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Double Covers of EPW-Sextics

KIErRAN G. O’GRADY

0. Introduction

EPW-sextics are defined as follows. Let V be a 6-dimensional complex vector
space. Choose a volume form vol: /\6 V = C and equip /\3 V with the sym-

plectic form
(a, B)v := vol(a A B). (0.0.1)

Let LG( /\3 V) be the symplectic Grassmannian parameterizing Lagrangian sub-
spaces of /\3 V; of course, LG( /\3 V) does not depend on the choice of volume
form. Let F C N V ® Op(v) be the subvector bundle with fiber

Foi=lae NV vAa=0} (0.0.2)

over [v] € P(V). Observe that (-,-)y is zero on F, and that 2dim(F,) = 20 =
dim N V; hence F is a Lagrangian subvector bundle of the trivial symplectic vec-
tor bundle on (V) with fiber A’ V. Next choose A € LG( N V). Let

F 25 (N V/A) ® Opy) 0.0.3)

be the composition of the inclusion F' C /\3 V ® Op(v) followed by the quotient
map. Since rk F = dim(V/A), the determinant of 14 makes sense. Let

Yy :=V(detiy,).

A straightforward computation gives that det ' = Op(y)(—6) and hence detA 4 €
H O(Op(v)(6)). It follows that if det L4 # O then Y, is a sextic hypersurface. As
is easily checked, deti4 # O for generic A € LG( /\3 V) (note that there exist
“pathological” As such that A4 = 0; e.g., A = F,,). An EPW-sextic (after Eisen-
bud, Popescu, and Walter [5]) is a sextic hypersurface in P> that is projectively
equivalent to Y, for some A € LG( /\3 V). Let Y, be an EPW-sextic. One can con-
struct a coherent sheaf £4 on Y4 and a multiplication map £4 x§4 — Oy, that gives
Oy, @ &4 the structure of an Oy, -algebra; this is known to experts (see [3]), and
we will give the construction in Section 1.2. The double EPW-sextic associated to
Ais X4 1= Spec(Oy, @ &4); we let f4: X4 — Y4 be the structure morphism.
In [12] we considered X4 for generic A and proved that it is a hyper-Kéhler de-
formation of (K3)!?! (the blow-up of the diagonal in the symmetric square of a K3
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surface). In this paper we analyze X4 for A varying in a codimension-1 subset of

]LG( /\3 V). In order to state our main results, we shall introduce some notation.
Given A € ]L(G(/\3 V), we let

Ya(k) = {[v] e P(V) | im(A N F,) = k}, (0.0.4)
Yalk] = {[v] € P(V) | dim(A N F,) > k). (0.0.5)

Thus Y4(0) = (P(V) \ Y4) and Y4, = Y4[1]. Double EPW-sextics come with a
natural polarization; we let

Ox,(n) == f{Oy,(n), Hy€|Ox,(1)]. 0.0.6)

The following closed subsets of ]LG( /\3 V) play a key role:
T :={AeLG(N' V) 1IWeGr3,V)st. N W C A}, (0.0.7)
A= {AeLG(N V) | Yal3] # 9). (0.0.8)

A straightforward computation (see [15]) gives that X is irreducible of codimen-
sion 1. A similar computation (see Proposition 2.2) gives that A is irreducible of
codimension 1 and distinct from X. Now let

LG(A V)’ :=LG(N' V) \ T\ A. (0.0.9)

Then IL,(G(/\3 V)O is open dense in ]L(G(/\3 V). In [12] we proved that if A €

]LG( /\3 V)0 then X4 is a hyper-Kéhler (HK) 4-fold that can be deformed to
(K3)"?I; we also showed that the family of polarized HK 4-folds (X4, Hy) for A
varying in ]L(G( /\3 V)0 is locally complete. Three other explicit locally complete
families of projective HK manifolds of dimension greater than 2 are known (see
[2; 45 8; 9]). In all the examples the HK manifolds are deformations of the Hilbert
square of a K3; they are distinguished by the value of the Beauville-Bogomolov
form on the polarization class (it equals 2 in the case of double EPW-sextics and
equals 6, 22, and 38 in the other cases). Here we shall analyze X, for A € A,
usually assuming that A ¢ ¥. Let A € (A \ ). We will prove the following
results.

(1) Y4[3]is a finite set and equals Y4(3). If A is generic in (A \ ), then Y4(3) is
a singleton.

(2) One may associate to [vg] € Y4(3) a K3 surface Ss(vg) C P® of genus 6
that is well-defined up to projectivities. Conversely, the generic K3 surface of
genus 6 is projectively equivalent to S4(v() for some A € (A\ X) and [vg] €
Y4(3).

(3) The singular set of X4 is equal to fA_lYA(S’). There is a single p; € X4 map-
ping to [v;] € Y4(3), and the cone of X4 at p; is isomorphic to the cone over
the set of incident couples (x,r) € P2 x (P?)Y (i.e., P(Qp2)). Thus we have
two standard small resolutions of a neighborhood of p; in X4, one with fiber
P? over pi and the other with fiber (P?)V. Making a choice ¢ of local small
resolution at each p; yields a resolution X§ — X4 with the following prop-
erties: (a) there is a birational map X4 --» Sa(v;)? such that the pull-back
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of a holomorphic symplectic form on S4(v;)?! is a symplectic form on X¢;
and (b) if S4(v;) contains no lines (by (2), this condition holds for generic A),
then there exists a choice of ¢ such that X§ is isomorphic to S, ()2,

(4) For a sufficiently small open (classical topology) U € (LG(A’ V) \ ) con-
taining A, the family of double EPW-sextics parameterized by I/ has a simul-
taneous resolution of singularities (no base change) with fiber X§ over A (for
an arbitrary choice of ¢).

We remark that if ¥4 (3) has more than one point then we do not expect all the small
resolutions to be projective (i.e. Kéhler). Items (1)—(4) should be compared with
known results on cubic 4-folds. Recall that if Z C P is a smooth cubic hyper-
surface then the variety F(Z) parameterizing lines in Z is a HK 4-fold that can
be deformed to (K3)[?!; also, the primitive weight-4 Hodge structure of Z is iso-
morphic (after a Tate twist) to the primitive weight-2 Hodge structure of F(Z)
(see [2]).

Let D C |Ops(3)| be the prime divisor parameterizing singular cubics, and let
Z € D be generic. The following results are well known.

(1") sing Z is a finite set.

(2') Given p € sing Z, the set Sz(p) C F(Z) of lines containing p is a K3 sur-
face of genus 4; conversely, the generic genus-4 K3 surface is isomorphic to
Sz(p) for some Z and p €sing Z.

(3") F(Z) is birational to Sz (p)?.

(4") After a local base change of order 2 ramified along D, the period map ex-
tends across Z.

Items (1')—(3") are analogous to (1)—(3). Although (4”) also is analogous to (4),
there is an important difference—namely, the need for a base change of order 2.
Note that items (3) and (4) prove our previously mentioned theorem that if A €
LG(N V)0 then X, is a HK deformation of (K3)!? (given that, by a straight-
forward parameter count, the family of polarized double EPW-sextics is locally
complete). The proof given in this paper is independent of the one in [12]. Beyond
giving a new proof of an “old” theorem, results (1)—(4) show that: (a) away from
%, the period map is regular and lifts (locally) to the relevant classifying space;
and (b) the value at A € (A \ X) may be identified with the period point of the
Hilbert square Sa(vo)?). We remark that in [14] we proved that the period map
is as well-behaved as possible at the generic A € (A \ X); however, we did not
have the exact statement about X § and we had no statement about an arbitrary A €
(A\ 2).

The paper is organized as follows. After summarizing our notation, in Section 1
we give formulas that describe double EPW-sextics locally. Although these for-
mulas are known, we go through the proofs for lack of a suitable reference. We
will also perform the local computations needed to prove item (4). In Section 2 we
perform standard computations involving A. In Section 3 we will prove items (1)
and (4) as well as the statements in item (3) that do not involve the K3 surface
S4(vo). In Section 4 we prove item (2) and the remaining statement of item (3).



146 KiEraN G. O’GRADY

Finally, Section 5 contains auxiliary results on 3-dimensional linear sections of
Gr(3,C?).

NOTATION AND CONVENTIONS. Throughout the paper, V is a 6-dimensional
complex vector space.

Let W be a finite-dimensional complex vector space. The span of a subset S C
W is denoted by (S). Let S € A? W. The support of S is the smallest subspace
U C W such that S C im(A\? U — A? W), and we denote it by supp(S); if § =
{oe} is a singleton, we let supp(«) = supp({ee}) (so if ¢ = 1 then supp(e) = («)).
We define the support of a set of symmetric tensors analogously. Fora € A W or
o € Sym? W, the rank of « is the dimension of supp(«). An element of Sym?> W
may be viewed either as a symmetric map or as a quadratic form; we denote the
former by ¢, 7, ... and the latter by ¢, r, ....

Let M = (M;;) be ad x d matrix with entries in a commutative ring R. We let
M€ = (M%) be the matrix of cofactors of M; that is, M*/ is (—1)*/ multiplied
by the determinant of the matrix obtained from M by deleting its ith row and jth
column. We recall the following interpretation of M €. Suppose that f: A — B is
a linear map between free R-modules of rank d and that M is the matrix associated
to f by the choice of bases {ay,...,ay} and {by, ..., b,} of A and B, respectively.
Then /\d_1 f may be viewed as a map

AN A NAZ NT'A > NT'B=BY @ NB. (0.0.10)

(Here A := Hom(A, R) and similarly for B".) The matrix associated to /\d71 f
by the choice of base {af ® (a1 A --- Aag),...,ay ® (a1 A--- Aag)} and of base
by @ (b1 A---Abg),....,b; & (bi A--- Abg)}isequal to M€,

Let W be a finite-dimensional complex vector space. We will adhere to pre-
Grothendieck conventions, so P(W) is the set of 1-dimensional vector subspaces
of W. Given a nonzero w € W, we denote the span of w by [w] rather than (w); this
is in line with standard notation. Suppose that T C P(W). Then (T) C P(W) is
the projective span of T—that is, the intersection of all linear subspaces of P(W)
containing 7.

Schemes are defined over C and, unless we state the contrary, the topology is the
Zariski topology. Let W be a finite-dimensional complex vector space: Opw)(1)
is the line bundle on P(W) with fiber LY on the point L € P(W). Given F €
Sym? WY, let V(F) C P(W) be the subscheme defined by the vanishing of F. If
E — X is a vector bundle, then we denote by P(E) the projective fiber bundle
with fiber P(E(x)) over x and define Op(w)(1) accordingly. For Y a subscheme
of X, we let Bly X — X denote the blow-up of Y.

1. Symmetric Resolutions and Double Covers

In Section 1.1 we describe a method (well known to experts) for constructing dou-
ble covers, and in Section 1.2 we show how this method can be used to construct
double EPW-sextics. Section 1.3 contains the main ingredients needed to construct
the simultaneous desingularization described in item (3) of Section O.
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1.1. Product Formula and Double Covers

Let R be an integral Noetherian ring. Let N be an R-module with a free resolution

0> U 5 U5 N—0, tkUy=tkUg=d > 0. (1.L1)

Let{ai,...,ay}and {by,..., by} be bases of Uy and Uy, respectively. Let M, be the
matrix associated to A by our choice of bases, and observe that det M, annihilates
N. Given a homomorphism

B: N — Ext'(N, R), (1.1.2)

we may define a product mg: N x N — R/(det M,) as follows. Applying the
Hom(-, R)-functor to (1.1.1) yields the exact sequence

0— Uy 25 Uy 2 Ext!(N,R) — 0. (1.1.3)
In particular, det M, kills Ext!(»V, R). Now apply the functor Hom(N, -) to the ex-
act sequence

0— REM R R/(det M;) — 0. (1.1.4)
Since Ext!(N, R) — Ext!(N, R) amounts to multiplication by det M;, we obtain
the coboundary isomorphism

d: Hom(N, R/(det M;)) => Ext'(N, R). (1.1.5)

Let
N x N —% R/(det M,),

(n,n') — @7 'B())(n").

We will give an explicit formula for mg. Let 7: Uy — N be as in (1.1.1). Then
B o m lifts to a homomorphism u': Uy — U’ (the map is written as a transpose
in order to conform to the notation for double EPW-sextics; see Section 1.2). It
follows that there exists an «: U; — UOv such that

(1.1.6)

A T

0 Uy Us N 0
Ja Lﬁ J,s (1.L.7)
0 vy 2 vy —2 Ext!!(V,R) —— 0

is a commutative diagram. Let {a},...,a}} and {b},...,b}} be the bases of U
and Ulv that are dual to the chosen bases of Uy and U;. Let M,r be the matrix
associated to u' by our choice of bases.

ProposITION 1.1.  With notation as before, we have
mg(m(a;), mw(a;)) = (My - My:);; modulo det M, (1.1.8)

where M is the matrix of cofactors of M,,.
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Proof. Equation (1.1.3) gives an isomorphism

v: Ext'(N, R) = U/A(UY). (1.1.9)
Let det(U,) := /\‘1 U’ ® /\‘1 Uy. We will define an isomorphism
0: UY/A(Uy) = Hom(N, det(U.)/(det 1)). (1.1.10)
First let
uy = N"uie Ny 4, AUy ® N UY = Hom(Up, det(UL)), (LLID)
(@8> NTWE) ®8.
We claim that
im(0) = {¢ € Hom(Uy, det(U.)) | ¢ o A(U;) C (det1)}. (1.1.12)
In fact, by Cramer’s formula we have
MM =M, - M{ =detM, -1 (1.1.13)
and then (1.1.12) follows. Thus 6 induces a surjective homomorphism
6: U’ — Hom(N,det(U.)/(det1)). (1.1.14)

One easily checks that A'(Uj') = ker 6 (use Cramer’s formula again). We define
6 to be the homomorphism induced by §; we have already proved that it is an
isomorphism.
We claim that
Bov=29"" for 9 asin (1.1.5). (1.1.15)

Let K be the fraction field of R, and let 0 — R — I° — I' — ... be an
injective resolution of R with 10 = det(U,) ® K and ((1) = detA ® 1. Then
Ext*(N, R) is the cohomology of the double complex Hom(U., I*) and also, of
course, of the single complexes Hom(U., R) and Hom(J, I*). One checks easily
that the isomorphism 9 of (1.1.5) is equal to the isomorphism H'(Hom(N, I*)) =>
H'(Hom(U., I'*)); that is,

d: Hom(N, det(U,)/(det A)) = Hom(N, IO/L(R))
= H'(Hom(U., I*)). (1.1.16)

Let f € Hom(N, det(U.)/(det A)); a representative of d(f) in the double complex
Hom(U,, I*)is givenby g%! := for e Hom(Uy, I'). Let g%° e Hom(Uy, det(U.))
be alift of g%! and let g:° € Hom (U, det(U.)) be defined as g% := g%%c 1. One
can check thatim(g"?) c det A and hence that there exists a g¢ € Hom(U,, R) such
that g% = ( o g. By construction, g represents a class [g] € H'(Hom(U., R)) =
U/A(Uy) and [g] = vod(f). Anexplicit computation shows that [g] = 07'(f),
which proves (1.1.15). Now we prove (1.1.8). From (1.1.15) it follows that

mg(m(a;), 7 (a))) = (3B (an))(w(a) = OvBr(a))(w(ap)).  (1.117)

Unwinding the definition of 6, we find that the right-hand side of this equation
equals the right-hand side of (1.1.8). UJ
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Let mg be given by (1.1.6). We may define a product on R/(det M;) & N as fol-
lows. Let (r,n), (r’,n’) € R/(det M;) & N, and set
(r,n) - (r',n"y :== (rr’ + mg(n,n’),rn’ 4+ r'n). (1.1.18)
This product is neither associative nor commutative in general, but we will give
an example in which it is both. Suppose
0->U"5LUSN—=0, y=y; (1.1.19)

here U is a free R-module of rank d > 0 and the sequence is assumed to be exact.
We get the commutative diagram (1.1.7) by letting

Up:=U U :=U" r=y, a=Idyv, ' =Idy,
and B = B(y): N — Ext'(N, R) the map induced by Id;;. Abusing notation, we
letm,: N x N — R/(det M, ) be the map defined by mg,).

PROPOSITION 1.2.  Suppose we have the exact sequence (1.1.19). Then the prod-
ucton R/(det M, ) ® N defined by m,, is associative and commutative.

Proof. Letd :==1kU > 0. Let {ay,...,a,} be abasis of U, and let {a},...,a}} be
the dual basis of U". Let M = M,, (i.e., the matrix associated to y by our choice
of bases). According to (1.1.8), we have

my,(m(a;),m(a;)) = Mf; modulo det M. (1.1.20)

Since y is a symmetric map, it follows that M is a symmetric matrix; hence M ¢
is a symmetric matrix. By (1.1.20) we know that m,, is symmetric. It remains to
prove that m,, is associative. For1 <i <k <dand1<h # j <d,let M;L]; be
the (d — 2) x (d — 2) matrix obtained by deleting from M the rows i and k and
the columns /4 and j. Let X;j; = (Xi’}k) € R4 be defined by

(DR det MYy if b < j,

Xpho=10 if h=j, (1.1.21)

(DRl det MUY if b >

A tedious but straightforward computation gives that

d

MSay — MSa; = y(Z Xl.’;.ka;) (1.1.22)
h=1

This equation proves the associativity of m,, . UJ
Retaining the hypotheses of Proposition 1.2, we let
X, := Spec(R/(detM,) ® N), Y, := Spec(R/(det M,)). (1.1.23)

Let f,: X, — Y, be the structure map. We may realize X, as a subscheme of
Spec(R[£1,...,&4]) as follows. Because the ring R/(det M, ) @ N is associative
and commutative, there is a well-defined surjective morphism of R-algebras



150 KiEraN G. O’GRADY

R[&1,....&4] = R/(detM,) ® N (1.1.24)
mapping &; to a;. Thus we have an inclusion

X, < Spec(R[£1, ..., &4]). (1.1.25)

Cram 1.3. With reference to inclusion (1.1.25), the ideal of X,, is generated by
the entries of the matrices

M,-& §&-&— M)f, (1.1.26)
where & is viewed as a column matrix.

Proof. By (1.1.20), the ideal of X, is generated by det M, and the entries of the
matrices in (1.1.26). By Cramer’s formula, det M,, belongs to the ideal generated

by the entries of the two matrices. This proves that the ideal of X, is as claimed.

O
Now we suppose in addition that R is a finitely generated C-algebra. Let p €
Spec R be a closed point; we are interested in the localization of X, at points in

fy‘l(p). Let J C UY(p) be a subspace complementary to ker y (p). LetJ C UY

be a free submodule whose fiber over p is equal to J. Let K € U be the sub-
module orthogonal to J; that is,

K:={uecU" |y =0Vaecl. (1.1.27)

The localization of K at p is free. Let K := K(p) be the fiber of K at p; clearly,
K = ker y(p). Localizing at p, we have

U =K, ®J, (1.1.28)

Corresponding to (1.1.28) we may write y, = yk ®1 yj, where yk: K, — K}
andy;: J, = J ]Z are symmetric maps. Note that we have an equality of germs

Yy, p) = Yy, P)- (1.1.29)

We claim that there is a compatible isomorphism of germs (X, fy—K'( p)) =
(X,, fy’l(p)). Let k := dim K and d := rk U. Choose bases of K, and J,; then,
by (1.1.28), we have a basis of Upv. The dual bases of K;, Jpv, and Upv are com-
patible with respect to the decomposition that is dual to (1.1.28). Corresponding
to the chosen bases we have embeddings X,, <> Y,, x C¥and X, — Y, x C4.
The decomposition dual to (1.1.28) gives an embedding j: Y, x Ck—Y, x ce.

CrLamM 1.4.  The composition
X, = (Y, x C L (v, x €9 (1.1.30)
defines an isomorphism of germs in the analytic topology,

Xy fya (P) = (X, £ (D)), (1.1.31)

that commutes with the maps f, and f,.
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Proof. This follows by writing y, = yx @1 vy and then recalling (1.1.20). We
pass to the analytic topology so that we can extract the square root of a regular
nonzero function. O

PROPOSITION 1.5.  Assume that R is a finitely generated C-algebra. Suppose that
we have the exact sequence (1.1.19). Then the following statements hold.

@)) fy’lYV(l) — Y, (1) is a topological covering of degree 2.

(2) Let p € (Y, \ Y, (1)) be a closed point. The fiber fy_l(p) consists of a sin-
gle point q. Let &; be the coordinates on X,, associated to embedding (1.1.25);
then&;(q) =0 fori =1,...,d.

Proof. (1) Localize at p € Y,,(1) and then apply Claim 1.3.
(2) Since cork My, (p) > 2, we have M7(p) = 0. Hence this part follows from
Claim 1.3. U

We may associate a double cover f,,: X, — Y, to amap f that is symmetric in
the derived category.

HypoTHESIS 1.6.  We have (1.1.7) with a an isomorphism and o« = 1.

ProOPOSITION 1.7.  Assume that Hypothesis 1.6 holds. Then R/(detM,) & N
equipped with the product given by (1.1.18) is a commutative (and associative)
ring.

Proof. Lety := Ao pu~'and U := Uy. Then (1.1.19) holds, and the product de-
fined by mg is equal to the product defined by m,,. From Proposition 1.2 it follows
that R/(det M,) & N is a commutative associative ring. O

DEFINITION 1.8.  Suppose that Hypothesis 1.6 holds. Then the symmetrization of
(1.1.7) is exact sequence (1.1.19) with y and U as in the proof of Proposition 1.7.

1.2. Structure Sheaf of Double EPW-Sextics

Let A € IL(G( /\3 V) and suppose that Y4, # P(V). We will define the associated
double cover X4, — Y4 by applying the results of Section 1.1. Since A is La-
grangian, the symplectic form defines a canonical isomorphism /\3 V/IA = AY;
thus (0.0.3) defines a map of vector bundles A4 : F — A @ Op(y). Leti: ¥4 —
P(V) be the inclusion map. Then, since a local generator of deti, annihilates
coker(X4), there is a unique sheaf ¢4 on Y4 such that we have the exact sequence

0— F 2% A ® Opy) — ixta — O. (1.2.1)

Now choose B € }LG( /\3 V) transversal to A. Thus we have a direct sum de-
composition /\3 V = A @ B and hence a projection map /\3 V — A inducing a
map s p: F — A ® Opy). We claim that there is a commutative diagram with
exact rows:
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A .
0 F . AY ® Opv) ix8a 0
J{MA,B JMA’B JﬁA
}\41
0 — A® Opy) - FY Ext'(i.{4, Op(v)) — 0.

(1.2.2)

The second row is obtained by applying the Hom(-, Op(v))-functor to (1.2.1), and
the equality ;14 » 0 A4 = Ay o ;L4 p holds because F is a Lagrangian subbundle

of /\3 V ® Op(v). Finally, B4 is defined as the unique map making the diagram
commutative; it exists because the rows are exact. Observe that, as suggested by
the notation, the map B4 is independent of the choice of B.

Next, by applying the Hom(i,¢4, -)-functor to the exact sequence

0 — Opw) — Opw)(6) — Oy, (6) — 0, (1.2.3)

we obtain the exact sequence

0 — i, Hom(¢a, Oy, (6)) - Ext'(iy¢a, Opcy))
L Ext' (1.4, Opr)(6)), (1.2.4)

where 7 is locally equal to multiplication by det 1. 4. Since the second row of (1.2.2)
is exact, it follows that a local generator of det A 4 annihilates Ext!(i,la, Opwvy);
thus n = 0 and hence we get a canonical isomorphism

37" Ext'(i,¢a, Opevy) => i, Hom(Za, Oy, (6)). (1.2.5)
We define m,4 by setting

ma
Oy, (6),
Ca X L4 —> Oy, (6) (1.2.6)
(01,02) —> (37" 0 Ba(01))(02).
Let &4 := £4(—3). Tensorizing both sides of (1.2.6) by Oy, (—6) yields the multi-
plication map

Ea X E4 = Oy,. (1.2.7)

Thus we have defined a multiplication map on Oy, @ &4. The following result is
well known to experts.

ProrosiTION 1.9.  With notation as before, let A € LG( /\3 V) and suppose that
Yy #P(V). Then:

(1) B4 is an isomorphism; and

(2) the multiplication map my is associative and commutative.

Proof. Let [vg] € P(V). Choose B € ]L(G(/\3 V) transversal to F,, (and to A, of
course). Then w4, p is anisomorphism in an open neighborhood U of [v( ], whence
B4 is an isomorphism in a neighborhood of [vg]; this proves (1). To prove (2), let
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B e ]L(G(/\3 V) and let U be as before; we may assume that U is affine. Let N :=
HOG.t4ly) and B := H®(B4|y). Then B: N — Ext!(N,C[U]). By Proposi-
tion 1.7 and the commutativity of diagram (1.2.2), the multiplication map mg is
associative and commutative. Yet mg is the multiplication induced by m4 on N;
since [vg] is an arbitrary point of P(V), it follows that m, is also associative and
commutative. O

We let X4 := Spec(Oy, @ &4) and let f4: X4 — Y4 be the structure morphism.
Then X4 is the double EPW-sextic associated to A, and fy4 is its structure map.
The covering involution of X, is the automorphism ¢4 : X4 — X4 corresponding
to the involution of Oy, @ &4 with (—1)-eigensheaf equal to &4.

1.3. Local Models of Double Covers

In this section we assume that R is a finitely generated C-algebra. Let WV be a
finite-dimensional complex vector space, and suppose we have the exact sequence
0> RAIW'L ROQW > N—0, y=1y". (1.3.1)

Thus we have a double cover f,: X, — Y,. Let p € Y, be a closed point. We
will examine X, in a neighborhood of fy“( p) when the corank of y(p) is small.
We may view y as a regular map Spec R — Sym? W; it therefore makes sense to
consider the differential

dy(p): T, Spec R — Sym* W. (1.3.2)
Let K(p) := kery(p) C W". We will consider the linear map

6;/(17) 2 V.

T, Spec R —— Sym~ K(p)”, (133)

T —— dy (p)(D|kp-

Let d := dimW; choosing a basis of W, we realize X, as a subscheme of
Spec R x C¢ with ideal given by Claim 1.3. We will assume that cork y (p) >
2. Proposition 1.5 gives that fy’l( p) consists of a single point g; in fact, the
&;-coordinates of g are all zero. Throughout this section, we let

£ (p) = {q}. (1.3.4)

Cramv 1.10.  Suppose that d = dimW = 2 and y(p) = 0. Then 1(X,)) is gen-
erated by the entries of & - &' — M.

Proof. This follows from Claim 1.3 and a straightforward computation. O

ExampLE 1.11. Let R = C[x, y,z], W = C~ Suppose that the matrix associated

toy is
Xy
M, = . (1.3.5)
y z

Then f,: X, — Y, is identified with
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C? — V(xz —y?),
(E1,6) > (&5, —&162, D),

that is, with the quotient map for the action of (—1) on C2.

(1.3.6)

ProPOSITION 1.12.  Suppose that

(a) corkky(p) =2and
(b) the localization R, is regular.

Then X, is smooth at q if and only if §,(p) is surjective.

Proof. Applying Claim 1.4 allows us to assume that d = 2. Let

b
M, = (Z C). (13.7)

By Claim 1.10, the ideal of X, in Spec R x C? is generated by the entries of
§-&" — My, thatis,

I(X,) = (§] — c.E1& + b5 — a). (1.3.8)
Therefore,

cod(T, X,,, T, (Spec R x C?)) = dim(da(p),db(p),dc(p)). (1.3.9)

On the other hand, cod,(X,,, Spec R x C?) = 3 and so, at q, X, is smooth if and
only if 8, (p) is surjective. O

CramM 1.13.  Retain the preceding notation and hypotheses, and suppose that
corky(p) > 3. Then X, is singular at q.

Proof. Let I be theideal of X,, in Spec R[&1, ...,&,]. By Claim 1.3, I is nontrivial;
however, the differential at ¢ of an arbitrary g € [ is zero. UJ

Next we discuss in greater detail those X,, whose corank at fy_l( p)isequalto3. We
begin by identifying the “universal” example (the universal example for corank 2 is
Example 1.11). Let V be a 3-dimensional complex vector space. We view Sym? V
as an affine (6-dimensional) space and let R := C[Sym? V'] be its ring of regu-
lar functions. We identify R ®¢ V and R ®¢ V" with the space of (respectively)
V-valued and V" -valued regular maps on Sym? V. Let

RRcV' L R®cV (1.3.10)

be the map induced on the spaces of global sections by the tautological map of
vector bundles, Spec R x V¥ — Spec R x V. The map y is symmetric. Let N be
the cokernel of y; then

0> RcV L R®cV — N — 0 (1.3.11)

is an exact sequence. Since y is symmetric, it defines a double cover f: X(V) —
Y (V) for



Double Covers of EPW-Sextics 155

Y(V) :={aeSym’V | tka < 3} (1.3.12)

the variety of degenerate quadratic forms.
Let
¢: X(V) = X(V) (1.3.13)

be the covering involution of f. Then X (V) may be described explicitly as fol-
lows. Let
VRV ={ne(VV)|ku <1}. (1.3.14)

Thus (V ® V) is the cone over the Segre variety P()) x P()). We have the fol-
lowing finite degree-2 map:

VeV > Y(V)

(1.3.15)
p
PROPOSITION 1.14.  There exists a commutative diagram
VeV - X(V)
\ / (1.3.16)
Y(v),
where T is an isomorphism. Let ¢ be involution (1.3.13). Then
pot(w) =t(n') Yue (V). (1.3.17)

Proof. To define 7, we will give a coordinate-free version of inclusion (1.1.25) for
the case of X (V). Let

Sym*V x (Ve NV) S (Ve N V)
x(VeaV' o NVe AV, (1.3.18)
(@,&) > (o& & ok — Na).
A few words of explanation are in order. In the definition of the first component of
W(w, £) we view & as belonging to Hom( /\3 VY, Vv); whereas, in the definition of

the second component of W(«, &), we view & as belonging to Hom(V ® /\3 VY, (C).
We also make the obvious choice of isomorphism, C = C". Moreover,

N @ eHom(/N2 VY, NVV) = Hom(V @ A VY, VY @ AV V)
=V'@V' ANV (1.3.19)

Choosing a basis of V, we obtain the embedding X(V) C Sym?V x C3; see
(1.1.25). Claim 1.3 now gives equality of pairs

(Sym?V x (WY @ A V), ¥1(0) = (Sym>V x C%, X(V)),  (1.3.20)

where W' (0) is the scheme-theoretic fiber of W. Note that we have the following
isomorphism:
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VeV s SymV x (VY @ A'V),

(1.3.21)
e— (e+¢e',e —g").
Let 7 := T|(vgv),. We then have the embedding
T2 (VRV) < Sym?V x (VW N V). (1.3.22)
We shall demonstrate the equality of schemes
im(t) = ¢10) (= X(V)). (1.3.23)
First, let
Vev S (Ve V).
(1.3.24)

(n.B) = n'op.

Observe that p is the quotient map for the C*-action on V@V defined by #(7, B) :=
(tn,t~'8). We have

topmB) =M oB+ B onnAPB). (1.3.25)

Second, let’s prove that
v10) o im(7). (1.3.26)

Notice that G1()) acts on (V ® V)| with a unique dense orbit—namely, {n’ o 8 |
n A B # 0}. An easy computation shows that 7(n’ o 8) € W~(0) for a conve-
niently chosen 1’ o 8 in the dense orbit of (V ® V)y; it follows that (1.3.26) holds.
On the other hand, T defines an isomorphism of pairs,

VeV,(VeV)) = (Sym? VY x (VY @ N V),im(1)). (1.3.27)
Since the ideal of (V ® V); in V ® V is generated by nine linearly indepen-
dent quadrics, it follows that the ideal of im(t) in Sym? VY x (V¥ ® N V) is
also generated by nine linearly independent quadrics. The ideal of ¥~!(0) in
Sym? V) x (Vv ® /\3 V) is likewise generated by nine linearly independent quadrics;
see (1.3.18). Since ¥~1(0) D im(7), the ideals of ¥ ~'(0) and of im(7) are the same
and hence (1.3.23) holds. This proves that t is an isomorphism between (V ® V),

and X (V). Diagram (1.3.16) is commutative by construction, and (1.3.17) is equiv-
alent to

¢(Top(B,n)=10p0Pp)). (1.3.28)
This equality holds because 8 A n = —n A B. OJ

The following result is an immediate consequence of Proposition 1.14.

COROLLARY 1.15. sing X(V) = 1(0) = f£~'(0).

2. The Divisor A

2.1. Parameter Counts

Let Ay € LG(A'V) and A, A (0) € LG(A V) x P(V)? be defined as
follows:
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Ay = {AeLG(N' V) | 1Ya[31] > 1}, (2.1.1)
A= {(A,[vil [va]) | [vi] # [va], dim(AN F,) =3}, (21.2)
AL(0) :={(A,[v], [v2]) | [v] # [v2], dim(AN F,) =3}, (2.13)

Note that A, and A (0) are locally closed.

LeEmMA 2.1.  With notation as before, we have that

(1) A, is irreducible of dimension 53, and
(2) Ay is constructible and cod(A+,LG(/\3 V)) = 2.

Proof. (1) We start by proving that A, (0) is irreducible of dimension 53. Con-
sider the map 5 5
Ap(0) 5 Gr(3, N V) x P(V)2,
(A, [vi], [v2]) = (AN Fy, ANEy,, (o], [v2]).

(2.1.4)

‘We have
imn = {(Ky, Ko, [v1],[v2]) | Ki € Gr(3, F,,), K1 L K>, [vi] # [va]}. (2.1.5)

We stratify im 5 according to i := dim(K; N F,,) and j := dim(K; N K3); of
course, j < i.Let(imn); ; C imn be the stratum corresponding to i, j. A straight-
forward computation gives that

dimn~'(imn), ;
1
=1O+7(3—i)+j(i—j)—l—(3—j)(4+i)+E(j+5)(j+4)
=53 —4i — %j(j - 1. (2.1.6)

Since 0 < i, j, it follows that the maximum is achieved for i = j = 0 and that
it equals 53; hence A+(0) is irreducible of dimension 53. Yet because A+(O) is
clearly dense in A, part (1) holds.

() Let 7 Ay — LG(A’ V) be the forgetful map, 7, ([vi],[v2], A) =
A; then m (Ay) = A4. From (1) we get that dim A, < 53; therefore, since
dimLG(A\’ V) = 55, part (2) follows. O

PROPOSITION 2.2.  The following statements hold.

(1) A is closed irreducible of codimension 1 in ]LG(/\3 V) and is not equal to 3.
(2) If A € A is generic, then Y4[3] = Ya(3) and consists of a single point.

Proof. (1) Let
A= ((A.v]) | dim(F, N 4) = 3),
~ 2.1.7)
A0) :={(A,[v]) | dim(F, N A) = 3}
Then A is a closed subset of IL(G(/\ V) x P(V) and A(O) is an open subset of
A.Letm: A — }LG(/\ V) be the forgetful map. Thus 7(A) = A and, since
T is projective, it follows that A is closed. Projecting A(O) to P(V) yields that
A(0) is smooth irreducible of dimension 54. A standard dimension count shows
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that A(0) is open dense in A and so A is irreducible of dimension 54. It follows
that A is irreducible. By Lemma 2.1 we know that dim A+ < 53. Therefore, the
generic fiber of A — A is a single point—in particular, dim A = 54—and hence
cod(A, ]L(G(/\3 V)) = 1 because dim ]LG(/\3 V) = 55. A dimension count shows
that dim(A N ) < 54 and hence A # X.

(2) Let A € A be generic. We have already observed that there exists a unique
[v] € P(V) such that ([v], A) € A; that is, Y4[3] consists of a single pomt Since
A(O) is dense in A and since dim A = dim A, it follows that ([v],A) e A(O) that
IS, YA[3] = YA(3) O

2.2. First-Order Computations
Let (A, [vo]) € A(0). We will study the differential of 7: A — ]L(G}(/\3 V) at

(A, [vg]). First we give a local description of A as degeneracy locus. Let
N(V):={AeLG(N V) | Ya =P(V)}. (2.2.1)
Notice that N(V') is closed. Let ) be the tautological family of EPW-sextics:
Y= {4, ) € (LGN V) \N(V)) x B(V) | dim(AN F) > 0}. (2.2.2)
Because ) may be described as a determinantal variety, it has a natural scheme
structure. For U C (]LG(/\3 V) \ N(V)) open, we let Vi, := Y N (U x P(V)).
Given B e LG(A' V), let

Ug :={AeLG(N V)| At B} \N(V). (2.2.3)

(Here A M B means that A intersects B transversely; i.e., A N B = {0}.) Let
iyg: Yuy — Up x P(V) be the inclusion and let A be the tautological rank-10
vector bundle on LG(\’ V) (the fiber of A over A is A itself). Going through the
argument that produced commutative diagram (1.2.2), we find that there exists a
commutative diagram

Mg .
0 —— OUB X F L) (AV|UB)|X|OP(V) — iy s luyy — 0

JMUB LLIUE J{ﬂUﬂ
)\4!

00— (.AlUB) &O]p(v) L OUB XF — Eth(iUB,*é‘UB9OUB><[P(V)) — 0.
2.24)

Now let (A, [vg]) € V. Choose B € ]L(G:(/\3 V) such that B th A and B th Fy,.
Let N' C P(V) be an open neighborhood of [v¢] such that B th F,, for all w € V.
The restriction to Uy of A is trivial, as is the restriction to A of F. Moreover, the
restriction of py, to Ug x N is an isomorphism. Let

y = ()\'UB|UB><./\/') o (I‘LUB|U5><./\/')71- (225)
We have the exact sequence

0 — (Aly,) BOx L (A1) B O — vy alvglugan — 0. (2.2.6)
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The map y is symmetric; in fact, it is the symmetrization of the restriction of
(2.2.4) to Ug x N (see Definition 1.8). Then A N (Up x N') is the symmetric
degeneration locus

AN U x N) = {(A,[v]) € (Ug x N) | cork y (A, [v]) > 3} (2.2.7)

and so it inherits the natural structure of a closed subscheme of ]LG( /\3 V) xP(V).

In order to study the differential of the forgetful map A — P(V), we introduce
some notation. Given v € V, we define a quadratic form ¢}° on F,, as follows.
Leta € F,,; then @ = v A f8 for some g € /\* V. We set

@, (a0) :=vol(vg Av A B A B). (2.2.8)

This expression gives a well-defined quadratic form on F,, because 8 is deter-
mined up to addition by an element of F,,. Of course, ¢*° depends only on the
class of v in V/[vy].

Choose a direct sum decomposition

V =[vo] ® Vo. (2.2.9)
We have the isomorphism
ANV S Ry,
e AV ° (2.2.10)
,3 > vg A ,3

Under this identification, the Pliicker quadratic forms on /\2 Vo correspond to the
quadratic forms ¢}° for v varying in Vj,. Let K := AN F,; and

vo A

. 0
% 2 N 2 av K 2 \%
Vo —> Sym” KV, Sym” A¥ — Sym~ K", (2.2.11)
v ¢k 9+ qlx.

The isomorphism
Vo = P(V) \P(Vo),

v —> [vg + v]

defines anisomorphism Vjy = Tj,,,P(V). Recall that the tangent space to LG ( /\3 V)
at A is canonically identified with Sym? A".

ProrosITION 2.3, If we make the choice (2.2.9), then
T(A7[v0])A C T(A,[vo])(LG(/\3 V) X P(V)) = Sym2 Av @ V() (2212)

is given by
TwormA = {(g,v) | 62(q) — 7’ (v) = 0}. (2.2.13)

Proof. From the (local) degeneracy description (2.2.7) it follows that (g,v) €
T([v()]’A)A if and on]y if

0 =dy(A,[vo(g.v)Ix =dy(A,[vo])(g,0)x +dy (A, [vo(0,v)k.
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It is clear that dy (A, [vo])(q,0)|x = 0,?(5]). On the other hand, equation (2.26)
of [12] gives that
dy (A, [vo])(0, )|k = —1"(v). (2.2.14)

The proposition follows. O

COROLLARY 2.4. 3 A(O) is smooth and of codimension 6 in ]L(G(/\3 V) x P(V).
Let (A,[vo]) € AQO) and K := A N F,,. Then the differential dm (A, [vo]) is
injective if and only if T° is injective.

Proof. Let (A,[vo]) € A(0) and K := AN F,,. The map 64 is surjective, and
by Proposition 2.3 we have that T4 [,,)A(0) has codimension 6 in the space
T(,L;’[UO])(IL(G(/\3 V) xP(V)). Yet the description of A(0) as a symmetric degener-
ation locus, as in (2.2.7), gives that A(0) has codinlension atmost 6in }LG( /\3 V) X
P (V). These two statements together imply that A(0) is smooth of codimension 6
in IL(G(/\3 V) x P(V). Our claim about the injectivity of dm (A, [v(]) follows im-
mediately from Proposition 2.3. O

ReEMARK. The statement in Corollary 2.4 about the smoothness of A(0) is~ not
contained in the proof of Proposition 2.2 because, in that proof, we consider A(0)
with its reduced structure.

Before stating the nextresult, we give the following definition. For A € IL(G( /\3 V),
let
O4 = {WeGr3,V) | N'W C A} (2.2.15)

PROPOSITION 2.5. Let (A, [vo]) € A(0) and let K == AN Fy,. Then t° is injec-
tive if and only if :

(1) no W € ®4 contains vy; or
(2) there is exactly one W € Oy4 containing vy and, moreover,
ANF,N(NWAV)=NW (2.2.16)

If (1) (respectively, (2)) holds, then im t° belongs to the unique open (respectively,
closed) PGL(K)-orbit of Gr(5,Sym? KV).

Proof. Let Vy C V be a codimension-1 subspace transversal to [vg], and let
Py Fyy = N Vo (2.2.17)

be the inverse of isomorphism (2.2.10). Let K := IP’(,o”"(K)) C IF’(/\ Vo)
which case K is a projective plane. Isomorphism ,OV 1dent1ﬁes the space of qua-
dratic forms ¢}°, v € Vj, with the space of Pliicker quadratic forms on /\ Vo.
Because the ideal of Gr(2, V) C ]P’( /\ VO) is generated by the Pliicker quadratic
forms, we get that tz° is identified with the natural restriction map

Vo=H" Zare,vy(2)) x, HO((’)K(Z)) = Sym? K", (2.2.18)
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It follows that, if the scheme-theoretic intersection K NGr(2, Vp) is neither empty
nor a single reduced point, then 7° is not injective.

Now suppose that KN Gr(2, Vy) is either

(1) empty (i.e., part (1) of the proposition holds) or
(2') asingle reduced point (i.e., part (2) holds).

Let
IED(/\2 Vo) 2 |H(Zarvp ()Y =P(Vy)) (2.2.19)

be the natural map: it associates to [«] ¢ Gr(2, V;) the projectivization of supp «.
We have a tautological identification

Pk v
. 0V
K --» P(im1y°)",

where @[k is the Veronese embedding K — |0k (2)|V followed by the projec-
tion with center P(Ann(imtz")). Notice that 7z’ is not injective if and only if
dimP(Ann(im 7°)) > 1. Suppose that (1) holds. Then ®|x is regular and is, in
fact, an isomorphism onto its image (see [!5, Lemma 2.7]. Since the chordal
variety of the Veronese surface in |Ok(2)|Y is a hypersurface, it follows that
dimP(Ann(im ;")) < 1 and hence 7’ is injective. We also get that Ann(im 7

is a point in |Ok (2)|” that does not belong to the chordal variety of the Veronese
surface; it therefore belongs to a unique open PGL(K)-orbit. Now suppose that
(2) holds. Assume that 7;” is not injective, in which case dimP(Ann(im 7z°)) >
1. It follows that there exist [x] # [y] € K in the regular locus of ®|k (i.e., neither
x nor y is decomposable) such that ®([x]) = ®([y]). By the preceding descrip-
tion of @ in terms of supports, we have that supp(x) = supp(y) = U fordimU =
4; since Gr(2, U) is a hypersurface in IED(/\2 U), the line ([x],[y]) C ]P’(/\2 Vo)
intersects Gr(2, U) in a subscheme of length 2. Since ([x],[y]) C K it follows
that K N Gr(2, V) contains a scheme of length 2, which contradicts (2”). This
proves that if (2") holds then 7° is injective. It also follows that Ann(tz") belongs
to the Veronese surface in |Ok (2)|"; that is, im(7;") belongs to the unique closed
PGL(K)-orbit. O

3. Simultaneous Resolution

In Section 3.1 we analyze families of double EPW-sextics and their singular locus.
Section 3.2 shows how to construct the simultaneous desingularization described
in item (3) of Section O (the relation with the Hilbert square of a K3 surface will
be given in Section 4).

3.1. Families of Double EPW-Sextics

LetUd C (]LG(/\3 V) \ N(V)) (see (2.2.1)) be open. Suppose there exist a scheme
Xy and a finite f,: Xy — Yy such that, for every A € U, the induced map
f~'Y4 — Y, is identified with f4: X4 — Y4. Then we say that a tautological
family of double EPW-sextics parameterized by U exists—or, more simply, that
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fu: Xu — Yy exists. Composing fi, with the natural map )V;; — U yields a
map py: Xy — U such that ,o;,l(A) = X4

ProrosiTION 3.1.  Let B € ]L(G( /\3 V). Then there exists a tautological family of
double EPW-sextics parameterized by Ug, where Ug is given by (2.2.3).

Proof. Letv: Yy, — P(V) be projection. Let &y, 1= {y, ®v*Op(yv)(—3), where
Ly, 18 the sheaf on Yy, fitting in (2.2.4). Referring to commutative diagram (2.2.4)
and proceeding as in the definition of multiplication on Oy, @ &4, we find that By,
defines a multiplication on Oy, @&y, . Then, by Proposition 1.7, Oy,, @&y, is an
associative commutative ring. Let Xy, := Spec(Oy,,, ®&y,) and let fy, : Xy, —
Yy, be the structure map. O

LetUd C (]LG(/\3 V) \N(V)) be open and such that f,: Xy — Yy exists. We
will determine the singular locus of A7,. Let

YId] = {(A,[v]) € (LG(N V) \N(V)) x P(V) | dim(AN F,) > d}, (3.1.1)
V(@) :={(A,[v]) € (LG(N' V) \N(V)) x P(V) | dim(AN F,) =d}. (3.1.2)

Then )Y[d] has the natural structure of a closed subscheme of IL(G( /\3 V) X
P(V') given by its local description as a symmetric determinantal variety (see [ 15,
Sec. 2.2]). LetU € (]L(G(/\3 V) \N(V)) be open. We let Yy [d] := Y[d] N Yy
and similarly for };,(d). Suppose that f;,: Xy, — YV, is defined, and let

Wy = f;'VI3]. (3.1.3)

Observe that the restriction of f;, to W, defines an isomorphism Wy, — YV;,[3].
We will prove the following result.

ProrosiTION 3.2. Let U C (ILG(/\3 V) \ N(V)) be open, and suppose that
Ju: Xy — Yy exists. Then sing Xy = Wy,.

Proof. We may assume that / = Up x N, where B € ]L(G(/\3 V) and N' C
P(V) is an open subset such that B M F,, for all w € N. Then (see the proof of

Proposition 3.1)
fo W) =X, (3.1.4)

where y is given by (2.2.5). It therefore suffices to examine X,,. Let (A, [v]) €U
and let

8y (A, D) Tia ) LG(A' V) x P(V) — Sym*(A N F,)” (3.1.5)

be as in (1.3.3). The restriction of 8, (A, [v]) to the tangent space to ]L(G(/\3 V) at
A is surjective, so
8,(A, [v]) is surjective. (3.1.6)

Let g € X, and fi,(q) = (A, [v]). Suppose that g ¢ Wy, (i.e., that cork y (p) <
2). If cork y (p) = 1 then Y;; = Y, is smooth because the differential §, (A, [v])
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is surjective, and from Proposition 1.5 it then follows that X3, is smooth at g. If
cork y(p) = 2 then Ay, is smooth at ¢ by Proposition 1.12—recall that the dif-
ferential 8, (A, [v]) is surjective. This proves that sing A7, C W;,. On the other
hand, W;, C sing A7, by Claim 1.13. O

We shall next prove a few results about the individual X 4.

LEMMA 3.3. Let A € (ILG(/\3 V) \ N(V)) and let [v] € Y. Suppose that
dim(A N F,) < 2 and that there is no W € ©Oy4 (see (2.2.15)) containing v.
Then X 4 is smooth at fAfl([v]).

Proof. Letq € fAfl([v]), and suppose that dim(A N F,) = 1. By [15, Cor. 2.5],
Y, is smooth at [v]; hence, by Proposition 1.5, X, is smooth at g. Suppose that
dim(A N F,) = 2. Locally around ¢, the double cover X4 — Y, is isomorphic
to X; — Y;, where y is the symmetrization of the restriction of B4 to an affine
neighborhood Spec R of [v]. Thus we may consider the differential 5;([v]) (see
(1.3.3)). The differential is surjective by [15, Prop. 2.9], so X4 is smooth at g by
Proposition 1.12. U

PROPOSITION 3.4. Let A € (IL,G(/\3 V) \ N(V)). Then X 4 is smooth if and only
if Ac LG(N' V)"

Proof. If A € L(G}(/\3 V)0 then X4 is smooth by [12]. For the “only if”, suppose
that X4 is smooth. Then A ¢ A by Claim 1.13. Assume that A € X; we will
reach a contradiction. Let W € ®,4 and [v] € P(W), and note that P(W) C Y4.
Letg € fA_l([v]). Since A ¢ A, it follows that 1 < dim(A N F,) < 2. Suppose
dim(A N F,) = 1. Then Y} is singular at [v] by [15, Cor. 2.5] and so X4 is singu-
lar at g by Proposition 1.5. Suppose now that dim(A N F,) = 2, and let y be as in
the proof of Lemma 3.3. Then §;([v]) is not surjective by [15, Prop. 2.3]; hence
X4 is singular at g by Proposition 1.12. U

3.2. The Desingularization

DEFINITION 3.5, Let LG(/\' V)" € LG(\' V) be the set of A such that

(1) A¢N(V),
(2) Y4[3] =Ya(3), and
(3) Y4[3]is finite.

REMARK 3.6. LG(A\’ V)" is an open subset of LG(A’ V).
Cam3.7. (LG(N'V)\ Z) cLG(N V)~

Proof. Definition 3.5(1) holds by [15, Claim 2.11]. To prove part (2), suppose
that Y4[3] # Y4(3); in other words, suppose there exists a [vg] € P(V) such that
dim(A N F,,) > 4. Let Vy C V be a codimension-1 subspace that is transversal
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to [vg] and let ,og,g be asin (2.2.17). Let K := ]P(p”vg(A N F,,)); then dimK > 3.
Since Gr(2, V) has codimension 3 in IP’( /\2 Vo), it follows that there exists an
[l e KNGr(2,Vp). Letax € (A N F,,) such that ,o‘v,g (@) = a. Then & is nonzero
and decomposable—a contradiction because A ¢ X. To prove part (3), let [vg] €
YA[3] = Ya(3). Then (A,[vg]) € A(O). Let K := AN F,, and let t}é‘) be as
in (2.2.11). We have

T[UO]YA [3] = T[vo]YA(3) = ker 'L'}éo.

By Proposition 2.5, the map t’ is injective. Hence [v(] is an isolated point
of Y4[3]. O

Let AeLG(N V)" Letid ¢ LG(’ V)" be a small open (in either the Zariski or
the classical topology) subset containing A. In particular, p;,: Xy — )V exists.
Let my: Xy, — Xy be the blow-up of Wy, and let E;; be the exceptional set
of .

Cramm 3.8.  With notation as before, Xy, is smooth. If U is open and sufficiently
small in the classical topology, then we have a locally trivial fibration

Ey — Yyl3]. (3.2.1)

Let (A,[v]) € Yyl3l. The fiber of (3.2.1) over (A,[v]) is isomorphic to
P(A N F)Y x P(AN F,)Y, and the restriction of Ng,, %, 1o the fiber is iso-
morphic to O]P(AQFV)\/ (DX OIF’(AﬂFv)V (—1).

Proof. By Propositon 3.2 we know that Xy, is smooth outside Ey,. It remains to
examine X;; over Wy = Vy[3]. We may assume that i/ = Up x N is as in the
proof of Proposition 3.2, and we will adopt the notation of that proof. Let g €
&, and fi;(q) = (A,[v]) = p. A neighborhood of ¢ in X;, is isomorphic to
X, , where y is given by (2.2.5) (see (3.1.4)). We assume that g € W;, and hence
corky(p) = 3. Let f: X(V) — Y(V) be as in Section 1.3; that is, f is the uni-
versal double covering of corank 3 at the origin. We claim that there exists a map
v: X, — X(V) such that the diagram

X, —— X(V)

fyl lf (3.2.2)

Y, " v(v)

commutes and such that X, is identified with the fibered product Y, <y X(V). In
fact, it suffices to apply the reduction procedure of Section 1.1 that led to Claim 1.4.
Let Kbe as in Claim 1.4. By (1.1.29) we have (Y, p) = (¥, p), and by Claim 1.4
we have a natural isomorphism (X, , fy‘Kl (p) = (X, fy_l (p)) commuting with
fyx and f,. Let U = Spec R; we are free to replace U/ by any affine open sub-
set containing (A, [v]). Thus we may assume that K is a trivial R-module; that is,
K =V ® R forV a complex 3-dimensional vector space. Hence we may view yg
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asamap yk : Spec R — Sym? V. Notice that we have equality of schemes Y, =
yIElY(V) and so the restriction of yk to Y, defines a map wu: Y, — Y(V). The
claim then follows. By the surjectivity of 8, (A, [v]) (see (3.1.6)) we get that the
germ (X, f},‘1 (p)) is the product of a smooth germ (of dimension 54) and the germ
(X(V), f71(0)). Then the explicit description of X())) given by Proposition 1.14
immediately gives that X, is smooth over ¢ and the remaining statements as well.
We must assume that ¢/ is a small open subset in the classical topology in order to
ensure that (3.2.1) is a locally trivial fibration. O

REMARK 3.9. Let A € IL(G(/\3 V)’k and let Y4[3] = {[vi],...,[vs]}. LetU C
]LG( /\3 V)* be a small open (in the classical topology) subset containing A. For
each 1 <i < s, choose a projection

Ey([vi]) = P(ANF)". (3.2.3)
There exists a unique P2-fibration
g1 Ey — %, (3.2.4)

where « is itself a fibration over Y;,[3] with fiber P(A N F,)¥ over (A, [v]). We
say that (3.2.3) is a choice of P2-fibration ¢ for X 4.

Let A € LG(\' V)" and choose a P-fibration & for X,. Let« C LG(A\’ V)" be
a small open (in the classical topology) subset containing A. By Claim 3.8, the
normal bundle of £, along the fibers of (3.2.4) is Op2(—1). Hence there exists a
contraction ¢y . Xy — X7, in the category of complex manifolds fitting into the
commutative diagram

~ CU,e

Xy Xy

(3.2.5)
Xy

Let f; = fuog;: X = Yu,andlet p;,: X, — U be the map f;; followed by
yu — U. Let

X5 o= (i) A), gk = ghlxes [ = Rk
Ox: (1) == (f)*Oy, (1), Hf €|Ox:(1)].

Our notation makes no reference to U/ because the isomorphism class of the po-
larized couple (X§, Oxz(l)) does not depend on the open set / containing A.
Observe that if A € A then Ox;(l) is not ample; in fact, it is trivial on s copies of
P? for s = |Y4[3]]. Of course,

(X5, Ox:(1) = (X4, 0x,(1)) if Ae(LG(N'V)\A). (3.2.6)

ProposiTION 3.10. Let A € L(Gz(/\3 V)*, and let € be a choice of P2-fibration
for X4.
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(1) X% is smooth away from (f)™! (UWe@A P(W)).
() If [vil € Yal3], then (f)'[vil =P(AN F,)".
(3) If &' is another choice of P2-fibration for X 4, then there exists a commutative

diagram
X, -——-——-——--- - X5
. , 3.2.7)
Ii £
Ya

in which the birational map is the flop of a collection of (f{)~'[vi]’s. Con-
versely, every flop of a collection of (f{)™'[v;]’s is isomorphic to one Xf‘/.

Proof. To prove part (1), note that X§ is smooth away from ( fj)_l(YA 31U
Uweeo, P(W)) by Lemma 3.3. It remains to prove that X is smooth at every
point of (f5)"{[v1], ..., [vs]}, where

{[vll,...,[vxl}=YA[3]\ U Pw). (32.8)

We @A

LetU C ]LG( /\3 V)* be a small open (in the classical topology) subset contain-
ing A. Let py := py o my; thus py: Xy — U. For 1 < i < s, the fiber over
(A, [v;]) of fibration (3.2.1) is canonically isomorphic to P(ANF,,)¥ X P(ANF,,)".
Let X 4 C X u be the strict transform of X 4. Abusing notation, we write

i (A) = XA U JP(ANF,)" x P(ANF,)". (3.2.9)
i=1
(Of course, P(AN F,,)” x P(AN F,,)" denotes the fiber over (A, [v;]) of fibra-
tion (3.2.1). The components P(A N F,,)¥ x P(A N F,,)" are pairwise disjoint.
We claim that, fori =1, ..., s, the intersection

Epr;:=XsN(P(ANF,)" x P(ANF,)") (3.2.10)

is a smooth symmetric divisor in the linear system |Opanr, yv (1) XMOpang, v (D]
In order to prove this, refer to (1.3.15) and recall that V is a 3-dimensional com-
plex vector space. Pull-back by o defines an isomorphism

Sym* VY Zs (VY @ VY)H@ = Sym, VY, (3.2.11)

which is Gl(V)-equivariant. Isomorphism o * induces a PGL(V)-equivariant iso-
morphism of projective spaces p: P(Sym? V") => P(Sym, VV). Clearly, p maps
a point in the unique open PGL(V)-orbit of P(Sym? V) to a point in the unique
open PGL(V)-orbit of P(Sym; V). NowletV = (ANF,,)". LetK; := (ANE,,)
and let ‘L’}é’l be as in (2.2.11). By Proposition 2.5, im(t}é",_) belongs to the unique
open PGL(K;)-orbit of P(Sym?*(ANF, .)). The commutative diagram (1.3.16) then
gives that E4 ; is a symmetric smooth divisor in [Opang, v (1) ¥ Op@ang,) (1]
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Thus we have described ﬁl;l(A). Since X;, is obtained from )N(u by contract-
ing Ey along the P2-fibration ¢, it follows that X is smooth at every point of
(fj)_'{[vl], ..., [vs]}. This proves (1). And because X3 is obtained from )A(A by
contracting each of the divisors E4 ; along the fibration Pl > E i —> P(ANF,)Y
determined by ¢ (and similarly for ¢”), we also get parts (2) and (3). O

COROLLARY 3.11.  Let A€ (LG(N' V) \ X). Then g5: X§ — X is a desingu-
larization for every choice of P2-fibration & for X 4.

Proof. By Claim 3.7 we know that A € LG(\’ V)", so Proposition 3.10 applies
to X§. Since A ¢ X, it follows that X is smooth by Proposition 3.10(1).

COROLLARY 3.1.2. Let A, A'e (LG(N’ V) \ ), and let e, &' be choices of P?-
fibration for X 4. Then the quasi-polarized 4-folds (X3, Hy) and (X3, Hy,) are
deformation equivalent.

4. Double EPW-Sextics Parameterized by A

Let A € A and [vg] € Y4(3). In Section 4.1 we will associate to (A, [vg]) (under
some hypotheses that are certainly satisfied if A ¢ X) a K3 surface S4(vg) of
genus 6, which means that it comes equipped with a big and nef divisor class
D4(vy) of square 10. We will also prove a converse: given a generic such pseudo-
polarized K3 surface S, there exist A € A and [vg] € Y4(3) such that the pseudo-
polarized surfaces S and S4(vg) are isomorphic. In Section 4.2 we assume that
A € (A\ X); with this hypothesis, D4(vg) is very ample. We will prove that there
exists a bimeromorphic map ¥ : S AZ] (vo) --» X§, where ¢ is an arbitrary choice
of P2-fibration for X 4. That such a map exists for generic A € A could be proved
by invoking the results of [14]. Here we present a direct proof that appeals neither
to [14] nor to [12]. Furthermore, we will prove that if S4(v¢) contains no lines (this
will be the case for generic A) then there exists a choice of ¢ for which v is reg-
ular—in particular, X} is projective for such e. We conclude Section 4 by using
these results to show that a smooth double cover of an EPW-sextic is a deforma-
tion of the Hilbert square of a K3 (and that the family of double EPW-sextics is
a locally versal family of projective hyper-Kéhler manifolds); the proof is more
direct than the corresponding one in [12].

4.1. EPW-Sextics and K3 Surfaces

AssUMPTION 4.1. A € LG( /\3 V), [vo] € Y4(3), and the following statements

hold.

(a) There exists a codimension-1 subspace Vy C V such that /\3 Vo h A; thatis,
N Von A ={0).

(b) There exists at most one W € ®4 containing vy.

(c) If W € ®, contains vy then A N (/\2 WAV)= N W.
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REMARK 4.2. Let A € (A\ X). Let [vg] € Y4(3) (= Y4[3] by Claim 3.7). Then
Assumption 4.1 holds. In fact, parts (b) and (c¢) hold trivially and part (a) holds by
[15, Claim 2.11, eq. (2.81)].

Let (A,[vo]) be as in Assumption 4.1. We define a surface S4(vo) of genus 6.
The condition that /\3 Vo be transverse to A is open: hence we have the direct sum
decomposition

V =[vo]l ® V. 4.1.1)
We will denote by D be the direct sum decomposition of V appearing in (4.1.1).

Let
KP = p)2(ANF,), 4.1.2)

where ,ov is given by (2.2.17). Choose a volume form on Vj. Wedge product fol-
lowed by the volume form defines an isomorphism A’ Vo = A V. so it makes
sense to let

FP :=P(Ann K}) N Gr(3, Vy). (4.1.3)

By Proposition 5.2 and Proposition 5.3 (see the Appendix) we know that F/” is
a Fano 3-fold with at most one singular point. Next we will define a quadratic
form on Ann KP. By Assumption 4.1(a), the subspace A is the graph of a map

qr: /\2 Vo — N Vo; explicitly,
Gr@ =p < (wora+p)eA. (4.1.4)

The map g P is symmetric because A, /\2 Vo, and /\3 Vo are Lagrangian subspaces
of \) V. Itis clear that ker 2 = K P, so g? induces the isomorphism

PP N Vo/KP = AmKP c N V. (4.1.5)

The inverse (rA )~! defines a nondegenerate quadratic form (rA )Y on Ann K D.
For future reference, we unwind the definitions of (7)™ ! and (rPyv. Let /3 €
Ann K7; that is,

vora+BeA, ae N V. (4.1.6)
Then

FD)'(B)=a (mod KT), (rD)V(B) = vol(vg A A B). 4.1.7)

Let V((rP)Y) C P(Ann K?) be the 0-scheme of (rF)¥: a smooth 5-dimen-
sional quadric. Let
SY =v((rD)NEP. (4.1.8)

We need to show that S does not depend on the choice of the subspace V, C
V that is complementary to [vo]—in other words, that it depends only on A and
[vo]. Toward this end we remark that FAD is independent of Vj; in fact, /\3 Vo is
transversal to F,,. Then, since both /\3 Vo and F,, are Lagrangians, the volume
vol induces an isomorphism

v: N Vo= Fy. (4.1.9)
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Thus gy, defines the inclusion

FP <> P(Ann K,). (4.1.10)

REMARK 4.3. The image of map (4.1.10) does not depend on V. It depends ex-
clusively on A and [vg] € Y4(3), and we will denote it by Z4(vg).
Similarly, gv, defines the inclusion

gv,: SP < P(Ann K,). (4.1.11)

LEMMA 4.4.  Retain our previous notation and assumptions. Then gy, (SY) is in-
dependent of Vy; in other words, it depends exclusively on A and [v(] € Y4(3).

Proof. Let V; C V be a codimension-1 subspace that is complementary to [vo]
and transverse to A. Let D’ denote the corresponding direct sum decomposition
of V. We must show that

2y, (ST) = 2 (ST). 4.1.12)
The subspace VJ; is the graph of a linear function,
Vo — [vol,
(4.1.13)
v = f(v)vo;
we thus have the isomorphism
Voo
Vo= Vo, (4.1.14)
vi— v+ f(v)vy.
Observe that
N U(B) =B +voA(faB), (4.1.15)

where _ denotes contraction. In particular, 8gv, © /\ v o= gVo Note also that
¢ = N ¥lam kP is an isomorphism between Ann KP c N} Vo and Ann KL
N V- Hence it suffices to prove that

p(SP) = ST (4.1.16)

We claim that
¢*(r )Y = (r{)" € HA(Zpp (2)). (4.1.17)
IfweletB € Ann K7y C N Vo then (4.1.6) holds. Then it follows from (4.1.15) that

VoA (e —(fuB)+o(B)=vona+BeA. (4.1.18)
By (4.1.15) we have
¢*(r?)Y(B) = vol(vo A (@ — (F1B)) A $(B))
= vol(vg Aa AP (B)) —vol(wo A (faB) A@(B))
=vol(vgo Aa A B) —vol(vg A (faB) A B)
= (r)"(B) = vol(vg A (f1B) A B). (4.1.19)
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The second term on the last line in (4.1.19) is the restriction to P(Ann K?) of a
Pliicker quadratic form, so that term vanishes on F, AD. This proves (4.1.17) and
hence (4.1.16) holds. O

Lemma 4.4 leads to the following definition.

DEFINITION 4.5. Let A € ]LG(/\3 V). Suppose that [vg] € Y4(3) and that As-
sumption 4.1 holds. Let D be the direct sum decomposition (4.1.1). Then we set

Sa(vo) = gy, (ST). (4.1.20)

We single out special points of S4(vg) as follows. Suppose that We 04 (see (2.2.15)
for the definition of ®,) and assume that vy ¢ W. Let y be a generator of /\3 w
(i.e., y is decomposable with supp(y) = W). By hypothesis, N Vo N A = {0}
and hence W ¢ V,; therefore,

y = Wo+u) Aux Ausz, u; €Vy. 4.1.21)

Since vg ¢ W, it follows that u; A us A uz # 0 and so [u; A us A us] € FP.
Moreover, [u; Aus Auszl € V((rP)Y) by (4.1.7) and so [u; Aus Auzl € ST. We let

or D
Oa\{W [voe W} — S, (4.1.22)
W +— [u1 A uy A usl.
The map
04(v0) := 8y, 00y 1 (B4 \{W | vg € W}) — Sa(vo) (4.1.23)

is independent of D; in other words, it depends only on A and [vo]. Note that
04(vp) is injective.

PrOPOSITION 4.6. Let A € LG(/\3 V). Suppose that [vg] € Y4(3) and that As-
sumption 4.1 holds. Let D be the direct sum decomposition (4.1.1). Then the set of
points at which the intersection V((rP)¥) N FL is not transverse is equal to

im? ]_[(s/zJ N sing FP). (4.1.24)
Proof. Let[B] € SP; in particular, B is nonzero decomposable. Let U := supp B.

Since [8] € FP, we have that (4.1.6) holds. Let « € /\2 Vy be as in (4.1.6). We
claim that

V((rP))  FP at [B] unless (o, KP) NN U # 0. (4.1.25)
In fact, the projective tangent space to Gr(3, Vy) at [ 8] is given by
Ti4 Gr(3, Vo) = P(Ann( /' U)). (4.1.26)
On the other hand, (4.1/7) gives that
Tip V(D)) = P(Anna) N P(Ann K}). (4.1.27)

Statement (4.1.25) now follows immediately from (4.1.26) and (4.1.27).
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Next we prove that
(@, KPyn /\2 U#W < [Blesing FP or [Bleim6?P. (4.1.28)

Suppose that [8] € sing F; then Proposition 5.3(1) gives that K? N A\’ U # @.
Next suppose that [8] € im6P; then a € /\2 U by (4.1.21). This proves the “if”
implication of (4.1.28). Let us prove the “only if” implication. First assume that
K/})ﬁ/\2 U # {0},andlet0 # xg € I(/}jﬁ/\2 U. Then k( is decomposable because
dim U = 3, whence [k(] is the unique point belonging to P(Kf) NGr(2, Vp). By
equation (5.8) in the Appendix, [B] is the unique singular point of F”. Next as-
sume that K N A\> U = {0}. Then there exists ax € K P such that (@ 4+«) € N> U.
Since k € KAD, we have (vg A (o + k) + B) € A. The tensor (vo A (¢ +«) + B) €
A is decomposable; we use W to denote its support. Then vy ¢ W because B #
0 and hence [B] = Qf(W). This finishes the proof of (4.1.28) and hence of the
proposition. O

COROLLARY 4.7. Let A € ILG(/\3 V). Suppose that [vg] € Ya(3) and that As-
sumption 4.1 holds. Asssume that ®y4 is finite. Then Sa(vg) is a reduced and
irreducible surface with

sing Sa(vo) = im64(vo) ]_[(SA(vo) Nsing Z4(vo)). (4.1.29)
(See Remark 4.3 for the definition of Z (vy).)

Proof. By Proposition 4.6 we know that S? is a smooth surface beyond the right-
hand side of (4.1.29). By hypothesis, ®,4 is finite and hence the right-hand side
of (4.1.29) is finite. On the other hand, by Proposition 5.3 we know that Z 4(v¢)
is a 3-fold with at most one singular point (which must be an ordinary quadratic
singularity) and that S? is the complete intersection of Z4(vo) and a quadric
hypersurface. It follows that ST is reduced and irreducible with singular set, as
claimed. U
COROLLARY 4.8. With hypotheses as in Corollary 4.7, suppose that Sx(vo) has
duVal singularities. Let S 4(vo) = Sa(vo) be the minimal desingularization. Then
S‘A(vo) is a K3 surface.

Proof. Let Og,,,)(1) be the pull-back by map (4.1.10) of the hyperplane line bun-
dle on P(Ann(F,, N A)). Then Sa(vo) € |0z, (2)|. By Proposition 5.2 and
Proposition 5.3, there exist smooth divisors in [Oz,,)(2)| and they are K3 sur-
faces; from the simultaneous resolution of du Val singularities it follows that S (Vo)
is a K3 surface. O

COROLLARY 4.9. Let A € (A\X). Let [vy] € Ya(3), which means (by Remark4.2)
that Assumption 4.1 holds. Then Sx(vy) is a (smooth) K3 surface.

Proof. This is an immediate consequence of Corollary 4.8. O

Under the hypotheses of Corollary 4.8, let Os, ,,)(1) be the re§triction to Sa(vg)
of Oz, (1). Let OSA(UO)(I) be the pull-back of Og,(,)(1) to Sa(vg). We set
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Da(v0) € |Os,wp) (D], Da(wo) €105, (DI (4.1.30)

REMARK 4.10. With hypotheses as in Corollary 4.8, we have that (S‘A(vg), ﬁA(Uo))
is a quasi-polarized K3 surface of genus 6. Furthermore, the composition

Sa(vo) = Sa(vo) — P(Ann(F,, N A)) (4.1.31)

is identified (up to projectivities) with the map associated to the complete linear
system | D4 (vo)].

Remark 4.10 has a converse. In order to formulate it, we identify F,, = /\2(V/ [vo])
(this identification is well-defined up to homothety).

AssumpTION 4.11. K € Gr(3, F,,) and

(1) P(K)NGr(2,V/[vg]) =@, or

(2) the scheme-theoretic intersection P(K) N Gr(2, V/[vg]) is a single reduced
point.

Let
Wg = P(Ann K) N Gr(3, V/[vo]). (4.1.32)

(This makes sense because we have an isomorphism /\Z(V/ [vo]) = /\3 (V/[vo])Y
that is well-defined up to homothety.) Let

S:=WxNQ, QCP(AnnK) aquadric. (4.1.33)

If Q is generic then S is a linearly normal K3 surface of genus 6 (see Corollary 4.8).
In fact, the family of such K3 surfaces is locally versal. Suppose more generally
that Assumption 4.11 holds, that § is given by (4.1.33), and that S has du Val sin-
gularities. Let S — S be the minimal desingularization, in which case SisakK3
surface. Let D € |Og(1)] and let D be the pull-back of D to S. Consider the fam-
ily S — B of deformations of (S, D) obtained by deforming slightly K and Q;
by Brieskorn and Tjurina there is a suitable base change B — B such that the
pull-back of S to B admits a simultaneous resolution of singularities S—> B with
fiber S over the point corresponding to S. Of course, there is a divisor class D on
S whose restriction to S is D; hence S — B is a family of quasi-polarized K3
surfaces. The following result is well known, so we omit the (standard) proof.

PropoSITION 4.12.  The family S — B isaversal family of quasi-polarized K3
surfaces.

LEmMMA 4.13.  Suppose that Assumption 4.11 holds. Let S be as in (4.1.33), and
assume that Q is transversal to Wi outside a finite set; hence S is a surface with
finite singular set. Then there exists a smooth quadric Q' C P(Ann K) such that
S=WxknQ"

Proof. Since Wy is cut out by quadrics, Bertini’s theorem gives that the generic
quadric in P(Ann K) containing S is smooth outside sing S; let Qg = V(Py) be
such a quadric. Let p € sing S. The generic quadric Q' = V(P’) € |Zy, (2)] is
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smooth at p and so V(Py+ P’) is smooth at p. Since sing S is finite, it follows that
the generic quadric Q containing S is smooth at all points of sing S. Therefore,
the generic quadric Q containing § is smooth. U

Our next result gives the inverse of the process that yields Sy (vg) from (A, [vg]) €
A(0) (with the extra hypotheses in Assumption 4.1).

PROPOSITION 4.14.  Suppose that Assumption 4.11 holds. Let S be as in (4.1.33),

and assume that Q is smooth and transversal to Wy outside a finite set. Then there

exist A € A, [vg] € P(V), and a codimension-1 subspace Vy C V transversal to

[vo] such that:

(1) N'Von A ={0};

(2) Assumptions 4.1(c) and 4.1(d) hold; and

(3) the natural isomorphism ]P’(/\S(V/[vo])) = IP’(/\3 Vo) maps S to ST, where
D is the direct sum decomposition of V appearing in (4.1.1).

If we (a) replace the quadric Q with a smooth quadric Q' C P(Ann K) such that

S = Wx N Q' and (b) let A’ € A be the corresponding point, then there exists a

projectivity of P(V) that fixes [vo] and takes A to A'.

Proof. Let Q = V(P). The dual of Ann K is /\Z(V/[vo])/K, so the polarization
of P defines the nondegenerate symmetric map

Am K = A (V/[vo])/K. (4.1.34)
The inverse of this map is the nondegenerate symmetric map
N(V/[vo])/K => Ann K. (4.1.35)

Composing on the right with A’ Vo => A*(V/[ve]) and the quotient map
/\2(V/[v0]) — /\Z(V/[vo])/K while composing on the left with Ann K
/\S(V/ [vg]) and /\3(V/ [vo]) = /\3 Vo, we obtain the symmetric map

NVe— N Vo (4.1.36)

with 3-dimensional kernel corresponding to K. The graph of this map is a La-
grangian A € LG( /\3 V). One can then easily check that parts (1), (2), and (3) of
the proposition hold. Proceeding as in the proof of Lemma 4.4, we can show that
the projective equivalence of A does not depend on Q. UJ

42. XS forAe(A\ D)

Let S be a K3 surface, and let A[Sz] c S be the irreducible codimension-1 sub-
set parameterizing nonreduced subschemes. Then there exists a square root of
the line bundle Og2 (A[SZ]); we use £ to denote its first Chern class. There is a
natural morphism of integral Hodge structures p: H?(S) — H?(S™!) such that
H*(SP: 7) = w(H?(S; Z))®ZE; see[1]. Let (-, -) be the Beauville-Bogomolov
bilinear symmetric form on H?(S™!). It is known [1] that
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(u(m), u(m) = / am? wHS;2)) Lzg, (6,8 =-2. (421

s
Because S and S/ are regular varieties, we may identify their respective Picard
groups with Hé’l(S) and H%‘I(Sm). Let C € Pic(S). Abusing notation, we will
denote by 14(C) the class in Pic(S?!) corresponding to 1(Os(C)) € Hé’l(S); if C
is an integral curve then it is represented by the set of subschemes whose support
intersects C. The following theorem is the main result of Section 4.2.

THEOREM 4.15. Let A € (A\ X) and [vg] € Y4[3] (= Ya(3) by Claim 3.7), so

Sa(vg) is a K3 surface by Corollary 4.9. Then the following statements hold.

(1) If Sa(vo) does not contain lines (which is true for generic A by Proposi-
tion 4.12), then there exist a choice € of P*-fibration for X 4 and an isomor-
phism

¥ Sa(vo)? = X & 4.2.2)
such that
YTHj ~ u(Da(vo)) — A, (4.2.3)
(2) For arbitrary A and &, there exists a bimeromorphic map
¥ Sa(vo)? --> X5 4.2.4)

such that (4.2.3) holds.

REMARK 4.16.  Suppose that S4(vg) contains a line L. The restriction of the right-
hand side of (4.2.3) to L® (embedded in Sx(vo)!?') is Oy (—1). Since H is nu-
merically effective, in this case map (4.2.4) cannot be regular.

The proof of Theorem 4.15 will be given after a series of auxiliary results. Let
S C P be a linearly normal K3 surface of genus 6 such that Zg /ps(2) is glob-
ally generated; then S is projectively normal and hence Riemann—Roch gives that
dim|Zs(2)| = 5. One defines a rational map S?! --» | Zs(2)|" as follows. Given
[Z] e S, welet (Z) C IP° be the line spanned by Z. Let

<sm \ U L<2>> 5 L) =P,

LCSline
[Z] > {Q € |ZsD)] | st. O D (Z)}.
For D a hyperplane divisor on S, one can show (see [ 1, Claim 5.16]) that

¢ O0ps(1) = u(D) — A2, (4.2.6)

(4.2.5)

(Notice that the set of lines on S is finite and hence | J; - gy, L'? has codimen-
sion 2 in S™.) In fact, g can be identified with the map associated to the complete
linear system |(u(D) — A[Sz])l. We will analyze g under the assumption that S is
generic (in a precise sense).
ASSUMPTION 4.17.  Assumption 4.11(1) holds; also,

S:=WgNnQ 4.2.7)
for O C P(Ann K) a quadric intersecting Wx transversely.
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Let S C P(Ann K) be as in Assumption 4.17. Then § is a linearly normal K3
surface of genus 6 and Zg(2) is globally generated. Thus the map g of (4.2.5) is
defined. Let F(Wk) be the variety that parameterizes lines in Wy . Since the set of
lines in S is finite (for generic S, that set is empty by Proposition 4.12), we have
the map

(FW\{L| L CSp — s,

428
L+~ LNO. (*28)

DEFINITION 4.18.  Let P{ C S!?! be the image of map (4.2.8), and let Ps be its
closure in ST,

We recall that F(Wx) = P2 by Iskovskih [10]; see Proposition 5.2.

Cramm 4.19. Let S C P(Ann K) be as in Assumption 4.17, and suppose that S
contains no lines. Let Cy,C»,...,C be the (smooth) conics contained in S (of
course, the generic S contains no conics). Then Pg, sz),...,c}ﬂ are pairwise
disjoint subsets of S©\. Moreover, there exists a biregular morphism

c: S N($) (4.2.9)
that contracts each of Ps,C 1(2), e C}z]. Hence N(S) is a compact complex nor-
mal space with

sing N(S) = {c(Ps),...,c(CP),...| C C S is a conic} (4.2.10)

and c is an isomorphism of the complement of Ps U C ,(2) U---UC2 onto the
smooth locus of N(S). The map g (which is regular on all of S'®! because S con-
tains no lines) descends to a regular map

g2:N(S) — |Zs(2)|Y, goc=g. (4.2.11)

Proof. Py is isomorphic to P2 by Proposition 5.2, and each C 5(2) is isomorphic
to P2 because C; is a conic. Thus each of Pg and the C; can be contracted in-
dividually. Let’s show that Pg, C ](2), ..., C12 are pairwise disjoint. Suppose that
[Z] € Ps N Ci(z), and let A be the plane containing C;. Then A N Wg contains
the line (Z) and the smooth conic C;. Since Wk is cut out by quadrics, it follows
that A C Wx—which is absurd because Wy contains no planes. This proves that
PsN Ci(z) = {. Yet by Corollary 5.5 there does not exista [Z] € C i(z) nc ;2). We

have proved that Pg, C 1(2), ...,C S[2] are pairwise disjoint, so the contraction (4.2.9)
exists. It remains to prove that g is constant on each of Ps, Cl(z), ..., CP. In fact,
if [Z] € Ps then g([Z]) = | Zw, (2)|, and if [Z] € C*) then

gZ]) ={0€|Zs2)| | Q D (Ci}. 0

Now we return to the “general” case and suppose that Assumption 4.17 holds
(although S may very well contain lines). Let

S2 = 5121\ py \ ) HibR. 4.2.12)

RcC S line or conic
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(If R C S is a conic that is not smooth, then we delete all [Z] € S such that Z is
contained in the scheme R.) The following result is essentially [ 14, Lemma 3.7].

ProPOSITION 4.20.  Suppose that Assumption 4.17 holds.

(1) The fibers of g| 41 are finite of cardinality at most 2, and the generic fiber has

cardinality 2.
(2) There exist an open dense subset A C S'?! and an anti-symplectic (and hence
nontrivial ) involution ¢: A — A such that

(gla) o = gla; (4.2.13)
the induced map
A/(p) — g(A) (4.2.14)
is a bijection.
(3) If, in addition, S does not contain lines, then (a) ¢ descends to a regular in-
volution ¢: N(S) — N(S) such that g o ¢ = g and (b) the induced map

j: N(S)/ @) — g(S (4.2.15)
is a bijection. Furthermore,
cod(Fix(¢), N(S)) > 2 (4.2.16)

for Fix(¢) the fixed locus of ¢.

Let A and [vg] be as in the statement of Theorem 4.15; we shall perform the
key computation needed to prove that theorem. Let V) C V be a codimension-1
subspace transversal to [vg] and such that /\3 Vo N A = {0}. Let D be the de-
composition V. = [vo] @ Vo, and let S be given by (4.1.8); thus ST sits in
P(Ann Kf) N Gr(3, V) and is isomorphic to Sx(vo). Let f € V,/. We let ¢ be
the quadratic form on /\3 Vo defined by setting

qr(w) :=volo((fow) A ), (4.2.17)

where voly is a volume form on Vj. Then gy is a Pliicker quadric; in fact, we have
an isomorphism
Vo = H(Zarivp) (),
f—qr.

Let V¥ = [vg] ® V| be the dual decomposition of D; thus vy € AnnV, and
vg(vo) = 1. We then have the isomorphism

(4.2.18)

vyl @ Vy = H%(Zso(2)),
A (4.2.19)
xvy + f = x(rd)Y +qy.
Let
i | Zgp ) = P(V) (4.2.20)

be the projectivization of the transpose of (4.2.19).
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PrROPOSITION 4.21.  Let A and [vg] be as in the statement of Theorem 4.15. Let g
be map (4.2.5) for SAD (this makes sense by Corollary 4.9). Then 1(im g) C Y4.

Proof. Let
[Z] € (SDPN\ A\ Pep). 4.2.21)

We will show that
t(g([Z]D) € Ya; (4.2.22)

this will suffice to prove the lemma because the right-hand side of (4.2.21) is dense
in (SP)[?) and Y, is closed.

By hypothesis, Z is reduced; hence Z = {[8],[B']}, where B, 8’ € /\3 Vo are
decomposable. The line ([B], B’]) spanned by [ 8] and [ B'] is not contained in F;”
because [Z] ¢ Psf' Thus ([B], B’]) is not contained in Gr(3, V;), from which it
follows that the vector subspaces of V|, supporting the decomposable vectors § and
B’ intersect in a 1-dimensional subspace. Hence there exists a basis {vy, ..., vs} of
Vo such that

B = v Avy A s, B = vi AvyAvs. (4.2.23)

We may also assume that voly(v; A vy A v3 Avg Avs) = 1. By (4.1.6) and (4.1.7),
there exist ., € /\* Vy such that

voAa+B€eEA, vgra +B €A, aAB=a AB =0. (4.2.24)

Because A is Lagrangian, we obtain

volg(a A B") = volg(a’ A B) =: c. (4.2.25)
Let tg,...,ts € C. Then a straightforward computation gives that
5
(fo(rf ) + Ztiql),.v)(ﬂ +B) = 2cty +211. (4.2.26)
i=1
Therefore,
1(g([Z])) = [cvg + v1]. (4.2.27)

It remains to prove that
[cvg + vi] € Y. (4.2.28)

Let Kf be as in (4.1.2); we claim that it suffices to prove the existence of (x,x’) €
(C?\{(0,0)}) and k € K? such that

(cvo+v)AE@WoAa+B)+x'worna' +8)+vogAKk)=0. (4.2.29)
So assume that (4.2.29) holds. Then
0#(x(wora+B)+x'wornad +B)+voAK)EAN Frpyyy,  (4.2.30)

(the inequality holds because 8 and B’ are linearly independent). A straightfor-
ward computation now gives that (4.2.29) is equivalent to

x(cB—viAna)+x'(cB —vina’) =v Ak (4.2.31)

As is easily checked, we have
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(cB—viAa),(B —vina)
€ (il A (N (w2, v3,v4,05))) N {va A vs,va A sk, (4.2.32)

where perpendicularity is with respect to wedge product followed by voly. Multi-
plication by v; gives an injection of K T’ into the right-hand side of (4.2.32); in fact,
no nonzero element of K is decomposable because A ¢ X. Since the right-hand
side of (4.2.32) has dimension 4 and since dim K P = 3, it follows that there exists
(x,x") € (C*\ {(0,0)}) such that (4.2.31) holds. O

LEMMA 4.22. LetA e (]LG(/\3 V) \ Z). Then Y4 (1) is not empty, the topological
double cover fAleA(l) — Ya(1) is not trivial, and Yy is integral.

Proof. By Claim 3.7 we know that Y4[3] is finite. However, (Y4[2] \ Y4[3]) is
a smooth surface by [12, Prop. 2.8]. Since sing Y4 C Y4[2], it follows that Y4
is integral and that Y,(1) is connected. Let [vg] € (Y4[2] \ Ya[3]). By Proposi-
tion 1.5 we know that fA_l([vo]) is a singleton {g}; moreover, X, is smooth at g
by Lemma 3.3. Hence there exists an open neighborhood U of [v(] in ¥4 such that
fA_lU is smooth. Furthermore, (fA_lYA[Z]) N fA_lU is nowhere dense in fA_lU.
Since fAflU is smooth, the complement fAfl(YA(l) NU) is connected; since Y4 (1)
is connected, it follows that f A*IYA(I) is connected. O

PrOPOSITION 4.23. With hypotheses and notation as in Proposition 4.21, we have
t(img) =Yy.

Proof. By Proposition 4.20(1), the map g has finite generic fiber and hence
dimimg = 4. By Proposition 4.21, ((im g) is an irreducible component of 4.
But since Y} is irreducible (by Lemma 4.22), it follows that ((im g) = Y4. O

REMARK 4.24. With notation as in Proposition 4.21, we have

tog(Pgo) = t(H (Zrp (2))) = [vo]. (4.2.33)

Proof of Theorem 4.15. For part (1), let A and [vg] be as in the statement of
Theorem 4.15. Let Vy C V be a codimension-1 subspace transversal to [vg] and
such that /\3 Vo N A = {0}. Let D be the decomposition V = [vy] & Vj. In order
to simplify notation, we set S = ST; thus S = S,(vy) and, by hypothesis, S does
not contain lines. Let j be the map of (4.2.15). Then, by Proposition 4.21, the
composition ¢ o j is a map

toj: N(S)/(p) = Ya. (4.2.34)

We claim that ¢ o j is an isomorphism. In fact, it has finite fibers and is birational
(by Proposition 4.20). Since dimsing Yy = 2 (because A ¢ X)), the hypersurface
Y, is normal and thus ¢ o j is an isomorphism. Let 7 : N(S) — N(S)/(¢) be the
quotient map. By (4.2.16), the singular locus of N(S)/(¢) is the image of Fix(¢)

(and so is isomorphic to Fix(¢)); since (4.2.34) is an isomorphism, we have that
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N(S) \ Fix(¢) — Y™,

(4.2.35)
X tojom(x)
is a topological covering of degree 2. We claim that
T (Y™ 2 Z/(2). (4.2.36)

In fact, (N(S) \ Fix(¢)) = (S (P UFix(¢|si1 py)). Since (Ps UFix(¢|guwy py))
is of codimension 2 in the simply connected manifold S!?, it follows that (N(S) \
Fix(¢)) is simply connected. Thus (4.2.35) is the universal covering of Y, 2" and
we obtain (4.2.36). On the other hand, Y™ C Y4(1) by [15, Cor. 2.5] and so, by
Lemma 4.22, f A_IYA”” — Y™ is the universal covering of Y™ as well. Hence
both X4 and N(S) are normal completions of the universal cover of Y such that
the extended maps to Y, are finite; it follows that they are isomorphic (over Yy).
The singular locus of N(S) is given by (4.2.10). Since sing X, = Y4[3], by Re-

mark 4.24 we can order the set of (smooth) conics on § (say, Cy, ..., Cy) and the
set of points in Y4 [3] different from [v] (say, [vi], ..., [vs]) such that
Y(e(Ps) =[vol,  Y(c(CP) =[vi]. 1<i<s (4.2.37)

(recall Remark 4.24). Let g, be a choice of P2-fibration for X,. Then 1ﬁ defines
a birational map ¥o: S --» X3° such that

YEH = (D) — A, (4.2.38)

where D is the hyperplane class of S (thus (S, D) is isomorphic to (S4(vo),
D4(vp))). The birational map v is an isomorphism away from

psUCcPuU...uC?. (4.2.39)

It follows that ¥ is the flop of a collection of irreducible components of (4.2.39).
By Proposition 3.10 we get that there exists a choice of P2-fibration for X, call it
&, such that the corresponding birational map v : S --» X 4 is biregular. Equa-
tion (4.2.3) then follows from (4.2.38). This completes the proof of Theorem
4.15(1). Part (2) of the theorem follows from part (1) and a specialization argu-
ment; we leave the details to the reader. O

We conclude this section by re-proving a previous result. Let iy := ¢1(Ox,(Ha)).

THEOREM 4.25 [12]. Let A€ ]L(G(/\3 V)O. Then X 4 is a deformation of (K3)™
and (ha,ha)x, = 2. Any small deformation of (Xa, Ha) (i.e. a small deforma-
tion of X4 keeping hy of type (1,1)) is isomorphic to (Xp, Hg) for some B €
LG(A V)"

Proof. Let Ag € (A\ X) and [vg] € Y4,[3]. Suppose that S4,(vo) does not contain

lines. By Theorem 4.15, there exists a choice ¢ of P>-fibration for X4, yielding
the isomorphism

yo S S XS L WHS ~ w(Da(ve)) — AY) (4.2.40)

Sag(vo)”
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On the other hand, (X4, H4) is a deformation of (on, H/fo) by Corollary 3.12;
this proves that (X, Hy) is a deformation of (S, (u(Da(vo)) — A[Szjo(vo))). By
(4.2.1) we have that (h4, ha)x, = 2. Finally, we prove that an arbitrary small de-
formation of (X4, Hy4) is isomorphic to (X, Hy ) for some A’ € ]L(Gz(/\3 V)O. The
deformation space of (X4, H4) has dimension given by

dimDef(X 4, Hy) = h"'(X4) — 1 = 20. (4.2.41)

Yet LG( /\3 V)O is contained in the locus of points in LG that are stable for the
natural (linearized) PGL (V' )-action (this is proved in [12]). Thus, by varying A €
LG(/\3 V) we get

dim]L(G(/\3 V) —dimSL(V) = 55 — 35 =20 (4.2.42)

moduli of double EPW-sextics. Because (4.2.41) and (4.2.42) are equal, we
may conclude that an arbitrary small deformation of (X4, Hy) is isomorphic to

(Xp, Hp) for some B € ]LG(/\3 V)O. O

5. Appendix: Three-Dimensional Sections of Gr(3,C%)

Throughout this section, Vj is a complex vector space of dimension 5. Choose a
volume form voly on Vjp; it defines an isomorphism

N Vo= NV,

5.1
o — o> volp(a A w).
Let K C /\2 Vo be a 3-dimensional subspace such that either
P(K)NGr(2,Vy) =0 (5.2)
or else
P(K) N Gr(2, Vo) = {[«o]} = P(K) N Tj,; Gr(2, Vo). (5.3)

In other words, either P(K) does not intersect Gr(2, Vy) or else the scheme-
theoretic intersection is a single reduced point. We shall describe

Wk := P(Ann K) N Gr(3, Vo). (5.4)

First recall that the dual of Gr(3, V) is Gr(2, V). More precisely, let [«] €
IP’(/\2 Vy); then

sing(P(Anna) N Gr(3, Vy)) = {U € Gr(3, V) | U D supp «}. (5.5

In particular, P(Ann «) is tangent to Gr(3, V) if and only if [«¢] € Gr(2, V) (in
which case it is tangent along a P?). Second, we record the following observation
(the proof is an easy exercise).

LEmMA 5.1. Let U C Vy be a codimension-1 subspace, and let a € /\2 Vo. Then
an(NU)=0 (5.6)
if and only if suppa C U.
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We recall the following result of Iskovskih.

ProrosiTiON 5.2 [10].  With notation as before, let K C /\2 Vo be a 3-dimen-
sional subspace such that (5.2) holds. Then

(1) Wk is a smooth Fano 3-fold of degree 5 with ww, = Ow,(=2),

(2) the Fano variety F(Wg) parameterizing lines on Wy (reduced structure) is
isomorphic to P2, and

(3) the projective equivalence class of Wx does not depend on K.

ProposITION 5.3. Let K C /\2 Vo be a subvector space of dimension 3 such that
(5.3) holds. Then Wy is a singular Fano 3-fold of degree 5 with wyw, = Ow,(—2)
and with one singular point that is ordinary quadratic and belongs to

{U eGr(3,Vy) | U D suppko}- 5.7

Proof. If k € (K \ [kg]), then « is not decomposable and hence P(Ann «) is trans-
verse to Gr(3, Vj); hence, by (5.5),

sing Wx = {U € Gr(3, V) | U D suppko} NP(Ann K). (5.8)

We claim that this intersection consists of one point. First observe that we have a
natural identification

{UeGr(3,Vy) | U Dsuppko} = P(Vy/supp ko) 5.9)

and a linear map
K 2> (Vo/suppo)s

(5.10)
kK = (v volg(v A kg AK));
here v € Vjy and v is its class in Vjy/supp k. Given (5.8) and (5.9), we have
sing Wx = P(Annimv). (5.11)

Second, it is clear that k¢ € ker v and so, in order to prove that sing Wy is a sin-
gleton, it suffices to prove that kerv = [kg]. If « € (K \ [«¢]) then kg A k& # O;
in fact, this follows from (5.3) together with the equality

Pl e N’ Vo | ko Ak =0} = Tiey Gr(2, Vo). (5.12)

Since ko Ak # 0, we have v(k) # O; this proves that sing Wk consists of a single
point. The formula for the dualizing sheaf of Wy follows at once from adjunction.
It remains only to prove that the singular point of W is an ordinary quadratic
point. Let Wx C P(suppko) x P(Vy/suppro) x Wi be the closed subset de-

fined by
Wi := {([v],U,W) |[ve W C U} (5.13)

The projection Wy — P(V, /supp k) is a P!-fibration and hence W is smooth.
One can show that the projection 7 : Wx — Wg is the blow-up of sing Wk.
Moreover, ! (sing Wx) = P! x P! and so it follows that the singularity of Wy is
ordinary quadratic. U
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Our last result is about the base locus of 3-dimensional linear systems of quadrics
containing Wy for K C /\2 Vo a 3-dimensional subspace such that (5.2) holds. We
begin by addressing the analogous question for the Grassmannian Gr(3, /\3 Vo).
Consider the rational map

P(A Vo) -2 1 Zararn @)Y = P(V), (5.14)

where the last isomorphism is given by (4.2.18). Let Z C P(A’ Vo) x P(Vq) be
the incidence subvariety defined by

Z = {([w],[v]) | v A w = 0}. (5.15)

Then we have a commutative triangle

/ K (5.16)
(]

where W and @ are the restrictions to Z of the two projections of ]P( /\3 V()) xP(Vy).

Note that W is the blow-up of Gr(3, Vy). In particular, if ® € /\3 Vo is not decom-
posable then there exists a unique [v] € P(Vp) such that v A w = 0 and & ([w]) =
[v]. Let [v] € P(Vp); by (4.2.18), we may view Ann(v) C V| as a hyperplane in
|ZGr3,v4)(2)|. Then, by the commutativity of (5.16), we have

() V(g =Gr3, Vo) U{lwl e P(N Vo) | v A w=0}. (5.17)
feAnn(v)

PrOPOSITION 5.4. Let K C /\2 Vo be a 3-dimensional subspace such that (5.2)
holds. Let L C |Iw,(2)| be a hyperplane (here Ly, is the ideal sheaf of Wk in
P(Ann K)). Then

()Q: =Wk URy, (5.18)

telL

where Ry is a plane. Furthermore, Wx N Ry, is a conic.

Proof. Restriction to P(Ann K') defines an isomorphism
1Z6r3,v0) (D] = 1 Zwe (D) (5.19)

By (4.2.18), we may identify L with P(Ann(v)) for a well-defined [v] € P(V})
and may also identify each quadric Q, for t € L with P(Ann K) N V(qy) for a
suitable [ ] € P(Ann(v)). By (5.17),

ﬂ (P(Ann K) N V(gs)) = Wx U RyL; (5.20)
feAnn(v)
here
Ry :=P(AmK) N {[w] e B(N\ Vo) | v A w = 0}. (5.21)
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Thus Ry is a linear space of dimension at least 2. Now observe that we have the
isomorphism

N(Vo/[v]) = {[w] € (A Vo) | v A w =0},

ar— vA«Q,

(5.22)

where o € /\2 Vo is an element mapped to @ by the quotient map /\2 Vo —
/\2(V0/[v]). Because dim(Vy/[v]) = 4, the Grassmannian Gr(2, Vy/[v]) is a
quadric hypersurface in P( N (Vo/[v] )); itfollows that either R, C Wy or R, N W
is a quadric hypersurface in R;. According to Lefschetz, Pic(Wk) is generated by
the hyperplane class; it follows that Wx contains no planes and no quadric sur-
faces. Hence necessarily dim R, = 2; moreover, R, ¢ Wk and the intersection
R; N Wk is a conic. O

COROLLARY 5.5. Let K C /\2 Vo be a 3-dimensional subspace such that (5.2)
holds, and let C(Wk) be the variety parameterizing conics on Wy (reduced struc-
ture). Then we have the isomorphism

|Zw, 2)]Y = C(Wk),

(5.23)
L +— RL N WK,
where Ry is as in Proposition 5.4. Furthermore, given Z € W,[(z], there exists a
unique conic containing Z—namely, Ry N Wk for L € | Ty, (2)|" the hyperplane
of quadrics containing (Z).
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