz., V @ V = T ®g C). Extending the second fundamental
formaf: T x T — N linearly over C, we denote its (1, 1) and (2,0) compo-
nents by H and S, respectively: H: V®V — Ncand S: V ® V — N¢, where
Nc =N ®gC.

As observed in [11], the Kéhlerness of M implies that the Hermitian bilinear
form H and the symmetric bilinear form S satisfy the symmetry conditions

<HX17’HZ‘}T/> = (HZYstvT/), (21)
(Hyy,Szw) = (Hzy, Sxw), (2.2)
(Sxy,Szw) = (Szy, Sxw) (2.3)

forany X, Y, Z, W € V. These are direct consequences of the Gauss equation.
We remark that H and S together carry all the information of oy. Also, by (2.1)

we have
n 2 n
2 H- :E |H.-|?
ii ij
i=1

i, j=1
for any unitary frame {ey, ..., e,} of V. Here we wrote Hi; for Heie—j. SoH =0
if and only if the trace of H, which is (a multiple of) the mean curvature of f,
vanishes. Hence f is minimal if and only if H = 0.

Note that for A = ker(ay), its J-invariant part Ag = A N JA corresponds to a
complex subspace D C V with complex dimension vy, where D is exactly the in-
tersection of the kernels of H and S. Let V' be the orthogonal complement of D in
V.Wehave V=D @ V’'and V' = C’, where r = n — vy is the rank of M". Also,
D (or A) is contained in the kernel of the curvature tensor of M, and the leaves
of the foliation D are totally geodesic, flat complex submanifolds in M. They are
actually open subsets of C"~" embedded linearly (i.e., as parallel translations of
linear subspace) in R2"P, In a way, then, the rank r of M is like the essential
(complex) dimension of M, even though M might not, in general, be isometric to
the product space (i.e., the leaves of D might not be parallel to each other).

For any n € N, the shape operator A, is defined by (A,u,v) = (o (u,v),n)
for any u,v € T and is self-adjoint. For convenience, we will also denote by A”
the shape form, which is defined by A}, = (Ay(u),v) = (of(u,v),n). Itis the
component of the second fundamental form in the n-direction.

Let {e},...,e,} be abasis of V. Foreach 1 <i < n, write
1
e = —= Si—\/—lé‘n i)
\/E( +)

Then under the basis {¢1, ..., &2,} of T, A" will take the form

AN — ( Re(H") +Re(S") Im(H") — Im(S”))

—Im(H") —Im(S") Re(H") —Re(S") @4
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where H" = (H;;,n) and S7 = (S;;,n). Note that, under any tangent frame
{e1,..., €20}, the shape operator A, and the shape form A" are related by

2n

2n
Ag(e) =) (A%g™Nye =) Ahgles;

j=1 jok=1

here A'Zj = Al 8 = (e, &), and (g") is the inverse matrix of (g;;).
Next we recall the Codazzi equation:
Vi(Av) — Vi(Aett) — Agiev + Agigit — Aglu,v] =0 2.5)

for any vector fields u, v on M and normal section &. For any type-(1,0) tangent
vector X and any (possibly complexified) normal vector £, denote by

AeX = HeX + Se X (2.6)

the decomposition of A¢ X into its (1,0) part and (0, 1) part. Thus we have the
operators H; and S¢, which are determined by

n n
HX =) Hj.ei and S;X =) Syé

i=l1 i=l1

under any unitary frame {ey,...,e,} of V. Note that H¢(V) C V and Hg(‘?) -
V: at the same time, Se(V) C V and Se (\7) C V. If we extend the Codazzi equa-
tion linearly to all complexified tangent vectors and take the (1,0) and (0, 1) parts
in (2.5), then

Vx(HegY) — Vy(He X) — Hv;gY + Hv;gX — H:[X,Y]=0, 2.7
Vx(SeY) — Vy(SeX) — SV#VY + Sng —S:[X,Y]=0, 2.8)
and
Vi (Se X) — SV#X — Se(VyX) = Vx(H:Y) — HV#Y — H:(VxY)
for any type-(1,0) vector fields X, Y on M and any normal field . In the minimal
case—that is, when H = 0—we have
SV#X = V5 (SeX) — S: (V3 X) 2.9

forany £ in N and any X, Y in V.

3. The Algebraic Lemma

In this paper we are primarily interested in the case when p = 4 and r > 4, al-
though some of the arguments work also in more general cases. Our first objective
is to show that, at a generic point x in M", the second fundamental form takes a
rather special form. We shall begin with the following definition.

DErFINITION. Let V = C" and N = R? be equipped with inner products, and
let H (resp. S) be a Hermitian (resp., symmetric) bilinear map from V into N¢ =
N ® C satisfying the symmetry conditions (2.1)—(2.3). Let E be a subspace of N.
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A compatible almost complex structure J on E is an isometry from E onto itself
such that J2 = —J and, forany ne E, H" = 0 and S$/7 = —/—15".

Here we have written H” = (H,n) and S7 = (S, n). Note that E is necessarily
even-dimensional and that the condition on J is equivalent to A, = JA, for any
n € E. Here A, is the shape operator related to the shape form A" by the metric
on T = V, which in turn is related to H” and S"7 by (2.4).

We will assume that the dimension p of N is the smallest; thus, for any  # 0
in N, either H" or §7 is not zero. This is equivalent to A, # 0 for any n # 0 in
N. Note that, under this assumption, the compatible almost complex structure on
any subspace E of N (if it exists) must be unique. To see this, suppose J and J’
are both compatible almost complex structures on £ C N. Then for any n € E
we have H" = 0 and §7" = —/—18" = 87", so §/1=7"1 = 0. Therefore, if J #
J' then by (2.4) there is an n # 0 in E such that A, = 0, which contradicts our
assumption that p is the smallest.

As a consequence of this uniqueness, we know that if E; and E, are both sub-
spaces of N admitting compatible almost complex structures, then both E£1 N E;
and E| + E, also admit compatible almost complex structures. Hence there is al-
ways a (unique yet possibly trivial) maximal subspace E in N that is equipped with
a compatible almost complex structure. We will call this subspace E the complex
part of N.

Let E’ be the orthogonal complement of the complex part E in N, and write
S" = (S, E’). Then, by the definition of compatible almost complex structure, we
know that S’ again satisfies (2.3). Also, if $” has rank at most 1 then, in {}+, S
also satisfies (2.3). Our main goal in this section is to prove the following lemma.

ALGEBRAIC LEMMA. Let V = C” and N = R* be equipped with inner products,
and let H and S be (respectively) Hermitian and symmetric bilinear forms from V
into Nc¢ satisfying symmetry conditions (2.1)—(2.3). Suppose ker(H) Nker(S) =
Oandr > 4. Then N has nontrivial complex part. In other words, either N itself
or a 2-dimensional subspace E in N admits a compatible almost complex struc-
ture. Furthermore, in the latter case we have

dim(ker(H) Nker(S")) >r — 2,

where S’ = (S, E’) and E’ is the orthogonal complement of E in N.

Proof. Since H is Hermitian, its image space is in the form N} = N’ ® C for
some real linear subspace N’ € N. Let N = N’ @ N” be the orthogonal decom-
position and write H = (H’, H”) and § = (S’, ") under this decomposition. We
have H” = 0 by definition. Denote by p’ and ¢ = 4 — p’ the respective dimen-
sions of N and N”.

Let Vj be the kernel of H and V = V(@ V] the orthogonal decomposition. Write
r; = dim¢ V; fori = 0, 1. Note that for any X € V) we have Hyz = 0 and so, by
(2.2), {(Sxy, H.z) = 0 and thus S}, = 0 for any Y € V. Hence V,, C ker(S").

From the discussion in [11], we know that r; < p’ and that equality would imply
that H' and S’ can be simultaneously diagonalized. In particular, p’ = 4 cannot
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occur because r > 5 and similarly for p’ = 3. The reason is that, in this case, the
rank of S’ is at most r; < 3. The inequality » > 5 and the symmetry condition
(2.3) imply that S” (and thus S) has a zero eigenvector within Vj, in contradiction
to ker(H) Nker(S) = 0 in V. Therefore, p’ < 2.

If p’ = 2, then ry is necessarily 2 and we are in the diagonal situation. That is,
we will have orthonormal bases {£1,&,} of N’ and {ej, e»} of V; such that Vy =
ker(H) Nker(S’) and such that, along V|, we have the matrices

1 0 00 * 0 0 0
1_ 2 _ 1_ 2 _
w=(o o) #=(o V) =(5 o) #=(o %)

Observe that both ' and $? have rank < 1, so the symmetric bilinear form S”
from V into N” = R? satisfies (2.3) as well. The kernel of S” cannot overlap with
Vo, so its rank is at least 3. By Lemma 1 to follow, we know that N” admits a
compatible almost complex structure.

If p’ = 1 then necessarily r; = 1, so V; is 1-dimensional and both H' and S’ are
zero in the codimension-1 subspace V) of V. Since S’ is a matrix of rank < 1, it
follows that the remaining part S” will satisfy (2.3) and that its rank is at least 4.
So by Lemma 1, N” contains a 2-dimensional subspace E that admits a compat-
ible almost complex structure. Let 0 # n € N” be perpendicular to E. Then S”
again satisfies (2.3), so its rank is at most 1. Putting 7 together with N’ to form
the space E’, we know that the common kernel of H and S on E’ has dimension
at least r — 2.

Finally, when p’ = 0, we are left with S from V into N = R* satisfying (2.3)
and with rank at least 5. So by Lemma 1 we know that either N itself admits a
compatible almost complex structure or N contains a 2-dimensional subspace E
that does. Let E’ = EL in N. Since §' = (S, E’) also satisfies (2.3), if S does not
admit an almost complex structure then (by Lemma 1) it must have rank < 2; thus,
dim(ker(S)) > r — 2. This completes the proof of the Algebraic Lemma. O

LEMMA 1. Let V = C" and N = RP be equipped with inner products. Write
Nc=NQ®C. Let S: V x V — N¢ be a symmetric bilinear map satisfying (2.3)
and with ker(S) = 0. If p < 4 and r > p, then there exist X,Y € V such that
Sxy # 0 and (Sxy,Szw) = O for any Z, W € V. In other words, N always has
nontrivial complex part.

Proof. The p = 2 case is due to Dajczer [4] and the p = 3 case is due to Dajczer
and Gromoll [9] (although their notation is quite different from that used here). We
shall prove only the p = 4 case because the same argument would work also for
the p = 2 and p = 3 cases. Without loss of generality, we may assume that r = 5
(given that, when r > 5, we can simply apply the result to any 5-dimensional
subspace of V).

For X €V, consider the linear map ¢x: V — N¢ sending Y to Sxy. Denote by
Kx the kernel of ¢x and by ky its complex dimension. Since V = C3, Ne = C*4,
and ker(S§) = 0, we have 1 < ky < 4.

Let k be the minimum of kx for all X € V, and denote by V|, the open dense sub-
set of V consisting of all X with kx = k. We will also write m = 5 — k, which is
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the dimension of the image of ¢x and ranges from 1 to 4. Note that the set ¥ =
{X € V| Sxx = 0} is the intersection of four quadratic hypersurfaces in V, so
V= Vo \ X is still open dense in V.

Fix any X € V. Let{ey, ..., es} be abasis of V such thate; = X; {e;41, ..., es}
forms a basis of Kx. Again we write S;; for Se;e;- The frame {Sy, ..., Si,»} forms
a basis of the image space P = ¢x (V). We will denote by Q the subspace of N¢
spanned by S;, foralll <i <5andallm <« < 5. Thatis, Q = S(Kx x V).
Since Sj, = 0, the symmetry condition (2.3) implies that (P, Q) = 0.

We claim that Q C P, so assume the contrary. Then there will some m < o <
5and some 1 < i < 5 such that S;, is not contained in P. Consider the vector Y =
e; + Ae; for a sufficiently small . Then Sy, = AS;, and we have

Syt A ASym A Sy = ASU A A St A Sig + 0()\))7

whose leading term is not zero. So for a sufficiently small value of A, the image
of ¢y has dimension exceeding m, a contradiction. This proves that 0 € P, and
we have Q # 0 because ker(S) = 0.

If m =1then Q = P,s00 # Sy € P = Q satisfies (S, S;;) = 0 for any i, j.
If m = 2 then, since we can take e, € Vjj also, both K and K, are of codimen-
sion 2; thus there will be 0 # Z € K; N K;,. Take W such that Sz # 0. Then
Szw € Q and (Szw, S») = 0, 50 (Szw, Sij) = 0 for any 7, j. On the other hand,
since (P, Q) = 0, we know that P is contained in the orthogonal complement of
Q in N¢; hence m < 3. From now on, we will assume that m = 3.

Note that if there exist «, 8 € {4, 5} such that S,g 7# O then, since (Q, Q) =0,
by (2.3) it would follow that

(Sap> Sij) = (Sai» Sgj) =0

for any i, j < 3. So S,p will give us the proof of the lemma. In other words, if
for some X € Vjwe have S(Kx x Kx) # 0, then any nonzero element Sz in this
subspace satisfies (Szw, S;;) = O for all i, j. Hence we may further assume that
S(Kx x Kx) = 0 for all X € Vj. We show that this will not be possible under any
circumstances, thus completing the proof of the lemma.

Since Vj is open dense in V, we may assume that e, and e3 are also in V.
Consider their respective kernels K, and K3. If they are both equal to K| then e4
will be in the kernel of S, a contradiction. So we must have one of them, say K»,
not equal to K;. Since Q has dimension 1, S»4 and S5 must be proportional to
each other. Replacing {e4, es} by another basis of K; if necessary, we may assume
that S»4 = 0. On the other hand, since K, # K;, we may replace e; by another
vector in K». So K» = span{es, e4}. Since e, € V|, we know that S(K, x K») =
0 (unless the lemma holds). However, this means S34 = S44 = 0. But we already
have S14 = Ss4 = 0 since e4 € Kj; hence e4 € ker(S), a contradiction once again.
This completes the proof of Lemma 1. U

4. The Extension Theorems

Now we consider a real Kéhler submanifold f: M" — R*"** of codimension 4.
Reducing M to a connected component U of an open dense subset U’ of M if
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necessary, we may assume that both A and A are of constant dimensions and are
distributions. We will also assume that, at any x € M, the shape operator Ag # 0
for any & # 0. Note that the vanishing of some shape operator everywhere would
mean that the codimension can be reduced. By the Algebraic Lemma proved in
Section 3, either the entire normal bundle N or a rank-2 subbundle E € N admits
a compatible almost complex structure.

We will call a compatible almost complex structure J on E an admissible al-
most complex structure if

J(Ve)F = (v, Ik (4.1)

holds for any & € E and any vector field v in M. Here (W)£ stands for the E
component of W.

Notice that if E has rank 2 then any compatible almost complex structure J on
E is automatically admissible. To show this, let {&},&,} be a local orthonormal
frame of E with & = J&;. Equation (4.1) reduces to

JUV1ELE)E) = (V1E, )&
or, equivalently,
(VL 6) = — (V16 &),

which always holds.
When N itself admits an admissible almost complex structure J, our goal is to
show that M” is actually a holomorphic submanifold in C"*2.

PROPOSITION 1. Let f: M" — R*"** be a real Kéihler submanifold whose nor-
mal bundle admits an admissible almost complex structure. Then there exists an

isometric identification o : R*"** = C"*2 such that o o f is a holomorphic iso-
metric embedding.

We will prove the proposition later in this section.

Inthe case of arank-2 subbundle E of N admitting a compatible (and thus admis-
sible) almost complex structure, we would like to show that M" is a complex sub-
manifold of another complex manifold Q"*! and that this Q"' is a codimension-2
real Kéhler submanifold of which M is the restriction. We will call sucha Q"t! a
Kdhler extension of M". To prove this extension theorem, we require more infor-
mation about the behavior of the second fundamental form beyond the existence
of the compatible almost complex structure on E. It turns out that what is needed
here is the following data.

DEFINITION. A developable ruling in E @ T is arank-2 subbundle L of E&® T
suchthat L+ 7T = E® T and (VL,E') =0 along M. Here T is the tangent bun-
dle of M, E’ is the orthogonal complement of E in the normal bundle N, and Vis
the covariant differentiation of the ambient Euclidean metric.

Note that the subbundle L is necessarily transversal to 7 but is not, in general,
contained in N. We will prove the following extension theorem.
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PROPOSITION 2. Let f: M" — R*** be a real Kihler submanifold. If there
exist a rank-2 subbundle E of the normal bundle N, a compatible almost complex
structure J on E, and a developable ruling L in E @ T, then there exist a real
Kdhler submanifold h: Q"' — R*"** and a holomorphic embedding o= M" —
0" such that f = hoo.

Proof. Letz = (z1,...,2,) bealocal holomorphic coordinatein M and {£i, ..., &4}
an orthonormal frame of N such that {&}, &,} spans E’ and {&3, &4} spans E. Write
P =E ®T. Because L + T = P, there will be a local frame of L given by

m==E&—v and ny=£&4— vy,

where v, and v, are real vector fields of M. Since (@L, E’) = 0, we know that

Vo € P=L+T 4.2)
for i = 1,2 and for any vector field v in M.
Let B € C be a sufficiently small disc and let # = t; + 4/ —11; be the coordinate.
Define a (2n + 2)-dimensional submanifold #: Q — R>*+4 by

h(z,t) = f(z2) +t1ni(2) + 12n2(2).

Since L is transversal to 7, for sufficiently small values of |#| the map % is an
embedding. The manifold Q is ruled along the directions of L. By (4.2) the bun-
dle E’, which is the normal bundle of Q, is constant along each leave of L; thus
Q is a developable submanifold (which means that its tangent space is constant
along each ruling). Along the submanifold M of Q, the restriction of the tangent
bundle TQ|y is simply P = L + T. Since P = E & T and since we have an
almost complex structure J on both T and E, we can take their direct sum to get
an almost complex structure on P. Now taking parallel translation along leaves of
L yields an almost complex structure on 7Q, which we also denote by J.

To show that Q is a Kidhler manifold under the restriction of the Euclidean met-
ric, it suffices to show that V.J = 0 on Q for V the connection on Q (viz., the Q
component of V). That is, we need only show that

Vz(UW) = J(VzW) 4.3)

for any two vector fields Z and W in Q. Since TQ is the parallel translation in
R?"+4 of TQ|y = P along the leaves of L and since J is also defined by parallel
translation along leaves of L, we just need to verify (4.3) at points in M and with
Z tangent to M. If W is also tangent to M, then the equation holds in the tangen-
tial component of M because M is Kidhler. For the normal components, we are
concerned only with those within Q; hence we need only verify that, for the &;
and &, directions,
(Vz(UW),&i) = (J(VZW), &)

for i = 3,4, where Z and W are vector fields in M. This expression is equiva-
lent to
JAg = Asg (4.4)
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for i = 3,4. Since H® = H¥ = 0, it follows that S5 = /—15% and so,

by (2.4),
0 —I\( R -5\ (I R\ _
JA%_(l 0)(-13 —R3)_<R3 —13)_A‘f4'

Here we have written S = R3 ++/—113 and S5 = R4 + /—114,80 Ry = —1,
and I3 = Ry4. Recall that we defined J on E by J&3 = &4 and J&; = —£&3. So
(4.4) holds.

Now we are left with the case where Z is a tangent vector field of M and W is
a section of E, since P = E @ T. By the linearity of J and the Leibniz formula,
we need to check this just for W = &3 and W = &4:

Vz(Es) = J(VzE3) (4.5)

for any tangent vector field Z in M. First let us compare the tangential compo-
nents on both sides. This expression reduces once again to (4.4). For the normal
components in (4.5), observe that V is just the TQ component of V and so

(VzE3)E = (Vs £4)Es = (Vs £4)Ey = —(£3, ViFEg)Ey,
(Vz&)t = (V2E4,83)8 = (VyEs, £3)63.

Thus (J@Z&)J— = J((%Z&)J—) = (@Z&)J—, which proves the Kéhlerness of the
codimension-2 submanifold Q in the Euclidean space. The holomorphicity of M
in Q is obvious, since we defined our J on Q in such a way that its restriction on

M comes from the complex structure. This completes the proof of Proposition 2.
O

For the Kihler extension 4 obtained in Proposition 2, it is clear that if A is mini-
mal then f is necessarily minimal. Conversely, when f is minimal, we would like
to know when £ will be minimal.

ProrosiTiON 3. Let f, (E,J), and L be as in Proposition 2, and let h be the
Kdihler extension of f obtained by L. If f is minimal, then h is minimal if and only
if (vo—Juy) eker(Ag, ) Nker(Ag,). Here {&,...,&4) is an orthonormal frame of
N, {&3,&4} is a frame of E, &4 = J&3, and vy, v, € T are determined (uniquely) by
the condition that {§€3 — vy,&4 — vy} spans L.

Proof. Note that £ and &, span the normal bundle of Q in R>"** and that & is
minimal if and only if its H = 0—or, equivalently, that JAgu = AguJ fora =1
and 2, where J is the almost complex structure of Q and A is the shape operator
of Q. That s, for 1 < o < 2 and any vector fields Z, W on Q, we have

(JA,, Z,W) = (Ag, JZ, W)
or, equivalently, _ _
—(VzJIW,§4) = (Vi W, &) (4.6)

By the construction of 4, TQ is the parallel translate of TQ|j, along the leaves of
L, and J and both &, are parallel along each leaf of L. Therefore, we need only
check (4.6) at points in M and for Z a vector field in M.
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Since TQ|y = E & T, we must verify (4.6) only for W a vector field in M and
a section of E. In the former case, (4.6) is just the minimality of f. In the latter
case, when W is a section of E, (4.6) becomes

(JW,VzE,) = —(W, V)2&,) 4.7

for each o = 1,2. Clearly, (4.7) must be verified only for W = &;.

Now suppose that £&3 — v; and &4 — v, span L and that &, = J&;3. Since L is
transversal to 7, the map 7|, : L — E is bijective; here 7 is the projection map
from E @ T onto E. Thus vy, v, are uniquely determined by the choice of {3, £4}.
By the definition of developable ruling, we know that (V&,, L) = 0. Therefore,

(84, V) = (v2,VzE,) = (Ag, (v2),Z)  and
(83, VizEa) = (v1, Vizks) = (Ae, (11), JZ) = (Ag, (Jv1), Z).

Note that in the last equality we used the minimality of M: we always have JA =
—AJ. Plugging these two equalities into (4.7) for W = &3, we get

(Ag, (V2 — Jv1),Z) =0
for any vector field Z in M; that is,
Ag, (v — Ju)) =0, a=12. 4.8)

So when f is minimal, # will be minimal if and only if v, — Jv; belongs to
ker(Ag,) Nker(Ag,), which is the real subspace of T corresponding to ker(S’) in
V. Here S’ = (S, §%). This completes the proof of Proposition 3. O

REMARK. We denote by m: E @ T — E the projection map and by t: E —
L the inverse of the restriction map 7|;: L — E. Then the condition stated in
Proposition 3 can be rephrased as

T(Jn) — JT(n) €ker(Ag,) Nker(Ag,) (4.9)

forany nin E. Here {£1, &>} is a basis of E’, the orthogonal complement of E in N.

Proof of Proposition 1. Note that in this case the ambient Euclidean space is auto-
matically a developable submanifold (of itself) over M, with fibers of the normal
bundle N as rulings’ leaves. Define an almost complex structure J on T @ N by
taking the direct sum of the almost complex structure of M with the given one
on N, and use parallel translation along leaves of N to push it to a small tubular
neighborhood © of M; the result is an almost complex structure J on the open
subset Q of R2"+4, Clearly, J is an isometry. One can see that VJ = 0, just as in
the proof of Proposition 2, with the aid of (4.1). Thus J comes from an isometric
identification R>"** = C"*2 and M becomes a complex submanifold with com-
plex codimension 2. This completes the proof of Proposition 1. UJ

Next we show that, if the normal bundle N admits a compatible almost complex
structure J, then N must be admissible.
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PROPOSITION 4. Let f: M" — R*** be q real Kihler submanifold such that
there is a compatible almost complex structure J on N. Assume that no shape op-
erator vanishes and that the rank r > 2 everywhere. Then J is admissible; that
is, for any tangent vector v and any normal field &,

VJE = JVie. (4.10)
Proof. Let us choose a local orthonormal frame {&y, ..., &4} for the normal bun-
dle N, so that &3 = J&; and &, = J&,. Forany 1 < o, 8 < 4, we denote by ¢

the real 1-form on M given by (V+£,,&s). Write the 4 x 4 real, skew-symmetric
matrix ¢ = (¢qg) in 2 x 2 blocks as

1 2
¢ = <_¢z)¢2 z3>

It is easy to see that (4.10) is equivalent to ¢' = ¢> and '¢p? = 2. Write

0 1
(9" =) +V=-1(9? — %) = (_1 O)A.

Then it suffices to show that . = 0. Let {ey, ..., e,} be a unitary frame of V, and
let {¢1, ..., ¢,} be its dual coframe of (1,0)-forms on M. Write (Ve;,&,) = ¥7;
then, since H = 0, it follows that each

n
wia = Z Sg'ﬁoj
j=1
is a (1,0)-form. We use y* to denote the column vector '(y{, ..., ) and write

v=why) =@ty et
By our choice of the normal frame, we have ¢ = —/—1v' and so

v =y, —v-1y). (4.11)
The connection matrix of V under the frame {e,e, &} is
0 0 v
6= o 6 v
v = ¢

Applying (4.11) to the Codazzi equation dyy = 0y + ¢ yields two equations.
Multiplying the second equation by +/—1, and taking its difference with respect

to the first equation, we obtain
0 1
! A=0
(2 o)

or, equivalently, ' A A = %2 A A = 0. We claim that this will force A = 0,
thereby proving Proposition 4. Write A = Y, (ax¢x + br@r). By the equation
just displayed, for each i and each o we have
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n n
Z Si‘;‘-ak(pj N @i+ Z S{;bk@j A @ =0.
Jik=1 Jrk=1

The second summation implies that Si‘} by, = 0 for any i, j, k, whence b, = 0 for
all k; the first implies that S7ax = Sja; for any « and any i, j, k. Since M has
rank r > 2, there will be some combination S = Y #, S such that S is a complex
symmetric matrix of rank > 2. Take a unitary matrix P such that ‘P~'SP~! =
D = diag(dy, ...,d,) is diagonal with djd, # 0. Then S = '‘PDP, and Sijax =

Sixa; for any i, j, k becomes
d]P[jak = lelkaj

for any /, j, k. Taking [ = 1 and 2, we observe that if the a; are not all zero then
the first two rows of P will be proportional—a contradiction. Therefore, we must
have a; = 0 for all k. This completes the proof of Proposition 4. UJ

5. Proof of the Main Theorem

In this section, we will prove the main theorem. For x € M, let us denote by
No(x) the subspace of N, consisting of all n with A, = 0. Note that the pres-
ence of normal directions in which the shape operator vanishes would mean that
the codimension can be reduced (see [ 19, Prop. 24]). In the interior part Uy of the
set where Ny # 0 there will be an open dense subset of Uy such that, within each
connected component of it, the submanifold M will be real Kéhler submanifold
with smaller codimensions. Since the main theorem is known for codimension 3
and less, hereafter we will assume that:

Ny = 0 everywhere in M; thatis, A, # 0 for any n # 0.

First let us consider the nonminimal case. In other words, we restrict ourselves
to the open subset of M in which H # 0 (if that set is nonempty). Since r > 5,
we know that the image of H is either 1- or 2-dimensional. In the open subset U,
where H has 2-dimensional image space E’, there are exactly two directions, per-
pendicular to each other, in which H has rank 1. Let &, and &, be the unit vectors
in those two directions; they are unique up to 1 and interchange. In this case, we
can use (2.2) to diagonalize S°' and S%2 accordingly.

In the open subset M \ U,, the image of H is 1-dimensional and we will let &,
be the unit vector in this direction (unique up to a sign).

In both cases, by (2.4) and our discussion of the Algebraic Lemma, we know
that locally there will be orthonormal frame (&, ..., &4} such that A¢, and Ag, are
both of rank < 2 and A, = JAg, has rank > 6. Furthermore, E’ = span{£;, &»}
because the set of all normal directions in which the shape operator has rank <
4 is uniquely determined. Also, by restricting ourselves to a connected compo-
nent U in an open dense subset of M, we may assume that in U the orthonormal
frame {&, &,} of E’is also uniquely determined up to interchange and signs.
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Letting J&; = &4 and J&€4, = —&; allows us to obtain a compatible almost com-
plex structure on E, the orthogonal complement of E" in N. So to prove the main
theorem, it suffices (by Proposition 2) to find a developable ruling L for E. This
will follow from the Codazzi equation (2.5) and a rather clever argument devised
by Dajczer and Gromoll [9].

Consider n = &; or &, and recall that A, has rankg < 2. Denote by A, the
kernel of A, in T and by A# its orthogonal complement in 7'; note that A# is also
the image space of A,. First we make the following claim.

CLAIM. For either n = & or n = &, the E component of Vin, denoted by
(ViEn)E, is always zero for all v € A,. That is, for any v € A,

(Vin,&) = (Vin,&4) = 0. (5.1)

To prove the claim, assume the contrary. Without loss of generality, we may as-
sume that n = & and thereisa v € A, such that & = (V)£ # 0. By (2.5), since
Anv =0 we have

Agiyt = Agi,v + Vy(Agu) + Aylu, v] (5.2)

foranyu € T. Let T, = {u € T | (V;'n)¥ = 0}. Since E is 2-dimensional, it
follows that the codimension of 7}, in T is at most 2.

Let {e},...,e,} be a frame of V such that {es,...,e,} is a unitary frame of
Vo = ker(H) Nker(S’) and is perpendicular to {e}, e;}. We will also assume that
{e;+1,...,e,} is a unitary frame of D C V corresponding to Ay, in which case
{e1,..., e} is a frame of D that corresponds to A§ = R

Let W C T be the subspace corresponding to Vj under the identification V = T,
and note that W C Ag N Ag,. Now consider the space W' = W N Ag. Its real
dimension is 2r — 4 > 6 (since r > 5), so the space W’ = W' N T, is at least
4-dimensional because T, has codimension < 2 in T.

By (5.2) we know that, for any u € W”, Azu is contained in the space

A# + span{Ag, v},

which has dimension < 3. Hence there will be 0 # uo € W” such that Azuy =
0. We have Az ug = Aguo = 0 since up € W. On the other hand, since § # 0,
we have that {&, J&} spans E; so given Ajz = JAg, we obtain A, up = 0 for any
normal direction n’. This means that ¢ (ug, w) = 0 for any w € T.

If we write ug = X + X for (a unique) X €V then, forany Y €V,

ap(ug,Y) = Syx + Hyg =0 VY eV.

Since X € W C ker(H), it follows that Syx = 0 for any Y and so X € ker(S) as
well. This will force X = 0 because we assumed that u € Aﬁ. Thus uyg = 0, a
contradiction, and we have completed the proof of the claim.

From our discussion of the Algebraic Lemma we know that there exists a local
frame {ey,...,e,} of V such that {es,...,e,} is a unitary frame of Vj and is per-
pendicular to {ey, e2}. Under this local frame, we have
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H*' = diag(1,0,0,...,0),
§% = diag(a,0,0,...,0),
H*® = diag(0,4,0,...,0),
§%2 = diag(0, b,0,...,0);

here § = 0 or 1 and both @ and b are nonnegative. Write ¢; = &5;,_] — +/—1&y;
for 1 < i < n; then, under the real tangent frame {¢1, ..., £2,}, the first two shape
forms are given by

A%t = diag(1 +a,1—a,0,0;0,...,0),
A% = diag(0,0,8 +b,8 — b 0,...,0).

Our goal is to show that there exist vector fields v; and v, on M such that L =
span{&; — vy, &4 — vy} satisfies (VE/, L) = 0. That is, for any i, j = 1,2 we have

(24i —vi, VE) =0
or, equivalently,

(244, V. E1) = (v, Agu) (5.3)

and
(E24is V&) = (v, Agyu) 54

foreachi = 1,2 and any # in T.

By the Claim, both sides of (5.3) are zero if u is in the kernel space of A,
which is spanned by e3 through ¢,, and also by &, if a = 1. So (5.3) just needs to
hold for all u € Aé‘l =Im(Ag).

Similarly, both sides of (5.4) vanish if u is in the kernel of A¢,, which is spanned
by €1, €2, and &5 through &,, and also by €4 if § = b. So we just need (5.4) to hold
forall u € AJ{; =Im(Ag,).

Since Ag, + Ag, = T, we must have Ay, N Ay, = 0. Hence there is a direct
sum decomposition

T'=(AyNA,) S Aél ® Aéz’

and v, v, can be uniquely determined in Algl ® AJ&} by (5.3) and (5.4). Yet adding
any element of Ag N Ag, on to v or v, would not affect (5.3) or (5.4). This fact
establishes the existence of a developable ruling L for E, completing the proof of
the main theorem in the nonminimal case.

Now we consider the minimal case, in which H = 0 everywhere. By our pre-
vious discussion on the Algebraic Lemma, we know that either (a) there exists
a 2-dimensional subspace E’ of N in which the kernel of S” has codimension <
2 and the orthogonal complement E admits a compatible almost complex struc-
ture J or (b) the entire normal bundle N admits a compatible almost complex
structure J. In both cases, the compatible almost complex structure is unique be-
cause no shape operator is allowed to vanish.
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When N itself is equipped with a compatible almost complex structure J, Propo-
sition 4 states that J is admissible. So by Proposition 1 we know that there is an
isometric identification R>"** = C"*2 under which f becomes a holomorphic
map. Thatis, f: M" — C"*? is a holomorphic isometric embedding. Note that,
in this case, any local piece of the holomorphic hypersurface Q"*! containing (a
piece of ) M" would be a Kéhler extension of M. So the conclusion of the main
theorem holds in this case.

We are left with the situation where (a) there exists an orthogonal decompo-
sition N = E’ @ E such that E is equipped with a compatible almost complex
structure J and (b) the kernel of S’ is at most 2-dimensional. Here S’ is the E’
component of S. Write Vy = ker(S’) and denote by k its codimension; then & is
either 1 or 2. Let {&1, ..., &4} be a local orthonormal frame of N such that {&, &>}
is a frame of E’. We have H = 0 and S = /—15%.

By our previous discussion, we may exclude the possibility that E’ is also
equipped with an almost complex structure. In other words, we may assume that

S8 £ +/—185%. (5.5)

Also, the symmetry condition (2.3) holds for S” as well. Our goal is to establish
the existence of a developable ruling L for E.

We will consider the case k = 2 first. Let {ey, ..., e,} be a unitary frame of V
such that {es, ..., e,} is a frame of Vy = ker(S"). As in the proof of Proposition 4,
we will write .

Ui = (Ve &) and  ¢up = (V' 60, p);
we denote by 6 the connection matrix of M under e. We also let {¢i,...,¢,} be
the coframe of (1, 0)-forms dual to e.

Note that since Y% = Y7_, S¢; we have * = /=1y, where ¢/ denotes
the acth column of . Also, ¢! = y? = 0 foreach i > 3.

By the Codazzi equation dyy = 6y + V¢, we get

dy’ =0y° + ¥ + ¥ idas + vidas,
dyt =0yt + ¥ o+ v do + Vg

Multiplying —+/—1 on the second line and then adding the result to the first line
gives via 3 = /—1y* that

0=y g — vV—1¢u) + V(P2 — V—1¢24). (5.6)
We put oy = ¢13 — v/—1¢us and 03 = ¢o3 — v/—1¢h2s. Write
Y| = agi + by, Yy = b1 + ca,

Yl =d'o1+b'ps, Y3 =Db'oi+ e
Since S’ also satisfies the symmetry condition (2.3), it follows that
ac—b*+ac —bp?*=0. (5.7)

We first claim that both o7 and o, must be linear combinations of ¢; and ¢;.
Assume otherwise; then, by (5.6), we must have ¥ A7 =0 and ¥} A7 =0.
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Hence (a, b) is proportional to (a’,b’) and (b, c) is proportional to (b’,c’). The
proportionality constants are equal, too, so we have S' = AS? for some constant A.
Since §’ satisfies (2.3), A2 = —1 because we assumed that k = 2 there. Then ! =
++/—152 in contradiction to (5.5). So the claim must hold, and we can write

o1 =ag + Bys, oy =a'p1 + B'os.

The first two rows of (5.6) become

aB —ba+ad'B —b'a’ =0, (5.8)
b —ca+b'Bg —c'a’=0. (5.9)
‘We now claim that there exist w; and w, such that
(@, B) = wi(a,b) + wa(b,c) (5.10)
and
(@', ") = wi@’,b") + wy(b',c") (5.11)

hold simultaneously. First we assume thatac — b* # 0. Let w; and w, be uniquely
determined by (5.10). In this case,

ap — ba = wy(ac —b?),  bB —ca = w(b* —ac). (5.12)
If we write
81 =a’ — (wia’ + wyb’), 8y =B — (wib' + wac’),
then
a'B —ba' =wya'c’—b'?) + (a'8, — b's),
b'B —c'a’ =wi(b’? —a'c") + (b8, — c'8)).
Adding with (5.12) and then using (5.7)—(5.9) allows us to derive that

Cl/ b/ 52
(v @)l 5]

Since a’c’ — b'? = —(ac — b*) # 0, we get §; = 8, = 0 and so both (5.10) and
(5.11) hold.

Ifac—b* = 0,thena’c’—b’> = 0 by (5.7). We claim that in this case (a, b) can-
not be proportional to (a’,b"). Assume otherwise—say, (a,b) = A(a’,b’). Since
S' and S? have zero determinants, we also have (b, ¢) = A(b’,c’). Hence S! =
AS2, contradicting k = 2, and so the claim holds. Note that the claim implies
Ui A Y2 # 0. If we write Y3 = Ay} and 7 = A, 2 then, since b = Aja and
b’ = Aya’, we know that Ay # A, by our claim.

By (5.6), we have w1101+1/f1202 = Oand)\.llﬂ‘1101+)\21[/1262 = 0. Since wll/\wlz *
0, the first equation implies that

o1 = x¥| + yyl, o2 = yY| + 2y

for some scalar-valued functions x, y, and z. Plugging these sigmas into the sec-
ond equation yields y(A; — A2) = 0,s0 y = 0. Take w, = (x — z)/(A2 — A1) and
w; = x — AMwsy. Then x = wy + Ayw, and z = wy + Awa,, SO
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1 1 2 2
or=w +way, and oy = wiY| + way

hold simultaneously. That is, (5.10) and (5.11) hold in this case as well.

Note that we have proved, for k = 2 and E’ not equipped with an almost com-
plex structure, the existence of scalar-valued functions w; and w, such that w =
wie; + wye; satisfies o7 = lpj) and o, = wu%. In particular, for « = 1 and 2
we have

(Vo &3 — V=181) = (Vw, &)
If we write w = —v; 4+ +/—1v; then the displayed equality simply means that
(6E’, L) = 0 for the rank-2 subbundle L in T & E spanned by {&3 — v, &4 — v2}.
In other words, L is a developable ruling of E. Thus, by Proposition 2 we obtain
a Kihler extension & for f. Observe that, since w is a type-(1,0) vector, we have
v, = Juj in this case. So & is minimal by Proposition 3.

Finally, we consider the k = 1 case—namely, when Vy = ker(S”) has codimen-
sion 1. Let e = {ey, ..., e,} be a unitary frame of V so that {e,,...,e,} is a frame
of Vy. Let ¢ be the dual coframe of e, and define v and ¢ as before. Then > =
V/—1y* and wil = wiz = 0 for all i > 2. We write ¥] = ag and ¥} = Aag;.
Then a # 0 and A # £+/—1, since we have excluded the case where S’ admits an
almost complex structure. By the Codazzi equation for ¥ and v*, we again get

U (P13 — V—1du) + 223 — V—1du) = ¥'oy + 20, = 0;

that is,
@i(o1 + roy) =0. (5.13)

On the other hand, ¥* = —/—1y3 and so the Codazzi equation for ! and
Y2 gives

dy' =0y —y2¢n —yloy,

dy? =60y +¥'¢p — o
Now using that ¥ = A/, we obtain dy? = di A ! + Ady'; hence the preced-
ing two equations yield

diny' =1+ ¥ pp + ¢ oy — 0).
Looking at the ith row of this equation, for any i > 2 we have
Y2 (Aoy —03) =0 forall 2 <i <n.

If Aoy — 03 # 0 then wﬁ for all 2 < i < n are multiples of Ao; — o, which im-
plies that the lower right (n — 1) x (n — 1) corner of §%* will have rank < 1. This
result, when combined with the equality §& = —/—15%3, shows that (S%3, §)
and hence S must have nontrivial kernel in Vy because the dimension of Vj is
greater than 2. This contradicts our assumption that the rank of M is at least 5, so
we must have

lop— o, =0. (5.14)

Plugging this into (5.13) and using that 1 + A> # 0, we obtain ;07 = 0; hence
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o] = wwf and o0, = Ao = w1/f12
for some w. If we write we; = —v; + o/ —1v, for vy and v, real, then
(VE',E& —v1) = (VE,& — v3) = 0.

In other words, L = span{&§s — v, &4 — v,} gives a developable ruling for E. Note
that, just as in the k = 2 case, here we have v, = Jv; and so % is minimal by
Proposition 3. This finishes the proof of the k = 1 case, completing the proof of
the main theorem.

REMARK. In both the minimal and nonminimal cases, the Kdhler extension is not
necessarily unique—at least as we have defined it—because one can add any vector
fields in ker(Ag+) onto vy, v, and thereby obtain different developable rulings L.
However, except when M" is a complex submanifold of complex codimension 2
in C"*2, there is always a “canonical” way to choose the developable ruling L:
take L such that v; and v, belong to the orthogonal complement of ker(Ag+). This
uniqueness of canonical extensions might become important in the discussion of
global situations, when M is assumed to be complete.
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