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Isometric Rigidity in Codimension 2

Marcos DAJCZER & PEDRO MORAIS

1. Introduction

In the local theory of submanifolds, a fundamental but difficult problem is to de-
scribe the isometrically deformable isometric immersions f: M" — R"*? into
Euclidean space with low codimension p as compared with the dimension n > 3
of the Riemannian manifold. Moreover, one would like to understand the set of
all possible isometric deformations.

Submanifolds in low codimension are generically rigid because the fundamen-
tal Gauss—Codazzi—Ricci system of equations is overdetermined. By “rigid” we
mean that there are no other isometric immersions up to rigid motion of the am-
bient space. As a consequence, it is much easier to employ a generic assumption
that implies rigidity than to describe the submanifolds that are isometrically de-
formable. For instance, the results in [1] and [5] establish rigidity provided the
second fundamental is sufficiently “complicated”.

The result stated by Beez [3] in 1876, but not correctly proved (by Killing [13])
until 1885, states that any deformable hypersurfaces without flat points has two
nonzero principal curvatures (rank 2) at any point. For dimension 3, the deforma-
tion problem for hypersurfaces was first considered by Schur [16] as early as 1886
and then completely solved in 1905 by Bianchi [4]. The general case was solved
by Sbrana [15] in 1909 and by Cartan [6] in 1916; see [10] for additional informa-
tion. From their results, we have that even hypersurfaces of rank 2 are generically
rigid.

Outside the hypersurfaces case, the deformation question remains essentially
unanswered to this day even for low codimension p = 2. According to [5] or [9],
any submanifold f: M" — R"*2 is rigid if (a) at any point the index of relative
nullity satisfies v, > n — 5 and (b) any shape operator has at least three nonzero
principal curvatures. If only the relative nullity condition holds then we know
from [12] that f is genuinely rigid. This means that, given any other isometric im-
mersion f: M" — R”"*2 there is an open dense subset of M" such that, when
restricted to any connected component, either f|y and f |y are congruent or there
exist an isometric embedding j: U < N"*!into a Riemannian manifold N n+l
and either flat or isometric Sbrana—Cartan hypersurfaces F, F: N*tt — Rnt2
such that f|y = Foj andf|U = Fo]
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One may expect the nowhere flat submanifolds f: M" — R"*2 whose second
fundamental form is “as simple as possible” (i.e., with constant relative nullity
index vy = n — 2) to be easily deformable. Yet we believe that, as part of a gen-
eral trend, submanifolds in this class are generically rigid—as occurs in the hyper-
surface situation. In [8] these rank-2 submanifolds were divided into three classes:
elliptic, parabolic and hyperbolic. It was shown there that the elliptic and the non-
ruled parabolic submanifolds are genuinely rigid; the ruled parabolic ones admit
isometric immersions as hypersurfaces and have many isometric deformations.
Examples of hyperbolic submanifolds that are not genuinely rigid were discussed
in [8], but there are no general results for this class yet.

In this paper, we generalize [8] by showing that the nonruled parabolic sub-
manifolds are not only genuinely rigid but are also isometrically rigid. In par-
ticular, this unexpected result provides the first known examples of locally rigid
submanifolds that are of rank 2 and codimension 2. Observe that, by our result,
no nonruled parabolic submanifold can be locally realized as a hypersurface of
a Sbrana—Cartan hypersurface. This is certainly not the case for the elliptic sub-
manifolds. The rest of the paper is devoted to a local parametric classification of
all parabolic submanifolds.

2. Preliminaries

Let f: M" — R™"*?2 denote an isometric immersion of codimension 2 into Eu-
clidean space of a Riemannian manifold of dimension n > 3. We denote its second
fundamental form with values in the normal bundle by

ap: TM x TM — T;"M.
The shape operator A':: :TM — TM for any &€ € TfLM is defined by

(ALX,Y) = (s (X,Y),8).

We assume throughout the paper that f has constant rank 2. This condition is
denoted by rank; = 2, and it means that the relative nullity subspaces A(x) C
T M defined by

Ax) ={XeTM:ar(X,Y)=0;Y T, M}

form a tangent subbundle of codimension 2. Equivalently, the index of relative
nullity vy (x) = dim A(x) satisfies vy (x) = n — 2. Itis a standard fact that the rel-
ative nullity distribution is integrable and that the (n — 2)-dimensional leaves are
totally geodesic submanifolds of the manifold and the ambient space.

The following fact was proved in [8].

PROPOSITION 1. Let f: M" — R"*2 be an isometric immersion of rank, = 2.
Assume that M" has no open flat subset. Then, given an isometric immersion
g: M" — R"T2 there exists an open dense subset of M" such that, along each
connected component V, we have:
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(i) rankg =2 and Ay = Ay; or
(i) rank, =3 and gly =koh:V — R"™2 is a composition of isometric immer-
sionsh:V — U and k: U — R""2 where U C R""! is open.

The simplest submanifolds f: M" — R"*2 of rank; = 2 are called surfacelike.
This means that f(M) C L? x R"~? with L> C R* or that f(M) C CL*> x R"73,
where CL? C R’ is a cone over a spherical surface L? C S*. The following char-
acterization in terms of the splitting tensor is well known; see [10] or [12]. Recall
that associated to the relative nullity foliation is the splitting tensor C, which is de-
fined as follows: to each vector T € A corresponds the endomorphism C7 of A+
given by
CrX = —(VxT)pr.

PROPOSITION 2. Let f: M" — R"*2 be an isometric immersion of rank; = 2.
Assume that Ct = u(T)I for any T € A. Then each point has a neighborhood
where f is surfacelike.

3. Parabolic Submanifolds

A submanifold f: M" — R"*2 of rank; = 2 is called parabolic if the following
statements hold.

(i) Atany x e M",
Tft)M = span{a,(X,Y); X,Y € T M}.
(ii) There is a nonsingular (asymptotic) vector field Z € A* such that

Clearly, if f is parabolic then there is a smooth orthonormal frame {7, ,} of
TfLM such that the shape operators have the form

a b c 0
A{,‘]|AL=[b 0] and A-,§2|Ai=[0 0} (1)

with b, c € C*°(M) nowhere vanishing. In particular, the asymptotic vector field
Z is unique up to sign.
It is well known (see [10] or [12]) that the differential equation

VrALlar = Allas o Cr + Agielar )

holds forany 7 € A and £ € TfiM . In particular, A‘g |aL o Cp is symmetric. From
this and (ii) it follows easily that

0
cr=[’: m] 3)

for any T € A. From Proposition 2, we conclude that f is surfacelike if and only
ifn=(CrX,Z)=0forany T € A.
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Recall that an isometric immersion f: M" — R"*2 is ruled when there is a fo-
liation by open subsets of (n — 1)-dimensional affine subspaces of R"*2. Observe
that a ruled submanifold in codimension 2 need not be parabolic. In fact, generi-
cally we have rank; = 3.

Ruled parabolic submanifolds are never locally isometrically rigid, as shown by
the converse part of the following result in [8]. In fact, the direct statement will
be an important element in the proof of our main result.

PROPOSITION 3. Let f: M" — R"*? be a ruled parabolic submanifold. If M"
is simply connected then it admits an isometric immersion as a ruled hypersurface
in R"1,

Conversely, let g: M" — R"™! be a simply connected ruled hypersurface with-
out flat points. Then the family of ruled parabolic submanifolds f: M" — R"+?
is parameterized by the set of ternary smooth arbitrary functions in an interval.

4. The Main Result

The following result generalizes the one in [8] and provides the first known exam-
ples of locally rigid submanifolds that are of rank 2 and codimension 2.

THEOREM 4. Let f: M" — R™2 5 > 3, be a parabolic submanifold that is
neither ruled nor surfacelike on any open subset of M". Then f is isometrically
rigid.

The following is a key ingredient of the proof of the theorem.

PROPOSITION 5. Let f: M" — R"™?2 be a simply connected parabolic submani-
fold. If f is not of surface type in any open subset of M" and admits an isometric
immersion as a hypersurface of R"\, then f is ruled.

Proof. Let g: M" — R"*! be an isometric immersion; we denote by N its Gauss
map. Given x € M", let B: T, M x T M — L2 be the symmetric bilinear form

BY,V) = (Al Y. V)er + (ALY, V)es,

where 7; is as in (1) and {e}, e,} is an orthonormal frame for the Lorentzian plane
LL? such that ||&]|> = 1 = —|le»||> and (&1, e2) = 0. Then B is flat since, from the
Gauss equations for f and g, we easily see that

(B(X,Y),B(V.W)) = (B(X,W),B(V.Y)) =0.

We claim that A,(x) = Af(x). Since parabolic submanifolds have no flat
points, it follows that dim Ag(x) <n —2. If Ay(x) # Ar(x), itis easy to see that

S(B) =span{B(Y,V); Y,V e T: M}
satisfies S(8) = LL2. From [14, Cor. 1] we obtain that
NB)={Yel,M:BY,V)=0;, VeT, M}
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satisfies dim N(B) = n — 2; this contradicts N(8) = A, N Ay and so proves
the claim.

Set -
Al AL = a b
NIAET L e
Using (3), we conclude from the symmetry of
am+bn bm
AS =] -
veCr |:bm+5n Emi|

that cn = 0. Then, from Proposition 3 and our assumption that f is nowhere sur-
facelike, it follows that ¢ = 0. In particular, given the Gauss equations for f and
g, we can choose an orientation for g such that b = b.

Taking the Z-component of the Codazzi equations for A£1 and Af; gives

2b(VxX,Z) —a(VzX,Z) - Z(b) =0 (G))
and

2b(VxX,Z) —a(VzX,Z) — Z(b) = 0.
Thus,

(a —a){VzZ,X)=0.
Suppose that (V;zZ, X) = 0 in an open subset U of M". From (3) we have
(VzT,X) =—(CrZ,X)=0. (5)
Taking the Z-component of the Codazzi equations for g applied to Z, T then gives
(VrZ,X)=0.

It follows from these equalities that the distribution span{Z} @ A is totally geo-
desic on U. But then f is ruled on U as we wanted.

Assume now that @ = a on an open subset. Taking the X-component of the
same Codazzi equations as before gives

X(b) —a(VxZ,X) — Z(a) + 2b(Vz X, Z) 4+ c(Vini,n2) =0 (6)
and
X(b) —a(VxZ,X) — Z(a) + 2b(VzX,Z) = 0.

Thus, (V7 n1,12) = 0. The Codazzi equation for A{;z applied to X, Z yields
c(V2Z,X) = b(Vz . m). )
Again (VzZ, X) = 0, and the proof follows. O

Proof of Theorem 4. Let g: M" — R"*2 be an isometric immersion. Since f is
nowhere ruled, Proposition 5 asserts that there is no local isometric immersion of
M" as a hypersurface in R"*!. From Proposition 1 we have that rank, = 2 and
Ag = Ay,

Take {n,7n,} as in (1) and recall that (3) holds for any T € A. Since Af-; oCr
is symmetric for any 7 € TglM, it follows as before that Z is asymptotic for g.
Therefore, we may fix an orthonormal base {7;,7,} of TgLM such that
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AS |ar = |:Z g:| and  A$ a1 = [S 8i|
Since (4) holds for both immersions, we have
(a—a){VzZ,X)=0
and so conclude that ¢ = a. Similarly, we have from (6) that
{Vznim2) = &(Vz i, 72).
Now computing the Z-component of the Codazzi equations for A{;Z and A§2 gives
&(Vznim2) = (V7 2).

It follows that
c=¢ and (Vyn,n) = (Viij, i)

Taking the X-components now yields
(Vinina) = (Vi ).

We conclude from the fundamental theorem of submanifolds (see e.g. [7]) that f
and g are congruent by a rigid motion of the ambient space. UJ

5. Ruled Parabolic Surfaces

In this section, we give a parametric description of all ruled submanifolds in R"*+2
that are parabolic.
Letv: I — R"™?2 be a smooth curve parameterized by arc length in an interval

I in R. Set e¢; = dv/ds and let ey, ..., e,_; be orthonormal normal vector fields
along v = v(s) that are parallel in the normal connection of v in R"*2. Thus,
dej
—~ =bie;, 2<j<n-1, 8
ds j€1 =)= ( )

where b; € C*°(I). Set A = span{es, ..., e,_1} and let A* be the orthogonal com-
plement in the normal bundle of the curve. Take a smooth unit vector field ey € A+

along v such that
KCYREES
P =spanjep, | — CA
ds AL

dimP =2 ©)

satisfies

and P is nowhere parallel in At along v; that is,

dEQ d261
Spa“{(ﬂ; (W)J e r (1

We parameterize a ruled submanifold M" by

n—1

flst ) =c(s) + ) tie;(s), (11)

j=1
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where (1, ...,t,—1) € R" ! and c(s) satisfies dc/ds = eq. To see that f is para-
bolic, first observe that

TM = span{ f;} & span{e|} & A,
where f; = eo+ti(dey/ds)+_ =2 t;bje;. Consider the orthogonal decomposition

d
<ﬁ> = ajeo + 1. (12)
dS AL
Thus n(s) # 0 for all s € I by (9). Hence
TM = spanfeg + ti(ajeo + 1)} @ spanfe;} @ A, (13)

and it follows easily that f is regular at any point.
Since fst_/. =bje;e TM for2 < j < n —1, we have that A C Ay. It follows
easily from (12), (13), and n(s) # O that
de
fun =" ¢ TM.

S

It is easy to see that f; ¢ span{ f;,} @ TM (i.e., dim le = 2) is equivalent to

dE() d2€]
— tl — P
<ds >AJ_+ l(dS2 >AJ_¢

It follows easily that A = A and that f is parabolic in at least one open dense
subset of M".

Let f: M" — R"*? be a ruled parabolic submanifold and let {e;,...,e,_1}
be an orthonormal frame for Ay along a integral curve ¢ = c(s), s € I, of the
unit vector field X orthogonal to the rulings. Without loss of generality (see [2,
Lemma 2.2]), we may assume that

9 A d<i<no1
—_— . = =n—1.
LA j

Now parameterize f by (11), where e) = X and e¢; = Z. That Js; €TM implies
de‘j .
d—GSPan{el,fs}, 2<j=<n-1 (14)
s
Taking #; = 0, we obtain that
dej .
E =Clj80+bjel, 25] Sn_l, (15)

where a;,b; € C*°(1). Since dim le =2, we have

d61 + del +
— =ae —_ .
ds 170 ds ) 7

where n L span{eg, e;} @ A satisfies n(s) # 0. Hence (14) reduces to
ajeg €span{(1+tiay+---+t,_1ap—)eo+tim}, 2<j<n-1

Therefore, a; = 0. From (15) we have de;/ds = bje; for2 < j <n — 1.
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We have proved the following result.

PROPOSITION 6.  Given a smooth curve ¢: I C R — R"*2, consider the ortho-
normal fields ey = dc/ds and e|(s),...,e,—1(s) satisfying (8), (9), and (10) at
any point. The ruled submanifold parameterized by
n—1
[t tar) = c(5) + Y 1jej(s) (16)
j=1
with (11, ...,t,_1) € R"Vis parabolic in an open dense subset of M"'. Conversely,
any ruled parabolic submanifold can be parameterized as in (16).

6. Nonruled Parabolic Surfaces

In this section, we provide a parametric description of all nonruled Euclidean par-
abolic submanifolds.

Let L? be a Riemannian manifold endowed with a global coordinate system
(x,z). Let g: L? — RY N > 4, be a surface whose coordinate functions are lin-
early independent solutions of the parabolic equation

0%u
— + W(u) =0, a7n
dz?

where W € TL. In terms of the Euclidean connection, we have
628*2 + g*W =0,

where Z = 9/0z. Thus, the coordinate field Z is asymptotic; that is, the second
fundamental form of g satisfies

a,(Z,Z2) =0, (18)
and also W = —V;Z. In particular, the coordinate functions satisfy
Hess, (Z,Z) = 0. (19)

Conversely, if f: L2 — R is a surface with a coordinate system (x,z) such
that 9/0z = Z satisfies (18), then all coordinate functions of f satisfy (17) with
W=-V;Z.

Given a surface g: L?> — RN, N > 4, we denote

N{(x) = spanf{og(X,Y); X,Y € T, L}.

We call g a parabolic surface if both of the following conditions hold:
(i) dim Nf(x) =2 atany x € L?; and
(ii) there is a nonsingular vector field Z € TL such that oy(Z, Z) = 0.

Let h: L? — RY be a smooth map satisfying

h(TL) C T; L. (20)
Seth=U+§6,where U € TL and § € TgJ-L. Given Y € TL, we have
ho(Y) = VyU — AS(Y) + ay (Y, U) + Vi 6.
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It follows that (20) is equivalent to
VyU = A§Y forany Y e TL. (21)

In particular, the map (Y, X) — (VyU, X) is symmetric; that is, the 1-form U* is
closed. Thus U = Vg for some function ¢ € C°*°(L). We obtain from (21) that

— A%
Hess, = Aj

and hence ¢ satisfies (19). Let A denote the orthogonal complement of Nf in
TgJ-L, SO
T,L=Nf®A.

We have just proved the direct statement in the following result, since the proof
of the converse is immediate.

PROPOSITION 7. Let g: L> — RY be a parabolic surface. Then any smooth map
h: L* — RN satisfying (20) has the form

hy = gNV¢ + y1+ vo. (22)

where the function ¢ satisfies (17) (or (19)), the section y; € N is unique such
that A, = Hess,,, and yq is any section of A. Conversely, any function hy, as in
(22) satisfies (20).

Let f: M" — R"*2 be parabolic. For simplicity, we assume that f does not split
a Euclidean factor. Because we are working locally, we assume that M" is the
saturation of a transversal section L2 to A. In relation to the following definition,
recall that the normal bundle TfLM is constant along A in R"*2,

DEFINITION 8. Let f: M" — R"*? be a parabolic submanifold and let L? be
as before. We call a polar surface associated to f any immersion g: L> — R"+?2
satisfying Ty L = Ty, M up to parallel identification in R"*?.

PROPOSITION 9.  Any parabolic submanifold f admits locally a polar surface.
Moreover, any polar surface g associated to f is parabolic and substantial.

Proof. Let ny,n, € Y}*M be orthonormal vector fields such that (1) holds. We
claim that they are parallel along A in the normal connection. It follows from
(2) that

VAL = Al oCr

is satisfied if & € TfJ-M is parallel along A. Given x € M", let y be a geodesic
with ¥ (0) = x contained in the leaf of relative nullity tangent to A(x). If §; is the
parallel transport of 1, along y, then

VAL = Al o Cp.

Hence, A‘(’; = A‘,’;Xefé €4t Thus Af; has constant rank along y. It follows that A
has constant rank along the leaves of relative nullity. Now observe that 7; is the
unique (up to sign) unit vector field in TflM such that the corresponding shape
operator Ay, has rank 1. Therefore, 7, and hence n, are parallel as claimed.
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Next, we claim that also the orthonormal frame {X, Z} in At asin (1) is parallel
along A. In fact, using (5) and the Codazzi equation yields

V#‘(xf(Z,X) =(VrZ, X)ay(X,X) — VT, Z)uy (Z, X).

Since 7, is colinear with ey (Z, X) and parallel along A, the claim follows easily.
Let U,V € TL be such that
Z=U+6 and X =V 434,,
where 81,8, € A. Now let (1, v) be a coordinate system in L? such that
0 B
ou=:— =MU and 0v=— =A,V,
ou ov

where A1, Ay € C*°(L). We show next that there exist linearly independent 1-forms
01,0, such that the differential equation

dg =6+ 02m2 (23)
is integrable. Set

01 =chypdv and 0, =bri¢pdu+ odv, 24)

where ¢, € C®(L) and b, ¢ denote the restriction to L? of the functions in M"
defined in (1). The integrability condition of (23) is

0=dOn +dbns + 601 Adni+ 6, Adn,

9 9
— dOy + dOrns — <c)\2¢— _ bx@ﬂ s g; )dV,

where dV is the volume element of L2. We have
%Mj = @x](zﬂs])m‘ = )»ﬁzﬂj and %mj = 6xz(xﬂsz)m = Mﬁxnj-

Thus, we obtain from (1) that
0 0 0
<cx2¢i - bm)ﬂ ol ) —0.
ou
Then 9 3 9
Chap e — b + 0 = ey + o,

where e, £ € C*°(L). To conclude, we observe that the integrability condition now
follows from the integrability of the system

{ (crap)y = e,
— (M) =¢.
It remains to show that g is parabolic. It is clear that N = Al and hence

dim N§ = 2. It follows from (24) that g,(du) = bi;¢n,. Then we obtain from
(1) that Vj, g.(du) € TL as we wished. O

THEOREM 10. Let g: L? — R"*? be a parabolic surface and let W: A — R"*?2
be the map defined by
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() =h(x)+38, §eA(x), (25)

where h: L? — R'"2 satisfies (20). Then M" = W(A) is, at regular points, a
parabolic submanifold with polar surface g. Moreover, \V is nonruled if and only
if g is nonruled.

Conversely, any parabolic submanifold f: M" — R"*2 admits a parameteri-
zation (25) locally where g is a polar surface of f.

Proof. Because g is parabolic, there exist an orthonormal tangent frame {X, Z} of
TL and an orthonormal normal frame of {1y, 72} of N} such that

i |a b e 0
A’“_[b O] and Anz_[o 0

with b, c € C*°(M) nowhere vanishing.
It follows from the symmetry of the tensor (see [17])

@ (V.Y W) = (Vyag(Y, W) ey

that
(Vyau(X, D)y = 0; (26)

that is,
(Vzlnl)(ng)L =0.
Next we show that _
(Vzh(Z))r = 0. (27)
In fact, we have
(Vzhi(Z), W) = (Vzh,a (W, Z)) = (VwVzh, Z) = (VVwh, Z) =0

because Z is asymptotic.

Since h satisfies (20), it follows easily from the regularity assumption that
Tys )M = TgiL(x). Moreover, we have that Ays,) = A(x). We now demon-
strate that W is parabolic. Since

W,(Z) = h(Z) + V28 € Ty,
it follows from (26) and (27) that
(VZW(Z), W) = (h(Z) + V28, ae(W, Z))
= (h(2),0(W, 2)) + (8, V5 ag(W, Z))
=0. (28)

L =TysHM,

Since n; € TgLL = Ty M and since ( @xm)n and (@Zm)n are linearly indepen-
dent and belong to T\I}M , it follows that dim N;* = 2. Thus W is parabolic.

Let us see that W is not ruled. We have from (28) that the asymptotic direction
of W is normal to n; and thus colinear with 1,. Since W is ruled if and only if
(62172, n1) = 0, we have from (7) that g is ruled.

For the converse, consider a polar surface g: L?> — R"*? of f. Because f has
no Euclidean factor, g is substantial. It is now easy to conclude that Ay = A and
™ = TgJ-L along L% Thus, h = f|; satisfies (20). O



770 MAaRrcos DAJCZER & PEDRO MORAIS

References

[1] C. Allendoerfer, Rigidity for spaces of class greater than one, Amer. J. Math. 61
(1939), 633-644.
[2] J. L. Barbosa, M. Dajczer, and L. Jorge, Minimal ruled submanifolds in spaces of
constant curvature, Indiana Univ. Math. J. 33 (1984), 531-547.
[3] R. Beez, Zur Theorie des Kriimmungsmasses von Mannigfaltigkeiten hohere
Ordnung, Zeit. fir Math. und Physik 21 (1876), 373—401.
[4] L. Bianchi, Sulle varieta a tre dimensioni deformabili entro lo spazio euclideo a
quattro dimensioni, Memorie di Matematica e di Fisica della Societa Italiana delle
Scienze, ser. I1I, t. XIII (1905), 261-323.
[5] M. do Carmo and M. Dajczer, Conformal rigidity, Amer. J. Math. 109 (1987),
963-985.
[6] E. Cartan, La déformation des hypersurfaces dans l’espace euclidien réel a n
dimensions, Bull. Soc. Math. France 44 (1916), 65-99.
[7]1 M. Dajczer, M. Antonucci, G. Oliveira, P. Lima-Filho, and R. Tojeiro, Submanifolds
and isometric immersions, Math. Lecture Ser., 13, Publish or Perish, Houston, TX,
1990.
[8] M. Dajczer and L. Florit, Genuine rigidity of Euclidean submanifolds in codimension
two, Geom. Dedicata 106 (2004), 195-210.
, Genuine deformations of submanifolds, Comm. Anal. Geom. 5 (2004),
1105-1121.

[10] M. Dajczer, L. Florit, and R. Tojeiro, On deformable hypersurfaces in space forms,
Ann. Mat. Pura Appl. (4) 147 (1998), 361-390.

[11] M. Dajczer and D. Gromoll, Rigidity of complete Euclidean hypersurfaces,
J. Differential Geom. 31 (1990), 401-416.

, Isometric deformations of compact Euclidean submanifolds in
codimension 2, Duke Math. J. 79 (1995), 605-618.

[13] W. Killing, Die nicht-Euklidischen Raumformen in analytische Behandlung, Teubner,
Leipzig, 1885.

[14] J. D. Moore, Submanifolds of constant positive curvature, I, Duke Math. J. 44 (1977),
449-484.

[15] V. Sbrana, Sulla varietd ad n — 1 dimensioni deformabili nello spazio euclideo ad n
dimensioni, Rend. Circ. Mat. Palermo 27 (1909), 1-45.

[16] F. Schur, Ueber die Deformation eines dreidimensionalen Raumes in einem ebenen
vierdimensionalen Raum, Math. Ann. 28 (1886), 343-353.

[17] M. Spivak, A comprehensive introduction to differential geometry, vol. 1V, Publish
or Perish, Wilmington, DE, 1979.

(91

(12]

M. Dajczer P. Morais

Instituto Nacional de Matemadtica Pura  Universidade da Beira Interior
e Aplicada 6201-001 Covilha

22460-320 Rio de Janeiro Portugal

Brazil

pmorais @mat.ubi.pt
marcos @impa.br



