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1. Introduction

The purpose of this paper is to study the Chow groups and Chow motives of the
so-called wonderful compactifications of an arrangement of subvarieties, in par-
ticular the Fulton—-MacPherson configuration spaces.

All the varieties in the paper are over an algebraically closed field. Let Y be a
nonsingular quasi-projective variety. Let S be an arrangement of subvarieties of Y
(cf. Definition 2.2). Let G be a building set of S, that is, a finite set of nonsingu-
lar subvarieties in S satisfying Definition 2.3. The wonderful compactification Yy
is constructed by blowing up Y along subvarieties in G successively (cf. Defini-
tion 2.5). There are different orders in which the blow-ups can be carried out; for
example, we can blow up along the centers in any order that is compatible with
the inclusion relation. There are many important examples of such compactifica-
tions: De Concini and Procesi’s wonderful model of a subspace arrangement, the
Fulton-MacPherson configuration spaces, the moduli space M, of stable ratio-
nal curves with n marked points, and others. These spaces have many properties
in common. Studying them with a uniform method gives us a better understanding
of these spaces. In this paper, we study their Chow groups and Chow motives.

If we assume that Y is projective, then the Chow motive of Y, denoted by
h(Yg), can be decomposed canonically into a direct sum of the motive of ¥ and
the twisted motives of the subvarieties in the arrangement (see Section 2.1 for a re-
view of Chow motives). We will prove the following theorem, where the precise
definitions of the set M+ and the subvarieties Y7 of Y are given in Section 3.

MAINTHEOREM (Theorems3.1and3.2). LetY be anonsingular quasi-projective
variety, let G be a building set, and let Yg be the wonderful compactification Yg.
Then we have the Chow group decomposition

Avg=ave P P A,

T neMr

where T runs through all G-nests. Moreover, when Y is projective we have the
Chow motive decomposition
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h(Yg) Zh(Y) & E D rT) Uk,

T pneMr

where T runs through all G-nests. In this case the correspondences giving the
previous isomorphism are canonical in the following sense: there is no canonical
order of blow-ups (in general) to construct Yg, and the correspondences turn out
to be independent of the order we choose.

The Fulton—-MacPherson configuration space X[n] is one of the most interesting
examples of the wonderful compactification Y;, where Y = X" and G is the the
set of all the diagonals in X" (see Section 4.1). Applying the main theorem to
X[n], we obtain the following theorem, where the precise definition of the nests
S, the polydiagonals A, the integers c(S), the sets of lattice points M, and the
correspondences o, and Bs , are given in Section 4.1.

THEOREM 4.2. Let X be a nonsingular projective variety. Then there is a canon-
ical isomorphism of Chow motives

D D esu: hXIn) =D P @)l

S ueMs S pueMs

with the inverse )" s ues Bs.u- Equivalently, we have the following decomposi-
tion of the Chow motive of X[n]:

h(X[n)) =P P h(X) (Il

S upueMs

The first consequence of this theorem is that we can easily express the decompo-
sition of A(X[n]) using a generating function N(x,¢), as follows.

THEOREM 4.3.  Define fi(x) to be the polynomials whose exponential generating
function N(x,t) = Zizl fi(x)% satisfies the identity

(1 —x)x% 4+ (1 —xT = exp(xN) — x4Tlexp(N),
where d = dim X. Then
(X)) = @) (h(X*) ()@,

1<k<n
i~0
The second consequence is a decomposition of the Chow motive of the quotient
variety X[n]/&, obtained from the natural symmetric group &, action on X[n].
To make sense of the motive of a quotient variety, we assume the base field is
of characteristic 0. The correspondences appearing in Theorem 4.2 are canonical
and therefore symmetric with respect to the symmetric group &,,. It is then pos-
sible to compute the S, -invariant part of 4 (X [n]), which is the Chow motive of
X[n]/S,. As pointed out by [FM], unlike the isotropy groups of a point in X",
the isotropy group of any point in X[n] is always solvable; therefore, the singular-
ity of X[n]/,, is “better” than the singularity of the symmetric product X ™ :=
X"/S,. It would be interesting to see how different the Chow motive 7 (X[n]/G,)
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is from 2 (X ™). In the following theorem, an unlabeled weighted forest is a for-
est whose nodes are not labeled and such that each nonleaf node is attached by a
positive integer called a weight. We call an unlabeled weighted forest of type v :=
{ni,...,n,}if the forest is of the form n, T + - - - +n, T,, where the T; are mutually
distinct unlabeled weighted trees.

THEOREM 5.3. For any unordered set of positive integers v = {ny,...,n,} and
any nonnegative integer m, let J.(v, m) be the number of unlabeled weighted forests
with n leaves, of type v, of total weight m, and such that—at each nonleaf v with
¢y children—the weight m, satisfies 1 < m, < (¢, — 1)dim X — 1. Then

h(X[n]/6n) = @[h(x(’l]) X +-e X X("r))(m)]éB)»(v,m).

v,m

The importance of all the preceding results on Chow motives can be seen through
a working principle.

PRINCIPLE. A result proved for Chow motives is valid if we replace them by homo-
logical/numerical motives, Chow groups A%, cohomology groups Hg, Grothen-
dieck groups (the aforementioned groups are taken with Q-coefficients), Hodge
structures, and so forth.

Thus, for example, we have a decomposition for the Q-coefficient singular coho-
mology of Y, X[n], and X[n]/G,,.

The paper is organized as follows. Section 2 contains a review of motives and
the wonderful compactifications of arrangement of subvarieties. In Section 3, a
motivic decomposition for the wonderful compactifications is proved. In Sec-
tion 4 we give a motivic decomposition for the Fulton—-MacPherson configuration
spaces. Finally, Section 5 gives a motivic decomposition for the quotient variety
X[n]/G,.

ACKNOWLEDGMENTS. The paper is based on part of the author’s thesis. In many
ways I am greatly indebted to Mark de Cataldo, my Ph.D. advisor. I would also
like to thank Blaine Lawson, Sorin Popescu, Dror Varolin, and Byungheup Jun
for encouragement and useful discussions. The author thanks the referee for a de-
tailed review of the first version that included many helpful suggestions to clarify
and simplify the paper.

2. Preliminaries

2.1. Motives

Given an algebraic variety X of dimension d, let A’X = A,_;X be the Chow
group of codimension i (i.e., the group of algebraic cycles of codimension i in X
modulo rational equivalence). Define A’@X = AX ®; Q.

Let X and Y be two nonsingular projective varieties. The group of correspon-
dences of degree r from X to Y is defined as
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Cort"(X,Y) := AS™X+r (X x Y).

The group Corré(X , Y) denotes the tensor of Corr”(X, Y) with Q.
The composition of two correspondences

feCorr'(X;,X;) and geCorr’(Xs, X3)
is a correspondence in Corr"*(X|, X3) defined as
go fi=mpu(mh f - 7358,

where 7;; is the projection from X; x X, x X3 t0 X; x Xj.
A correspondence p € Corr’(X, X) is called a projector of X if p?> = p (where
p? 1= pop). LetV denote the category of (not necessarily connected) nonsingu-

lar projective varieties over a field k.

DEerINITION 2.1 [CH]. The category of Chow motives over k, denoted by CHM,
is defined as follows: an object of CHM, called a Chow motive, is a triple (X, p,r)
for X a nonsingular projective variety, p a projector of X, and r an integer. The
morphisms in CHM are defined as

HomCHM((X’ P,”), (Y,Q»S)) =q OCOHS_V(Xs Y) op.

The composition of morphisms is defined as the composition of correspondences.

For a Chow motive M = (X, p,r) and an integer £, we define
M) = (X,p,r+2).

There is a natural contravariant functor # from V to CHM that sends X to
(X,idyx,0) and also sends amorphism f: X — Y to F’ h(Y) — h(X), the trans-
pose of the graph of f. Naturally, 4 (X )(£) stands for the Chow motive (X, idy, £).

According to [dBN], we can generalize the theory of Chow motives on non-
singular projective varieties to the one on varieties that are quotients of smooth
projective varieties by finite group actions. To be more precise, let V' be the cate-
gory of varieties of type X/G with X € ObY and G a finite group. We can define
the group of correspondences Corrg (X', Y") for X', Y’ € V" and the category of
Chow motives CHM in a manner that is similar to the nonsingular case (the differ-
ence is that we must use Q-coefficients). There is a natural contravariant functor
h:V' — CHM'

Define the G-average correspondence aveg as

aveg = |G| Z[g]eCoer(X X),

where [g] is given by the graph of g in X x X. By [dBN, Prop. 1.2], there is an
isomorphism
h(X/G) = (X,ave A) = h(X)C.

Such a definition is consistent with the realization functors and Q- coefficient Chow
groups.
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2.2. Wonderful Compactification of an Arrangement of Subvarieties

The wonderful compactification of an arrangement of subvarieties is introduced
in [L] as a generalization of De Concini and Procesi’s wonderful model of sub-
space arrangements. We briefly review the definition and some properties of such
compactifications. For details we refer to [L].

DEFINITION 2.2. A (simple) arrangement of subvarieties of Y is a finite set S =
{S;} of nonsingular closed subvarieties of Y satisfying the following conditions:

(1) S; and S; intersect cleanly (in other words, their intersection is nonsingular
and T(S; N S;) = T(S)lsinsp N T(S))(s;ns;)); and
(2) S; NS; is either empty or equal to some S € S.

DEFINITION 2.3.  Let S be an arrangement of subvarieties of Y. A subsetG C S'is
called a building set of S if, for all § € S, the minimal elements in the G that con-
tains S intersect transversally and their intersection is S (this condition is always
satisfied if S € G). These minimal elements are called the G-factors of S. We call
a finite set G of subvarieties a building set if the set

S = { ﬂ V} (where F runs through all subsets of G)

ver 7

is an arrangement and G is a building set of S (for F = @ weset [,V = 7).
In this case we call S the induced arrangement of G.

DEFINITION 2.4.  Let G be a building set. A subset 7 C G is called G-nested (or
a G-nest) if it satisfies one of the following equivalent relations.

(1) There is a flag of elements in S, S} € S, C --- C S, such that

k
T = J{A : Ais a G-factor of S3}.
i=1
(We say that 7T is induced by the flag S € S, € --- C S;.)
(2) Let Ay,..., Ay be the minimal elements of 7; then they are all the G-factors
of a certain element in S and, foreach1 <i < k,theset{A€T : A D A;}is
also G-nested as defined by induction.

The wonderful compactification is defined as follows.

DEFINITION 2.5. Denote Y° = Y \ ;g G. There is a natural locally closed
embedding
Y° Y x [] BlgY.
Geg

The closure of this embedding, denoted by Y, is called the wonderful compacti-
fication of G.
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The wonderful compactification Y; of G has the properties described in Theo-
rem 2.6, where parts (i) and (ii) are in [L, Thm. 1.2] and (iii) is clear from the
proof there.

THEOREM 2.6. The variety Yg is nonsingular. For each G € G, there is a nonsin-
gular divisor D¢ on Yg such that the following statements hold.

(1) The union of the divisors D¢ is Yg \ Y°.

(ii) Any collection of the divisors D¢ intersects transversally. An intersection
of divisors Dy, N --- N D, is nonempty exactly when {Ty,...,T,} forms a
G-nest.

(iii) Each Dg is the unique connected component of w~'(G) that maps surjec-
tively to the subvariety G, where 7 is the natural morphism Yg — Y. (This Dg
is called the dominant transform of G and is denoted by G in [L])

The dominant transform can also be defined as follows. Let 7: ¥ — Y be the
blow-up along a nonsingular subvariety G ¢ Y. For any irreducible subvariety V
in Y, we define the dominant transform of V, denoted by V or V7, to be the strict
transform of V when V g G and to be 7~'(V) when V C G. For a sequence of
N blow-ups Yy — Yy_1 — -+ — Y} — Y, and a subvariety V C Y, we de-
fine the dominant transform V C Yy to be the Nth iterated dominant transform
(o (V)

It is known (see [L]) that Y5 can be constructed by a sequence of blow-ups as
follows. Let Y be a nonsingular variety, let S be an arrangement of subvarieties,
and let

G ={Gy,...,Gp}

be a building set with respect to S. Suppose the subvarieties in G = {G1, ..., Gy}

are indexed in an order that is compatible with inclusion relations (i.e., i < j if

G; C G;). We define the triple (Y, S®, G®) inductively with respect to k, where

Y is a nonsingular variety, S is an arrangement of subvarieties of Y}, and G©)

is a building set with respect to S

(1) Fork =0, define Yy = ¥,8@ = 85,G© =G = (G\,..., Gy}, and G” = G;
forl <i < N.

(2) Assume the triple (Y, S®,G®) has been constructed. Define Y; to be the
blow-up of ¥;_; along the nonsingular subvariety G.*~", and define G* to be
the dominant transform (G*~D)~ for all G € G. Then G®¥ := {GP}5cg isa
building set (by [L, Prop. 2.8]). We denote the induced arrangement by S,

(3) Continue the inductive construction until k = N. We obtain a nonsingular
variety Yy and that all elements in the building set GV are divisors. The re-
sulting variety is isomorphic to Y.

For any G-nest T, define
vT =[)G".
GeT
The following property of Y;7 is used often throughout the paper.
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PROPOSITION 2.7. Let 0 < k < N —2andlet T C {Giy2,Grs3,..., Gy} be
a G-nest. Then YT is an irreducible nonsingular subvariety of Y11 with the
following property.

If (G} UT is n()ta g nest, then G,EJ:I NYT =0 and YT = Y, T, other-
wise, the intersection GkJr1 NY, T is clean, Y41 T is zsomarphlc to the blow-up of
YT along G,{Jrl N YT with exceptional divisor Gk+1 N Y1 T (where the inter-

section is transverse), and the codimension of Gk aNYT in Y, T is equal to
{ dim mGngGeT G—-dimGyy f{G:G1 S GeT}#0,
dimY — dim Gy otherwise.

Proof. We prove the statement by induction on k. The case k = 0 is obvious. Now
assume that the statement is true for k.

(1) Suppose that {G¢+1} U T is not a G-nest. We will show that G,Eli)l NY, T =0.
As a consequence we have Y, ;7 = Y; 7, since the center of the blow-up is away
from Y} 7.

We prove by way of contradiction. Assume that G,Ek) NY:T # @. Since T is
a G-nest, {G®}ger is a G®-nest by [L, Prop. 2.8(3)]. By Definition 2.4(1), the
nest {G®}ser is induced by a flag

/ / /
SIQSZQ"'QS]’

where S/ € S®. We claim that {G,Elj_)l} U{G®}ger € GW is a G®-nest induced
by the flag

G nsHesics,c---c8).

Indeed, since YkT S{, we know that G\, N S| # @. By [L, Lemma 2.4(ii)], the
G® factors of Gk+1 N S| are G and some G*®-factors of S;; hence our claim fol-
lows. Then [L, Prop. 2.8(3)] asserts that, since {G(k) JU{GP)geris a G®-nest,
{Grs+1} U T must be a G-nest. But by assumption {Gy41} U T is not a G-nest—
contradiction.

(ii) Suppose that 7 U {Gyy} is a G-nest. Let the G**-factors of ¥, T be
Gy,...,G/. Then they are minimal elements in the G®-nest {G®}ger by the
definition of nest. Assume without loss of generality that the ﬁrst m subvarieties
Gi,..., G}, contain G"),. Define A = (\_, G/ and B = (;_,,, G/; then ¥, T =
AN B is the G,Eﬁl—factorlzatlon of Y7 by [L, Lemma 2.6.]

Observe that for p,q > k + 2 and Glgk) - G;") we have G[(,k“) C Gtgk“), be-
cause strict transforms keep the inclusion relation. Moreover, since G [ ...,G are
the minimal elements in G that contain Y} T, the subvariety Y17 is the inter-
section ();_, G/. Then

=6, B= (& @np-=ink=(
i i=1

by [L, Lemma 2.9]. Thus YT = (Y, T)™. By the definition of arrangement we
know that Y7 and Gk 1 intersect cleanly, so Y; 17T is the blow-up of ¥, 7 along
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the center G,E’jr)] N Y, T. The exceptional divisor is the preimage of the center and
hence is G,EI:D N Y1 7. Since G,EI:D and Y; 47 intersect cleanly and since the
divisor G,E’:l) does not contain Y; 7, it follows that the intersection G,Ei)l NY, T
is actually transversal.

The codimension of the center Y; 7 N G,Eljr)l in Y37 equals
codim(A N BN G\, AN B) = codim(G¥, N B, AN B) = codim(G,",, A),

where the second equality follows from the transversality of the intersection

G,Eﬁ_)l N B. If no elements in 7 contain Gy, then A =Y and

codim(GY), A) = dim¥ — dim Gy
otherwise,

codim(G?,, A) = codim<G,§k+>l, N G,f) - codim(GkH, N G)
i=1 G 1CGeT

= dim ﬂ G — dim Giy.
Grr1GCGeT

Thus the proof is complete. O

3. The Motive of Wonderful Compactifications

NOTATION.

* Let Y be a nonsingular quasi-projective variety with an arrangement of subva-
rieties S, and let G be a building set with respect to S. Let Yg be the wonderful
compactification. Let 7 be a G-nest.

e For T € G, define Dy to be the divisor T™) in Y5. When no confusion can arise,
we use the same notation Dy for its restriction to a subvariety of Y.

* Denote by jr: Yo7 — Yg the natural imbedding; denote by gr: Yo7 — Yo7
the restriction of the natural morphism Yg; — Y.

e Suppose j: B — C and g: B — D are two morphisms of varieties. Denote
by (j,g): B — C x D the composition of the diagonal map A with f x g,

(j,g): B—25 Bx B L% cxD.

* Given a € A(P), denote by {a}; the image of the projection A(P) — A(P)
of the Chow ring to its degree-i direct summand (i.e., taking the codimension-i
part of a).

* We set ﬂGgTGT T =Y ifno T satisfies G C T € 7. Define

G :=dim< ﬂ T)—dimG

GCTeT

NG := NG( N T)

GCTeT

and define

9
YoT
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which is the restriction to Y7 of the normal bundle of G in the ambient space
(Necrer T). Define

My = {/_I«Z{MG}GEQ 1l <pug <rg-—1, //LGGZ}’
and define |||l 1=} ;eg me for p e My

THEOREM 3.1.  We have the Chow group decomposition
AYg=AaYoP P A "wT).
T /;LEMT

where T runs through all G-nests.
Moreover, when Y is complete, we have the Chow motive decomposition

h(Yg) =h(¥)& P P reT) Uk,
T /;LEMT

where T runs through all G-nests.

THEOREM 3.2. The correspondence that gives each of the preceding direct sum-
mands can be explicitly expressed as

a: h(Yg) = h(YoT) (),

1
o = (j7,87)+ l—[ {C<g;-(NG) ® O(—Z DG’)) I+ Do } .
rg—l—pg

GeT (%)

Here c is total Chern class, the subscript r¢ — 1 — g means the codimension-
(r¢ — 1 — ng) part, and condition (k) is: G' C G and T U {G'} is a G-nest.
The inverse correspondence is

B h(YoT)(Iull) — h(Yg),
B =(gr.jr)e [ [(=De)"o .

GeT
3.1. Proof of Theorem 3.1

LeMMA 3.3.  Suppose we have a G-nest T C {Gyy2, ..., Gy}, and suppose that
T':=T U{Gi41} is also a G-nest. Define r = ry 1 to be
{ dim mGk+1gG€TG —dim Gy f{G:Gi1 S GeT}#0,
dimY — dim Gy, otherwise.

Then the following Chow group decomposition holds:

r—1
A Y T) = AN T) @ @ A (Y T).

=1

When Y is complete, we also have the motivic decomposition

r—1

h(YienT) = k(Y T) & EDh(VT')(0).

t=1
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Proof. Applying the well-known blow-up formula for the Chow group and for the
Chow motive (Theorem A.2) to Proposition 2.7 immediately gives the conclusion.

O
Iteratively applying Lemma 3.3 yields the proof of Theorem 3.1, as follows.
Proof of Theorem 3.1. Define
MP = {n={ncleeg :1 < pe <dim(N; T®) —=dimG® — 1, pg € Z},
where T runs through the subvarieties in 7 such that G® C T®). Define x| :=
> Geg Ma forpe M(
We prove the followmg statement using a downward induction on k:
A =Av. o P A wT), (.1)
T

(k)
neM

where T runs through all G-nests such that T C {Gjy1, Gky2, .-, Gy}

The assertion for k = N is trivial because all G®) are divisors in Y5 (and hence
of codimension 1) and M = @.

Assume (3.1) has been proved for k£ + 1. In other words, assume that

A*Yg — A*Yk+l @@ @ A*_”“H(YkHT),

T /LEM(HI)

where 7 runs through all G-nests such that 7 C {Gk+2, Gi+3, ..., Gn}. Applying
Lemma 3.3, we have

codim(Gg41,Y)—1

AYg = A*YkEB( . A*"(G,Ei)l))

t=1

@<€B @ 4 MII(YkT)>

M(k+1)

Tkl 7—1
(EB b p a- f(Yk<{Gk+1}UT>>> (32)

M(k+1> t=1

This immediately gives the Chow group decomposition (3.1) for k. Indeed, any
G-nest contained in {Gy41, G¢+2, ..., Gy} must be one of {Gy41}, a G-nest 7 con-
tained in {Gyy2, Gk+3, .., Gn}, or {Ggy1} U 7. These possibilities correspond
(respectively) to the second, third, and last summands in (3.2). (Notice that, by
Proposition 2.7, Y ({Gr+1} U T)) = @ if {Gyy1} U T is not a G-nest.)

Therefore, the Chow group decomposition (3.1) holds for all k; in particular,
the case k = 0 gives the desired Chow group decomposition. For the proof of
the Chow motive decomposition, we can either repeat the preceding proof nearly
verbatim or, as the referee pointed out, simply observe that the Chow motive de-
composition follows from the result on the Chow groups and Manin’s identity
principle. U
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3.2. Proof of Theorem 3.2

First, we introduce some notation for a given G-nest 7.
e Define 7; := T N {Gyy1, Gky2,..., Gy} for 0 < k < N. Then we have a chain
of G-mests To 2T D --- 2 Ty, where 7o =T and Ty = 0.
. For,t_LeMTandl < i < N, define
) ng, if GieT,
Hi= { 0 otherwise.

* jwand g (N > k > | > 0) are the natural morphisms, as seen in the following
diagram.

T
JNO JN1 JN,N—-1
s YnTo YT YnTn-1 —— YyTy
8NO gn1 8N,N-1
. . KT BN
JN-1,0 JN—1,1
YnoiTo ——= YnoiTt —— - —— Yy_1Tn-1
&N-1,0 EN-1,1
(3.3)
8T
820 821
J1o
YWio —— 1T
=
oy
g0 e
K B
K> Yo%

LEMMA 3.4. Denote by g: Yy — Yi_ the natural morphism. Then, for | <k —1,
g G =6

Proof. First we claim that Gl(k_]) ? G,Ek_b. Otherwise, G; 2 Gy because they
are the respective images of Gl(k_]) and G,ik_]) under Y, — Y. But then, given
our assumption that the order of {G;} is compatible with inclusion relations, we
obtain the contradiction / > k.

Next, it is easy to see that G,(kfl) ¢ G,Ekil) because G,(kfl) is a divisor. Now
we know that the two nonsingular subvarieties Gl(kfl) and G,Ekil) intersect cleanly
and that neither one contains the other; hence they must intersect transversally.
Then it is standard to show by calculation of local coordinates that the following
isomorphism between ideal sheaves holds:

¢ '7(GHV) oy, ZT(GP).

The desired conclusion follows from this isomorphism. U
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LEmMA 3.5. In (3.3), all squares are fiber squares. Moreover, for any N > k >
[ > 0 we have:
(1) Jju is injective,

(ii) if Gy € T, then gy, is the projection of a projective bundle with fiber isomor-
phic to a projective space of dimension ry + — 1;

(iii) if Gr ¢ T but {Gy} U T, is a G-nest, then gy is the blow-up of Y,_17T; along
the center G,Ekil) NY 1T

(iv) if {Gi} U T, is not a G-nest, then gy; is an isomorphism.

Proof. Ttis obvious that jj; is injective.

Now we show that g;; is the projection of a projective bundle if G, € 7. By
Proposition 2.7, the variety Y 7y is the blow-up of Y;_;7; along the center Y T¢—1,
and the exceptional divisor is Y; 71 (note that Y;_7; N G,Ekil) = Yi_1Tr—1 and
YT N G,Ek) = Y;Ti—1). Therefore, gi x—1: YiTi—1 — Yi—1Tr—1 is a projective
bundle, and the dimension of a fiber is ry + — 1. Next we show that, for any
I <k —1, gy is the restriction of g x_; to a smaller base Y;_,7;; this, in turn, will
show that g, is also a projective bundle with fiber of the same dimension r, 7 — 1.
Fix k and use downward induction on /. By inductive assumption, gi ;4 is a re-
striction of g x—;. Since

g/?,}+1(Gz(j:l) NYaT) =GP nyT

by Lemma 3.4, the restriction of the projective bundle g ;+; to a smaller base
space Y17/ = Y1 Ti+1 N Gﬂ:l) is exactly gz;.

We now show that gy, is birational if G ¢ 7. This is again implied by Proposi-
tion 2.7. Observe that G,fk_l) is minimal in

T = {G " U{G* V)ger.

If 7' is a G* Donest, then g : Y17, — Y7/ is a blow-up along the center
G,Ek_l) N Yr_17;; otherwise, gi; is an isomorphism. In both cases, g;; is birational.

Finally, all squares in (3.3) are fiber squares because gy, is a restriction of gi ;41
for all / < k — 2. The proof is complete. UJ

The following lemma computes the composition of correspondences in certain dia-
grams. Thanks to the referee for suggesting a proof much simpler than the author’s
original.

LEmMA 3.6. Let W,U,V, X, Y, Z be nonsingular quasi-projective varieties. Sup-
pose the square in the following diagram is a fiber square.
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Suppose also that dimW — dimV = dimU — dimY and that ji, g (1 <k < 3)
are proper. Take y\,y, € A(V) and y,,y, € A(U) and define correspondences

o = (i, 8)«vk and B = (&, j)«Yy for k=1,2.

Then

ar = (j23,8183)«(j372 - &3¥1)> (3.4)

B2B1 = (8183, j2J3)+ (8371 - J3V2)- (3.5)
Proof. By abuse of notation, for y € A(V') we use the same y to denote the cor-
respondence (Ay).(y) € A(V x V), where Ay: V — V x V is the diagonal
embedding. For amap j: U — X, we denote by j, the correspondence I (i.e.,
the graph of j) and by j* the correspondence Fj’ (i.e., the transpose of I}).

First observe that oy = gi, o y o ji for k = 1,2. Indeed, by properties of cor-
respondences (see e.g. [F, Prop. 16.1.1(c)]), we have I'; o y = (Iy x j),y and
y oIy = (g x 1v)sy, so
gexovkoJi =g ovk oy = (g X ji)«Vi = (ks ji)syi = o for k=1,2.
Given this observation, (3.4) is equivalent to

g1+Y1J182+V2J> = (£183)+(J3v2 - &3v1)(j2J3)";
hence it suffices to prove that
Y1J182«v2 = 83+(j3v2 - &3v1)J3- (3.6)
For any u € A(U), we have
Y1182+ v2(U) = ¥183: j3v2(u) = g3 (831 - j3(vau)) = g3: (831 - j3v2)j3(w),

where the first equality follows because dimW — dimV = dimU — dimY and
the second because of the projection formula. Then we apply Manin’s identity
principle to obtain (3.6) and hence (3.4). The identity (3.5) can be obtained by
transposing (3.4). UJ

Now we state a simple lemma, omitting the proof.

LeEmMA 3.7.  If A, B;, and C;; are motives such that

(1) P, ai: A =P, B; is an isomorphism with inverse Y. 8; and

(ii) @j o B = @j Ci; is an isomorphism with inverse Zj Bij»

then the correspondence (P, ; aij o a; gives an isomorphism A = €, ; Cij with

inverse Zi,j Bi o Bij-

For Gy € T, define h;, € A' (Y, Ti_)) to be first Chern class of the invertible sheaf
O(1) of the projective bundle g ,—;. Define

(Jk k=15 8k k—1)x1 if Ge¢T,
) 1 :
(Jk,k=1> 8k k=D ({g;k_lc(Nk) } ) if GyeT,
1=y rg—=1—p

where Ny := Ny, ,7,_,Yi—17Ti. Define

o =
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p { (8k,k—15 Ji k=11 if Ge¢T,
k= . N
(8kk—1» Jrk—D Py ' if GyeT.
By the blow-up formula of motives (Theorem A.2), the correspondence
N N

a: h(Ym)( > m) — h(Yklno(Zu,»)

i=k+1 i=k

expresses h(Yk_lﬁ_l)(ZkN w:) as a direct summand of h(Yﬂ})(Z,(NJrl i) with
right inverse fy.
By Lemma 3.7, the correspondence

aru: h(Yg) = h(YoT)(lpl)

that gives the direct summand 2 (Yo7 ) (|| ;_1,||) in Theorem 3.1 can be expressed as
the composition ) o oy o - - - o oy with right inverse By o - - - o 8;. Therefore we
have the following result.

ProPOSITION 3.8.  Denote by fi.: YnTo — YiTi—1 the natural map in (3.3) (i.e.,
8k+1,k—10 "+ O N k=10° jNk—2© 0 jno). Then

. 1
@ro--oay = (i g7) l_[ {fk*glj,k—lc(Nk)W} ’
GreT - fk et

By oo Br= (87, jT)« l_[ fk*h;:kfl-

GreT

Proof. Combine Lemma 3.5 and Lemma 3.6 with the previous discussion. U

The following two standard facts about normal bundles of subvarieties are used in
the proof of Theorem 3.2.

Fact 3.9. Let Z be a nonsingular variety. Let Y and W be nonsingular proper
subvarieties of Z and assume that Y intersects transversally with W. Let
n:Z — Z be the blow-up of Z along W, and let Y be the strict transform of
Y. Then

NyZ >~ *NyZ.

Facr3.10. Let W C Y C Z be nonsingular varieties and let 7 : 7Z — 7 be the
blow-up of Z along W. Denote by Y the strict transform of Y, and denote by E
the exceptional divisor on Y. Then

NyZ ~ 7*NyZ @ O(—E).
Proof of Fact 3.9 and Fact 3.10. Use local coordinates or see [F]. U

Proof of Theorem 3.2. To deduce Theorem 3.2 from Proposition 3.8, we proceed
in three steps.

Step 1. Show f'hy = —Dg,|yy7,- Recall that, for Gy € T, hy is first Chern
class of the invertible sheaf O(1) of the projective bundle gy i_;.
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Consider the following diagram (not necessarily a fiber square), where 7 and j
are the natural morphisms.

YN% L) Yn

b
YiTioi —— Y.

By Proposition 2.7, we have that Y} 7;_; is the exceptional divisor of the blow-up
Skk—1° YiTe—1 = Ye—1Tk—1, 50 hy = —j,:k,l[Ykﬁ—ﬂ. Since Y T;_; is the trans-

versal intersection Y; 7, N G,Ek), it follows that hy = —j *[G,ﬁk)]. Then

fk*hk = - k*j*[Glik)] = _j;n*[GIEk)] = _j7*'DGk = _DGk|yNT0’
where the third equality can be proved by successively applying Lemma 3.4.

Step 2. Let0) <s <k < N. Letgy: Y;Tx — Y;_1Ti denote the natural map in-
duced from Y to Y;_;. We make the following claim. If G; € T (and hence 7;_; =
Ti U {G}), then the normal bundle Ny, 7, Y7 is isomorphic to

{ & 1Ny 7 Y1 T) © (—[GPly,7;,)  if (s) holds,
& k1 Ny Ys—1Tk) otherwise,

where condition (xx) is: Gy C Gy and T; U {G,} is a G-nest. For the proof, we
discuss three cases.

Case (i): condition (%x*) holds. This is a direct conclusion of Fact 3.10. Indeed,
to apply Fact 3.10 we need to show that

YaTiN GO Y TinGE YT

The second inequality is obvious. The first inclusion is strict for the following
reason: GV is a G~ D-factor of ¥, Tx N G¥~V; therefore, G,E“D is not a
GG=D_factor because it strictly contains G~". On the other hand, G" " is a
G&=D_factor of Y, Tz N G,E‘Y_l) and so the first inclusion is strict.

Case (ii): T U{Gy} is not G-nested. In this case, G~V NY,_;T; = @ by Propo-
sition 2.7. Hence no twisting is needed for the normal bundle.

Case (iii): Tr U {G,} is G-nested but G is not strictly contained in Gy. If
Ti—1U{G,} is not a G-nest, then G~Y NY,_;T;_; = ¥ by Proposition 2.7. Hence
blowing up along G{*~" will not affect the normal bundle of ¥;_;T;_1, $0 no twist-
ing is needed. Otherwise, assume T;_; U {Gs} is a G-nest. Both G and Gy are
minimal in the G-nest 7;_; U {G,}. Then G*~Y and G,Esfl) are minimal in a nest,
and neither one contains the other; hence they intersect transversally by the defini-
tion of nest. Thus Y,_; 7z N G,is_l) and Y, Tx N GE~Y, regarded as subvarieties of
the ambient space Y;_ 7, intersect transversally. Therefore Fact 3.9 applies, and
no twisting is needed for the normal bundle.

Step 3. Apply the result of Step 2 successively for s = 1,2,...,k — 1. The nor-
mal bundle Ny, 7, ,Yi—17 is isomorphic to
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(Gi—tk-1" 81 k1 Ny Yo Ti) ® (—Z[G‘s"”nyml),
(%)

where the sum is over all s that satisfy condition (*x). (Here we have used
Lemma 3.4.) Therefore,

fk*g;:,k—lc(NYk—ln—l Y1 Ti)

= C(g;'(NYoTk]YO’]—kh/oT) ® O<_Z[DGJ]|YN77<1>>
(%)
Notice that

(Nyyi . YTl vor = NGk( m G)‘

9
YoT
G CGeT 0

which we denote by Ng, . The proofis as follows. Suppose T, ..., Ty, Tty ..., Ty
are the minimal elements of the nest 7;, where the first m elements contain Gy.
Then the minimal elements of the nest 7;_; are G, T,,+1, - - ., I,. By the definition
of nest, Y7 is the transversal intersection 77N --- N T, N T, N --- N T, and
YoTx_1 is the transversal intersection G, N T, N - - - N T,. Therefore,

Nyy1; . YoTk = No,(T1 N -+~ N To)lveris -

Since T1 N -+~ N T, = (g, cger G- the conclusion follows immediately.
Now substituting everything into Corollary 3.8, we have:

opo---oay
1
= (jr.87)+ {c(g*T(NGk) ® O(— [DGS]|YNT> T Do - } ’
GI;IT (*X*; 1+ D6t ) —1- iy

Bvo--opri=(grir)s | [ (=Dc)" vt
GreT

Finally, we show that (xx) can be replaced by the following condition:
G, C Gy and T U {Gy} is a G-nest. (%)

Indeed, (%) is stronger than (x). However, for those Gy satisfying () but not
(%), the divisor [ Dg, ]|y, 7 would be trivial because Dg, N Yy7T = @. Therefore,
replacing () by () will not affect the resulting correspondence.

The proof is now complete. UJ

We write the following direct conclusion from Step 3 for later use.

CoRrOLLARY 3.11.  Denote 7 : G,Elj_)l —> Giy1. Then

C<NG;Q]Yk>=c<n*N<ck+l>Y ® (—[DG])|G;;31).

Grr12GeT

Proof. Apply Step 3 to the nest T = {Gy1}. O
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4. Fulton—-MacPherson Configuration Spaces

Fix a nonsingular variety X of dimension d. The configuration space of n distinct
ordered points on X, denoted by F(X,n), can be naturally identified with an open
subvariety of the Cartesian product X":

F(X,n) :={(x1,x2,...,x,) € X" 1 x; # x; for i # j}.

In their celebrated paper [FM], Fulton and MacPherson discovered an interesting
compactification X[n] of the configuration space F(X,n). The compactification
is obtained by replacing the diagonals of X" by a simple normal crossing divi-
sor. It has many attractive properties—for example, the geometry when n points
collide (i.e., the degenerate configuration) can be explicitly described using X[n].
Also, X[n]is closely related to the well-known compactification M 0,» of the mod-
uli space of stable rational curves with n marked points. The reader is referred to
the beautiful paper [FM] for the original construction and various applications of
the Fulton—-MacPherson configuration space.

The Fulton—MacPherson configuration space X[n] can be realized as a wonder-
ful compactification of an arrangement of subvarieties by taking ¥ to be X" and
G to be the collection of all diagonals of X"; hence, the induced arrangement is
the set of intersections of diagonals, which are called polydiagonals (see [L]).

4.1. Main Theorems

First we fix some additional notation.

(i) Denote [n] := {1,2,...,n}. We call two subsets I, J C [n] overlapped if
I N J is anonempty proper subset of / and J. For a set S of subsets of [1], we say
that I is compatible with S (denoted by I ~ S) if I does not overlap any element
in S.

A nest S is a set of subsets of [n] such that any two elements I #= J € S are
not overlapped and all singletons {1}, ..., {n} are in S. Notice that the nest defined
here, unlike the one defined in [FM], is allowed to contain singletons. Given a
nest S, define S° = S\ {{1}, ..., {n}}. In the description of nests by forests to fol-
low, S° corresponds to the forest S cutting of all leaves.

A nest S naturally corresponds to a forest (i.e., to a not necessarily connected
tree) each node of which is labeled by an element in S. For example, the following
forest corresponds to anest S = {1,2,3,23,123}.

123

Denote by c¢(S) the number of connected components of the forest—that is, the
number of maximal elements of S. Denote by ¢;(S) (or ¢; if no ambiguity will
arise) the number of maximal elements of the set {J € S | J C I} (i.e., the num-
ber of “children” of the node 7). In the preceding example, ¢(S) = 1 and cp3 =
Cyz3 = 2.
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(ii) For a subset I C [n] consisting of at least two elements, define the diagonal
Ap=A{(x1,...,x)) e X" 1x; = x;if i, jel}.

It is shown in [FM] that a complement of F(x, n) in the Fulton—-MacPherson com-
pactification X[n] is a union of normal crossing nonsingular divisors D;, indexed
by subsets I C [n] with at least two elements. More precisely, D; is the dominant
transform A ; under the natural morphism X[n] — X"

Forevery nest S, X(S) := (1), D1 is anonsingular subvariety of X[n]. Define
Jjs: X(S) — X[n] to be the natural inclusion.

Define As := ();cs As. Define gs: X(S) — Ag to be the restriction of the
morphism 7 : X[n] — X" to the subvariety X(S).

(iii) Let p;: X[n] — X be the composition of 7: X[n] — X" with the pro-
jection X" — X to the ith factor for an arbitrary i € I. The choice of i € [ is
not essential: indeed, the only place we need p; is in the formulation of «s ;, that
follows, where we need the composition jip;. By the diagram

X(S) —2 X[n]

Jé’s lﬁi
Ag — 5 x

with i € I, we have jip! = g&q;. But g; is independent of the choice of i € 1
since As € Ay, so jZpj is independent of the choice of i € I for p;.
(iv) For anest S # {{1},...,{n}} (i.e., S° # @), define

Ms = {p ={pitrese : 1 <y <d(c; —1) =1, py € Z}
(recall that d = dim X and that ¢; = ¢;(S) is defined in (i)) and define

Il i= ) i VpeMs.
leS°
For § = {{1}, ..., {n}}, assume that Ms = {u} with ||| = 0.

We will show in the proof of Theorem 4.1 that M is the special case of M de-
fined in Section 3 where Y is X", G is the set of diagonals of X", and 7 is the set
of G-nests.

Define the function

d
£(x) =Y (1 +x)*ei(Ty).

i=0

Also define as, € Corr "™l X[n], As), Bs.u € Corr'™l(Ag, X[n]), and Dsu €
Corr®(X[n], X[n]) as follows: - -

C[*l
1
asy = (J'S,gs)*j*< {—P*§<— DJ) } >;
H S H I Z 1+ Dy der—D)—1—pp

lese J~S
J2I
. . -1
,35,/_4 = (gs,Js)*]g( | | DIM )§
Ies®

Psu = Bsu o sy
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In these definitions of s, and Bs ,, the products are set to be 1x(s) € A%(X(S))
if S° = ¢. N N

The following are the main theorems on the Chow groups and Chow motives of
Fulton—-MacPherson configuration spaces.

THEOREM 4.1.  Let X be a nonsingular quasi-projective variety. Then there is an
isomorphism of Chow groups,

A (X)) =P P alxe),

S ;_LEMS
where S runs through all nests of [n].

THEOREM 4.2. Let X be a nonsingular projective variety. Then there is a canon-
ical isomorphism of Chow motives

P P asu: hxinh) =@ P ras) Ul

S pueMs S pueMs

with the inverse Y s>, s Bs,u- Equivalently, we have

h(Xin) =@ @ rX )il

S pueMs

REMARK. Observe that the two sets of correspondences {as ,} and {Bs,} are
&,,-symmetric in the sense that the following diagram commutes for any o € G,,.

as /35,/1
h(X[n]) ————— h(As)UInl) —————— h(X[n])

J’ Uo(S, 1 l Bo S, J
WX ——2 AUl ——2y h(x[n])

Proof of Theorem 4.1. Apply Theorem 3.1 with the ambient space Y = X" and
the building set
G ={Articin 122

First notice that a nest S of [n] gives a G-nest T = {A;},;cs-. Moreover, the
inverse is also true: a G-nest will give a nest of [n]. Indeed, given a partition
IT = (,...,1;) of [n], a G-factor of Ay by definition is a minimal element in
{GeG:G D An}. So{Ay,..., A} are all the G-factors of Ary. By the defini-
tion of G-nest, 7 is induced from a flag of strata

AH] 2 Aﬂz 22 Al_[,~
Then
I >0 > --- > I
(Here IT > IT' means that IT is a finer partition than IT’; e.g., (12,3,4) > (123,4).)
The nest 7 is induced by “taking the union of all factors of each A, which corre-

sponds to “taking all /s that appear in any of the partitions IT;”. Since the partitions
are totally ordered, the set of /s forms a nest of [n].
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Next we prove that the range of  is as stated. Theorem 3.1 asserts that
l<pug=rc—1
Now G = A is a diagonal, so by definition we have

rG = dim( ﬂ T) —dimG

GCTeT
= dim( N A,,> —dim A,
IDres
=d(c; —1).
Finally, observe that
YoT = ﬂ G = ﬂA, =Ag = X,
GeT les

Therefore, the expected conclusion is implied by Theorem 3.1. O

Proof of Theorem 4.2. The statement of the motive decomposition is proved ex-
actly as in the proof of Theorem 4.1.

The correspondences are induced from Theorem 3.2. The improvement of this
theorem over Theorem 3.2 is that here we can say more about the Chern classes
appearing in the correspondence os ;.

First, given G = Ay, let [T = (11_,...,10,) be the partition containing all chil-
dren of I in S. We compute the normal bundle N := Nj, Ap. Without loss of
generality, assume that I = (1,2, ...,m) where m < n.

Denote by p;: A; — X and ¢;: An — X the projections induced from the
projection of X" to the ith factor. For each 1 < i < ¢, pick an a; € I;. Then

Ta, = PiTx @ Py Ix ® -+ @ p, Tx,
Tan =4 Tx @ ®q, Tx D4, Tx ® - D q,Tx,
TAnlA] = pTTX ®--- @pTTX EBC];;HTX ®--- EBQZTX

Therefore, ¢(Ng) = pic(Tx) .

To compute the Chern classes of Ng twisted by a line bundle L, we use the
Chern root technique. For any vector bundle N on X, define the Chern polyno-
mial as

¢y (N) := co(N) + cr(N)y + c2(N)y* + .

Define x = ¢;(L). Recall that the rank of Ng is rg = d(c; — 1). Now
c¢(Ng ® L) = ¢;;(Ng) + ¢r4-1(NG)(1 + x) + - - + co(Ng) (1 + x)"¢
= (x +Dcryrn(Ng)
= (x + DU pley oy (T
= Pl + ey (Tl " = pie(n) .

Finally, by restricting to A and pulling back to X(S) we get the expected for-
mula for correspondences a ;. ]
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4.2. A Formula for the Generating Function of Chow Groups
and Chow Motive of X[n]

In this section, we express decompositions of the Chow groups (Theorem 4.1) and

the Chow motive (Theorem 4.2) in terms of exponential generating functions.
Define [x'] to be the function that picks up the coefficient of x! from a power

series. Define [ ] to be the function that picks up the coefficient of = - X ’ from a

power series w1th two variables x and 7:

x't" x/t"

|: py :| Z Ajm ml = Aajy.

jom

The main theorem of this section is as follows.

THEOREM 4.3.  Define fi(x) to be the polynomials whose exponential generating
function N(x,t) = Ziz] fi(x)% satisfies the identity

(1 —x)x%% + (1 — x4 = exp(x¥N) — xexp(N).
Then, for a nonsingular d-dimensional quasi-projective variety X,

A*(X[n]) — @ A*fi(Xk)EB[Xit"/n!](Nk/k!).

1<k<n
i>0

Moreover, if X is projective then we have the motive decomposition

WX = @ (h(An)@) el U=

_ @(h(Xk)(l-))e)[xit”/rl!](N"/k!)
1<k<n

i>0

where T is a partition of [n]

REMARK. One can write down by hand the first several terms of N. Define 0; =
S % xi (when d = 1, define o} = 0). Then
12 rt
N—l+012 +(02+3al) —i—(crg—l-lOcnag—i-lScr )5

5
+ (04 + 150103 + 1007 + 1050620, + 1050;‘)5 4

Proof of Theorem 4.3. We prove only the statement for motives, since the state-
ment for Chow groups can be proved by exactly the same method.

By Theorem 4.2, for any given i and k we want to count how many possible S
and p € S satisfy ¢(S) = k and |||l = i. First, consider the case when ¢(S) =1
(i.e., when & is a connected forest).

Define
fys= o 30 M

S:c(S)=1 /_46M5
and define fi(x) = 1.
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For a nest S of [n] with ¢(S) = 1, we have

3 2 = [T o

HeEMs 1eS°

that is, I goes through all nonleaves of S (if n = 1, then the sum is set to be 1).
Since the children of the root of S correspond to a partition {1, ..., I} of [n], we
have following formula for n > 2:

£ =" fini fin - figoe-s
B

where I1 = {I,..., I} is (as before) a partition of [n], oy = Zfil_lxi fork > 0,
and oy = 0. The equality does not hold for n = 1 when f;(x) = 1 and the right
side is 0, so one can define

falx) if n>1,
0 if n=1.
Then the following holds for any n > 1:

=" fint fier -+ firgor-r.
In

Fu(x) = {

Recall the compositional formula of exponential generating functions (cf. [S,
Thm. 5.1.4]), which asserts that if an equation like the previous one holds then

E;(t) = Eo(Ef (1)),
where
Ef(t) =1+ fit + fot?/21+ 5331+ -,
Eo(t) =1+ oot +01%/2! +0pt3/31 + - - -,
Ef(t) = fit + fot?/20+ ft3/30 -
By the definition of £, we have E; = Ef — 1+ 1. If we denote N = Ey then
N —t+1=E,N),
and standard computation shows that
1 Iy N
E;N)=14+N+—-| —(e —1) —xe" +x|.
x—1[x4
Therefore,
A =x)x% 4+ (1 —x = exp(xIN) — xTexp(N).

Now consider the case when ¢(S) is not necessarily 1—that is, the forest S
is not necessarily connected. For a partition I1T = {[i,..., I} of [n], the num-
ber of times that 4 (Ap) (i) appears in the decomposition of #(X[n]) is equal to
[x*1(fi () - - - fir,(x)), the coefficient of x¥ in the product. Denote by ay ; the
sum of these numbers for all partitions with k blocks. Then ay ; is the number of
times that 2(X*) (i) appears in the decomposition of H(X[n]).
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Define
Fu(y) = E S fin - fingy®s
I

then the coefficient [y*]F,(y) = > a;;x". Using the compositional formula
again, we have
tn
E, = |:—] exp(yN).
n!
Therefore,

[ +n

Y 1E.(») = [y"] }exp(yN)

ki
t”_ k

= ; [y lexp(yN)

" Nk

i

This yields the formula for the decomposition of the Chow motive h(X[n]). U

4.3. Description of X[n] for Small n

In this section we explain the previous theorems (Theorems 4.1, 4.2, and 4.3) about
Fulton—-MacPherson configuration space X[n] forn = 2,3, 4.

For unification of expression, assume d > 1 in the following examples. (The
case d = 1 is simpler but the expression would need to be modified.)

EXAMPLE FOR n = 2. The morphism 7 : X[2] — X? is a blow-up along the di-
agonal Aj,. Theorem 4.3 asserts that
d—1 d—1
W(X[2) = h(X?) & P rAn) O =h(X) & PrNOD. @
i=l i=1
There are two possible nests, S = {1,2} and S = {1,2,12}. Theorem 4.2 asserts
the following.
For the first nest, Ms contains only one element p with ||| = 0. Therefore
a =Ty, 8=T%,and p =T} o I';, which together g_ive the first direct summand
in the decomposition (4.1).
For the second nest we have S° = {12} and 1 < u;p <d — 1, sothereared — 1
direct summands for this nest. Denoting j: D < X[2] and g: D, — Ap, as
the natural map, we have

d—1—pn
asu = —(/, g)*j*< Z pfci(TX)(—Du)d—l—xm—z)’
i=0
Bsu = (& )« i (D27,
pS,/;L = IBS,/_A © aS,/:,-

These terms give the direct summand /(A1) (12) in the decomposition (4.1).
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ExAMPLE FOR n = 3. Applying Theorem 4.3, we have
d—1 d—1 d—1
h(X[3]) = h(X?) & P h(AR) () ® @D h(Am) () & @D h(Ax)()
i=l i=1 i=l
2d—-1
o) @ (h(AIB)(i))®m1n{31—2,6d—31—2}
i=1
d—1 2d—1
=h(X*) & (X)) & @D (h(X)(i))®mnti=264=372),
i=1 i=1
Now we write out all the correspondences that give the decomposition of motives.
There are eight possible nests, corresponding to eight trees (see the right side of
Figure 1).

level 4 [ N BN ) [ ] [ ] [ ]
123 o/\o 3 o/\o 2 A 1
23 level 3 1 2 1 3 2 3
13 23 level 2
12 13 23 level 1
A NAN ®
12 123 13 123 23 123 level 0 /I\.
DEOO®O®D® oy O

Figure 1 X[3] by the symmetric construction

123

The tree on the left side of Figure 1 helps us understand the relation between
subvarieties of different ¥; (i.e., at different levels): each node with label I at level
k corresponds to the subvariety Y, 1 := (A N® in Y,. The node at level k without a
label corresponds to Y. For example, the root at level 4 corresponds to Yy, its two
successors correspond to Y3 and Y3(23), and the relation is that Y, is the blow-up
of Y3 along Y3(23).

Here is a list of those correspondences «, 8, p for the eight trees.

D givesa =Ty, =T, p=TLol},.

@ (B and (4) are similar) gives

1
as, = (js, & )*j*<{—P*§(—D123) } >,
S/i. S»8S8 S 1 1+D12 deleup

pi—1

ﬂS,;_L = (gs,js)*j;(Dlz );
here X(S§) = Dpand1 < up <d—1.

(5 gives
Usp = (js,gs)*j§<{—PT§((9)2

1+ D }2d—l—mz3>7

Bsu = (85, js) J5(DHT D
here X(S) = D]23 and 1 < U3 = 2d — 1.
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(® (@) and () are similar) gives

s = (Js»85)+ j; ({PTC(—Dm)

1+ Dp }dlll«lz

1
1r7 (O)—} )
{pl{ 1+ D3 d—1—p3

o - -1
Bs = (8s,Js)«Js(DR> DR )

here X(§) = DpNDpzand1 < pp, w3 <d — 1.

ReEMARK. If we used Fulton and MacPherson’s nonsymmetric construction of
X[3], then we would obtain another set of correspondences that also gives a de-
composition of the motive 2(X[n]). This set of correspondences turns out to be
different than what we have already given: a straightforward calculation shows
that, by the nonsymmetric construction of X[3], the correspondence that gives the
direct summand i (Ap) () is

a: h(X[3]) = h(Ap) (1),

1
= j ) ES i * O ;
a = (jn,8n) le({PIC( )1+D12 }d_l_m)

here jip: Dy < X[3]and g1»: Dip — Ay, are the natural morphisms. However,
the correspondence giving the direct summand 2 (A3)(13) is

a't h(X[3]) - h(Ap) @ LMY,

1
o = (ji3, g13) Ji: ({P*K(—Dm) } );
B\ 1P ey

here ji3: D3 < X[3] and g13: D13 — Ajz are the natural morphisms. Notice
that & and «’ are not of similar form (compare ¢(Q) with ¢(—Dy3)). Hence the
nonsymmetry of the construction of X[3] induces the nonsymmetry of correspon-
dences. Actually, this is one reason why we choose the symmetric construction of
X[n] (cf. Remark 4.1).

ExAMPLE FORn = 4. We only look at one nest S:

S
AKS

We have X(S) = D1y N D3a, 1 < ppp, 3 <d —1,and

asy, = (Js-8 )*j*({P*C(—DuM) }
SA;L S S S 1 1+D12 dl

1
Apic=p :
{P3§( 1234)1+D34 }d—l—;m)

S _1 —1
Bs.u = (s, Js)+js(D1R” D).
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Because Ay and Az would not be disjoint in the procedure of blow-ups, we must
a priori decide whether to blow up along (the strict transform of) Ay, first or rather
along (the strict transform of ) A3y first. Although we must choose (noncanoni-
cally) an order so that we can compute the correspondences, it turns out that the
correspondences (hence projectors) that give the motive decomposition in Theo-
rem 4.2 are actually independent of the choice and thus “canonical”. This inde-
pendence is a special case of Remark 4.1: for o0 = (13)(24) € Sy, the preceding
correspondences are invariant under the action induced by o.

One application of Theorem 4.3 is to computing the rank of A(X[n]) as an
abelian group; we need only the ranks of A(X*) forall 1 < k < n (assuming that
the ranks of the A(X*) are finite). Let us take P¢[5] as an example. Since the rank
of A((P9)¥) is (d + 1), Theorem 4.3 implies that the rank of A(P4[5]) is

e ([

By Remark 4.2, we can compute
N2 2 3 4 ‘5

t
— = —+4 301 + (1501 +402)— + (105(71 + 600107 +503)— -

2! 2!

N3 1 4 t?
¥=§+601 +(4501 1002)54‘"'7
N*  t* t3

TR TR

N3 13

B

Now plug in x = 1 to obtain 0; = dj — 1. The sum just displayed is a polynomial
of d as follows:

d+1)° + (d +1)*100, + (d + 1)* (4502 4 1007)
+ (d + 1*(1050; + 600107 + 5073)
+ (d + 1) (04 + 150103 + 1005 + 105070, + 1050}}).
In particular, the rank of A(P'[5]) is 178 and the rank of A(P?[5]) is 7644.
REMARK. For the example X = P9, since X[n] has an affine cell decomposition
it follows that the rank of the Chow group A, (X[n]) coincides with the 2kth Betti
number of X[n]. Hence we could also derive the ranks reported here by using the

Poincaré polynomial of X[n] computed in [FM]. However, the rank of A(X[n])
for a general variety X is not implied by the Poincaré polynomial of X[n].

5. Chow Motives of X[n]/S,

It is proved in [FM] that the isotropy group of any point in X[n] is a solvable
group. It is natural to consider the quotient space X[n]/S,. In this section, we
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compute its Chow motive in terms of the Chow motives of the Cartesian products
of symmetric products of X.
The base field is of characteristic 0 throughout this section.

LEMMA 5.1.  Suppose a finite group G acts on a nonsingular projective variety Y.
Suppose pi, ..., pr are orthogonal projectors of Y such that:

(i) op; = pio foralll <i <k and forall o € G; and
(i) pr+p2+---+ pe = Ay.

Then ave Ay = ) _ aveo p;, where aveo py, ..., aveo py are orthogonal projectors.
Consequently, h(Y) = €D (Y,ave o p;).
Proof. We have

1 1

(ave p;)(ave p;) = (@ ; ap,) <ﬁ ; ‘L’pj)

! 1
= |G|2 ZO'TPipj = @ZO’(SUPZ =5ij(aVepj).
Hence the lemma follows. -

LEMMA 5.2.  Suppose Y and Z are nonsingular (not necessarily connected ) pro-
Jjective varieties with finite group G actions. Suppose that a € Corr~"(Y, Z) has
an inverse B € Cort™(Z,Y) and that a gives an isomorphism of Chow motives

(Y, p) = h(Z)(m),
where p = Ba and where oo = oo and Bo = o for all 0 € G. Then
(Y,ave o p) = h(Z/G)(m).
Proof. Much as in the proof of Lemma 5.1, we have (ave p)> = ave p and the
following commutative diagram.

ave o ave B

— 7 —

ave p ave A z ave p

N
NN
N~

— 7 —

ave o ave B
Therefore, (Y, ave p) = (Z,ave Az)(m) = h(Z/G)(m). O

Now we consider the quotient variety X[n]/S,. For convenience, define G :=
©,,. There is a natural action of G on the set {(S, w)}, where S are nests and
W € Ms. Define the subgroup Gs , of G as

GS,/;L = {U € 6n : 0(8’ /:L) = (S» l_'l')}

Define (S, W) to be the class of G-orbit G - (S, w)- Then
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Ay=D pPsu=2, D Pocur
S @&eG/Gs,E

Since both {as .} and {Bs .} are &,-symmetric (see the Remark following Theo-
rem 4.2), it is easy to check that ) - _.. /Gs.,, Pots,p) commutes with every T € G.
By Lemma 5.1, = h

h(X[n]/G);(Y,aveoAy);@(Y,aveo Z pg(&,_t)).

(S, 7€G/Gs,

(Y, > p(,(s,,_”)z( || AU(S))<||E||),

5€G/Gs, 0€G/Gs,pu

Since

by Lemma 5.2 we have

(ravee 3 psw)=n(( L 8e) /6)a

5€G/Gs,u 5€G/Gs,u
= h(As/Gs ) 1lD-

The space As/Gs,,, can be described as follows. Each (S, [_L) corresponds to a
labeled “weighted” forest, with the correspondence given by attaching an integer
w1 to each nonleaf node I of the labeled forest S. Forgetting all the labels on the
nodes of S, we obtain an unlabeled weighted forest of the form n, 7+ - - - +n,T,,

where the 7; are mutually distinct unlabeled weighted trees (we say that such a
tree is of type {ny,...,n,}). Then

As/Gsu = XM x oo x X0,

Figure 2 gives an example of a labeled weighted forest and the corresponding un-
labeled weighted forest. The weights a, b are integers.

Labeled weighted forest Unlabeled weighted forest
1238 b b
23%a 1 a
2 3

Figure 2 Labeled and unlabeled weighted forests

We have therefore proved the following decomposition of the Chow motive of
X[n]/G,.

THEOREM 5.3.  For any unordered set of integers v = {ny,...,n,} and any non-
negative integer m, let L.(v, m) to be the number of unlabeled weighted forests with
n leaves, of type v, of total weight m, and such that—at each nonleaf v with c,
children—the weight m,, satisfies 1 <m, < (¢, —1)dim X — 1. Then

h(X[n]/Gn) = @[h(X(’”) X ooee X X("r))(m)]éB)\(v,m)'
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REMARK. We offer the following application of this theorem. MacDonald proved
a formula that relates the Betti number of X and its symmetric powers:

iPX(") - A+ (1 +13T)0s ...
t . =
n=0

(I =T)bo(1 —12T)b2..."

where b; is the ith Betti number of X. By the decomposition of the de Rham
cohomology of X[n]/&, induced by the motivic decomposition formula in Theo-
rem 5.3, we can compute the Betti number of X[n]/&,, (modulo the combinatorial
difficulty of calculating A (v, m)).

ExampPLEs. Here are some examples of h(X[n]/S,,) forsmalln. Letd = dim X.
(i) n = 2. There are d different forests as follows, where each weight a € Z
(1 <a <d—1) gives a forest.

. AN

v={2} v = {1}
Therefore, o
h(X[21/6,) Z h(X?) @ @ h(X)(a).

a=1

(ii) n = 3. The forests are as follows.

e KON K

v = {3} v={L1) v = {1} v = {1}

Here the weights a,b,c,e € Z satisfy | < a,c,e <d —1land1 <b <2d — 1.
Then
d—1 2d—1
h(X[3]/63) = h(X®) & @ (h(X*)(i)® & €D (h(X)(i))® ™m0,
i=1 i=1
(iii) n = 4. The varieties that appear in the decomposition of h(X[4]/S,4) are
X X xx@ x2 x? Xx.

The decomposition is a bit nasty to be written here, so we limit ourselves to point-
ing out one fact. Consider the forest in Figure 3, where a,b € Z and 1 < a,b <
d —1. Forany a < b, the weighted forest is of type v = {1, 1} and therefore gives a
summand 4 (X?)(a+b). However, for a = b, this weighted forest has an automor-
phism exchanging the two trees; thus it is of type v = {2} and gives a summand
h(XP)(2a). Because of this kind of automorphism of weighted forests, it seems

difficult to compute A (v, m).
A

Figure 3 An unlabeled weighted forest when n = 4



594 L1 L1

QUESTION. Is there a clean formula for A (v, m)? (Perhaps in terms of a generat-
ing function?)

6. Appendix: A Formula for the Motive of a Blow-up

Suppose f: Y > Y is the blow-up of a nonsingular projective variety Y along a
nonsingular closed subvariety V of Y, and denote by P the exceptional divisor.
Denote by i, j, f, g the morphisms as in the following fiber square.

8 f

<<
~ =

J
—
m
—
1

Denote by N := NyY the normal bundle of V in Y. Let h := ¢;(Ox(1)) € AY(P),
and let r := codimy Y be the codimension of V 1~n Y. _

For 1 < k < r — 1, define ay € Corr%(Y, V), B; € CorrX(V,Y), pi €
C0rr0(17, ?), o € Corro()?, Y), Bo € Corr®(Y, 17), and py € Corro()?, 17) as follows:

oy = Ff,
Bo =T},
poi=PBooag=T; ol =(f x f)*Ay,
r—I1—k
ay = —(J, *¢r1—k—t(N)h!
k (]g)*<§g k-t (N) ) AD

. * !
([ ] )

Bri= (8 ))«h*,
Pr = Broa;
here the subscript r —1 —k in the definition of « signifies taking the codimension-

(r —1 — k) component. We will give the proof of the following proposition at the
end of this section.

PropoSITION A.l.  Define oy, Br, pr, o, Bo, po as before. Then the following
statements hold.
(i) agBo=Ay, B = Ay for1 <k <r —1,and a;; =0 fori # j.

(ii) po, p1, P2, ---, Pr—1 are mutually orthogonal projectors of Y, and
r—1
Zpi = Ay inA(l?X 17);
i=0

that is, equality holds up to rational equivalence.
(iii) We have the following isomorphisms of motives:
g (17, P0,0) =~ h(Y) with inverse morphism By;

o (17, Pr,0) = h(V) (k) with inverse morphism By for 1 <k <r —1.
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Define ' := @/_j @; and I'" := Y "'~ B:. Then Proposition A.1 can be conve-
niently reformulated as follows.

THEOREM A.2. The correspondence T gives a canonical isomorphism in CHM,

r—1

T:h(Y)Zhy)e P hv)k,

k=1

with an inverse isomorphism given by I'’.

REMARK. If the normal bundle N of V in Y is trivial (e.g., when V is a point),
then P is isomorphic to a product space V x P"~'and h = ¢;(Op (1)) can be rep-
resented (not canonically) by a product space H = V x P"~2 in P. In this case,
we have simple forms for the projectors:

pr=—0 x )«(H " xy H*) for 1<k <r—1;
r—1
Po=A+Y_(j x u(H ™ F xy H,
k=1
In general, for a nontrivial normal bundle N, more terms involving the Chern

classes of N are needed and the correspondences cannot be represented by explicit
and natural algebraic cycles.

REMARK. The isomorphism of motives in Theorem A.2 is also a consequence of
the “Theorem on the additive structure of the motif” of Y in [Man, Sec. 9]. In our
notation, this theorem states that there is a split exact sequence

0 —— h(V)(r) —— h(Y) @ h(P)(1) —— n(¥) 0.

The correspondences appearing in our theorem are not given, at least not explic-
itly, in Manin’s paper.
In order to clarify this point, define:

® = c¢,_1(g"N/Oy(=1)) € A7 (P), co = 8p.(®) € Corr(P, P);
a=(iy,coo0g"),a =gy

b= f*+ j,, b’ itsright inverse;

d=Aysp—aad,d = Ay ® (Ap — p{) (Where p{ = cpr10g* 0 g,).

Denote by e: ,:;} V(k) — (P, Ap — p{) the isomorphism implicitly defined
in [Man, Sec. 7], and denote by ¢’ the inverse of e.
We have the isomorphisms

Ay®e
W) ® @y h(V)() - (YU P.(Ay. Ap = p()
y®e

d b ~
? (YI—, P’ AYIJP _Cla/) ?} (Y’ AY)
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Hence the following is an isomorphism of Chow motives:
r—1
(Ay®e)od ob: h(Y) =h¥) & P (V)@ Lk
k=1
with inverse bod o (Ay ® e).

Therefore, to write down the correspondence (Ay ® e¢’) o d’ o b’, we must find
explicitly the right inverse b’ of b. However, in [Man] the construction of b’ is
based on the surjectivity of y : A()7 x (YuP)) — A()7 X )7) as follows. By the
surjectivity of y, there is a cycle class ¢ € AY x (Y U P)) (which is not explic-
itly given in [Man]) such that y(c) = Ay € A(Y x Y). Then b’ is defined to be
(1—aa)c.

On the other hand, the correspondences I' and I'’ that were constructed in The-
orem A.2 yield an explicit construction of »’. Indeed, b’ = d o (Ay ® e) o I'.

Proof of Proposition A.1. In the proof, we assume that 1 < k <r —1and that0 <
i,j<r—1

The idea is as follows. We study the morphisms «;,, Bi«, and p;, of Chow
groups induced by the correspondences «;, 8;, and p;. As a consequence, the
identities of morphisms of Chow groups that are induced by the identities in parts
(i) and (ii) of Proposition A.1 hold. On the other hand, Manin’s identity prin-
ciple asserts that the identities of morphisms of Chow groups imply the identi-
ties of correspondences—provided the correspondences are universal in certain
sense.

By [V, Thm. 9.27], an element y € A(? ) can be expressed uniquely as

y=Y Jje(gta; -+ fry.

It is standard to verify the following statements.

(o) The morphism o : A(I?) — A(V) maps y > ay.

(Bx) The morphism fy..: A(V) — A(Y) maps x — j,. (g% - h*1).

(a9) The morphism g, : A(Y) — A(Y) maps y — y.

(Bo) The morphism By,: A(Y) — A(Y) maps y — f*y.

To give a flavor, we prove only the statement (o) (i.e., o« (V) = ag).

Define ag = —i*y. Since j*j,z = —h - z for all z € A(P), we have
r—1 r—1
J*y — Zj*j*(g*ai .hifl) +J*f*y — _Z g*ai _hi +g*i*y

i=1 i=1

r—1
= —Z gta; - h'.
i=0
By definition (see [F, Sec. 3]), the ith Segre class of N is

si(N) := g (K",
Therefore,
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r—1-k
s (V) = —8x (]'*5 C Y gk (N) - hl)

=0

r—1 r—1—k
= —8x ((—Z g'a 'hi) ' ( Z 81—kt hl))
i=0 1=0
r—=1r—1-k
=g*<2 Z g*(aicr—l—k—l)hiJrl)

0

~

Crlklsi+l+1r) .
i=0

Because ¢(N)s(N) = 1, where ¢(N) := Y ¢;(N) is the total Chern class and
s(N) := ) s;(N) is the total Segre class, we have

r—1—k +00
Z Crol—k—ISiti41—r = Z Cro1—k—1Si+1+1—r = {c(N)s(N)}i—x = ix.
1=0 I=—c0
The first equality holds because s;1;41— =0for!/ < Oandc¢,_j_,_; = 0forl >

r — 1 — k. It follows that oy, (¥) = ai, as we claimed.
The statements (a), (Bx), (¢p), and (Bg) immediately imply the following
identities: . .
Qs Brx = 1dav), a0« Box = 1da),

Oli*ﬂj* =0 fori 75 j,
r—1
(PiP))s = 8iPix. Y Pix = idyg).
i=0

For any smooth scheme 7, we write T x Y to denote the blow-upof T x Y
along the smooth subvariety T x V. Denoting j' = idy x j, g’ =idr x g, f' =
idr x f,and i’ = idy x i, we have the following fiber square.

TxP—15TxY

lg’ O lf !

TxV ——>Txy

We can construct the correspondences a;, /3;, plf for this fiber square as we did in
(A.1); the result is

o =idr Qa;, B/ =idr @ B;, p;=1idr ® p;.

Then (i) and (ii) follow from Manin’s identity principle.

For part (iii) of the proposition, in order to show that oy gives an isomorphism
()7, Pr,0) ~ (V) ® L¥ with inverse B, we must show that py = px o By o ax
and id = id o ;. o By; but these equalities are direct consequences of oy 8 = Ay
from part (i). The proof for (17, Po,0) = h(Y) is similar. O
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