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Global Solutions of Homogeneous
Linear Partial Differential Equations
of the Second Order

PE1-CHU Hu & CHUNG-CHUN YANG

1. Introduction and Main Results

In 1995, we proved in [9] that the meromorphic solutions of the system of partial
differential equations

du
P aj(2) + bj(Du+ci(u, j=12,....m

J
(where a;, b;, c; are polynomials on C™) are of finite positive order and are pseudo-
prime. Li and Saleeby [13] characterized entire solutions in C™ of first-order par-
tial differential equations of the form

ou
—=fiw), j=12,...,m,
o2, fi), j
where the f; are meromorphic functions in C. Berenstein and Li [2] studied entire
solutions in C™ for first-order partial differential equations of the form
ou .
—=p@fw), j=12,...,m,
0z,
where p and f are entire or meromorphic functions in C” and C, respectively.
Li [12] also gave a complete description of entire solutions of the Fermat type par-

tial differential equation
( ou > ( u )n |
0z1 022 )

In this paper, we study meromorphic solutions of homogeneous linear partial
differential equations of the second order in two independent complex variables,
0%u ) 0%u n 0%u n ou n ou n 0 0
ag— ag— +ay— +a3— +as— +agu =0;
Yoz T "M araz T a2 T Vo T Tar 10
here a; = ax(t,z) are holomorphic functions for (z,z) € X, where X is a region
on C2
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When ¢ and z are real variables, Hilbert’s 19th problem conjectures that if all
ar = ai(t,z) are analytic on ¢ and z, then any solution u = u(t, z) of an elliptic
equation of the form (1) also is analytic on its existing region; this was confirmed
by Bernstein [3] provided one knows that u € C3. Lewy [11], using the solvabil-
ity of the initial value problem for hyperbolic equations, gave a simple proof by
extending ¢ and z to a domain of C2. Petrovskif [14] then extended this result to
general nonlinear elliptic systems. It is known also that all regular solutions of lin-
ear elliptic equations of the second order have bounded derivatives up to order &,
provided all coefficients have bounded derivatives up to order k.

In this paper, we follow Lewy’s idea of studying equation (1) on a region ¥ <
C2 Let Spy(X) be solutions of (1) satisfying some property (P) on . It is nat-
ural to seek proper properties (P) determining the cardinal number of Sip)(%).
For example, Spo1(X) denotes holomorphic solutions of equation (1) on X. Then
Shol(X) is a vector space. When ¥ = C?, equation (1) usually has many entire
solutions on C?2; that is, dim Sy (C?) > 0. To explain matters clearly, here we
examine the following special differential equation:

5 9%u ) 3%u ou ou ) )

tm—ZQ"'tE—Za_Z"'tu—. 2)

THEOREM 1.1.  The differential equation (2) has an entire solution f(t,z) on C?
if and only if f is an entire function expressed by the series

)= nleaJu()z" 3)
n=0
such that
lim sup|c,|" =0, “4)

n—oo
where J,(t) is the first kind of Bessel function of order n. Moreover, the order
ord( f) of the entire function f satisfies
p < ord(f) < max{l, p},
where

21
o = lim sup OB %)

n—00 10g(1/|Cn|1/") )
By definition, the order of f is defined by

log™ logt M (r,
ord(f) = lim sup og” log” M(r. /)

r—00 logr
where 1 £ x> 1
ogx if x ,
logt x = g T
0 if x <1,
and

M(r,f)z‘ max | f(t,2)].

t=<r|z|=r

Valiron [17] showed that each transcendental entire solution of a homogeneous lin-
ear ordinary differential equation with polynomial coefficients is of finite positive
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order. However, Theorem 1.1 shows that Valiron’s theorem is not true for general
partial differential equations. For example, the equation
P
0tz 9z2 ot
has an entire solution exp(fe*) of infinite order.
If0 < A = ord(f) < oo, we define the type of f by
. log™ M(r, )
typ(f) = lim sup —

r—00
For the type of entire solutions of equation (2) we have an analogue of the Lindel6f—
Pringsheim theorem, whose proof is essentially the same as that of determining
the type for Taylor series of entire functions of one complex variable.

THEOREM 1.2. If f(t,z) is an entire solution of (2) defined by (3) and (4) such
that 1 < A = ord(f) < oo, then the type o = typ(f) satisfies
ero =272 lim sup 2n|c, |*/@".
n— 0o

Next we introduce some properties (P) on C? such that the cardinal number of
Sp)(C?) is finite. In other words, we give some conditions that determine uniquely
meromorphic solutions of (1) on C2. Nevanlinna’s four-value theorem states that
if two nonconstant meromorphic functions f and g on C share four distinct values
counting multiplicity, then g must be a fractional linear transformation of f, which
is also called a Mdobius transformation of f. Brosch [4] proved that if two non-
constant meromorphic functions f and g on C share three distinct values cy, ¢2, ¢3
counting multiplicity, if f is a solution of the differential equation

n 2n
(Z—f) ij(z)wj = P(z,w)

j=0
such that by, by, ..., by, (b2, # 0) are small functions of f (grow more slowly
than f), and if P(z,c;) #0fori =1,2,3,then f = g.
To state a generalization of Brosch’s result to partial differential equations, we

abbreviate
ou 32%u 32u

Uy = —, Uy =——", Uy=—5,
T TR T araz T a2

and so on, and we set

Du = aout2 +2auu, + azug and

Lu = agus + 2aius; + aru; + azu; + aqu,.
We make the following assumption.

(A) All coefficients a; in (1) are polynomials, and when a¢ = O there are no non-
constant polynomials u satisfying the system

Du =0,
Lu=0.
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For technical reasons, here we study only meromorphic functions of finite orders.
The order of a meromorphic function of several variables may be defined by using
its Nevanlinna characteristic function (see [8; 16]).

THEOREM 1.3.  Suppose assumption (A) holds. Let f(t, z) be a nonconstant mero-
morphic solution of (1) such that ord(f) < oo, and let g be a nonconstant mero-
morphic function of finite order on C%. If f and g share 0,1, 00 counting multi-
plicity, then one of the following five statements holds:

(@) g=rf;

(b) gf =1

(C) a6=07gf=f+g’
(d) a¢ = 0, and there exist a constant b ¢ {0, 1} and a polynomial § such that

1 b
f=p— =D, g=—0=-e")

(€ as #0, f°¢* =3fg - f — &
When ag # 0, case (b) may occur. For example, consider the differential equation

9%u 92u ou

e T T ©
which has an entire solution of order 1:
f(t,2) = et

Let’s compare f with the following entire function of order 1:

1=z

gt,z)=e"
Obviously, f and g share 0, 1, —1, oo counting multiplicity, but g # f, gf = 1.
Now the differential equation
Lu+Du+a6=u”+uZZ—u,+u,2+u§— 1=0
has the nonconstant polynomial solution
u(t,z) =t+z.

Condition (A) is meaningful. For example, Theorem 1.1 shows that the differen-
tial equation (2) admits many entire solutions of finite order. Furthermore, we can
prove that condition (A) when associated with the differential equation (2) holds,
thereby obtaining the following result.

COROLLARY 1.4. Let f(t,z) be a nonconstant meromorphic solution of (2) such
that ord(f) < oo, and let g be a nonconstant meromorphic function of finite order
on C% If f and g share 0,1, 00 counting multiplicity, then we have g = f or

gf =lor f2g?=3fg—f—g.

Case (b) in Theorem 1.3 may actually occur for ag = 0. For example, consider
the differential equation
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%u  du 0 .
a2 a7z @
which has an entire solution f(z,z) = e'*% of order 1 such that assumption (A)
clearly holds. The entire solution f and the function g = e¢~'~% share 0,1, 00
counting multiplicity and also satisfy gf = 1; this is case (b) in Theorem 1.3.
For a real number x, let [x] denote the maximal integer < x. We give the fol-
lowing result, which is an analogue of Anastassiadis’s theorem [1] on uniqueness
of entire functions of one variable.

THEOREM 1.5. Let f(t,z) and g(t,z) be transcendental entire solutions of (2)
such that ord(f) < oo, ord(g) < oo, and
32]f 321'
—— (0,0 0,0 i =0,1,...,q,
Bﬂazf( ) = a131( )s ] q

where

g = max{[ord(f)], [ord(g)]}.

If there exists a complex number a with (a, f(0,0)) # (0,0) such that f and g
share a counting multiplicity, then f = g.

Theorem 1.3 shows that, when ag = 0, global solutions of the equation (1) can
be quite complicated; however, when ag # 0, these solutions have normal prop-
erties. Our next result also supports this view. Theorem 1.6 extends a theorem [6,
Thm. 5.8] on meromorphic solutions of linear ordinary differential equations.

THEOREM 1.6.  Assume that all ay in (1) are entire functions on C?* that grow
more slowly than a meromorphic solution of equations (1) on C% If ag # 0, then
the deficiency of the solution for each nonzero complex number is zero.

Some notation and remarks related to Theorem 1.6 will be given in Section 7. For
example, the so-called telegraph equation

Pu_ 20 o0y 0
— - — — 4 a’u=
ot? 072 ot

has entire solutions

u(t,z) = e “{f(z +ct) + g(z —ct)},

where f and g are entire functions on C. If @ # 0, Theorem 1.6 shows that the
deficiency of a nonconstant u (¢, z) for each nonzero complex number a is zero,
which means that the equation

fz+ct)+g(z—ct) —ae* =0
has zeros.

2. Proof of Theorem 1.1

First of all, we assume that u = f(t, z) is an entire function on C? satisfying (2).
Then we have the Taylor expansion
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ft2) =) wi(t)z",

where 1o
n(l) = —
walt) n! dz"
Since f(t,z) satisfies equation (2), we find
9’f f of _of
2 2 2
1P — "=+t —7— +t
oz C o Ty TRt

,d? w,, dw,, )
= n "= 09
X (g )2

that is, the w,(¢) are entire solutions of Bessel’s differential equations
2

(¢,0).

dw
d +td +*P=nHw=0, n=0,1,.... ®)

Because the first kind of Bessel function of order n,

1 T
J.(t) = —f cos(nfd —tsinf) do,
2 J_

e

and the second kind of Bessel function (Neumann function) of order n,

2 t L\ A (n—k =D 1\
N,(t) = ;Jn(t)<C + log 5) - ;(5) ]; T(E)
L/ o ( 1)k n+k 2k
‘E(E) Zk'(n+k)'<z "l )< )

m=1
are linearly independent solutions of (8), there must exist constants ¢, and d,

such that
wy(t) = n!cy Ju(t) + dy Nu(2).

This equation easily yields d,, = 0 if we examine the singularity at t+ = 0. Thus
we obtain the expansion (3).
To prove (4), we next study the limit

A1) = limsup(n! |c, J, (1))

n— 00
By using the Poisson formula
2 t\' [
J.(t) = - <—> / cos( cos x) sin*" x dx
Var(n+ H\2) o

and the Stirling formula
1
I'(z) = e ity 271{1 + 0(—)}, larg z| < m,
Z

it is easy to show
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NOER
f— 2 b
where
«k = lim sup|c,|"/".
n—oo
Note that, whent =1,
/2 /2 2n)!
[ cos(f cos x) sin®" x dx > cos 1 / sin?" x dx = M cos 1.
0 0 2(2mn!)2
We obtain easily
K
Al) > —.
(1= >

Therefore,
lim sup(n! |¢, Ju(D" D" = A(D]z| = = zl.
n—00 2
Since f(t,z) is an entire function (i.e., the series (3) converges for all (¢, z) € C?),
it follows that x = 0 and hence (4) is proved.
Conversely, if f(t,z) is an entire function of the form (3) satisfying (4) then it
is trivial to check that it also satisfies the partial differential equation (2), since

2 L0 Of of

2
4t — 4t
or2 a g T T
o0
d?J, dJ,
:Zn!cn(2 3 2 Z)Jn>2"=0
= dt dt

if we recall that J, is a solution of (8).
Finally, we prove p < ord(f) < max{l, p}. We first show p < ord(f). Without
loss of generality, we may assume 0 < p < oco. Take ¢ with 0 < ¢ < p, and set

X p—e¢e if p < o0,
IR RYE if p=o00
Then there exists a sequence n; — oo such that

2njlogn; > klog|cy, |1

Note that - 5
R LA
Ju(t) =
0= (5) X (3)
and so oo (n)?
_ 12 7(n) n
G 00 = eI = e
By using Cauchy’s inequality
32nf
a5 00 < MG ),

which is equivalent to
27 eu| < FTMG ), ©)
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we find that
log M(r, f) = log|c,| +2nlogr — nlog?2.

Then, when j is large, we have

log M(r, ) > log|cy;| + 2n;jlogr —njlog2

1 1
> 2nj<logr — Zlognj — ElogZ).

Now take
rj = \/E(enj)l/k.
If jisl , th
j is large, then —

logM(rj, ) > % rjk,

which means that
+ 100+ ,
log*log™ M(r;, f) > ke

’

ord(f) > lim sup
00 log r;

hence, if we let ¢ — 0 then ord(f) > p follows.
Next we show another inequality, ord( f) < max{l, p}. Toward this end, we may
assume p < oo. For any ¢ > 0 there exists an ny > 1 such that, when n > ny,

2logn

S—————<p+sg
log(1/]c,|'m)

that is,

lcp| < n 2o,

By using the Poisson formula and noting that
|cos(tcosx)| < e,

where r = |t|, we can obtain the inequality

VT (2n)! r\",

222T(n + ! (5) <

Since the Stirling formula easily implies that

N

im =1,
n—00 22111"(’1 + %),,”

n!|Ju(D)] < (10)

we can choose ng sufficiently large so that when n > ny we have

nuL4o|5z(%)ec (11)

where r = |t|. However, when |t| = r,

no—1 00

M@, f) <Y nlleadu(Dlr" +2e" Y 27200t e) 2

n=0 n=ng

o0 2\"
<21 A 2nop—2 —2n/(p+e) r_ .
<2e { r + Z n >

n=ng
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Put m(r) = (2r)?*¢. Then

2\" &
1 8
2 : —2n/(p+e) r_ < 2 :_ — =
n>m(r)n ( 2 ) - n=0 8" 7

We also have

s (TN (YO iorer F2\m0)
n2n pte) | ___ < | = n2n pte) Bl — .
N R O z

no<n<m(r)

Therefore,

2\m(r)
M, f) < 2e’{Ar2"02 + B(T) + g} (12)

which means that
log*log™ M (r,
ord(f) = lim sup 0 08 ¢ f)
r—00 10g r

< max{l, p} + ¢.

Hence, if we let ¢ — 0 then ord(f) < max{l, p} follows.

3. Proof of Theorem 1.2

Set

0 =272 limsup 2n|c, |*/*".
n—oo

We first show o > ero. To do this, we may assume that o < oo. Then for any
& > 0 there exists an ny > 1 such that, when n > ny,

272200, M < 0+ ¢

2n/x
27, < <Q+8> .
2n

or, equivalently,

Therefore, when |t| =7,

2n/i
M(r, f) < 2e"{ ArP02 4+ ) ereN T
- 2n

n>ng

Note that, fora > Oand b > 0,

x/b
a a
max| — =expl — |-
x>0 ('x) (eb>

Then i N
e\ ™" e
Z (Q;_ ) rn < (Q—i—s)r’\exp(—(g —i—/\)r >,
no<n<(o+e)r* n ¢
whereas - o
e\™" 1 41/
> () e = g =
2n 4n/r - 4Ux
nz(g+e)r* n=0

Therefore,
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A
M(r, f) < 2e’{Ar2”°_2 +(o+e)r* exp(—(g tf)r ) + C},

which easily yields
o+e.

er

o<

that is, eAo < g if we lete — 0.
Finally, we show the converse inequality eAc > @. Now we may assume ¢ > 0.
Take ¢ with 0 < & < o and set

o—¢ if p < oo,
K =
1/e if o = co.
Then there exists a sequence n; — oo satisfying

2742 2n;|c,, M) > k

2n;/x

. Kk o\

27 ey | > .
21’lj

Using Cauchy’s inequality (9),
27 enl <P TMr, ),

K an/)\
M, f) > (-M) )
2n;

)

or, equivalently,

for large j we find that

Take )
A =en;
ri = s
We obtain
K
M(r;, ) > —r*),
(rj, f) = eXp<e)er )
which yields
. log* M(rj, f) _ «
o >limsup —— > —.
j—00 r?‘ e

J
Hence elo > o follows if we let ¢ — 0.

4. Proof of Theorem 1.3

By [16, Prop. 6.2], there exist two polynomials «, 8 satisfying
P e

= =e" — =e". (13)
g g—1
If e® = ¢”, then
f_r-1
g g-1

and so g = f follows. Conversely, if g = f, then ¢* = 1 = ¢” follows from (13).
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Next we study the case

e*#el,  g#f (14)
It is easy to obtain the expressions
f= il B e= - (1), (15)
eV —1 eV —1

where y = 8 — «. Note that

fi=(—e Py Hae™ — pre? +ye P,

fu= (" —e )@y +a)e™ + (Bu + e’
+ (Vi — Vtz)eizaiﬂ — (Yu + V,z)eiaizﬂ
— (s + Bir + 208 — J/zz)e_a_ﬁ},

fe= (" —e ") o +aa)e™ + (B + Bif)e
+ Ve = viv)e P — vz +vive”
— (otye 4 Br- F B + B — yiy)e 7P

Symmetrically, we can obtain derivatives of f with respect to z. Substituting
into the differential equation (1) yields

0= (La + Do+ ag)e > + (LB + DB + ag)e "
+(Ly — Dy —ag)e > # —(Ly + Dy —2ag)e *?F
—{La+ LB +2D(a,B) — Dy +2agle P —age™, (16)

a—28

where
D(a,B) = aoo, B + ar(a;B; +a.B;) + ara,B..

We further distinguish several cases in our study of (14).

Case 1: We claim that the polynomial o is not constant. Otherwise, if « is a
constant ¢, then equation (16) becomes

0=—ase ™ +{Lip — e “(Lip —3ag)e

— e Laf +5a¢ — e (L2 + 2ae)te™? + age ™, (17)
where
L\B=LB+ DB+ ag, L,B=LB— DB —3as.

Observe that £ is not a constant in this case, for otherwise we could deduce from
(15) that f is a constant. If we apply a generalized Borel-Nevanlinna theorem to
(17) (cf. [8, Thm. 3.4]), then it follows that the coefficients of exponential func-
tions in (17) all are zero; that is,

ag=0, (1—e)L1p=0, (1—e)L,B8=0.

Note that e¢ # 1; otherwise, g = f follows from (13), which contradicts (14).

Hence we must have
Lif=0 and L,B=0,
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which means that
LB —as=0 and D+ 2as=0. (18)
This is a contradiction, so the claim is proved.

Case 2: We claim that the polynomial  is not constant. Otherwise, if 8 is a
constant ¢, then equation (16) becomes
(1—e ) Liw)e ™ —e (1 — e ) (Lra + 5as)e ™ + e (1 — e “)ag = 0,
where (19
Lo = La + Da + ag, Lrax = Lo — Do — 3ag.

Observe that « is not a constant in this case, for otherwise we could deduce from
(15) that f is a constant. If we apply a generalized Borel-Nevanlinna theorem to
(19) (cf. [8, Thm. 3.4]), then it follows that the coefficients of exponential func-
tions in (19) all are zero; that is,

(1—eYag=0, (1—e )Lia=0, (1—e )(Lrx+ 5a¢)=0.

Note that e¢ # 1; otherwise, g = f follows from (13), which contradicts (14).
Hence we must have

ag=0, Lia=0, Lx=0,
which means that
La—a¢=0 and Do +2a¢=0. (20)
This is a contradiction, so the claim is proved.
Case 3: The polynomial y = B — « is a constant c. Now (16) becomes
0={Lia+e *Lia—2e “Lia}e
—e (1 =2e 4 e )age 3 (21)

Note that « is not a constant in this case, for otherwise we could deduce from (15)
that f is a constant. It follows from (21) that

1—e%ag=0 and (1—e “)°Lia =0.
Since e # ef, we have b = e # 1 and hence
a6=0 and La+ Da=0.
Thus Theorem 1.3(d) follows from (15).
Case 4: The polynomial o — 28 is a constant c. Now equation (16) becomes
0= (LiB)e ™ —{e“BL1B — ae) +agle ™ —e > (L 1p)e™
+ e {QL1B +2DB — ag)e ™  + LB + Sagle . (22)

Note that 8 is not a constant in this case, for otherwise we could deduce from
(15) that f is a constant. If we apply a generalized Borel-Nevanlinna theorem to
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equation (22) (cf. [8, Thm. 3.4), then it follows that the coefficients of exponential
functions in (22) all are zero; that is,

LiB=0, (1—eag=0, (1—e)2DB —ae) =0. (23)
If e¢ # 1, then (23) implies
Lif=0, a¢c=0, 2DB —ae=0;

hence
LB =0, DB =0.

This is in contradiction to (A). It follows that ¢ = 1; that is, e*~2# = 1. Thus we

gflg=f=g-1:
hence gf = 1 follows since g # f. This is Theorem 1.3(b).

or, equivalently,

Case 5: The polynomial B — 2« is a constant c. Now (16) becomes
0= (Lia)e > — e “BL1a — ag)e 3% — e >(Lia — 3ag)e >
+ e “{2L1a + 2D — ag)e + Lra + 2agle ™% — e “age ™% (24)

Note that « is not a constant in this case, for otherwise we could deduce from (15)
that f is a constant. If we apply a generalized Borel-Nevanlinna theorem to (24)
(cf. [8, Thm. 3.4]), then it follows that the coefficients of exponential functions in
(24) all are zero; that is,

a¢=0, Lia=0, (I1—e “)Da=0.

As in Case 4, we can show that e#~2¢ = ¢¢ = 1. Therefore,

(i)zf_l_eﬂ—mx_l
fleg—1" B

gf(g—=f)=(&— g+ 1)
hence gf = f + g follows since g # f. This is Theorem 1.3(c).

or, equivalently,

Case 6: The polynomial 38 — 2« is a constant c. Now equation (16) becomes
0=e¢(Ly — Dy —ag)e®” —e(Ly + Dy —2ag)e””
— e 2(3Ly —9Dy — ag + e ag)e®™”
+e 5Ly — 11Dy —2ag)e™ — e 2Ly — 4Dy — ag)e®. (25)

Observe that y is not a constant in this case, for otherwise we could deduce from
(15) that f is a constant. If we apply a generalized Borel-Nevanlinna theorem to
equation (25) (cf. [8, Thm. 3.4]), then it follows that the coefficients of exponen-
tial functions in (25) all are zero; that is,
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Ly + Dy —2a6=0, Ly —Dy —aeg=0, 2Ly —4Dy —as =0,
5Ly —11Dy2a¢ =0, 3Ly — 9Dy + (e ™€ — )ag = 0.
This means that
ag=0, Ly=0, Dy=0

when e¢ # 1 or ag = 0, which is a contradiction.
We thus have e€ = 1, ag = 0, and hence

(=)(6) -
g—1)\f ’
which yields Theorem 1.3(e) because f # g.

Case 7: We rule out the case that o, B, B — o, 0 — 28,200 — B, and 38 — 2«
all are not constant. Otherwise, if we apply a generalized Borel-Nevanlinna the-
orem to equation (16) (cf. [8, Thm. 3.4]), then it follows that the coefficients of
exponential functions in (16) all are zero. In particular, we have

ag=0, Ly+Dy =0, Ly—Dy =0,
which implies that
ag=0, Ly=0, Dy =0. (26)

This is a contradiction.

5. Proof of Theorem 1.5

Let f be defined by (3) and write

oo
g(t,2) =Y nlb,Ju(t)z". (27)
n=0
Note that
Jo(0) =1, J™M©O)=2"
By the assumptions of Theorem 1.5, we have
c;=bj, j=01,....q; (a,co) # (0,0). (28)
Since f and g share a counting multiplicity (i.e., the zero divisors of both f —a
and g — a are the same), it follows that [16, Prop. 6.2] implies the existence of a
polynomial P(t,z) on C? satisfying
f(t,z) —a — P
g(t,2) —a '
Moreover, either P(¢,z) = 0 or

deg(P) < max{ord(f),ord(g)}.

(29)

If P =0, then f = g follows immediately.
If P # 0, we claim that P is independent of z. In fact, if we write generally

JaP

— =pot+piz+-+ o1z
97
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where A = deg(P) < g and p; = p;(¢) are polynomials of ¢ but p; _; is a constant,
then by differentiating (29) on z we easily obtain

af g of dg\ _ ., 2, 0P
gg—fa—z—a(a—z—a—z>—{fg a(f+g) +a }Bz'

Write

B 9 =
oL % S

n=0
of  0g f: .
—~ — T = n t Z 9’
dz 0z = Pu(®)

28t =) vt
n=0

[ + 82 =) 802"
n=0

here «,,, B, Yu, 8, are entire functions of ¢ that satisfy the relations
@o — aPo = po(yo — ady +a*),
ay — aPi = po(y1 — ady) + pi(yo — ado + a*),

a1 —aPi1 = po(Vi_i — ad_1) + - -+ pr_1(yo — ado + a?),
and
a —aPr = po(yx —ady) + -+ + Pr1(Vi—sy1 — adp—ny1), k= A.
Combining these with (28), we obtain

aj=0, j=0,1,...,q9 -1,

Bi=0, j=0,1,....,q -1,

Yo = cobng = CSJ(%,

8o = coJo + boJo = 2coJo;
hence

Yo — ado + a* = (coJo — a)* # 0.

Therefore,

po=pr=--=p1=0;
that is, P(¢,z) = P(¢) is independent of z.

Setting z = 0 in (29), we find
pay _ Codo(t) —a

© bodo(t) —a
and hence
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ft,2) —a
g(t7 Z) —da
Thus we obtain f(¢,z) = g(¢,2).

=1

6. Proof of Theorem 1.6

We will use standard notation and terminologies in value distribution theory (see
[8; 10]).

DEFINITION 6.1. A meromorphic function g is said to grow more slowly than an-
other meromorphic function f if their Navanlinna characteristic functions satisfy

I T(r.g) =o(T(r, f)),

where the symbol || to the left of an expression denotes that the expression holds
as r — oo outside of a possible exceptional set E with |, g dr/r < oo.

Let’s prove Theorem 1.6. Take a nonzero complex number a. Let f be a mero-
morphic solution of the equation (1) such that all a; grow more slowly than f, and
note that

1 1 1 ( 3%f 9% f 0% f af af )

= _— 2 _— —_—
F—a a aaef —ay\ 02 TEN G, T Ay Tay, Tay;

Then, using the lemma of logarithmic derivative (see [8; 10]), it is easy to show
that the proximity function satisfies

1
I m(i’,f_a) =o(T(r, f)).

Therefore, the defect of f for a is just

m(r, 7)

8f(a) = llgggf T,f) =0

This completes the proof of Theorem 1.6.

REMARK. Simple calculations show that a nonconstant meromorphic function f
on C? satisfies the estimates

af
l T(F, E) < Q2+o(NT(, 1) (30)
and

a
|| T(r, %) < @+ o(TC, f). 31
Conversely, we can prove the following statement.

THEOREM 6.2. Assume that all ay in equation (1) are entire functions on C2. If
ag # 0, then each nonconstant meromorphic solution f of (1) satisfies

I T, f) < T<r Z—f> +T< > ZT(r ax) + o(T(r, f)).
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Proof. Without loss of generality, we may assume that

%iO and %¢0.
0z

Now f satisfies

2
_laf( Pr [, P yﬂg)

f 6 dt a0 ot2 ot 8t81 ot
_0f 2f af
1
6 0z (az az2 0z a4 )-

By using the lemma of logarithmic derivative, we easily obtain

I m(r f) < m<r, %) +m<r,%> + Xk:T(r,ak)

ol (I ol (2 ) < 00

Combining this with (30) and (31) yields
of of
I m@ f) < m(r, —) + m(r, —) + Y T an) + o(T(, f)).
0z .

ot
Since
N(r, f) < N(r, %) and N, f) < N(r, %),
the proof of Theorem 6.2 is complete. UJ

7. Factorization of Meromorphic Solutions

Given the results due to Valiron [17] and Brownawell [5], we can derive the fol-
lowing theorem.

THEOREM 7.1.  Assume that all ay, in equation (1) are polynomials on C2. Let f
be a nonconstant meromorphic function on C, and let g be a nonconstant entire
function on C? such thatu = f o g is a solution of (1). Then g satisfies a nontriv-
ial algebraic differential equation of the form

d%g d%g d%g
0= Clopoo(g)— + Zalpm(g)— +az oz(g)—

2 2
g dg
T+ arPo@( 2 +2a1Pu(9) % 4 4y i) X
ot ot 0z 0z

g
+G3P20(g)§ +a4P21(g)£ +acP(g), (32)

where the P;; are polynomials.
However, supppose one of the following conditions holds:

(@) a¢ #0;

(b) g is not a solution of the equation



824 PE1-CHU Hu & CHUNG-CHUN YANG

9%u oy 9%u n 9%u n u n ou 0
— — 4 ar— +a3— +as— =0;
A0%p2 T oM, T Mg TG Ty,

(c) g is not a solution of the equation
au '\ ) ou du n ou 0
a a a =0.
\or Yor oz T T\ oz
Then f satisfies a nontrivial differential equation of the form

Qo) f"(©) + Qi) f(§) + Q2() f(§) = 0, (33)

where the Q(¢) are polynomials on C. In particular, f is of finite order. Further,
if f is a transcendental entire function then the order of f is a positive rational
number.

Proof. Because u = f o g is a solution of (1), we have

Bof"og+ Bif'og+asgfog=0, (34)
where

g dg dg g >
By = 2a,—= =2 d
0 ““(at) trag g tely) ™

9%g 82g 3%g ag ag
B = ap—= + 2a =,
1= oGttt 232+"3a taay

The assumptions of Theorem 7.1 make equation (34) nontrivial. By [5, Thm. 1], g
and f satisfy a nontrivial differential equation of the form (32) and (33), respec-
tively. Then, according to a result due to Von Koch-Perron (or see [6]), f is of
finite order. Furthermore, if f is a transcendental entire function, then it follows
from Valiron’s theorem [17] that the order of f is a positive rational number. This
completes the proof of Theorem 7.1. O

A result due to Steinmetz [15] claims that each meromorphic solution of a linear
ordinary differential equation with rational coefficients is pseudo-prime—that is,
one of factors in each factorization of the function is not transcendental. How-
ever, the functions f and g in Theorem 7.1 may be transcendental. For example,
the function u(t,z) = exp(2te® — e??) with f(¢) = e and g(t,z) = 2te* — e**
satisfies the equation )
0°u ou ou

ve 2t Y +2 el 0, (35)
but u(¢, z) is not pseudo-prime. Hence Steinmetz’s theorem cannot be directly ex-
tended to the partial differential equations (1). Observe that g(z, z) satisfies the
nonlinear differential equation

82u+ o\ 2t8u+28u_0
at2 at -

On the other hand, g (¢, z) satisfies condition (b) in Theorem 7.1; that is, g is not a
solution of (35), and f is of order 1. Therefore, u(?, z) satisfies the conclusions of
Theorem 7.1.
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8. Existence of Entire Solutions

Generally, by Cauchy’s existence theorem (or the Cauchy—Kowalewski theorem)
we can find local holomorphic solutions of equation (1) (see Section 9), but this
theorem does not tell us how to confirm completely the domains of holomorphic
solutions. If ¥ is of the form D x C for a domain D C C, then the following
result gives definite domains of holomorphic solutions for a class of differential
equations.

THEOREM 8.1. Let D be a domain in C, and take to € D. Assume that ag = ay(t)
is independent of z and has no zeros in a disc
A=A,={teC||t —to| < p} CD.

Suppose one of the following conditions holds:
(i) equation (1) has the form

P a2y 8”+A N sz L A =0. (36)

JE— —_ JE— JE— JE— u =

ao 2 Za 92 22 Py 3%, 4z Py 6

where all Ay = Ay (t) are holomorphic functions for one variable t € D;
(i1) the holomorphic functions a; on ¥ = D x C are independent of the vari-
able z.

Then equation (1) has nonconstant holomorphic solutions on A x C that satisfy

dimShol(A X (C) =
In particular, we have the following statement.

COROLLARY 8.2. Under the conditions of Theorem 8.1 with D = C and ag = 1,
equation (1) has nonconstant entire solutions u(t,z) on C>.

For example, Laplace’s equation

0%u n 0%u _
a2 9z2 |
Helmholtz’s equation
0%u  %u
— 4+ — +ku=0,
o2 Tz T
the telegraph equation
3u ,0%u u ou
— —Cc"— 4+ 20— +2— =0,
a2 TR TR e
and Caplygin’s equation
0%u 0%u
M )— =
ot

with entire K (¢) all have nonconstant entire solutions u(z, z) on C2.
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We will first consider the condition (i) in Theorem 8.1. We shall seek analytic
solutions to (36) of the form w(#)z" for each integer n € Z. In other words, we
wish to solve w(t) from the associated differential equations

2

d
aod—’f 204, + A3}— F{n(n—1As+nAs+Agw =0, neZ, (37)
or (equivalently)
d*w dw

+ DPn

— — +q,w=0, neZ, 38
dr? ar T " (38)

where
1 1
Pn = —{ZI’lA] + A3}’ qn = —{i’l(l’l - 1)A2 + I’lA4 + Aé}
ao ao

are meromorphic functions on D but are holomorphic on A. We have the follow-
ing basic fact.

LeEmMA 8.3 (cf. [18]). Equation (38) has a unique solution w,(t) inside the disc
A. This solution satisfies the initial conditions

w,(ty) = b, and

n?

where by, b, are arbitrary constants and w,,(t) is single-valued and holomorphic
in the disc A.

In particular, for any nonnegative integer n taking nonzero constants b, and b,,
we obtain nonconstant holomorphic solutions w,(#)z" on A x C. Obviously, the
family {w,(#)z"},>0 is linearly independent, so

dim Spoy(A x C) =

For condition (ii) of Theorem 8.1, we may try to find analytic solutions to (36)
of the form w(¢)e™ for each integer n € Z; that is, to solve w(¢) from the associ-
ated differential equations

d2
0F+{2na1+a3}—+{n a, +nas+aglw =0, nez. 39
Using a similar argument as before, we can obtain nonconstant holomorphic so-
lutions w,(#)e"* on A x C. The proof of Theorem 8.1 is now complete.

According to the proof of Theorem 8.1, for each n € Z equation (36) has solutions
w,(t)z", where w, () are analytic solutions of equation (37) on A. Take a real
number r with 0 < r < p. Obviously, we may choose constants ¢, = c,(r) such
that, for any compact set E C C, = C — {0}, the series

u(t,2) = Y cawn(n)z” (40)

n=—0oo

is uniformly convergent for r € A, and z € E, so it expresses a holomorphic func-
tionon A, x C,. Now it is trivial to check that u(z, z) satisfies equation (36).
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Near a zero of ap, we may construct two analytic solutions w,(¢)z" and
w2 (1)z" of (36) by using the following fact.

LeEmMA 8.4 (cf. [18]). Ifty is a singular point of equation (38) (i.e., if t( is a zero
of ag), then the two linearly independent solutions of (38) in 0 < |t —to| < p
(where p is sufficiently small so that there are no zeros of aq in the annular do-
main) are

wa (1) = (t —10)" > axlt —10)* and
k=—00
Wi (1) = Bwn () log(t —to) + (1 —10)™ Y Belt — 1),
k=—00

where 1) — 1 € Z.

If we make a transform z = e", then equation (36) becomes

0912 otow w2  ow ot ow

Thus a solution w,(#)z" of (36) becomes a solution w,(t)e"" of (41).
Assume in general that all A, in (36) are entire functions on C? with ay = 1, so
we may write

8214 32%u 9%u ou ou ou
+2Al— 4+ A — —— |+ A3 —+As— + Agu=0. (41)

Ar(t,2) =) A"

Next we try to find solutions to (36) of the form

u(t,2) = Y wa(n)2".

n=0

Recall that equation (36) has the following form:

O—Zw” uzZ(ZkAln kwk>z +Z<Zk(k—1>Azn kwk>

n=0 n=0

+ Z (Z A3,nkw12)zn + Z (Z kA47nkwk>Zn
n=0 “k=0 n=0 “k=0
+ Z(Z As,nkwk>zn;

n=0 “k=0
hence, it is enough to solve the equations

w, + Z(zkAl,nfk + Az ) wy
=0

+ Y (k(k =1 Ag 4+ kAs i+ Agni)wi =0
k=0
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for all n > 0. Inductively, we can find entire solutions w,(#) satisfying conditions

dw,
0)=0>b,
dt © "

where b, and b, are arbitrary constants (see Lemma 9.4). Moreover, by choosing
proper constants b, and b/, we may obtain holomorphic solutions u(z, z).

w,(0) = b, and

9. Final Notes

Generally, we consider partial differential equations of order n in two independent
complex variables
F(t,Z,M,Mlo,MOL--~,Mn0,-~~,bt0n)=0, (42)

where )
aitky

Y= tiazk
With regard to this equation, Cauchy’s problem may be stated as follows: Find a
solution u = u(t, z) of (43) such that, for ¢ = #(1) and z = z(}), one has (depend-
ing on a parameter 1)
37tk (e, 2)
dtiazk

and Uop = Uu.

=ujp(X), j+k=<n-1

THEOREM 9.1 (Cauchy’s existence theorem). Take a point

0

0.0 .0 0 0 0 2+(n+1)(n+2)/2
Zo=(t,25U Uy, Uy oo Upgs - > Ug,) €C (1D +2)/2,

Assume that F is holomorphic at the point Zy with F(Zy) = 0, and assume that
t(A), z(X), and uji (L) are holomorphic at A = 0 and satisfy
10) =1° 2(0)=2" up(0) = ul).
If the function F satisfies
( oF oF oF

dz" — drdz" ' (=)' ——dt" ) £0,  (43)
Ouno OUp_1,1 duo, Zo

then Cauchy’s problem has a unique holomorphic solution near (t°, z°).

If equation (42) can be written in the form

0"u

ot"
such that the function F is independent of u,,o, then Cauchy’s problem consists of
finding the solution of equation (44) that for ¢+ = 0 satisfies the conditions

du .
m:uj(z), j=0,1,...,n—1. 45)

The following theorem of Kowalewski is fundamental in this connection.

= F(I,Z’U,MIO’uOb---,unOa~~~,u0n) (44)
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THEOREM 9.2 (Cauchy—Kowalewski theorem). Assume that F in equation (44)
is independent of u,o, and assume that F is holomorphic with respect to all its
arguments in a neighborhood of some fixed values (which, for the sake of simplic-
ity, we shall assume to be zero). Let the functions u; as well as all their derivatives
up to the nth order vanish when z = 0. Then Cauchy’s problem (44) with (45) has
one and only one holomorphic solution in a certain neighborhood of the origin.

By using Cauchy’s existence theorem (or the Cauchy—Kowalewski theorem), we
may study local holomorphic solutions of the homogeneous linear partial differ-
ential equations of order n in two independent complex variables

37Ky

Z Cljk.—k = O, (46)
ke ot/oz

where aj; = a;(t, z) are holomorphic functions for # € D and z € € and where
D C Cand @ C C are domains. For this case, condition (43) becomes
(@nodz" — ap_r11dtdz"™" + - + (=1)"ag,dt™) o .0y # 0. (47)

It is evident that, by the methods and arguments used previously, one can use
(46) to derive results similar to Theorems 8.1, 7.1, and 1.6. Their analogues can be
stated as follows.

THEOREM 9.3. Take to € D. Assume that a,) = a,o(t) is independent of 7 and
has no zeros in a disc

A=A,={teC||t —to| < p} CD.

Suppose one of the following conditions holds:
(1) the coefficients of equation (46) have the form
aj(t,2) = Ap(t)zF,
where all Ay, = Aji(t) are holomorphic functions for one variable t € D
(i1) all ajx are independent of the variable z.

Then equation (46) has nonconstant holomorphic solutions u(t,z) on A x C.

Theorem 9.3 can be proved similarly by using the following result for ordinary
differential equations of higher orders.

LEmMMA 9.4 (cf.[6]). Let pi(t),..., pa(t) and q(t) be holomorphic functions on
a domain D C C. Then, for eachty€ D and (b,b/,..., b"=Dy e C", the ordinary
differential equation of order n,

W I L pow = g
Tt pa(w = q(1),

has a unique holomorphic solution w = w(t) on D satisfying

w(ty) =b, w'(ty) =0/, ..., w@ D = p=b,
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THEOREM 9.5.  Assume that all aj; in (46) are polynomials on C2 Let f be a
nonconstant meromorphic function on C, and let g be a nonconstant entire func-
tion on C? such that u = f o g is a solution of (46). Suppose one of the following
conditions holds:

(@) ago #0;
(b) g is not a solution of the equation
>
Ajk 77 = doold;
iiten ot/ oz

(c) g is not a solution of the equation

OO

jt+k=n
Then f satisfies a nontrivial differential equation of the form

Qo) ™)+ Q1O fF" ) + -+ Qu(©) f() =0, (48)

where the Q(¢) are polynomials on C. In particular, f is of finite order. Fur-
thermore, if f is a transcendental entire function, then the order of f is a positive
rational number.

Moreover, under the conditions of Theorem 9.5, one can prove that g satisfies a
rather complicated algebraic differential equation (see e.g. [5]). Finally, we would
like to point out that the arguments used in this paper’s proofs can easily lead to
the following result.

THEOREM 9.6.  Assume that all aj; in (46) are entire functions on C? that grow
more slowly than a meromorphic solution of equations (46) on C2. If agy # 0,
then the deficiency of the solution for each nonzero complex number is zero.
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